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BOUNDARY LAYER SOLUTIONS OF CHARGE CONSERVING
POISSON-BOLTZMANN EQUATIONS: ONE-DIMENSIONAL CASE*

CHIUN-CHANG LEE', HIJIN LEEf, YUNKYONG HYONS$, TAI-CHIA LINY AND CHUN LIU!

Abstract. For multispecies ions, we study boundary layer solutions of charge conserving Poisson—
Boltzmann (CCPB) equations [L. Wan, S. Xu, M. Liao, C. Liu, and P. Sheng, Phys. Rev. X 4, 011042,
2014] (with a small parameter €) over a finite one-dimensional (1D) spatial domain, subjected to Robin
type boundary conditions with variable coefficients. Hereafter, 1D boundary layer solutions mean that
as € approaches zero, the profiles of solutions form boundary layers near boundary points and become
flat in the interior domain. These solutions are related to electric double layers with many applications
in biology and physics. We rigorously prove the asymptotic behaviors of 1D boundary layer solutions
at interior and boundary points. The asymptotic limits of the solution values (electric potentials) at
interior and boundary points with a potential gap (related to zeta potential) are uniquely determined
by explicit nonlinear formulas (cannot be found in classical Poisson-Boltzmann equations) which are
solvable by numerical computations.
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1. Introduction

Almost all biological activities involve transport in ionic solutions, which involves
various couplings and interactions of multiple species of ions. Many complicated types
of electrolytes involved in biological processes, such as those in ion channel proteins,
certain amino acids (movable side chain) are crucial to the functions of these ion chan-
nels. The electrostatic properties involving multispecies (at least three species) ions
can be fundamentally different to those with only one or two species [4,33]. To see
such difference, we study charge conserving Poisson-Boltzmann (CCPB) equation for
multispecies ions which is derived from steady state Poisson—Nernst—Planck systems
with charge conservation law, and is the surface potential model for the generation of
a surface charge density layer related to electric double layers [30,50]. For simplicity
of analysis, we consider a physical domain x € (—1,1) with the simplest geometry, and
represent CCPB equation as follows:

N
Z4eom- __Zi€0
—62¢”=Z%6 r? for xe(—1,1), (1.1)
=1 J)_1

where m; is the total concentration of species i with valence z;, ¢ is the (electrical) po-
tential, e is the elementary charge, kp is the Boltzmann constant, and 7" is the absolute
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temperature. The parameter €= (€ U;r/(dzeS))l/2 >0, where € is the dielectric con-
stant of the electrolyte, Ur is the thermal voltage, d is the length of the domain (—1,1),
and S is the appropriate concentration scale (cf. [42]). Furthermore, ed is known as the
Debye length and e is of order 10~2 for the physiological cases of interest (cf. [7]). Thus
we may assume € as a small parameter tending to zero. Similar equations to (1.1) can
also be obtained by the other variational method [53].

Under suitable scales on ¢, and €, we let —a;’s be the valences of anions, i.e.,
ar=—zk, k=1,...,N; and b;’s be the valences of cations, i.e., by =2, [=1,...,Ny. Then
the total concentrations of anions and cations are approximately given as ay ~ my
(k=1,...,Ny) and B;~m; (I=1,...,N3), respectively. Hence equation (1.1) can be
transformed into

Ny N

2 0y akQk axde(z) b —bie ()
el(r)=) ————e -y — ¢
( ) l;fileak¢e(y)dy ;Iﬁ167b1¢5(y)dy
for ze(-1,1), (1.2)

where ay’s and b;’s satisfy 1 <a; <ag<---<apy, and 1 <by <ba <---<bp,.

Most of the physical and biological systems possess the charge neutrality (zero net
charge). One may assume the pointwise charge neutrality, i.e., at all points the anion
and cation charges exactly cancel in order to make calculations easier in a free diffusion
system (cf. [19, p. 319]). Here we replace the pointwise charge neutrality by a weaker
hypothesis called the global electroneutrality being represented as

Ny No
Global Electro-neutrality: Z apoy = Z b B, (1.3)
k=1 =1

which means that the total charges of anions and cations are equal, where —ay’s and
b;’s are the valences, and «;’s and (;’s are the concentrations of anions and cations,
respectively. Consequently, the CCPB equation (1.2) may satisfy (1.3).

Note that the equation (1.2) has nonlocal dependence on ¢. which is essentially
different from the classical Poisson-Boltzmann (PB) equation as follows:

Nl N2

b
62(;5/6/@):27%2(%6%@@)_ZlTﬁle—bm‘(z) for ze(—1,1). (1.4)
k=1 1=1

Here %’s and %’s are bulk concentration of anions and cations, respectively. In equa-
tion (1.2), a’s and f§;’s are for total concentration of anions and cations, respectively.
For notation convenience, we use the same notations «y’s and §;’s in equations (1.2)
and (1.4), but with different physical meaning. In this paper, we shall show different
asymptotic behaviors of the CCPB equation (1.2) and the PB equation (1.4) for various
constants Ny, No,ag,ar,b;, 5 satisfying (1.3). The main goal of this paper is to compare
the CCPB equation (1.2) and the PB equation (1.4) under the hypothesis (1.3). Such
a difference can be clarified in Theorems 1.1 and 1.3, see also, Remark 1.1.

Boundary effects are important in a wide range of applications and provide
formidable challenges [23,25]. For CCPB equations, the main issue is how bound-
ary conditions effect the solution values (electric potentials) at interior and boundary
points. One may use the Neumann boundary condition for a given surface charge dis-
tribution and the Dirichlet boundary condition for a given surface potential (cf. [1]).



C.-C. LEE, H. LEE, Y. HYON, T.C. LIN, AND C. LIU 913

Here we consider a Robin boundary condition [6,24,29,30,46-48,51] for the electrostatic
potential ¢ at x =41 is given by

Ge(1)+ned. (1) =03, de(—1)—nedl(—1)=¢y . (1.5)

where qﬁar , @ are extrachannel electrostatic potentials and 7. >0 is the coefficient de-
pending on the dielectric constant [36,37], and related to the surface capacitance. The
parameter ratio 7. =€g/Cyg can be viewed as a measure of the Stern layer thickness,
where e€g and Cg are the effective permittivity and the capacitance of the Stern layer,
respectively (cf. [6]). Thus we may regard ‘= as the ratio of the Stern-layer width to the
Debye screening length. Similar discussion can also be found in [13] and [41]. To see
the influence of = on the asymptotic behavior of ¢.’s, we consider the limit lim. =
to be either a non-negative constant v or infinity.

_________ S GRELEEED
Stern layer
with thickness = c¢
0 charged

€ wall

X position

Fia. 1.1. Schematic picture of Robin boundary condition, ¢c £ne(¢e)e :q250i at t==1, and
the limit values t =1lime_0¢e(1), c=limeo¢e(z), z€(—1,1) and (=t —c.

Suppose limeo = =7 (i.e., ne~~e), where v is a non-negative constant. Then
we show that the solution ¢. of (1.2) with (1.5) satisfies limejo¢c(£1)==+t and
lim, o ¢c(x) =c for z€(—1,1), where ¢ and ¢ can be uniquely determined by (1.16)-
(1.18) which imply that the value ¢ is changed with respect to ¢ (see Figure 1.1). More-
over, the potential difference (=t —c is decreasing to v (cf. Theorem 1.3). Note that
as the parameter € goes to zero, the solution ¢. has a boundary layer producing the
potential gap (=t —c affected by Stern and Debye (diffuse) layers and related to zeta
potential (cf. [22]) which plays an important role in ionic fluids. However, for the PB
equation (1.4), the value ¢ must be zero which is independent of ¢ and « (cf. Theo-
rem 1.1). This shows the difference of the CCPB equation (1.2) and the PB equation
(1.4) which can also be observed by numerical experiments (See Figure 5.1 and Table
5.1 in Section 5). Furthermore, numerical computations give several conditions to let
the profile of function ¢ to v become monotone decreasing and increasing (Figure 5.2
and 5.3 in Section 5) and non-monotone (Figure 5.4 in Section 5).

In [30], we studied the CCPB equation (1.2) for case of Ny =Ny =1, (a1,b1)=(1,1)
and (a1,01) =(«, ), i.e., the case of one anion and one cation species with monovalence.
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In this case, equation (1.2) can be rewritten as

¢/ (x)=ne(z) —pe(z) for ze(-1,1), (1.6)
ae¢e(w) ﬁe_¢6(w)
ne(r)=—3——— and p(z)=—F—"—, (1.7)
filed’e(y)dy file—‘i’s(y)dy

where n.(z) and p.(x) represent (pointwise) concentrations of anion and cation species,
respectively. When a= 8 holds (the electroneutral case), we had shown previously that

lime o ne(z) =limeope(z) = § for x € (—1,1). Moreover, the CCPB equation (1.6)—(1.7)

2 a

and the conventional PB equation e*w!(z) =% (e®(*) —e~*<(*)) have same asymptotic
behavior (cf. Theorem 1.4 of [30]). In order for the readers to compare those with
the results in the current paper, most results of [30] are summarized in Appendix. To
certain degrees, it also justifies why in many situations, PB equation provides more or
less expected solutions. On the other hand, we consider the non-electroneutral case, i.e.,
a# B. Without loss of generality, we assume a < f3, i.e., f_llnE (z)dx < f_llpe(m)dac which
means that the total concentration of anion species is less than that of cation species.
Then we prove that limejone(z)=limeope(z)=§ for € (—1,1), but limcon(£l)=

0 <lim,joe%p(£1) = % (cf. (1.25)). This shows that electroneutrality holds true
in the interior of (—1,1), but non-electroneutrality occurs at the boundary points £1.
Furthermore, the extra charges are accumulated near the boundary points +1 (see
Theorem 1.5).

The mixture of monovalent and divalent ions such as Na*, K+, C1—, and Ca?* plays
the most important roles for vital biological processes. For instance, opening and closing
of ionic channels is accomplished by escape or entry of Ca** into the channels (cf. [18]).
The voltage may depend on [Ca®*] the concentration of Ca?* (cf. [19]). Differences in
ionic concentrations create a potential gap across the cell membrane that drives ionic
currents (cf. [26, p. 34]). To see how the voltage, i.e.,(electrical) potential depends on
[Ca?T], we may use the equation (1.2) with Ny=1, No=2, a;=b;=1 and by =2 to
describe the mixture of Nat (or KT), C1~ and Ca?" ions, where a; ~[C17], 31 ~ [Na*]
and 3y ~[Ca?T]. In Theorem 1.3(ii), we prove that when the electro-neutrality holds,
that is, a; =51 +202, the solution ¢ of (1.2) satisfies li_r}rg)@(x) =c for z€(—1,1) and

¢ € (¢x,0) is uniquely determined by (1.16) and

1—e%cosht B [Na']
ecsinhc [y [Ca2t]

>0, (1.8)

where t = lin%gbg(l) >0, and ¢, = $logsecht is a negative constant (see Remark 1.2). The
€E—>

formula (1.8) shows that the interior potential (voltage) c is increased if the boundary
potential ¢ is fixed and the ratio [Na™]/[Ca?"] is increased, e.g., [Ca?T] is decreased
and [Na™] is fixed. Furthermore, Theorem 1.3 is also applicable to the other cases with
multi-species ions including multivalent and polyvalent ions, so the formula (1.8) can
be generalized to

2)eysinh(zt
Z—€(1+ ) (Ssinit))iﬁ

2ecsinhc By

(1.9)

for a; =b; =1 and by =2>2 (see Remark 1.2). Note that (1.9) shows how the value ¢
depends on the value ¢. Such a result cannot be found in the PB equation (1.4).
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1.1. Asymptotic behavior of the PB equations (1.4)—(1.5). The PB
equation (1.4) with the boundary condition (1.5) can be regarded as the Euler-Lagrange
equation of the energy functional

PB 1t 2712 e — 2 + 2
EPlu)=3 1(6 /| +f(u))dx+% [(¢g —u(—1))*+(o¢ —u(1))?], (1.10)

for ue H'((—1,1)), where

Ny Ny
f(s)zZakea’“s—FZﬂle*b"s for seR. (1.11)
k=1 =1

For the PB equation (1.4) with the boundary condition (1.5), we study the asymp-
totic behavior of the solution ¢, of (1.4) as e approaches zero. The boundary con-
dition (1.5) plays a crucial role on the monotonicity of ¢.. Here we consider three
cases for the signs of ¢f and ¢;: (a) min{ed,¢y } >0, (b) max{¢], ¢y }<0 and
(¢) min{od, ¢y } <0<max{¢l,¢y }. Then the corresponding results are stated as fol-
lows:

THEOREM 1.1. Assume Z,ivzll akouy, =ZfV:21 biBy. Let ¢ € C((—1,1))NC?([—1,1]) be
the solution of equation (1.4) with the boundary condition (1.5). Then

(i) For xe(—1,1), |¢pc(x)| exponentially converges to zero as € goes to zero.

(ii) If min{ag,¢g } >0, then ¢, is convex on [—1,1] and 0< ¢ (x) <max{¢py, ¢y
for x€[—1,1]. Moreover, there exists €* >0 such that for 0<e<e*, ¢. attains
the minimum at an interior point of (—1,1).

(i4i) If max{¢y, by } <0, then ¢, is concave on [—1,1] and min{pd, ¢y} < de(2) <0
for x €[—1,1]. Moreover, there exists €* >0 such that for 0<e<e*, ¢. attains
the maximum at an interior point of (—1,1).

(iv) If min{og, ¢y } <0<max{pl, ¢y}, then ¢, is monotone on [-1,1] and

min{¢, ¢ } < b <max{ol,¢g }-

(v) If lig)l le _ v and 0 <y <oo, then liirglgbe(l) =1 uniquely determined by
€ € €

6g —t=7(f&) - f(0))? and min{0,¢¢} <t<max{0,¢5},  (1.12)

~

where f is defined by (1.11). Moreover, tAEt(v) is decreasing in vy if ¢g >0 and
increasing in vy if gba' <0.

1.2. The main results. In this section we present the main results, which
are about the asymptotic behavior of the solution ¢. of (1.2) and (1.5) as € goes to
zero, in our research of CCPB equation. The CCPB equation (1.2) with the boundary
condition (1.5) can be regarded as the Euler-Lagrange equation of the energy functional

1 62 N1 1 No 1
EE[U]Z/ E|u/|2d.’lj—|—zak10g/ eakudl"i‘ZﬁllOg/ e_bludl‘
- k=1 -1 1=1 -1

62

JF
21,

(65 —u(=1))*+ (g —u(1))?], (1.13)

for ue H'((—1,1)). The existence and uniqueness for the solution of (1.2) and (1.5) is
the following proposition:
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PROPOSITION 1.2.  There exists a unique solution ¢.€ C>((—1,1))NC%*([-1,1]) of
the equation (1.2) with the boundary condition (1.5).

The proof of the above Proposition 1.2 can be easily obtained from the arguments of [30]
(see the appendix therein) and [31].

Suppose ¢f = ¢y = A and Zg:ll apog = ZINZQI b;8;. Then Proposition 1.2 implies the
solution of (1.2) and (1.5) must be trivial and ¢ =A. To study the nontrivial solution
of (1.2) and (1.5), it is sufficient to assume ¢f # @, . Replacing ¢ by ¢.+C for any
constant C, one may remark that the equation (1.2) is invariant. Consequently, without
loss of generality, we may assume —¢, = ¢J >0 hereafter.

When Z,ivzllakakle]\fl b3, i.e., the global electroneutral case, Theorem 2.1
shows that max,e_1,1]|¢c(z)| is uniformly bounded to e and that ¢; exponentially
approaches zero in (—1,1) as e tends to zero. Thus, it is expected that there exists a
constant ¢ such that all interior values of ¢. tends to ¢ as € goes to zero. Along with
Lebesgue’s dominated convergence theorem, we have

1 1
lim [ e dr=2e%¢ lim [ e UPdx=2""¢ (1.14)
el0 J_4 el J_1
and then the energy functional (1.13) with u=¢. approaches to the energy functional
E.[¢.] as follows (up to a constant independent of ¢,):

1

Edfod=5 /_ (IO +F(de=)drt 5[5 = 6(=1)*+ (0§ —6(1)*], (1.15)

where f is defined by (1.11). Here we have used lim o (%fileak(%*‘:)dmfl) =0 (by
(1.14)) and the approximation log(1+s)~ s with s:%fileak(‘l&f*‘:)dzfl to get

1 1
1 ,
log/ eak¢€dx~§/ e (P=)dr +log(2em°) —1 as 0<e<1.
—1 —1

Similarly, we have

1 1
log/ e bitedy ~ %/ e b0V £ log(2e7"¢)—1 as O<e<1.

-1 -1
Therefore, we show that in the case of global electroneutrality (1.3), the energy func-
tional (1.13) approaches (1.15), which has the same form as the PB energy func-
tional (1.10).

The asymptotic behavior of ¢.’s at boundary x =41 may depend on the scale of 7.
Here we study two cases for the scale of 7 >0: (i) limeyo 2= =00 and (ii) limeo 2= =1,
where v is a nonnegative constant. Then the relation between the boundary value limits
lij% ¢e(£1) and the interior value limit ¢ are demonstrated as follows:

N, N,

THEOREM 1.3. Assume —¢a:¢5r>0 and Zakak:Zblﬁl. Let . € C>*((—1,1))N
k=1 =1

C?([—1,1]) be the solution of equation (1.2) with the boundary condition (1.5). Then

lime(—1)=—t, lmoc(l)=t and limec(z)=c for z&(-11),

where t and c are determined as follows:
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. . Te
(i) If lim— =o0, then c=t=0.
el0 €

(ii) If liﬁ)l& =7 and 0 <y < oo, then (t,c) uniquely solves the following equations:
€ €

of —t="(f(t—c)— f(0))"/?, (1.16)
ft=c)=f(—t—c), (1.17)
] < t < ¢t (1.18)

Moreover, writing t=t(y) and c=c(y) in (i), we have

. o+ . % . T _ * +
(4) limit(y)=¢q, lime(y)=c" and lim t(y)= lim c(7)=0, where |c*| < ¢g

y—00

is uniquely determined by f(¢f —c*) = f(—¢d —c*).
(B) t(v) and t(y) —c(7y) both are decreasing on (0,00).

Formally, using ¢. — ¢ in (—1,1) as € tends to zero, equation (1.2) may approach to
the following PB equation:

¢! (r)= %1: Gk an(9e(@)=e) i %e_blw‘(z)_c) for ze(-1,1) (1.19)
‘ el = 2 o
which may give results of Theorem 1.3 by formal asymptotic analysis. However, in this
paper, we focus on rigorous mathematical analysis and provide the proof of Theorem 1.3
in Section 2.

Theorem 1.3(i) shows that there is no boundary layer and ¢ — 0 uniformly in [—1,1]
as €0 if lim¢o = = 0o. Theorem 1.3(ii) assures the existence of boundary layers. Fur-
thermore, Theorem 1.3(ii-A) and (ii-B) represent the ratio of Stern screening length to
the Debye screening length affects the boundary and interior potentials: (a) The de-
crease of v results in the increase of ¢t — ¢ (the potential difference between the boundary
and interior); (b) If ¥ — oo, the potential difference ¢t — ¢ may approach zero. Notice that
the formula (1.12) is quite different from (1.16)—(1.18). This may show the difference
between solutions of the CCPB equation (1.2) and the PB equation (1.4).

REMARK 1.1.

(a) Theorem 1.1(ii) and (iii) show that as ¢J ¢, >0, the solution ¢. of the PB
equation (1.4) may lose the monotonicity. However, the solution of the CCPB
equation (1.2) always keeps the monotonicity (see Remark 2.2(i)). This pro-
vides the difference between solutions of the CCPB equation (1.2) and the PB
equation (1.4).

(b) For equation (1.2), the values ¢ (interior potential) and ¢ (boundary poten-
tial) depend on each other and satisfy precise formulas (1.16)—(1.18). However,
for equation (1.4), interior potential and boundary potentials (determined by
(1.12)) are independent of each other.

REMARK 1.2. When Ny = ]., Ny :2, a1 =by = 1, bo :2, and o :Bl +2,327 we may
get (1.8) from (1.16) and (1.17). Moreover, (1.9) can also be derived from (1.16) and
(1.17) for the case that Ny =1, No=2, a1 =b; =1, by =2>2, and a; =51 + 22. By (1.8)
and (1.9), it is easy to check that %¢ <0 for ¢t >0. Then c=c(t) can be regarded as an
decreasing function for ¢ >0. Consequently, by Theorem 1.3(iv), ¢ is increasing to 7.

When Ny =1, Ny =2, a; =by =1, and by =2, further asymptotic behavior of ¢, near
the boundary x=+1 describing the boundary layers is stated as follows:
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THEOREM 1.4. Assume N1=1, No=2, a1 =b;=1 and by=2. Under the same
hypotheses of Theorem 2.1 and Theorem 1.3(ii), the asymptotic behavior of ¢. near the
boundary x==1 can be represented by

Ie(x)gd)e(x)Sd);g(w) for xe(yf, )7 (120)
01() S be(x) < G5 (x)  for we(-ly.), (1.21)

where —1 <y_ <yt <1 satisfy liﬁw(yf) =0, and
€

1,€

ct
S (m)zc—l—log{AjE—i—BjecschQ [“6(1—x)+logDﬁ} }, (1.22)
: ; B ;

C-
qﬁie(m):c—l—log{AiE—Biesechz [“(1 —&-x)—f—logDiE] }, i=1,2.  (1.23)
; ; ; B ,

Here A* , BF Cf; and DE_, i=1,2, are constants depending on € such that Afe —1,

1,67 1,67 1,67
/oiett—c /o

Bi —1+ %, CE — /a1 + B and Dii)6 — \/aieit—cigz:/%
In the case of Ny =1, Ny=2, a; =b; =1 and by =2, we may solve equation (1.19) pre-
cisely and get the form of (1.22) and (1.23) near =1 and x=—1, respectively. One
may remark how the values ¢, ¢, a1, and (3, affect the asymptotic behavior of ¢. near
the boundary = ==+1.

When a# 8 (the non-electroneutral case), the asymptotic behavior for the solution
@c, Ne, and pe of the equation (1.6)—(1.7) with the boundary condition (1.5) is stated as
follows:

THEOREM 1.5. Assume 0<a<f and ¢y =¢g. Let . € C®((—1,1))NC%([-1,1]) be
the solution of the equations (1.6)—(1.7) with the boundary condition (1.5) and ne>0.
Then
(i) When 0<e<1 and 0<k <1, there exists a positive constant \.(x) depending
on € and k such that lim. g Ae(k) =0 and

as € goes to zero.

%—)\E(n)gne(x)gpe(z)g§+/\E(li), for ze[—1+e"1—¢].  (1.24)
Moreover, we have
2
limn, (41)=0 and limeZp, (+1)= “—F° 1.25
imne(+1) and  lime7p (£1) g (1.25)
lim sup n (QL‘)—g =lim sup D (x)—g‘ =0, (1.26)
40 pe[—14em,1—er] ‘ &0 pe[—14en,1—en) ‘ 2 T
—14€” 1
lim ne(x)dr =1lim ne(x)dr =0, 1.27
i [ ndo=tin [ @) (1.27)
—1+4€” 1 B_a
lim o(x)dr=1lim o(r)de=— 1.28
i [ o=t [ ployio=" (1.28)

(ii) Let K be any compact subset of (—1,1). When 0 <e <1 is sufficiently small, the
asymptotic expansion of ¢.(x)— Pe(£1) in € with the exact leading-order term
log%2 and second-order term O(1) is given as follows:

(a—B)?
«

1
qbe(:n)7¢5(il):10g6—2+10g47+06(1), for zekK, (1.29)
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where o.(1) denotes as a small quantity tending to zero as € goes to zero.

Similar results also hold for 0 < < a.

REMARK 1.3.
(i) To exclude the boundary layer of ¢. with thickness €2 (cf. Theorem 1.6 of [30]),
we consider integrals of n. and p, over the interval [—-14€",1—€"], where 0 < k <
1 is independent of €. Note that n. and p, can be reprebented by ¢. (see (1.7)),

and that Theorem 1.5(ii) implies lim, o fll_j_:h ne(z f H_e,gp6 x)dr=a>0,

lim, o (f e —l—fll_e,{)ne( )dx=0 and hmew( H—e +f1—en)p6(x) r=p—

a>0. This shows that as e approaches zero, both the total concentrations
of anion and cation species in the bulk [—1+¢",1—€"] tend to the same posi-
tive constant «, while the total concentrations of anion and cation species in the
region [—1,—14¢€")U(1—¢€",1] (which is next to the boundary with thickness
2¢") tend to zero and positive constant 8 — «, respectively.

(ii) We want to emphasize that Theorem 1.5(ii) improves the asymptotic behavior
of ¢e(x) — pe(£1) shown in Theorem 1.5 of our previous paper [30].

Following results play important roles throughout this paper.

(a) Multiplying the equation (1.2) by ¢, , (1.2) may be transformed into

Ny

2
€ 2N Qg pk e () Pt bidela)
ol (r)=) 4T +

+Ce,

where C. is a constant depending on e.

(b) Differentiating (1.2) w.r.t. z and multiplying it by ¢.,

€ ¢! (z)¢r(x)
N 2 N, )
:<Zlak9‘“keak¢s<z)+ 1blﬁle—bl¢ﬁ($)> (). (1.31)
i1 JoeroWdy = et Wy

The rest of this paper is organized as follows: The proof of Theorems 1.3 and
1.4 are shown in Section 2. In Section 3, we compare the CCPB equation (1.2) and
the PB equation (1.4), and give the proof of Theorem 1.1. In Section 4, we consider
the non-electroneutral case and give the proof of Theorem 1.5. In Section 5, several
numerical experiments results of the CCPB equation (1.2) and the PB equation (1.4)
are presented. The numerical computations are basically preformed using finite element
discretizations. In the final section, we state the conclusion.

2. Electroneutral cases: Proof of Theorems 1.3 and 1.4
Let ¢. be the solution of the equation (1.2) with the boundary condition (1.5). A
crucial property of ¢, is given as follows:

PROPOSITION 2.1. Let ¢ € C°((—1,1))NC%([~1,1]) be the solution of the equation
(1.2) with the boundary condition (1.5). Then the following properties hold.

(i) Either ¢, has at most one zero in [—1,1], or ¢. =0 on [—1,1].

(ii) If ¢c is nontrivial (i.e., nonzero solution), then

oL (22)p(w2) > ¢ (21) (1) for —1<a<a2<1. (2.1)
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Proof.  We prove (i) by contradiction. Suppose there exist yi,y2 €[—1,1] such
that y1 <yo and ¢.(y1)=¢.(y2) =0. Then integrating (1.31) from y; to y» and using
integration by parts, we may get

/y2 62 (¢//)2+ i ak:ak ak¢7e +§ b26l 7bl¢s(x) ¢’2(gc)d:c:0
o ‘ k= 1f ek Pe (y)dy f et y)dy ‘ ’

which implies ¢. =¢” =0 on [y1,y2]. Here we have used the hypothesis ¢/ (y1) = ¢.(y2) =
0 and each «ag,[;>0. On the other hand, the CCPB equation (1.2) has the following
form

N1 N2
= ZAkﬁeaWe(r) — 23176671714’6(96) for ze€(—1,1),

where Ay ’s and B ’s are constants, therefore ¢, satisfies the unique continuation
property. Therefore, ¢ has to be identically zero on [—1,1]. This completes the proof
of Proposition 2.1(i).

To prove (ii), we assume that ¢, is a nonzero solution of (1.2). Thus, for any
subinterval (z1,22) C (—1,1), Proposition 2.1(i) immediately implies

22 (I ala ok b}
/ Yo emndel) LN L emhide@) ) 2 () > 0. (2.2)
o \iZ L et dy T y)dy

Integrating (1.31) over the interval (z1,22) and using (2.2), we obtain (2.1) and complete
the proof of Proposition 2.1. 1]

The following interior estimate of ¢, is a key step for the proof of Theorem 1.3.

THEOREM 2.1. Under the same hypotheses of Theorem 1.3, we have
(i) —pe(—1)=¢e(1) >0 and ¢L(1)=¢.(—1). The solution ¢. is monotone increas-
ing on [—1,1], concave on (—1,z¥) and conver on (x*,1), where xz¥ € (—1,1).
Moreover, we have

max |¢e(z)| <de(1) <5 (2.3)
z€[—1,1]

(ii) There are positive constants Cy and My independent of € such that for x € [—1,1]
and 0<e<1,

0< gL (z) <

Cr (-2pen | -2y, o

€

REMARK 2.2.

(i) Replacing ¢. by ¢.+C for any constant C, the equation (1.2) is invariant.
Hence Theorem 2.1(i) implies that for any d)ar and ¢, ¢ is monotonic on
[—1,1].

(ii) When Ny = Na, ay, =f and ap =by, for k=1,...,Ny, as for Theorem 1.2 in [30],
the solution ¢, of (1.2) and (1.5) is an odd function on [—1,1], and all denomi-
nator terms of (1.2) become equal. Then one may follow the argument of [30] to
get the asymptotic behavior of ¢.’s. However, if Ny # Na, ay # B or ay # by, for
some k, the solution ¢. may not be odd on [—1,1] so the argument of [30] may
fail for this case and we have to develop a new argument to prove Theorem 2.1.
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2.1. Proof of Theorem 2.1.
Proof. Integrating (1.2) over (—1,1) gives fil (b’e’(x)dxzzkjv;l ap g 72;\;"1 b6 =
0. This implies ¢.(1) =¢L(—1) and there exists 2 € (—1,1) such that ¢ (z)=0. Along
with the boundary condition (1.5), we find —¢.(1) =¢.(—1). Setting x1 =2 and xo =¥
in (2.1), respectively, we get
¢! ()¢l (z) >0 for z € (zF,1], and ¢! (z)¢.(x) <0 for x € [—1,27), (2.5)
which implies: (a) Both ¢! and ¢!’ never change sign and share the same sign on (z7,1];
(b) ¢, and ¢ never change sign and have opposite signs on [—1,2%). Consequently, ¢,
never changes sign on [—1,1] due to (a), (b) and ¢.(1)=¢.(—1). Now we claim ¢, >0
n [—1,1]. We state the proof using contradiction. Suppose ¢, <0 on [—1,1], then the
boundary condition (1.5) implies ¢y = ¢c(—1) —ned.(—1) > ¢ (1) +n.¢.(1) = ¢, which
gives a contradiction.
Therefore, we get ¢. >0 on [—1,1]. Along with the boundary condition (1.5), we
prove (2.3).
Furthermore, by (2.5) and ¢, (z) >0, we have ¢!/ (z) <0 for x € (—1,2}) and ¢” () >0
for x € (x},1). Hence we complete the proof of Theorem 2.1(i).
By (2.3) and (1.31), we obtain

(92 (2))" 2260 () ¢e(x) = AMT§? () (2.6)

- N1/2
for x€(—1,1) and € >0, where M;= (22[:11 a3 ageek o +ZZN=21 b Be?bro )

1
2
Note that ¢.(1)=¢.(—1)>0. By (2.6) and the standard comparison theorem, we
get

0=/ (x) <ol(1) (e (2.7)

_My(tw) _My(—=)
€ +e € ) .
It remains to deal with ¢.(1). By (2.3), there exists . € (—1,1) such that 0 <¢.(Z.) =
M <¢¢. Subtracting (1.30) at z =7, from that at z=1 and using (2.3), it is
casy to get ¢/ (1)< as 0<e< 1, where C; is a positive constant independent of e.
€

Along with (2.7), Weeget (2.4) and prove Theorem 2.1(ii).
Therefore, we complete the proof of Theorem 2.1. 1]

Note that (1.30) plays a crucial role on the asymptotic behavior of ¢, as €/ 0. The
estimate of the constant C. in (1.30) is given as follows:

LEMMA 2.3. Under the same hypotheses of Theorem 2.1, we have

(i) For any x,y€(—1,1), ¢pe(x) — dc(y) converges exponentially to zero as € goes to
zero.

Ny N,
1
(i1) lsiﬁ)l C.= 5 <;ak+gﬁl> , where C¢ is the constant defined in (1.30).
Proof. (2.4) implies that for any =,y € (—1,1),

. / _
lelilol(i)e ()=0 and

Cl _M;(0+=) _My(A-—=)
e € +e €

‘¢e(x)_¢e(y)| < —

‘ _ My (A+y) _My(A-vy)
€ €

). (2.8)
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This may complete the proof of Lemma 2.3(i). Note that (2.8) gives

SUPz ye(—1,1) |¢€(:C) *¢6(y)| S4Ol/M1 and hmew |(;§€(£U) *¢e(y)| =0 for z,y€ (*1,1)'
Applying Lebesgue’s dominated convergence theorem, we obtain

apde(z) e~ bide(®)
lim L =% and  lim ﬁ— @, (2.9)
€lo f ewdWdy 2 €l0 f e~btiocWdy 2

for k=1,...,Ny and [=1,...,N>.
Therefore, by (1.30), (2.8) and (2.9), we prove Lemma 2.3(ii) and complete the
proof of Lemma 2.3. ]

2.2. Proof of Theorem 1.3. To prove Theorem 1.3, we need the following
lemma:

LEMMA 2.4,
(i) Under the same hypotheses of Theorem 2.1, we have

My (eakd)e(l) ,efame(l)) Na 8, (ebl¢€(1) 7€7b,¢>€(1))

= . 2.10
Z 1 Z file*bﬂﬁe(y)dy (2.10)

=1 f,leak(bé(y)dy =1

(ii) If n. £0, then

N arde(1) N2 —bioe(1)
et Bie
(¢>+ ¢e(1))?=> > G +C.. (2.11)
2776 0 = [ e Wdy = [T emtio Wy

Proof. To get (2.10), we subtract the equation (1.30) at x =—1 from that at x=1.
Here we have used the facts that ¢.(1) =¢.L(—1) and ¢.(—1) = —¢(1) which come from
Theorem 2.1(i). Setting =1 in (1.30), we use (1.5) to get (2.11), and complete the
proof of Lemma 2.4. ]

To uniquely determine the values ¢ and ¢, we need the following lemma.
LEMMA 2.5. Assume chv:ll apoy = Z;\fl biB;. Then

(i) f is strictly increasing on (0,00) and strictly decreasing on (—o00,0).

(ii) There exists a unique solution (t,c) of the equations (1.16)—(1.18).

Proof. By (1.11) and ZkNll apog 725\’21 bi By, it is easy to check that f’(s)>0 if
s>0and f'(s) <0 if s<0. This shows (i ) To prove (ii), we need

Claim 1. There exists 0<s<2¢5 —2y(f(s)— £(0))'/? such that
1) = (s=26 +29(£(s) = F(0))/?).

Proof. (Proof of Claim 1.) Let k(s)=s—2¢7 +2v(f(s)— f(0))/2 for s€R. Then
K(0) =23 <0, K(263) >0, and /() =1+7(f(s) — £(0)) /2 '(s) >0 for s€ (0,00).
Hence, there exists s; € (0,2¢¢ ) such that k(s;)=0 and

k(s)<0 for s€(0,s1). (2.12)

Let h(s)=f(s)— f(k(s)) for s€ R. Then h(0)=f(0)— f(— 2¢O )< 0 and h(s1)=f(s 1)—
f£(0)>0. Hence there exists so € (0,51) such that h(s2)=0. On the other hand, (2.12)
implies k(s2) <0, i.e., s2<2¢¢ —2v(f(s2)— £(0))'/2.
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Therefore, we complete the proof of Claim 1. ]

Now we want to prove Lemma 2.5(ii). By Claim 1,
(t.0) = (85 ~1(1(5) ~ F(0) .05 —s—(7(s) ~ FO)")

is a solution of (1.16) and (1.17). Moreover, 0 < s<2d7 —2v(f(s)— £(0))'/2 gives |c| <
t<¢g. Hence (1.16)—(1.18) have a solution. The uniqueness of (ii) can be proved by
contradiction. Suppose (t1,¢1) and (t2,c2) solve (1.16)—(1.18) and t1 > to. If f(t; —c1) >
f(ta—ca), then ¢f —ta> g —t1="(f(tr—c1) = f(0))/> =7 (f(t2 —e2) — f(0))"/?, ie,,
dF —ta>v(f(ta —ca) — £(0))1/? contradicts (t2,cz2) as a solution of (1.16)—(1.18). Thus
f(t1—c1) < f(t2—c2) and then (1.17) gives f(—t1 —c1) < f(—t2 —c2). Furthermore, by
Lemma 2.5(i), we obtain ¢; —c; <t —co and —t; —¢; > —to — ¢ which implies t; <ty a
contradiction to the hypothesis 1 >t5. Hence, t; =t5:=1*. Here we have used the facts
that ti—c1,ta—co >0 and —t1 —c1,—1ta — o <.

To prove ¢y =ca, we set g(s):= f(t*—s)— f(—t* —s). Note that Lemma 2.5(i) im-
plies ¢'(s)=—f'(t*—s)+ f/(—=t*—s) <0 for |s|<t*, i.e., g(s) is strictly decreasing on
(—t*,t*). Therefore, we have ¢; =cy and complete the proof of Lemma 2.5(ii). o

Now we shall give the proof of Theorem 1.3.

Proof of Theorem 1.3.
Proof. By Lemma 2.3(i), it suffices to prove lig)l¢€(0):c. By Theorem 2.1,

{l$<(0)]}.~( has an upper bound. Then we set limsup¢.(0)=cs and limignfqﬁe(O) =¢.
el0 €
Hence there exist sequences {¢;}jen and {€}jen tending to zero such that lim ¢, (0) =
Jj—o0
cs and lim ¢¢, (0) =c¢;. We may rewrite (2.10) and (2.11) as follows:
j—o0o

&

Ly (€95 (@ (D)=8c(0) _ gmar(dc (D (0)))
fil e (9c(¥)=0c(0)) gy

k

1

N. (2.13)
2 B (ebz(¢e(1)+¢e(0)) _e—bl(¢€(1)—¢€(0)))
e 1] e i@ —0u0) gy
and
2 Akl a(¢c(1)—=9<(0)) —by (e (1) =9 (0))
53 (60 — o)’ =) - — 4> Pe - ——+C.. (2.14)
2 S 1 e (6 @) =6 O)dy [T emhiloc®)=0:(0) dy

We divide the proof into two cases.

Case 1. lim, g "= =o0.
Note that |¢f —¢c(1)|<2¢f. By (2.9), (1.11), (2.14) and Lemma 2.3(ii), we have
F(msup, 1o (6e(1) — 66(0))) = £ (iminf.y0(6e(1) — 6. (0))) = £(0). Then by Lemma 2.5(3).
lime o (@e(1) = d(0)) =0. Along with (2.13), we find f(=limejo(¢e(1)+¢<(0))) = f(0),
this gives lim, (¢ (1) +¢(0)) =0. Consequently, we have lim, | ¢.(1) =lim. o ¢(0) =0.
Hence, we obtain ¢=¢t=0 and complete the proof of Theorem 1.3(i).

Case 2. lim, o = =7 < oo.
By Theorem 2.1, {|¢., (1)|}jeN has an upper bound. Then there is a constant ¢, and
a subsequence of {¢;} (for notation convenience, we still denote it by {¢;}) such that
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lim; o0 ¢¢, (1) =ts. Putting e=¢; in (2.13) and (2.14) and using Lemma 2.3(ii), one
may check that (¢s,cs) satisfies

(d)a_ _t8)2 :72(f(ts _CS) —f(O)) and f(ts _Cs) :f(_ts _Cs)- (2'15)

Now we claim |cs| <ts <. Since |¢.(0)] <p(1) <o #0, then we have |cg| <t <
é¢ #0. If |cs| =ts, then by the second equation of (2.15) and Lemma 2.5(i), we have
ts—cs=—ts—cs=0, i.e., ts=cs=0. Along with the first equation of (2.15) we find
#d =0, which is contrary to ¢f #0. Hence |cs| <ts<¢g. Along with (2.15), (ts,cs)
satisfies (1.16)—(1.18).

Similarly, there is a positive constant ¢; such that (¢;,c;) satisfies (1.16)—(1.18). By
Lemma 2.5(ii), we get ¢, =c¢; =c and t;,=t; =t, where lim,|¢.(0)=c, lim.joP(1) =t
and (t,c) satisfies (1.16)—(1.18). Therefore, we may complete the proof of Theorem
1.3(i).

By (1.11) and [t —c| < 2¢, f(t—c) — f(0) is uniformly bounded for all v > 0. Conse-
quently, by (1.16)—(1.18), we have lim., 0 t(y) = ¢¢ and lim,_,gc(y) =c*, where |c*| < ¢
is uniquely determined by f(¢g —c*)= f(—¢g —c*). By (1.16) we have f(t—c)— f(0) =

2
(@) , which and (1.17) give lim,_,o f(t—c¢) =limy_,o f(—t—¢) = f(0). By Lemma
2.5(1) and the continuity of f, we find lim, o (t —c¢)=lim,_,o(—t—c)=0. Hence,
lim, oot =lim,_,occ=0 and complete the proof of Theorem 1.3(ii-A).

It remains to prove Theorem 1.3(ii-B). By (1.16)—(1.18), ¢t and ¢ are uniquely de-
termined by 7. Hence we can consider t=t(vy) and c=c(y) as functions of v. Due
to f(t(y)—c(v))— f(0)#£0 on (0,00) (by (1.18) and Lemma 2.5(i)), t(7), ¢(v): (0,00) =
(=g ,¢¢) are continuously differentiable. Differentiating (1.16) and (1.17) to =, one
may check that

12 —c
1= (f(e-0 - fio) LD (f-o - ro) 2 (2a0)
and
d o0 (—t—c)  dt
(t—c)=— (2.17)

Flt—o)—Fl—t—c)dy

If % changes the sign on (0,00), then there is a y* € (0,00) such that dt( *)=0. By
(2.16) and Lemma 2.5(i), we have ¢(v*) =¢(y*) contradicting to (1.18). Hence df{ keeps
the same sign on (0,00), and then Theorem 1.3(iii) gives j—fy <0on (0,00). On the other
hand, Lemma 2.5(i) and (1.18) imply that both f’(t—c) and —f’'(—t—c) are positive.
Consequently, by (2.17), we obtain that d—‘fy(t —c) and g—fy share the same sign. Therefore,
we prove Theorem 1.3(ii-B) and complete the proof of Theorem 1.3. 1]

dy

REMARK 2.6. Suppose limeo;-=0. Then Theorem 2.1(i) and Theorem 1.3(i) give
¢c — 0 uniformly in [-1,1] as €].0.

2.3. Proof of Theorem 1.4.
Proof.  For convenience, setting v(x)=¢.(x)— ¢, By (1.30), we find
2

—bzv(y

Ny
R () + efblv(w) +C.. 2.18
z:1 f11 6%”@ Z o
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Note that by Theorem 2.1(i) and Theorem 1.3, we have |v(x)| < ¢F +|c| and
1 1
lim e“’“”(y)dyzlim/ e*b”’(y)dy:Z
el0 -1 el0 —1
Hence by Lemma 2.3(ii), it is easy to check that

|0 (@) = [ (v(2)) = F(0)]] <8(e), (2.19)

for all = €[—1,1], where d(¢) is a positive quantity tending to zero as e goes to zero. By
Theorem 2.1(i) and Theorem 1.3(ii), we have v'=¢. >0 on (—1,1) and

limv(l):t—c>0>—t—c:li¢r€v(—1). (2.20)

el0

Thus there exist ¢* >0 and y € (—1,1), such that

o) =—log{1- [5(0)/ (o1 +82)%]/*} >0

for 0 <e<e*. Note that lim.jgv(y})=0 and

v(@) 2 o(y) = —log {1-[8(e)/ (1 + 82)2] "'} >0, vae(y! 1), (2.21)

Now we begin to deal with (2.19) when Ny =1, Ny =2, a1 =b; =1 and by =2. Here
we have a; = 81 +282 and f(v(z)) — f(0) = (1 —e @)% (a;e(®) 4 B,). Note that such a
formula is valid only when Ny =1, No =2, a1 =b; =1 and by =2. Along with (2.21), we
have
K(e)(1—e™")2(a1e”™ 4 B2)+6(e) < f(v(x))— £(0)
(te—e ") (are’ ™)+ 8y) —d(e),

for x € (y+,1) and 0 <e<e€*, where K(e)=1—4/d(¢) and t. =14 +/d(¢) /(a1 + B2). Con-

sequently, (2.19)-(2.22) give

(2.22)

v(z) <11 V(@) , (2.23)

(te— e @) are @+ By € VE(© (1—e—@)y/arer® + 5

for x € (yF,1).
Integrate (2.23) over (y,1) for y € (y,1), we obtain

1
/ v'(x) de
v (a—em®)yaner )+ 5, (2.24)
log (\/(ale"(”JrBz)af\/alJrBQa)<\/(a16”<y)+52)a \/a1+52a)
\/a1a+ﬁ2a2 (\/(ale”(1)+52)a+\/a1+52a) (\/(alev(y)+52)a—\/a1+ﬁga) ’

for a>0. Hence, (2.23) and (2.24) imply

CcF
te—i-( ﬁ2)csch2[ L€ (1—xz)+log Dﬂ} <ev@
B ;
o (2.25)
<1+ ( 52 ) csch? [ 2 (1—x)+log D;E] ,
p ;

aq
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for z € (yF,1), where C; =Vaite+ B, C’;;:K(e)\/al + Ba,
Df, = Ve DbVl g pf = Vel DiREVeTE: gy (9.90), (2.25), and
\/a1€”(1)+52—\/041t +B2 \/0416”<1)+62—v0¢1+ﬁ2
lim, gt =lim. o K(e) =1, we get (1.20).
Similarly, we also have (1.21).
Therefore, we complete the proof of Theorem 1.4. ]

When N1 =Ns=2, a;=0b;=1, i=1,2, and aq +2as =1 +2052, we may follow the
similar proof of Theorem 1.4 and obtain the following result.

COROLLARY 2.7. Under the same hypotheses of Theorem 2.1, suppose N1 = No=2,
a;=b;=1,i=1,2, and a1 +2a9=01+202. Then

Te(@) <oclx) <oy (x), Vre(m,1), (2.26)
¢1,€(I) < ¢e(2) <oy (2), Vre(-1,7), (2.27)
where
+ A2_B%4A ~t
¢?’EE(CE):C_Hogcoshhi,e(ﬂﬁ)ﬁ:73 ’ hi(@ o5 (13Fsc)+logH”, L.

) + A+1
cosh ()7 A1

Here A=1+3-, B= <1+ al) — B2 and @ie ’s, szt6 ’s, 1=1,2, are positive con-

2a0 7 202 [e %)

stants depending on € such that

lim Y, = V/aa[(A+1)7 = B,

-1
i \/AB+eitc+\/AB+1 i\/ABJreitC \/ABJrl
miH; =
clo e A+ B+ett—c A+B+1 AtBreti— "\ AyBy1

3. Proof of Theorem 1.1

In this section, we study the asymptotic behavior of solution ¢, of the PB equation
(1.4) with the boundary condition (1.5) and give the proof of Theorem 1.1. Surely, the
PB equation (1.4) can be transformed into

1
E0!(2) =3 ' (92)), (31)
where f(s) :Zi\il apetss JFZ?& Bire~b% is defined by (1.11). It is well-known that the

equation (1.4) has the unique solution ¢, € C*((—1,1))N C?([-1,1]). As for (1.30), we
use (3.1) to derive the following identity

*¢'2( )= f(¢e( ))+CL. (3.2)
Moreover, we use the similar argument to that of (1.31)-(2.1) to get
O (x2)PL(x2) > P! (w1)pL(x1) for—1<zi<mo<1. (3.3)
Applying the standard maximum principle to (1.4) and (1.5), we obtain

min{0, ¢, ¢y } < de(w) <max{0,67, 4 }, (3.4)
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for x € [-1,1].
Now we state the proof of Theorem 1.1.

Proof of Theorem 1.1.
Proof. Multiplying equation (1.4) by ¢., we obtain

N; N2
E(¢2(2))" > 262! (2) e () = (Zakakem@ Zblﬂlebm@) o)

k=1 =1
>C5¢7 ()

Ny N2
where 05:86]11{{13£#0 571 <kz_1akakeaks—;blﬁlebls> >0. Here we have used the hy-

pothesis Z,Jj:ll agop = ZzN;1 bi B; to assure C5 as a positive constant. Thus by (3.4), (3.5)
and the standard comparison theorem, we get

_ _VC 4 _VCs
|¢e(w>|<max{|¢§|,|¢o|}(e 2o (7o) o= e >>, Vze(-1,1), (3.6)

which completes the proof of Theorem 1.1(i).

Suppose min{¢F, @y } >0. Then (3.4) gives 0 < ¢ (x) <max{d7,¢; }, together with
(3.1) and Lemma 2.5(1), we may find ¢! >0 on [—1,1]. Here we have used the hypothesis
that ZkNél apop = Zf\fl b 8. To complete the proof of Theorem 1.1(i), we need to claim:

Claim 2. There exist ¢* >0 and z} € (—1,1) such that ¢c(z})= r[ni?l]qﬁé(x) for
TE[—

)

O<e<e*.

Proof.  'We state the proof of Claim 2 by contradiction. Suppose ¢, preserves the
same sign on (—1,1), for all e>0. Without loss of generality, we may assume ¢.(x) >0
for € (—1,1). Then by (1.5), one may get ¢()>p.(—1)>py >min{¢f, ¢y }. Along
with (3.6), we obtain 0 =1lim, o ¢.(0) >min{¢J,¢, }, which is contrary to the assumption
min{¢g, ¢y } >0. Consequently, there exist €* >0 and z7 € (—1,1) such that ¢.(z7)=0
as 0<e<e*. As for the proof of Theorem 2.1(i), we may use (3.3) and the fact that
¢! >0 on [—1,1] to get ¢L(x1) <0< P.(xg) for xy € (—1,2F) and a2 € (zF,1). Hence, ¢,
attains the minimum value at an interior point x} € (—1,1). This completes the proof
of Claim 2. d

By Claim 2, we complete the proof of Theorem 1.1(ii). Similarly, Theorem 1.1(iii)
can also be proved.

We prove Theorem 1.1(iv) in two cases: (I) ¢! never changes sign on [—1,1]; (II)
¢! changes sign on [—1,1]. For the case (I), without loss of generality, we may as-
sume ¢! >0 on [—1,1]. Then by (3.1), ¢ >0 on [—1,1] and the maximum value of
¢e occurs at the boundary x=41. Suppose ¢(1) =maxge[—1,1)¢c(). Then ¢, (1)>0.
Moreover, by the boundary condition (1.5), we get ¢¢ = ¢ (1) +n.¢.(1) >0, which gives
¢y <0, since min{¢d, ¢y } <0. Consequently, n.¢.(—1)=p.(—1)—¢y >0. Hence by
the assumption of ¢/ >0 on [—1,1], we have ¢.(x)>¢L(—1)>0 for x €[-1,1], i.e., ¢
is monotone increasing on [—1,1]. Along with the boundary condition (1.5), we have
by <de(—1) < de(x) < pe(1) < pd for x €[—1,1]. Similarly, if p.(—1) = maxge[—1,1] Pe (),
then we obtain ¢. <0 on [—1,1] and ¢ < ¢.(z) < ¢y ,which proves (iii). For the case
(IT) there exists & € (—1,1) such that ¢”(&.)=0. Then we may use (3.3) and the same
argument as in Theorem 2.1(i) to get Theorem 1.1(iv).
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It remains to prove Theorem 1.1(v). Using (3.2), Theorem 1.1(i) and the similar

argument of Lemma 2.3, we may obtain lim, o C. = f% (0) which implies

lim (6 — 6e(1))* = 7*(F(6.(1)) = (0))] =0, (3.7)

by setting =1 in (3.2) and using boundary condition (1.5) with lim¢o % =+. There-
fore, as for the proof of Theorem 1.3(iv), we may use Theorem 1.1(i)—(iii) and (3.7) to
get Theorem 1.1(v) and complete the proof of Theorem 1.1. O

REMARK 3.1. If Zg:llakak#zl]\fl b8, we have lim, gw(z)=r for all z€(—1,1),
where r is uniquely determined by f’(r) =0. The proof is similar to the proof of Theorem
4.2 of [30).

4. Non-electroneutral cases: Proof of Theorem 1.5
In this section, we assume 0 <a <3 and ¢ :¢ar. To prove Theorem 1.5, we need
the following properties, which can be obtained from [30].

(P1) Gradient estimates of ¢. (cf. Theorem 3.1, [30]): The unique solution ¢, is
even and satisfies ¢ <0 on [—1,1], and ¢.(z1)>0>¢L(z2) for 1 €[—1,0) and
x2 € (0,1]. Moreover, ¢, satisfies

/ a—pf

— ¢ (=) =¢(1)= <0, (4.1)

2¢2

and

P O‘(e* B - )), Vae(-1,1). (4.2)

Gl <25

(P2) Interior asymptotic behavior of ¢, (cf. Theorem 1.5, [30]): For any compact
subset K of (—1,1), there holds

sup ¢€(J:)—¢e(i1)—log€l2 <oo, VzekK. (4.3)

0<e<1

(P3) Estimates of n. and p.: In [30], we have established the following estimates
(see (3.9), (3.15), and (3.37) of [30]):

1 1 4ﬂ
4S/ em(y)dy/ e Wy < 2, (4.4)
-1 -1 «
ae?<(©) Be=(0) e [t a+p
S S [ =200 )
Jo e Wdy [T em¢Wdy 1

and,

(@B . et _(a-pf ats
8¢ 7file—¢e(y)dy7 82 2

(4.6)

Using (1.7) and the fact that ¢.(1)=¢c(—1) and ¢.(0)=0 (by (P1)), we can
transform (4.4)—(4.6) into

© <o)< veel1) (@7
2 pl @
ne0)+p0)+ 5 [ o wy="55. (4.9
a—B)2 a—0B8)?2 «
P cn=n-p< a2 28 (19
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respectively.
Having (P1)—(P3) at hand, we are now in a position to prove Theorem 1.5.

Proof of Theorem 1.5.
Proof.  Let I« =[—1+€",1—¢"], where 0<e,x<1. For any y € I.~, we may use
(4.2) to get

b—a

€2

/y (ei \/%2(514—75) +ei \/%2(2_:”)> x‘ < 2f( )6 51@ (410)
0 Vae

As a consequence, we have

2v2(B—a) _ v

|¢e(x) _¢e(y)| < |¢6(x) _(be(o)‘ + ‘455(0) - ¢e(y)| < 76_ el (4'11)
for z,y € I.~. Note that lim.|o 2\[\}@5 @) _ﬁ =0 for 0<k<1. Thus (4.11) gives
lim sup |¢c(z)—d(y)|=0. (4.12)
€l0 g Ry )

For 0 <e<1, we may set =0 in (4.3) and combine the result with (4.10) to get

1
sup |¢(y) —p(£1) —log—|<oo, VY€ L. (4.13)
0<e<1 €
To prove (1.24)—(1.26), we need the following claim:

Claim 3.

(i) At the boundary x==1, we have

+1
lim Le( )

22
el0 e2—7 =0 and 161'1%162])6(:':1) = Ma (414)

8

for any 7> 0.
(ii) Assume 0<e<1. Then there exists Ac(x) >0 such that lim. oA (k) =0,

%—)\ (k) <ne(z) < —, and %Spe(x)gng)\e(mL (4.15)
for x € I.~. Moreover,

lim sup |ne(z)—n(0)]|=lm sup |p.(z)—p(0)]=0. (4.16)

L0 zel x b0 zel.n

3 OLQEQ ape :
Proof.  (4.7) and (4.9) give —gr e Sne(—1)=n(1) < (2 ﬁﬁ)2 This shows
lim, o = nelZD — 0 for any 7> 0. Along with (4.9), we prove (4.14).
By (Pl) and (1.6), we have

#c(0)= max ¢.(x) (4.17)

ze[—1,1]
and

ne(x) —pe(x) =29l (x) <0, Vre[-1,1]. (4.18)
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Along with (4.7), we obtain

pe(:r)zg and ne(x)S@, Vrel-1,1). (4.19)
By (1.7), (4.8), and (4.17), one may check that
0<ne(0) —ne(x) =ne(0) (1 _ e¢e(f”)—¢e(0)) < O‘T'i_ﬁ (1 _ e¢>e($)—¢e(0)) , (4.20)
and
0<pe(z)—p(0) = pe (0) (ewe(zwe(m _ 1) Loth (6,@ (@)+6:(0) _ 1) @)

2
Consequently, by (4.12), (4.20), and (4.21), we get (4.16).
It remains to prove (4.15). Let

(= sup 1) O, swp b))} >0 (a2

z€l z€ .k

By (4.16), we have lim.jgA¢(x) =0. Using (4.17), one may find

$<(0)
ne(0) = —= B > (4.23)
f—l e¢e(y) dy f—l e¢e(y)_¢e (O)dy 2
and
_¢76(0)
pe(0)= 166 = o < é (424)
f—l ef(z)e (y)dy f—l ef(be (y)+¢e (O)dy 2

Hence, (4.19) and (4.23) immediately give @ >ne(2) >ne(0) = Ae(k) > § — Ae(k), for
x € Iox. On the other hand, by (4.19) and (4.24) we obtain § <p.(z) <pc(0)+ (k) <
§+)\€(/<;), for x € I.~. Therefore, we get (4.15) and complete the proof of Claim 3. 0O

(1.24) immediately follows from (4.18) and (4.15), and (1.25) follows from (4.14).

To prove (1.26), we rewrite n.(0) ae?e©

T eveway 38

ne(0) =

«
e i L Y o (4.25)
( o+ 1+e~+f175~)€ WmeOdy

—1+4€" 1
0< (/ +/ >e¢e<y>—¢e(°)dy§2e”. (4.26)
—1 1—en

On the other hand, by (4.12) we get

By (4.17), we have

1—e”

lim W =00 gy =9, (4.27)
6,L0 —1+6'{

Combining (4.25)—(4.27), we conclude that

limn.(0)=

4.2
i (4.28)

o9
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To deal with the limit of value p.(0) as e tends to zero, we need the following
estimate:

Pe(0) = 5| <Ine(0) =pe(0)| +|ne(0) = 5

<|ne(x) —pe(x)|+

n.(0) —%(+2A6(H), Va € L. (4.29)

Here we have used (4.16) and (4.22) to get the second line of (4.29). On the other hand,
by integrating (1.6) over I~ and using (1.7) and (4.2), we obtain

og/_:H(pe(x)—ne(x))dx:€2(¢2(—1+6~)_¢'6(1_6n>)§4(5_a)e—ﬁ. (4.30)

Note that 0 <x < 1. As a consequence, by (4.28)—(4.30) we find

limp(0) =

i 3 (4.31)

Then (1.26) follows from (4.16), (4.28), and (4.31).
By (4.19), we immediately get (1.27). Now we shall prove (1.28). Let g(z)€
C1([-1,1]). Multiplying (1.6) by g(x) and integrating the result over (—1,1), we have

[ @) da:—e/¢”
2 (( )+g(1 —e/ o (x dr.  (4.32)

Here we have used the integration by parts and (4.1) to get (4.32). On the other hand,
by using (4.2), one may check that

1
_ V2a(ltae Vaa(l—a
@ [ on)g e <(5-a) ma lo(a) / I
-1 x

<2(5-a)y 2 (Lo lo(o)l ) (433)

By (1.27), (4.18), (4.19), (4.30), (4.32) and (4.33), we have

N)m o)z~ (g <1>+g<1>>|

) n@g@hdrs [ (o) =pgla)de+ [ oo s

(9(=1)+g(1)). (4.34)

—14€"

1—e
—1+4€"

1—¢

m

g max |g(x [re +4(B—a)e” s ”"‘2(5 @)

€[-1.1]

Note that 0 <k < 1. Consequently,

lim (/_—11+e”+/1;>pe(x)g(x)dx:

w‘l
o



932 BOUNDARY LAYER SOLUTIONS OF CCPB EQUATIONS

In particular, let g € C'([—1,1]) satisfy g(x) =1 for = € [-1,0], g(x) €[0,1] for z € [0,1/2],
and g(z)=0 for x€[1/2,1]. Then (4.34) gives lim, f:llJrE pe(x)dx = ﬂ%a Similarly,
we have lim, g fll_eﬁ pe(x)dx= ﬁfTo‘ Therefore, we get (1.28) and complete the proof of
Theorem 1.5(i).

It remains to prove (1.29). By (1.7), we have

e2p(1)
pe(w)

Note that for any compact subset K of (—1,1), we have K C I~ as 0 < e < 1 is sufficiently
small. Hence, by (1.26), (4.14), and (4.35), we conclude that,

6e(z) — 6c(1) ~log 5 =log (43)

(a—p)?
4o

lim,joe?pe(1)
lim, o pe ()

1
i (6.e) - 0(1) 1o ) =log ~10g

uniformly in K. Therefore, we get (1.29) and complete the proof of Theorem 1.5. 0O

5. Numerical experiments

In this section, we do numerical computations to compare solutions of the CCPB
and PB equations. All numerical results are obtained using the convex iteration method
[30,46-48] and the finite element methods with piecewise linear space which is used to
solve the linearized equations. The computational domain and the mesh size h are
fixed with is [~1,1], h=2711, respectively, throughout the numerical experiments. The
values of € are set by e=277,j=1,3,5, in order to observe the tendency of the associated
solutions ¢.’s as € goes to zero.

As for [30], the numerical scheme can be extended to the CCPB equation (1.2) with
the boundary condition (1.5) and it can be presented as follows:

Ny N

2 1 — Ak Ok ak¢7n blﬂl _bl¢7n
Q1 =) —G4——¢€ — ——e¢ , (5.1)
B e as T e
¢m+1:5¢m+%+(175)¢m3 (52)
for m=1,2,---, where s is a positive constant satisfying 0 < s <1 with boundary condi-
tions
¢m+%(_1)_n6¢{m+%(_1):¢0_7 ¢m+%(1)+776¢1n+%(1):¢3_~ (5.3)

Let ¢, 1= ®m + Oy, with the correction term 4, which satisfies

5m(*1)*ne§;n,(71):0a 5m(1)+7755;n(1):0 (54)

m

s0 that ¢pi1=0m+80m =01 +5> ;" 6. If limy, o0 [0,m| =0, then the iterative scheme
converges.
Define the residual function R(¢.,) as

Nl N2

Riom)=Y kO gtmon 3 M hon 240 (55)

1 T
cPm _b m
k=1 f—1eak¢ dzx =1 f—le 1O da
Then we obtain

P — P =560 =5R(Pm). (5.6)
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Integrating R(¢m+1) — R(¢dm), we may use (5.5) and (5.6) to get

/_IR(¢m+1)dx:(1—3)/_1R(¢m)dm. (5.7)

In case of s=1 in (5.7), numerical scheme may not converge and oscillate during the
iteration procedure. When 0<s<1, we have empirically observed that the value of
s should be compatible to Ce? in order to let the iteration converge. Moreover, the
value of C' is chosen in the interval (0,1) so that the convergence of the scheme can be
guaranteed. In the iteration procedure, the value 1079 is applied for stopping criterion
with |[6mloc = /(Gm+1— 6m) /5]l

For the PB equation (1.4), we replace the denominators of the right hand side of
the equation (5.1) by the value 2. Then as for the scheme of (5.1)—(5.3), we have a sim-
ilar way to solve the PB equation (1.4) with the boundary condition (1.5), numerically.
To compare solutions of the PB and CCPB equations, we firstly set the parameters
as Ny=1, No=2,a1=b1=1, bo=2, and a; =1.2, 51 =2 =0.4 so that the electroneu-
tral condition ajaq =b101+b2f2 holds. The numerical computations also impose the
boundary data as ¢ = —¢, =1 and the values 7.’s for the boundary conditions (1.5) as
ne =0.5¢2 and 0.5¢ which include the cases of lim, 10 77? =0 and 0.5. The corresponding
results are presented in Figure 5.1 and Table 5.1 consistent with Theorem 1.3 and 1.1.

In Figure 5.1, one may see the difference between the solutions of (1.2) and (1.4)
with the same boundary condition (1.5) and the valence z; = —1 for the anion, i=1, and
zj =1,2 for the cations, j=1,2, respectively. The solution profiles of the PB equation
(1.4) are plotted as (red) dash-dotted curves and those of the CCPB equation (1.2)
are sketched as (blue) solid curves. Here the index numbers, 1,2,3 are associated with
various values of €’s, and a (black) dotted line is represented as the axes for a reference.

, 1. Comparison of ¢, of PB and CCPB, 5, = 0.5¢%, v = , II. Comparison of ¢. of PB and CCPB, 7. = 0.5¢, v = 0.5

-=PB
ccpB

1 L L L L . L L L L , L L L L L L L L L ,
-1 -08 -06 -04 -02 0 0.2 0.4 0.6 0.8 1 -1 -08 -06 -04 -02 0 0.2 0.4 0.6 0.8 1
x T

-1

Fic. 5.1. Comparison of ¢. of PB and CCPB equation with the electroneutral condition.
¢e of PB equation are in (red) dash-dotted curves and ¢. of CCPB equation are in (blue) solid
curves. The label of curves in each picture depends on the dielectric constant e=2"1,273 275,
I n.=0.5¢> and y=0. II. n.=0.5¢ and y=0.5. In this computations, three ion species are
used, one anion with valence —1, a1 =1.2 and two cations with valences 1,2, 1 =[2=0.4.

Table 5.1 shows the numerical results of ¢.(0) and ¢ for the CCPB and PB equations
where the value ¢ is defined in Theorem 1.3 can be computed by Newton’s method. One
can easily see that for the PB equation, the value c is always equal to zero but for the



934 BOUNDARY LAYER SOLUTIONS OF CCPB EQUATIONS

CCPB equation, the value ¢ may not be equal to zero. The ratio 81/82 may affect
the value ¢ and ¢. As (1/f8, varies, the numerical values of ¢.(0), ¢.(1), ¢, and ¢
are presented in Table 5.2 for the case of a;=b; =1, by=2, and e=27°. Note that
the numerical values of ¢.(0) and ¢.(1) are quite close to those of c€(¢*,0) and ¢,
respectively. This is consistent with the results of Theorem 1.3. We remark that if ¢ is
fixed and (31 /02 is decreasing, then the value ¢ is decreasing.

€ 2-1 23 2P c
I PB 0.0106 | 0.0000 | 0.0000 0
CCPB || -0.0459 | -0.0964 | -0.1081 | -0.1126

II PB 0.0079 | 0.0000 | 0.0000 0
CCPB || -0.0311 | -0.0442 | -0.0442 | -0.0441

TABLE 5.1. The numerical results of ¢<(0) and its limit value ¢ of PB and CCPB equation in
Figure 5.1.

Tle 61/ﬁ2 (be(l) t (be(o) c Cx
1 1.0000 | 1.0000 | -0.1124 | -0.1126 | -0.1446
0 1/2 1.0000 | 1.0000 | -0.1265 | -0.1265 | -0.1446

1/3 1.0000 | 1.0000 | -0.1320 | -0.1320 | -0.1446

1 0.9679 | 1.0000 | -0.1059 | -0.1126 | -0.1446
0.5¢2 1/2 | 0.9581 | 1.0000 | -0.1171 | -0.1265 | -0.1446
1/3 | 0.9504 | 1.0000 | -0.1206 | -0.1320 | -0.1446

1 0.4962 | 0.4960 | -0.0299 | -0.0299 | -0.0394
0.5¢ 1/2 | 0.4278 | 0.4277 | -0.0255 | -0.0255 | -0.0296
1/3 | 0.3853 | 0.3853 | -0.0218 | -0.0218 | -0.0242

TABLE 5.2. The numerical results of ¢pe(1), ¢e(0) of CCPB equation and their limit values t, c,
¢ in (1.8) where oy = B1+2PB2, B1~[Nat] is fized to 1, and e is fized to 27°.

From Theorem 1.3(ii)—(iv), both ¢t and ¢ —c¢ are decreasing functions to 7. Surely,
c can be regarded as a function to . Under some specific conditions, ¢ may become
a increasing function to v (see Remark 1.2 and the graph 1 in each panel in Figure
5.2). However, it is not clear if the function ¢ has monotonicity generically. Using
the Newton’s method, we solve the system of equations (1.16) and (1.17) and obtain
the graph of ¢ and t, respectively. We first consider three ion species with coefficients
satisfying by =1, by =2, and b8, +b282 =ai1a; =1.2. Specific values of 8, and [5 can
be chosen as follows:

1. (B1,B2)=1(1.199,0.0005),
II. (B1,82)=1(0.002,0.599).

For each (f1,52), graphs of ¢ and ¢ corresponding to the cases of (a1,a7)=(1,1.2),
(2,0.6) and (3,0.4) are plotted in Figure 5.2, respectively. As for Theorem 1.3(ii)—(iii),
our numerical results indicate that |c(v)| <t(y) for all 4> 0; both ¢(y) and #(7) tend to
zero as 7y goes to infinity. For each fixed v >0, the value t(7) increases but the value
c(7y) decreases as oy increases. Similar results can also be observed for four ion species
with coefficients satisfying the following conditions:

Case 1. aya1 =B142024+3B83=1.5, (51,52,03) =(0.25,0.25,0.25),
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a1=1,2,3,4, i.c., a1 = 1.5,0.75,0.5,0.375,
Case 2. aq 4200 =01+2082=1.5, (p1,52) =(0.75,0.375),
(a1,0) = (0.3,0.6), (0.5,0.5), (0.75,0.375

(
)
Case 3. ay+2a=01+282,=1.5, (f1,52) =(0.5,
)
(

0.5),

(a1,00) =(0.3,0.6),(0.5,0.5),(0.75,0.375

Case 4. a7 +2042:ﬂ1+2[32:1.5, (51,,82): 3,06),

(a1,2) =(0.3,0.6),(0.5,0.5),(0.75,0.375).

The profiles of ¢ and ¢ associated with Case 14 are sketched in Figure 5.3, I-1V,
respectively. As for Figure 5.2, various «;’s may result in different profiles of function
c¢=c(v). However, until now, all our results only show that the function ¢ is of monotone
increasing or decreasing. This motivates us to see if the function ¢ becomes a non-
monotone function under the other conditions of ;’s and j;’s.

0
0

L (81, B2) = (1.198,0.001) 1L (81, B2) = (0.002,0.599)
- =) - - =ty
* —c() E “0)
[} [
0.8F o 081y
» 1ioo= 2B =12 o 1 o= p+2p=1.2
D) 2: 200= P +2B=1.2 » 2: 20~ B +2B,-1.2
o6k o= B +2p,=1.2 06l . 3: 30, B +2B,-1.2
: W S N
= ! = N
< NN = NN
& Sl z RN
© TSI © TR
0.27\\ ‘5::25511:>—;_ 025 \>:':E‘:Z::—<<
o\x o2
1
-02 . -0.2
1 2 3 4 5 1 2 3 4 5
ol ol

Fia. 5.2. Comparison of c(7y), t(vy) with three species; one negative charge, two positive
charges where ay =1.2,0.6,0.4 for 1, 2, 3, respectively. I. (f1,82)=(1.199,0.0005). II. (B1,52) =
(0.002,0.599).

As shown in both Figure 5.2 and 5.3, we observe that ¢(y) converges to zero as
v goes to infinity. This is consistent with the results of Theorem 1.3. Moreover, the
profile of function ¢ can be changed from monotone decreasing to increasing. Such a
behavior of ¢ and the nonlinearity of equations (1.16) and (1.17) let us believe that
the non-monotone profile of function ¢ may exist. To get the non-monotone profile of
function ¢, we consider the following conditions:

A. 2041 Zﬁl + 252 —|—3B3 = 15, (ﬁl,ﬂ%ﬁg) = (09,0127012),

B. 2a1=01+202+303+48,=1.5, (51,02,03,54) = (1.23,0.03,0.03,0.03),

C. 3o :Bl +252 +353 +4B4 =1.5, (Blvﬁ%ﬁ&ﬁél) = (06’01701701)7

D. 30(1 :ﬁl +2ﬂ2 +353 +4ﬂ4 = ]..5, (/817/32’/83’/64) = (01,035,01,01)

The non-monotonic profiles of function ¢ with respect to conditions A-D are pro-
vided in Figure 5.4, 1-4, respectively. However, the profiles of functions ¢ and ¢t —c are
still monotonically decreasing.

6. Conclusion

For the binary mixture of monovalent anions and cations, although CCPB and
PB can have very different solutions with different boundary conditions and other con-
straints, the solutions of CCPB equations have very similar asymptotic behavior as
those of PB equations when the global electroneutrality (1.3) holds (cf. [30]).
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L. (B1. Ba, B3) = (0.25,0.25,0.25) IL a1 + 20z = B1 + 265 = 1.5, (81, B2) = (0.75,0.375)
0.04p

4 == t(7) 1: (@,0,)=(0.3,0.6)

* (7) 2: (0,,0,)=(0.5,0.5)

* 3: (0, @,)=(0.75,0.375)

©oog= Be2B+3ps1s
+ 20,= B+2B +3p-1.5
3: 3a,= B 2B +3 =1.5
45 4o= B +2B,+3p =1.5

-0.011
-0.021
-0.031
! -0.04
0 1 2 3 4 5 0 1 2 3 4 5
7 v
1L o + 20 = By + 282 = 1.5, (81, B2) = (0.5,0.5) IV. ay + 200 = By + 282 = 1.5, (81, B2) = (0.3,0.6)
0.04 0.04
1: {(1‘,(1;’:(0.3,0.6) 1: (1’1‘,&?):(0.3,0.6)
2: (a,0,)=(0.5,0.5) L 2: (a,0,)=(0.5,0.5)
003 3: ((ll,U.:_):(U.75,U.375) 0.03 3: (ul,a;):(0.75,0.375)
0.02+ 0.02
0.01 1 0.01
T o2 T o
< <
—0.01}F —0.01}
-0.02 -0.02-
_0.03F ~0.03
-0.04 - - L - ! -0.04
0 1 2 3 4 5 1 2 3 4 5
v v

Fic. 5.3. Comparison of ¢(), t(v) with four ion species; one negative charges, three positive
charges (I), and two negative charge, two positive charges (II, I1I, IV). I. «n =1.5,0.75,0.5,0.375
for 1, 2, 3, 4, respectively, and (B1,B2,83)=1(0.25,0.25,0.25). II. (B1,B2)=(0.75,0.375).
111 (,31,ﬁ2) = (05,05) 1V. (ﬂl,/jg) = (03,06) (1.(al,a2) = (0.3,0.6), 2.(0&1,(12) = (0.5,0.5),
3.(a1,a2) =(0.75,0.375) for II, III, IV.)

Non-monotone profiles of ¢(v)
0.025

1: 200= Bl+2B +3B.=1.5

(BB, B)=(0.9,0.12,0.12)
0.02+ 2: 20 = Bl+2|32+3B3+4B4:1.5

(B,,B, B, B,)=(1.23,0.03,0.03,0.03)
3: 3o = Bl+2[32+3[33+4[34:1.5

(BB, B,BH=(0.6,0.1,0.1,0.1)
2 4: 30.= B +2p +3B +4B,=1.5
B,,B, B, B,)=(0.1,0.350.1,0.1)

0.0151

< oot
<
0.005
-0.005 . - . )
0 0.5 1 15 2
o

Fic. 5.4. Non-monotone profiles of c(7).
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Situation becomes more complicated in the presence of mixtures of multiple (more
than three) species with multivalences. In this paper, we again consider the situa-
tions under global electroneutrality, but the general mixture of multi-species ions. The
(more rigorous) CCPB shows very different asymptotic behaviors to PB equations under
Robin-type boundary conditions with various coefficients 7.’s.

In particular, the solution ¢, of CCPB equation may tend to a constant ¢ at interior
points, and 4+t at boundary points as € goes to zero. As n.~~ye, both ¢ and t—c¢
are monotone decreasing functions of «. Physically, v can be regarded as the ratio
of the Stern-layer width to the Debye screening length. Various conditions can be
found theoretically and numerically such that the function ¢ of v becomes monotone
decreasing, increasing and non-monotonic. While for PB equation, the solution ¢, only
tend to zero at interior points which is independent to . This constitutes one of the
main differences of PB and CCPB equations.

This work is one of our first attempts in systematically studying the ionic fluids.
Much works are needed in the future. In particular, the theoretical justification of the
interesting behavior of ¢(vy) with respect to v under different physical conditions. The
problems involving multiple spatial dimension domains are for certain to provide more
interesting phenomena of the solutions and also more technical challenges. Overall, our
results again demonstrate that the CCPB equation being a more physical and suitable
model for future applications involving the mixture of multi-species ions.

Appendix A.

For the convenience of the readers, we will list out our previous results for 2 mono-
valence species with charges of opposite signs situations [30].

Considering CCPB equation (1.2) with Ny =Ny=1, a;=b;=1, in [30], we had
established the following results:
(a). In the electroneutral case (a3 =p1):

(al) If limg o ni =0, the solution ¢, approaches zero in [—1,1] as €] 0. However, ¢,
has slope of order O(1/7.) on the boundary.

(a2) When = > C' for some positive constant C' independent of ¢, the solution ¢,
possesses boundary layers with thickness e.

(b). In the non-electroneutral case (o # f51):
The solution ¢. has boundary layers with thickness €? and ¢.(x)—¢c(41) tends to
infinity with the leading order term log(e~2) as €0 for z € (—1,1). The values ¢.(£1)
can be estimated as follows:
(b1) If I5 <C, ¢¢(1) and ¢c(—1) converge to different finite values as € |0, where C
is a positive constant independent of e.
(b2) If lim,yo % = 00, both ¢(1) and ¢.(—1) diverge to oo, but [¢(1) —¢(—1)| con-
verges to zero as € 0.
(c) The difference between the solutions to the CCPB equation (1.2) and the PB equa-
tion (1.4) can be stated as follows:

(c1) When «; =/, the solution of the CCPB equation (1.2) may converge to the
solution of the PB equation (1.4). Namely, in the case of ay =1, the solution
of the CCPB equation (1.2) has the same asymptotic behavior as that of the
PB equation (1.4).

(¢2) When «y # 31, the solution of the PB equation (1.4) remain bounded for € > 0.
However, as «aj # 31, the solution of the CCPB equation (1.2) may tend to

infinity as e goes to zero (see (b)). This may provide the difference between
the solutions to the CCPB equation (1.2) and the PB equation (1.4).
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