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RECTILINEAR VORTEX SHEETS OF INVISCID LIQUID-GAS
TWO-PHASE FLOW: LINEAR STABILITY*

LIZHI RUANT, DEHUA WANG!, SHANGKUN WENG$, AND CHANGJIANG ZHUY

Abstract. The vortex sheet solutions are considered for the inviscid liquid-gas two-phase flow. In
particular, the linear stability of rectilinear vortex sheets in two spatial dimensions is established for
both constant and variable coefficients. The linearized problem of vortex sheet solutions with constant
coefficients is studied by means of Fourier analysis, normal mode analysis, and Kreiss symmetrizer, while
the linear stability with variable coefficients is obtained by Bony—Meyer paradifferential calculus theory.
The linear stability is crucial to the existence of vortex sheet solutions of the nonlinear problem. A novel
symmetrization and some weighted Sobolev norms are introduced to study the hyperbolic linearized
problem with characteristic boundary.
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1. Introduction

Two-phase or multi-phase flows are concerned with flows with two or more compo-
nents and have a wide range of applications in nature, engineering, and biomedicine.
Examples include sediment transport, geysers, volcanic eruptions, clouds, rain in nat-
ural and climate systems, mixture of oil and natural gas in extraction tubes of oil
exploitation, oil transportation, steam generators, cooling systems, mixture of hot wa-
ter and vapor of water in cooling tubes of nuclear power stations in energy production,
bubble columns, aeration systems, tumor biology, anticancer therapies, developmental
biology, plant physiology in chemical engineering, medical and genetic engineering, bio-
engineering, and so on. Multi-phase flow is much more complicated than single-phase
flow due to the existence of a moving and deformable interface and its interactions with
multi-phases [6,28,31,32]. In this paper, we consider the following system of partial
differential equations for the compressible inviscid liquid-gas two-phase flow of drift-flux
type:

Om—+V-(mu)=0,
Oon+V-(nu)=0, (1.1)
Oy(nu)+ V- (nu®u)+Vp(m,n)=0,

where m=ayp, and n=a;p; denote the gas mass and the liquid mass, respectively,
ag,0q €10,1] denote the gas and liquid volume fractions satisfying o, +ay =1, p, and p;
denote the gas and liquid densities; u denotes the mixed velocity of the liquid and the
gas, and p is the common pressure for both phases.
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736 RECTILINEAR VORTEX SHEETS OF TWO-PHASE FLOW

In fact, the model (1.1) is a simplified version of the following general two-phase
flow model:

Oi(agpg) + V- (agpgug) =0,
Ot(ayp) + V- (cupyuy) =0,
I(agpgug+aupa) + V- (agpgug @ug +apw @w) + Vp(agpg, cupr) =0,

where ayg, a; and pg,p; denote the same as above and where u, and u; denote the gas
and liquid velocities, respectively. Just as in [14,19,23,35,57,58], in order to help further
understand the behavior of the solution to the general model, we use two densities and
only one fluid velocity to study the simplified two-phase flow model, i.e. we restrict
ourselves to a flow regime where liquid and gas velocities can be assumed to be equal:
u, =u; =u. Since the liquid phase is much heavier than the gas phase, we also neglect
the gas phase in the mixture momentum equations.

In general, the pressure law p(m,n) should be a nonlinear complicated function of
the densities, we will follow the simplification made in [18] which guarantees that the
model is thermo-mechanically consistent in the sense that one can get a basic energy
estimate easily. We assume that the pressure p is a smooth function of (m,n) defined
on (0,400) x (0,400), and in particular we take the pressure of the following form (see

e.g. [18]):
p(m,n) = (cym+con)> P’ (cym+can),

where ¢1,¢ are positive constants and P=P(p) is a smooth function such as P(p)=
p7~1, v>1. Without loss of generality, we take ¢; =cy =1 and hence the pressure is

p(m,n)=(y—1)(m+n)7, (1.2)
and
Pm(m,n) =pp(m,n)=~(y—=1)(m~+n)""". (1.3)

We shall see in the next section that (1.1) is a non-strictly hyperbolic system of conser-
vation laws in the region (m,n) € (0,+00) x (0,+00).

The viscous two-phase flows have been investigated extensively. In particular, the
existence, uniqueness, regularity, asymptotic behavior, decay rate estimates, and blow-
up phenomena of solutions to various one-dimensional and multi-dimensional viscous
two-phase flows have been studied recently in [13, 14, 18,19, 23, 24, 26, 35, 53, 55-58]
and related references therein. The theory of the inviscid two-phase flow (1.1) is com-
paratively mathematically underdeveloped although there have been many numerical
studies; see [3,4,6,9,15-18,21] and their references. In this paper, we are concerned with
the rectilinear vortex sheet problem for the two-phase flow (1.1) in the two-dimensional
space R2. A velocity discontinuity in an inviscid flow is called a vortex sheet, which
yields a concentration of vorticity along the discontinuity front (see [11]). In the three-
dimensional space, a vortex sheet has vorticity concentrated along a surface in the space.
In two-dimensional space, the vorticity is concentrated along a curve in the plane.

Vortex sheets occur commonly in nature, sciences, and engineering and have at-
tracted enormous studies. Some early studies on the linear stability of planar and recti-
linear compressible vortex sheets can be found in [20,43]. In three spatial dimensions, it
is known that the planar vortex sheets is unstable (see e.g. [45]). In the two-dimensional
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case, subsonic vortex sheets are also unstable, but the supersonic vortex sheets are lin-
early stable (see e.g. [43,45]). For the incompressible theory of vortex sheets, we refer
the readers to [2,7,29,30,36,37,41,47,49,54] and the references therein.

Our work in this paper is inspired by [8,11,12,44,48] on the stability of planar and
rectilinear vortex sheets for the compressible isentropic [11,12] and non-isentropic Euler
equations [44], and the ideal compressible magnetohydrodynamics (MHD) [8,48]. The
linear stability of compressible vortex sheets for the isentropic Euler equations in two
spatial dimensions was studied under a supersonic condition and an energy estimate
for the linearized boundary value problem was proved in [11]. The nonlinear stability
was analyzed in [12] based on the linear analysis in [11] and the Nash-Moser iteration.
These two papers of Coulombel and Secchi [11,12] are the pioneering works in the
direction of compressible vortex sheets. The result on linear stability for the isentropic
case in [11] was also extended to the non-isentropic case (see [44]). The linear and
nonlinear stability of current-vortex sheets for the ideal compressible MHD was studied
in [8,48,51]. The vortex sheets in the three-dimensional steady compressible flows were
considered in [50,52].

As mentioned in [8,11,12,44, 48], the existence of compressible vortex sheets is a
nonlinear hyperbolic problem with free boundaries. Since the vortex sheet is a contact
discontinuity, the free boundary is characteristic. Thus, we have a hyperbolic initial-
boundary value problem with a characteristic boundary, violating the uniform Kreiss—
Lopatinskii condition and causing loss of derivatives with respect to the source terms for
energy estimates as well as loss of control of the tangential velocity (the “characteristic
part” of the solution) on the boundary. Thanks to the ellipticity of the boundary
conditions for the unknown front, we will be able to gain one derivative as for shock
waves in Majda [39].

The purpose of this paper is to establish linear stability with both constant and
variable coefficients of rectilinear vortex sheets for the two-phase flow (1.1) in two spa-
tial dimensions. We remark that our paper is strongly motivated by the ideas of the
pioneering paper [11] and generalizes the work of [11] to the two-phase flow. To this end,
we organize the analysis as follows. In Section 2, we first set up the vortex sheet problem
as a free-boundary problem by analyzing the Rankine-Hugoniot conditions correspond-
ing to the vortex sheets of equation (1.1), and then we reformulate this problem into
a fixed-boundary problem by employing the standard partial hodograph transforma-
tion [8,11,48] and tedious calculations. We note that a natural approach of introducing
the Lagrangian coordinates to fix the boundary does not seem to work for the vortex
sheet problem.

In Section 3, in order to obtain the a priori energy estimates mentioned above, we
first in Subsection 3.1 introduce a “good” symmetric form of the linearized version of the
liquid-gas two-phase flow system (1.1), which plays a crucial role in our analysis. To the
best of our knowledge this “good” symmetric form is new and does not follow directly
from any known symmetrization. As emphasized in [8,11,48], a “good” symmetric form
is very important, although it is easy to perform a “trivial” symmetrization of system
(1.1). However, a “good” symmetric form is required to separate the “characteristic
part” and “non-characteristic part” of solutions so that one can get rid of the singularity
from the boundary matrix and reduce the symbolic characteristic case to the non-
characteristic case. Fortunately, we find a “good” transformation (see (3.5), (3.6))
which leads to a “good” symmetric form of the linearized equations. We remark, as
pointed out in [25], that most hyperbolic operators are not symmetrizable in d (d>
2) spatial dimensions although the physical systems of compressible Euler equations,
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MHD, and liquid-gas two-phase flows can be reduced to symmetric hyperbolic systems
of conservation laws in time-space dimension d+1. Then, in Subsection 3.2, some
weighted Sobolev norms are introduced since there is a loss of control on derivatives
in the normal direction for the hyperbolic problem with characteristic boundary. The
main result on the linear stability for constant coefficients is stated.

In Section 4, we shall prove the main theorem on the linearized problem with
constant coefficients by the normal mode analysis of the linearized problem and con-
structing a degenerate Kreiss symmetrizers in order to derive our energy estimate. As
in [11,39,40], the linearized Rankine-Hugoniot conditions form an elliptic system for
the unknown front, which is very important when eliminating the unknown front and
considering a standard-boundary value problem with a symbolic boundary condition.
Based on our new observation and the property that no jump occurs in the sum of
mass of both liquid and gas even though each has jump individually, we introduce an
appropriate C'°° smooth mapping @) to obtain the elliptic estimate on the corresponding
symbol and formally cast our problem in the framework of [44], which allows us directly
employ their construction of symmetrizers to simplify our calculation and mathemat-
ical analysis. However, the construction of the symmetrizers is microlocal. Near the
neighborhood of the poly point, the construction of symmetrizers is different from those
in [11] and [44] for the original symbolic algebraic-differential equations.

In Section 5, we discuss and formulate the linearized problem of vortex sheets with
variable coeflicients and state the main result on the linear stability. In Section 6,
we shall prove the main theorem on the linearized problem with variable coefficients
by paralinearized techniques and Bony—Meyer paradifferential calculus theory [5,42].
The key point is to freeze the coefficients to turn the variable coefficient problem into
the constant coefficient problem. The critical set of Lopatinski determinants will be
constructed in detail. This is a key point of microlocal analysis in the neighborhood
of bicharacteristic curve along which singularities propagate. In the analysis, we need
some precise calculations, which will be collected in Appendix A.

We conclude the introduction by remarking that the linear stability studied in this
paper is a crucial step towards the local-in-time existence of vortex sheet solutions of
the nonlinear problem. This nonlinear stability will be investigated in a forthcoming
paper based on the linear stability obtained in this paper and the Nash—Moser iteration
method.

2. Vortex sheet problem and reformulation
In this section, we first set up the vortex sheet problem as a free boundary problem
and then reformulate it into an initial-boundary value problem with fixed boundaries.

2.1. Vortex sheet problem. We will consider the liquid-gas two-phase flow
(1.1) in the whole space R? and present the analysis which leads to a vortex sheet
problem. Let o= (x1,72) be the space variable in R?, and let v and u be the first and
second components, respectively, of the velocity field. Thus u= (v,u) € R%. Then, for

U=(m,n,u)" €(0,400) x (0,+00) x R?,

we define the following matrices:

v 0 m O u 0 0 m
0 v n 0 0 u 0 n

A(U)= I A (U) = 0 0 u 0 (2.1)
0 0 0 w P Pr ()
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Denote the spatial partial derivatives by
01=20y,, O02=0,,.

In the region where (m,n,u) is smooth (i.e. differentiable), (1.1) is equivalent to the
following quasilinear form:

U+ A1 (U)W U+ Ax(U)0:U =0. (2.2)
The eigenvalues of the matrix
A(Uvg) = A(m7nau7§) :flAl(U) +€2A2(U)7 v§ = (§1>§2) € RQa

are given by

M(UE) =& u— €|/ m2ntnPe with multiplicity mq =1,
A2(U,§)=¢&-u  with multiplicity mo =2, (2.3)

A3(U,&) =& u+|¢|y/MmtnPe with multiplicity ms=1,

in the region U € (0,400) x (0,+00) x R2. The eigenvector corresponding to the second
eigenvalue field \o(U,§) is given by

TZ(U7§) = (527 _'517521%7 _é-lp’m)—r'

If p,, =pm, for the pressure p, the second characteristic field of system (2.2) (or (1.1)) is
linearly degenerate, which leads us to consider the vortex sheet (contact discontinuity)
solutions for the two-phase flow. In fact, a vortex sheet (contact discontinuity) solution
is a weak solution with possible strong discontinuities.

DEFINITION 2.1 (Weak solution). Let (m,n,u) be a smooth function of (t,x1,x2)
on either side of a smooth surface T':={xo=p(t,x1),t>0,21 €R}. Then, (m,n,u) is
a weak solution of (1.1) if and only if (m,n,w) is a classical solution of (1.1) on both
sides of I' and the Rankine—Hugoniot conditions hold at each point of T':

Orpolm] — [mu-v] =0,

Oppln] — [nu-v] =0, (2.4)
- [p}l/:O’

where v:=(—01p,1) is a space normal vector to I' and (—0yp,—01p,1) =(—0wp,v) is a

time-space conormal vector to T'. As usual, [q]=q" —q~ denotes the jump of a quantity
q across the interface T.

Orplnul —[(nu-v)ul

Moreover, vortex sheets have continuous normal velocity and possible jump of tan-
gential velocity, yielding a concentration of vorticity along the discontinuity front. The
velocity of the front ;¢ satisfies ;o =u’-v=u"-v, which means that the first two
equations in (2.4) are automatically satisfied and the third one gives p™=p~. We are
now in a position to give the rigorous definition of a vortex sheet solution (contact
discontinuity in sense of Lax [33]) of the liquid-gas two-phase flow.

DEFINITION 2.2 (Vortex sheet solution). A piecewise smooth wvector-function
(m,n,w) is called a rectilinear vortex sheet solution of (1.1) if (m,n,u) is a classical
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solution of (1.1) on either side of the smooth surface T' and the Rankine—Hugoniot
conditions (2.4) are satisfied at each point of T' in the following way:

Op=ut-v=u v, pt=p . (2.5)
We note that (2.5) implies
Op=ut-v=u" v, mt+nt=m +n". (2.6)

Then the problem of existence and stability of vortex sheets solution can be formulated
as the following free boundary problem: determine

U:t(taxlaxQ) = (mianiavivui) (taxlva) € (0?+OO) X (O7+OO) X RQ
and a free boundary I':={zs =¢(t,z1),t > 0,21 € R} such that

8,5U++A1 (U+)81U++A2(U+)8QU+:O, $2><p(t,331),
8tU*+A1(U*)81U*+A2(U*)82U*:O, $2<90(t,$1),

2.7
Uy (1,m2),  x2>@o(21), @1
U0,r1,22) =19
Uy (w1,72), w2 <¢po(z1),
satisfying the jump conditions on I':
Oyp=—v010+ut=—v"Op+u”, mT4+nt=m" +n", (2.8)
where po(x1) =¢(0,21).
Note that the first two equalities in (2.8) are just the eikonal equations
O+ Ao (m+,n+,u+,81<p) =0 and @+ (m_,n_,u_,(‘)lgo) =0, (2.9)

on {xg =0}, where the eigenvalue Ag (m,n,u,§) is defined in (2.3). To prove the existence
of tangential discontinuities (vortex sheets) for the free-boundary problem (2.7) and
(2.8), one needs to find a solution (U,¢)(t,z1,22) of the problem (2.7) and (2.8) at least
locally in time. More precisely, we need to prove the local-in-time well-posedness of
the problem (2.7) and (2.8). Our goal in this paper is to establish the well-posedness
of the linearized problem resulting from the linearization of (2.7) and (2.8) around a
background vortex sheet (piecewise constant) solution. As discussed in [11], for the
isentropic Euler equations (1.1), these solutions are exactly the contact discontinuities
in the sense of Lax [33].

2.2. Reformulation. @ We now reformulate the free-boundary problem into a
fixed-boundary problem. To straighten the unknown front, we employ the standard
partial hodograph transformation (see e.g. [8,11,48]):

t=t, x1=%1, zo=0F({,71,12) (2.10)
with some smooth functions ®* satisfying

i@iszi (E,i‘l,fg) >kKk>0,

- ~ - 11
OF (1.51,0) =0~ (£,1,0) = o (i) @11)

for some constant x> 0. Under (2.10), the domains are transformed into {Z2 >0} and
the free boundary T' into the fixed boundary {Z3=0}. More precisely, the unknowns
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(m*,n* ut)(t,r1,22), that are smooth on either side of {zy=(t,21)}, are replaced

by the functions

(mﬁnﬁuti ) (t xl,aﬁg) (mi n*t ui) (t,z1,22)
(mi ni U.i> (f,.’f?l,q)i(g,i'l,jg)), (2.12)

which are smooth on the fixed domain {Z5 >0}.
From now on we drop the tildes for simplicity of notation. Let us denote by wvy
and uy the two components of the velocity, that is, ugt = (vf,uf) Then, the smooth

solutions (mﬁnf,vf,uﬁ ,@i) satisfy the following initial-boundary value problem with

the fixed boundary xo=0:

+
oymT +vFoymt + (ui —0,dF —v 81<I>i) % 21
§ T oyt 0 9,0+
douy 0, 0*
+ G2y +Y + _
+mﬁ 81% +my PR —my 32@182% =0, (2.13)
827’Li
3tn§t+v§t81n§t+(uétfatq)ifvial(ﬁi> 7 q)ui
£9 ia” ial Davf =0 2.14
32’0i
O +oFored + (uf —8t<1>i —ufoet) ok
Pt 31<Di . PpE . PpE 81@i N
+ nﬂi” Omy; f—a (I)iazmﬁ +$amﬁ *Tﬁcazqﬁa?”n =0, (2.15)

82’U,:t p7n:E aQTTL;t pni 82ni

+ + + + + + + —
O o + (w0, 8* —uf 0 0% ) e+ TE G+ paE =0, (216)

in the fixed domain {x9 >0}, together with the boundary conditions from (2.12) and
(2.11):

(I)+(t,I1,ZZ?2)

70:<I>7(t,x1,xg) =p(t,x1),
(vg'fvﬁ_> (t,x1,22) o 81g0 (t,z1) (U;*Uﬁ ) (t,x1,22)
Oup(ta) +0f (ban,za)| Orpltin) —uf (o, 2)

22=0
(m;'Jrn;') (t,z1,22) f(mﬁ +ny )(t,acl,xQ)

0:0’
2= (2.17)
=0,

To=

=0.

To=

o=

For contact discontinuities, one can choose the change of variables ®* satisfying the
eikonal equations:

0% + g (i nif uf,0,0% ) =0,0% o 0, 0* — uf =0, (2.18)
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in the whole closed half-space {z2 >0}. We know from (2.17) that (2.18) is satisfied on
the boundary {xo=0}.

Again for the sake of simplicity of notation, we shall drop the symbol § in (2.13)-
(2.16) and denote U := (m,n,v,u) . Then the nonlinear equations (2.13)—(2.16) read

QU+ A (UN)UT + 557 (Ao (UT) = 0,2 Lysea — 0101 AL (UT)) .U+ =0,

2.19
BtU_—&—Al(U_)(?lU_—&—82%(AQ(U_)—8t<1>_l4x4—81<I>_A1(U_))82U_:O. ( )

Here A, (U),A3(U) are defined by (2.1) and I4y4 is the 4 x 4 identity matrix. Define the
differential operator L as the left side of (2.19). Then system (2.19) becomes

LU, V) Ut =0, LU ,V® U =0, (2.20)

where VO* = (9;®%,0,®%,0,0%). With a slight abuse of notation, we also write this
system as

L(U,V®)U =0, (2.21)

where U denotes the vector (UT,U~) and ® for (®*,d). The two equations in (2.19)
are decoupled in the interior of the domain, and their coupling is made through the
boundary conditions (2.17).

There exist many simple solutions of (2.20), (2.17), and (2.11) corresponding to
rectilinear vortex sheets in the original variables. In the new variables, they are piecewise
constant solutions of (2.20), (2.17), and (2.11):

m, my
U, = Z LU= le . O, (ta1,m0) =+a0, =0, (2.22)
0 0
with the relation
(my+ny.)—(mi+n)=0, v,+v,=0. (2.23)

We only consider the case v #0, and without loss of generality we assume v, >0. We
also assume m,,m;,n,,n;>0. In the next section, we study the linearized equations
around the special background solution defined by (2.22).

3. Linear stability: constant coefficients
In this section, we formulate the linearized problem with constant coefficients and
state the main result on the linear stability with constant coefficients.

3.1. The linearized equations. Denote by
Ug = (ry,ng, iy, 0s), Ty
the small perturbations of the exact solution given by (2.22), that is,
Ut =U, +Us, =3, +0,.

Up to second order, the perturbations Ui = (1g,n4, 04,0y ) satisfy the following lin-
earized equations
UL + A1 (U)0 U4 + As(U)0,U 4 =0,

. . . 3.1
6tU_+A]_(Ul)8]_U__AQ(UZ)GQU_:O, ( )
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in the domain {x5 >0}, as well as the linearized Rankine-Hugoniot relations

N
(UT—UZ)aﬂl)—glﬁ,—ﬂf):(L (32)
Oph +v,.017p — 1y =0,
(riy + 1) = (- +n-) =0,
on the boundary {x2=0}. Rewrite equations (3.1) and (3.2) as
L'U=0, if 23>0,
. n (3.3)
B(U,y)=0, if 29=0,

where U = (U,,U_), and

oo (Us A1(Uy) 0 Uy A1 (U,) 0 U,
LUat<U>+<o A2(Ul)>81<U>+<O —Az(Ul)>82<U>’

(vr — 1) O19p — (g — i)
B(U %)= O+ 0,000 — iy
(g +14) = (T +n-)
We remark that the interior equations do not involve the perturbation ¢. Thus, the
operator L' only acts on U. Generally energy estimates for the linearized equations
depend on the source terms both in the interior domain and on the boundary. We now
consider the linear equations

{L'UZfZ( o fo) T if 22 >0, (3.4)
g:

B(U7w): (glngag3)T7 if .’13220,

and the goal is to establish the estimates of U and # in terms of f and g in appropriate
functional spaces.

To simplify the calculations, we introduce some new unknown functions by per-
forming the linear and invertible changes of variables

2n, 0 —2m, 2m, W,

L

; —2n, 0 —2n 2n W-

ny T T T 2

. = 3-5
o 0 1 0 0 Ws (8:5)
Uy 0 0 2, 2,) \Wa

and

" 2711 0 —2ml 2mg W5

n_ —2n; 0 —2ny 2n; W

= , 3.6

U 0 1 0 0 Wo (3.6)
= 0 0 2 2q) \Ws

where c,.; are defined by

Cra= <1+m’“’l)pn (3.7)

Nyl

)
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and p, =pp (Mg, ny) =pn(my,n;) are given in (1.3). We also define the following vectors:

W.= (Wl,WQ,Wg,W4,W5,W6,W7,W8)T,

we.= (Wl,Wg,W5,W6)T,

wne.= (W3,W4,W7,W8)T.
The notation W€ and W are introduced in order to separate the “characteristic part”
of the vector W and the “non-characteristic part” of W. It is obvious that estimating
W is equivalent to estimating U. The vector W satisfies

LW := 8tW+A151W+A282W:f_, if x9>0,

_ 0 3.8
B(W”C,w::Mwmm_m((;Z)=g, if =0, (38)
1

with new f and g and

v 0 0 0
Uy 720$ 20%
1 O
-7 Up 0
_ 1 0 v
R 4 s
A= o 0 0 BE (3.9)
0 w —2¢2  2¢?
0 l1 1 1
—2 (% 0
% 0 (Y
00 O 0
0 0 O 0
(@)
0 0 —c,
- 00 0 e
Azi= 000 0 (3.10)
0 0 O
O
0 0 C]
00 0 —¢g
as well as
0 v.—y 0 2v,
b: 1 Ur = ]- Ur )
0 0 0 0
(3.11)
—2¢, —2¢, 2¢; 2¢;
M=1 —2¢, —2¢, 0 0

=2(my+n:) 2(me4n.) 2(mi+n;) —2(mi+ng)

Hereafter O stands for the 4 x 4 zero matrix.
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Let us further define the following 8 x 8 symmetric matrices:

745

1 0 O 0
0+ 0o 0 o
0 0 2¢2 0
00 0 2
Ao = 10 0 o | (3.12)
o 0o+ 0 0
0 0 2012 0
0 0 O 2012
Uy 0 0 0
0 i’UT —%cf %3
0 —ic2 2% 0 0
2 ror
o i 0 2,
A= vz 0 0 0 (3.13)
5 b k¢ id
—i2 2% 0
2% 1Yl
%c? 0 201211;
0 0 0 0
0 0 0 0 o
00 —2¢ 0
100 0 2¢3
As = 00 0 0 (3.14)
00 O 0
(0]
0 0 2013 0
0 0 O —20?

Then, the linear problem (3.8) becomes equivalently the following symmetric system
with Ag definite positive:

g (3.15)

LW :=AgOW + A100W + As oW = f,  if 29>0,
B(Wne ) =B(W",9) =g,

if €Io :0,

with new f and g.

We remark that the kernel of As consists exactly of those W satisfying W"¢=0
(and W€ is arbitrary). Thus, the boundary {2 =0} is characteristic with multiplicity
2. As noted in earlier works (see e.g. [11,34,38]), we expect to lose control of the trace
of W¢. However, we expect to have control of the trace of W™ on {x5 =0}, that is,
[W"¢|,,=0]|3 in (4.4) later.

3.2. Main result. Before stating our energy estimate for system (3.15), we
need to introduce some weighted Sobolev norms since (3.15) is a hyperbolic problem
with characteristic boundary and there is a loss of control on derivatives in the normal

direction (6%2 ).
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First, define the half-space
Q:= {(t,xl,xg) eR3: 14 >0} =RZxR".
For all real number s and all A > 1, define the weighted Sobolev space
H3(R?):={ueD'(R*): exp(—\t)uc H*(R*)},
which is equipped with the norm
[ull s (m2) = llexp(=A)ul| s (r2)-
Letting @ :=exp(—At)u, one has
IPRESES Y

where

2 1 2 2
910 := gz [, O +1€R) (@ P

and ¢ is the Fourier transform of a function v defined on R2. For all integers k and real
A>1, one can define the space HY({2) as follows:

HY(Q):={ueD'(Q): exp(—At)ue H*(Q)}.

For all s>, it holds that

X X 1
H3 (B?) CHY (B?),  [ollen < =5l

S,

The space L? (R*;H)S\ (Rz)) is equipped with the norm

o0
ol = [ 122) g e o

Our first main result is stated as follows.

THEOREM 3.1.  Let (Uy;,®,;) be a solution to (2.21), (2.17), and (2.18) defined by
(2.22) and (2.23).

(i) If

vr—vl><c§—|—cl%)2 and vr—vl#\@(cr—i—cl). (3.16)

Then, there exists a positive constant C such that, for all A\>1 and for all solutions
(W,y) € H3(Q) x H3(R?) to (3.15), the following estimate holds:

N2 )+ 17 Lap=oll 22 gy + 11620 ey
1 1
= (A?ﬁ”ﬁw”izw;) +A2||B(VV,¢)II?{;<R2>> : (3.17)
(i) It

v — v =V2(c, +¢), (3.18)
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then there exists a positive constant C' such that, for all \>1 and for all solutions
(Wyap) € H3(Q) x HY(R?) to (3.15), the following estimate holds:

MW IIZ: @) HIW ™ loa=0lI 72 m2y + 1911771 (z2)
1 1
= (AallﬁWllim + A4||/6<W,zz)>||§,;<Rz>) : (3.19)

Here, ¢, are defined by (3.7).

We shall prove Theorem 3.1 by a normal mode analysis of (3.15). Introduce the
new unknown functions:

W :=exp(—\t)W, = exp(—At)1.
Then, (3.15) is equivalent to
LAW = AW + LW =exp(—Xt)f, if 29>0,

)\1;-1-8#/;
Ot

(3.20)

BA(WRCJZ):MWWACM&:O +b< ) :exp(_)‘t)g7 if 2 =0.

We can rewrite Theorem 3.1 equivalently as the following.

THEOREM 3.2. (i) Assume that (3.16) holds. Then, there exists a positive constant
C such that, for all A\>1 and for all (W) € H*(Q) x H?(R?), the following estimate
holds:

NI 3+ 1 Laoll3 + 1613
1 ~ 1 .
<0 (NPT A+ 51807 DIR. ). (3:21)

(ii) Assume that (3.18) holds. Then, there exists a positive constant C such that for
all \>1 and for all (W ,2p) € H3(Q) x H3(R?), the following estimate holds:

MIWE+ W7 ayolld + 14113 5

1 ~ 1 - -
<0 (WU + 55 1BV, 9)13,). (3.22)
In (3.21) and (3.22), we have used the following notation for v e L*(RT; H*(R?)):

+oo
2= / 0(r2) |2 sz,
0

For instance, H|H|8/\ is the usual norm on L?(2) and does not involve )\, so we shall
denote it by |||-[[[5- The norm [|[-[||7 , is the weighted norm on L?(R*; H'(R?)).

4. Proof of Theorem 3.2

This section is devoted to the proof of Theorem 3.2. To simplify the notation, we
shall drop the tildes from the unknowns W,i. As in [11], by introducing an auxil-
iary problem with maximally dissipative boundary conditions, one can show that it is
sufficient to prove estimates (3.21) and (3.22) for the system with zero interior source
term

ol

AW + AgO W + A101 W + A0 W =0 (4.1)
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in the interior domain €2, as well as the following boundary conditions:

A+ O

MW™,—o+b
MW “( 14

> =g,on xo=0. (4.2)

Recall that all matrices A;(j=0,1,2) are symmetric and that A is positive definite
(see (3.12)). We take the scalar product of (4.1) with W and integrating over  yield
the following inequality:

ANWIIE < CIW ™ oa=oll5. (4.3)

Consequently, in order to obtain (3.21) and (3.22), it is sufficient to derive the following
estimates:

nc C
W7 ea=ollg+ 13 < 3z llglns (4.4)

nc O
W7 ea=ollg+ 013 < 37 ll9lz0, (4.5)

which can be further reduced to estimate the L2-norm of the trace of W€ in the Sobolev
norm of g by “eliminating” the front ¢ in the boundary conditions (4.2) as in [11]. In
the next subsections, we shall perform the normal mode analysis in detail and construct
a symbolic symmetrizer.

4.1. Elimination of the front. First, we apply the Fourier transform in (¢,21)
on (4.1) and (4.2). Denote the dual variables by (4,7) and define 7:=A+4d. Then, we
obtain the following system of ordinary differential equations (ODEs):

(TA()-i-Z'??Al)W—f—AQ% =0, xz2>0,

~ _ v (4.6)
b(r,m)Y+MW"(0) =g,
where b(7,n) is simply defined by
2iv,m
-
b(ﬂn)::b(‘ )z T+iven | . (4.7)
in 0

Recall that b and M are defined by (3.11). Observe that b(7,n) is homogeneous of degree
1 with respect to (7,7). Define the hemisphere

Y:={(r,n) €CxR: |7|>+v2n*=1 and Rr >0},
where R7 is the real part of 7, and denote by = the set
Z:={(\,6,1) €]0,+00) x R?: (X,8,1) #(0,0,0)} = (0,+00)-X.

We always identify (\,§) €R? with 7=A+i§€C. We remark that a symbolic sym-
metrizer r(7,n) of (4.15) as a homogeneous function of degree zero with respect to
(1,m) € 2 will be constructed. In fact, it is enough to construct r(7,n) in the unit hemi-
sphere ¥. Since ¥ is a compact set, by a smooth partition of unity, it can be reduced
to construct r(7,n) in a neighborhood of each point of X.
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One crucial note is that the symbol b(7,n) is elliptic, that is, it does not vanish on
the closed hemisphere X. Similar to [11], we can choose the ¢ mapping @ on ¥ as
follows:

0 0 S —
2(m+n)

V(i es, Qrn):=| s(r+ivn)  —ivey 0], (4.8)
—2iv,m T —10,m 0

which is homogeneous of degree zero. For reducing the boundary matrix 5(7,n) in (4.13)
later to the same form as that of [44] and directly employing their parts of construction
on symmetrizer, we may choose

1 1 1

2(m+n) B 2(m,+n,) - 2(my+np) (4.9)

in the first row of Q(7,n) and (4.9) can truely be satisfied due to (2.23). Then one can
easily check
0
Q(rmb(rm)=| 0
0(r,m)
Here 0 is C'*°, homogeneous of degree 1 and given by

0(r,n) =7 +iv,n|* +4vln?, (r,n)€X,

satisfying the lower bound

min_|6(7,n)| > 0. (4.10)
(rmex
Note that the last row of Q(7,n) is nothing but b(7,n)* when (7,7) € ¥ and @ can be
extended to = by homogeneity.
Let us multiply the boundary conditions in (4.6) by the matrix Q(7,n). By repeating
the arguments of [11], the elliptic estimate (4.10) for 6(7,n) yields the control of the front:

I

nc nc 1
2 SO (W™ oo+ 1al) € (IW71esmold+ 351012

1
<0 (IW"LaalB+ 5ol ) (11)

Therefore, in order to obtain (4.4) and (4.5), it is sufficient to derive an estimate on
the trace of W™, Consequently, we focus on the reduced algebraic-differential equation
problem

(Ao +in AW + A T =0, 25 >0,

B(r,m)Wne(0) = h, 12

and we shall derive an estimate for VI//FC(O). Here the source term h€C? can be esti-
mated by g and

B(r,n) = <_1 ! ! _1> (4.13)

—cp(T—1vm) —c.(T—ivem) o(T+iv.m) c(r+ivem)
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as in [44] because of our choice of @) in (4.8), but the precise expressions of ¢, ; defined
by (3.7) in this paper are different from those in [44].

Next, we shall recall that, under the assumption made in theorems 3.1 and 3.2,
the above problem satisfies the Kreiss—Lopatinskii condition but violates the uniform
Kreiss—Lopatinskii condition.

4.2. The normal mode analysis. Due to the singularity of the matrix As,
some equations in (4.12) do not involve derivation with respect to the normal variable
x2. The second and sixth equations in (4.12) read

1 (T +iven)Wa — Zic2nWs + Sic2nW, =0, (4.14)
i(T—&—ivm)Wg - %ic?nﬂ@ + %z’c?nt =0

based on the expression

, (r A +inAy) 0
TAo+inAL = '
0 t+inAL ( 0 (tAo+inAy),
and
T+ivn 0 0 !
P rivn) =i 26711
Ag+inAy),, = i ’ o o

(tAo+in l)r,z 0 _%icf)m 20371(7'—1-2'2)7«,177) 0
0 3¢ 0 2651 (7 +ivr.m)

Thus we obtain an expression for Wg and /WG that we can substitute in the third, fourth,
seventh, and eighth equations in (4.12). This operation yields a system of ordinary
differential equations of the following form:

AW ne —
= Wne, >0,
{ am —ATWE (4.15)
ﬂ(T’n)Wnc(O) = h7 T2 = 0.
The matrix A(7,n) in (4.15) is given by the same form as in [11,44]:
wr —my 0 0
my =y 0 0 ith
A(r,n):= 0 0 —m omy | wit
0 0 = (4.16)
_ (er) (T +iven)® + (cra/2)0?
Mol 2= . B
T+ 107
2
My = 7(Cr’l/2)77 ,
’ T+ 107

where ¢,; are defined by (3.7). By computing the eigenvalues and the stable subspace
of A(7,n), the theoretical results in [25,27,39] apply. The following lemma of [11] gives

an expression of the stable subspace.

LEMMA 4.1 ( [11], Lemma 4.2). Let 71€C and n€R, with R7>0 and (1,7) €X.
The eigenvalues of A(T,n) are the roots w of the dispersion relations
r=pp—mi = (T +ivm)? 0P,
P =nui—mi

. 4.17
(1T +ivm)? +n?. (4.17)

=3

C

=1y
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In particular, (4.17)1 (resp. (4.17)2) admits a unique root w, (resp. w;) of negative real
part. The other root of (4.17)1 (resp. (4.17)2) is —w, (resp. —w;) and has positive real
part. The stable subspace E~(7,m) of A(T,n) has dimension 2 and is spanned by the
following two vectors:

Cr

.

B, (rn) = (17 & (r+iv,m)? + G = (r+iv,m)wr, 0,0)
T

Ei(rm)i= (0,0, 2 (7 +iven)* + §0° = (7 + ivemr, §7°)

(4.18)

Both w, and w; admit a continuous extension to any point (1,m) such that RT=0 and
(r,m)€X. This allows us to extend both vectors E, and E; in (4.18) to the whole
hemisphere 3. Those two vectors are linearly independent for any value of (1,m) € X.
The symbol A(t,n) is diagonalizable as long as both w, and w; do not vanish, that is,
when T# (£v, £, 1)in. Away from such points, A admits a C* basis of eigenvectors.

Following Majda and Osher [11,38], we define the Lopatinskii determinant associ-
ated with the boundary conditions /5 in the following way:

A(T7 77) =det [6(7’77) (ET (7—777) E (7—77]))] ) (419)

with 8 defined by (4.13) and (E,, E;) defined by (4.18). We emphasize that the Lopatin-
skii determinant A is defined on the whole hemisphere ¥ and is continuous with respect
to (7,m). The first step in proving an energy estimate for (4.15) is to determine whether
A vanishes on Y. The answer is given in the following result.

PROPOSITION 4.2 (see [44], Proposition 3.4). Assume that the condition
3
2

2 2
Uy — U= 20, > (cﬁ —|—cl3)

holds.

(a) If ¢, =c;:=c, then there exists a positive number Vi such that for any (t,n)€X,
one has A(1,n)=0 if and only if

7=0 or T=£iVin.

Each of the preceding roots of A(T,n) =0 is simple, namely, if (10,m0) is any of the points
above, there exists an open neighborhood V of (19,m0) in X and a C* function h defined
on V such that, for all (T,n) €V, one has A(T,n) = (T —710)h(7,n) and h(79,m0) #0.

(b) If ¢. #cy, then there exist two positive numbers Xo, X3 satisfying
Cr—Up < Xo < X3 < —cp 4y,
such that A(T,n)=0 for (t,n) €X if and only if

T=1qu,n or T=1ic,X2q or T=1ic,X3q,

where q:= ?712
For v, # C:}'ﬁc’ , each of the preceding roots of A(T,n)=0 is simple. When v, = 07‘\}‘501 ,

one (and only one) of the two identities below holds:

qur=c.Xo or qu.=c.X3.
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Hence, each of the roots (iqu.m,n) €Y of A(T,n)=0 is quadratic. This means that to
every point (iqu,no,M0) € X, there corresponds an open neighborhood V in ¥ and a C*
function h on V such that

A(7,n) = (T —iqueno)*h(7,n), V(T.n)€EV,

and h(iqu,no,m0) #0. The other root of A(T,n)=0 is simple.

4.3. Construction of the symmetrizer. This subsection will be entirely
devoted to constructing a symbolic symmetrizer r(7,7), which is a homogeneous function
of degree zero with respect to (7,17) € E. As remarked earlier, it is sufficient to construct
r(7,n) in a neighborhood of each point of 3. The analysis performed in Section 4.2 shows
that we have to consider five different classes of frequencies (7,7) € X in the construction
of r(r,n):

(C1) the interior points (79,m0) of X such that 97y > 0;

(C2) the boundary points (79,70) of ¥ where A(71g,70) is diagonalizable and the
Lopatinskii condition is satisfied at (79,70) (namely, A(79,70)#0);

(C3) the boundary points (79,70) where A(79,10) is diagonalizable but the Lopatin-
skii condition breaks down at (79,70) (i.e. A(79,70)=0);

(C4) Those points (79,70) where A(79,70) is not diagonalizable, that is, 7o = (+v, £
¢r1)ino (o #0), and in this case Proposition 4.2 asserts that the Lopatinskii condition
is satisfied at (79,70); and

(C5) Those points (79,70) that are the poles of A, that is, 79 = £iv,no, and at those
points, the Lopatinskii condition is satisfied.

The construction of the symmetrizer is microlocal and is performed near each point
(70,m0) € 2. For a point belonging to the above classes (C1), (C2), and (C4), the con-
struction is very similar to the corresponding one of sections 4.4, 4.5, and 4.7 in [11].
It can be proved that, if (79,m9) is a point in one of the above classes, there exist a
neighborhood V of (79,70) and two C'*° mappings 7':V — GL4(C) and r:V — My, 4c)
such that, for all (r,n) €V, r(r,n) is Hermitian and homogeneous of degree zero with
respect to (7,m), and such that the estimates

9%(r(T,n)T(T,n)A(T,n)T_l(T,n)) >klyxa > kX yxa, V(T,m)EV,
7"(7777)+C(5(777I)T(Tv77)71)*5(7777)T(Ta77)71214x4» V(T777)€V7

hold, where I,«4 denotes the identity matrix of order 4, and C,x are suitable positive
constants. On the left-hand side of (4.20), we use the notation SRM := MJ;M* for every
complex square matrix M. Here, M*=MT7 is the conjugate transpose.

For the case of points belonging to the class (C3), as in [44] the symmetrizer is
defined in a neighborhood of (79,10) by

(4.20)

r(r,n):=diag (7A2V°,7A2V°,K,K) ,

where vg=1 or vy=2 correspond to v, # CTTM or v, = CT;”, respectively, and K is a

constant to be chosen large enough. The matrix r(7,n) above is Hermitian and satisfies

R (r(r,n)T(T,n)A(r,n)T~(r,n)) > rAdiag (—A?°, -\ K K),
r(r,m) +C (B(rm)T(rn)~")" BlrmT(rm) = = X0 Lixy

for all (7,n7) €V and suitable positive constants x,C > 0.

(4.21)



L. RUAN, D. WANG, S. WENG, AND C. ZHU 753

We now consider the last case (C5), which is (79,10) € & with 70 = —iv,np. Asin [11],
we have to go back to the original system:

(T Ao +inANW + A 9 =0, 5 >0,

Sy . (4.22)

Br,mWne(0) = h.
Note that the matrices 7.Ag+1inA; and Ay are different from those of [11]. The idea
now is to perform some manipulations on the rows of these two matrices so that (4.22),
is transformed into an “almost diagonal” system of differential equations. By direct
calculations similar to those in [11], we can choose both C'° matrices S and T on the
whole neighborhood V as follows:

sumy:<&“m) 0), Tﬁmy:<ﬁﬁm) 0>, (4.23)

(0] 51(7'777) o 77(7—777)
where
1 0 0 0
0 1 0 0
ST(TaT}) = O 0 1 0 )
0 C%(T—i—ivrn —Cpwy) c%? Qiﬁ
1 0 0 0
0 1 0 0
Sl(7—777) = 0 _i(rHivntcwr) 1 & ,
cgnw (T+ivin) Aciw (t+ivin)  2cin2w(T+ivn)
0o — i(r+ivin—ciwi) 1 &1
cgnwi (T+ivin) Aciw (t+ivin)  2cinw(T+ivn)
1 0 0 0
0 1 —icn(t+ivym—crw,) 0
7;’(7_377) - Cr 2 )
0 0 5N 0
0 0 (1 +iv,.m) (1 — wy) 1
1 0 0 0
Ti(rm) 0 1 ien(t+ivn—cqw) (T +ivn+cqw)
n\7m,n) = . .
0 0 (rH+wm)(u—w)  (7+ivn)(m+w)
00 g 4
and

&t = (T+iven) (e —wyp) = (T +i0rn) gy — (7 +ivpm)wr
= = (r4ivm)?+ 50 = (T +iven)w,,

fli s = (T +ivm) (w Lwp) = (T +ivm) w £ (7 +ivn)w
- %(T—i—ivln)?—|—%n2:|:(7+ivm)wl.

(4.24)
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It is now easy to derive the following equalities for all (7,7) in V:

S(r,n) AT (7,n) =diag (0,0, —cn?,1,0,0,—1,1),
S(r,m) (T Ao +inA)T (1,m)

4.25
(Surm) (T Ao+ in Ay, To(r) O (4.25)
O Sl (7_7 77) (TAO + ZnAl)lﬂ(Tan) '
where
T+iv,m 0 0 ic2n
0 L +iv.m) 0 Liczn
S, , A inA)rTr )= 4 27T
(T.m) (T Ao + A1), Tr(7,m) 0 “Liczy  chnw, 0
0 0 0 W
and
T+ium 0 0 O
‘ 0 Lir+iv 0 0
Suryn) (Ao + in AL T () = (7t )
0 0 w;, 0
0 0 0 w

Thus, we simultaneously “almost diagonalize” the original system of algebraic-
differential equations (4.22) due to (4.25). This is sufficient to derive energy estimates
in such a neighborhood V of the pole (79,70).

4.4. Derivation of the energy estimate. =~ We now derive the estimates (3.21)
and (3.22). Thanks to (4.4), (4.5), and (4.11), it is sufficient to estimate the trace of
Wne on {ze=0}.

As in [11,44], the previous analysis shows that, for all (79,19) €%, there exists a
neighborhood V of (79,70) in ¥ with desired properties. Because ¥ is a C'°° compact
manifold, there exists a finite covering (Vy,---,Vs) of ¥ by such neighborhoods, and a
smooth partition of unity (x1,---,Xr) associated with this covering, that is, the functions
X1, ,XI are nonnegative, C*°, and satisfy

I
supp x; CV; and fozl.

i=1

For (79,m0) belonging to the classes (C1), (C2), and (C4), the energy estimate can be
obtained in the same way as in [11]. For (79,70) belonging to the class (C5), the energy
estimate can be obtained similarly to [11] by employing “almost diagonal” matrices
(4.25). More precisely, we have

+oo o R
Ax?(nn)/o (Wne(8,m,@0) [Pdas + 3 (m,m) [We(8,7,0)[ < Cix (r,m) A .

For (70,m0) belonging to the class (C3), the energy estimate can be obtained as in [44]
by using the estimate (4.21) as the following:

+oo . .
M (m) / V728, 1,22) Pz -+ ) [T (8,1, 0) 2

) ~ 2
< S X3 |Rf? (j7 +v2n?)
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Adding up the above two estimates, using the partition of unity, then integrating the
resulting inequality with respect to (4,17) € R?, and employing Plancherel’s theorem yield
the desired estimate:

C
W au=ol 13+ W], _ollf < 2o 9117, (4.26)
For vy =1 or vy =2 corresponding to v, # CTTJFCL or v, = CTT"‘C‘7 respectively, the combina-

tion of (4.4), (4.5), and (4.11) with (4.26) leads to the estimates (3.21) and (3.22). This
completes the proof of Theorem 3.2 (equivalent to Theorem 3.1).

5. Linear stability: variable coefficients
For the case of variable coefficients, we first present the linearized problem and state
the main result in this section, and then we prove the main result in the next section.

5.1. The linearized equations. We first introduce the linearized equations
around a state Uy ;(t,21,22), P, (t,1,22) that are given by a perturbation of the con-
stant solution in (2.22). More precisely, let us consider the functions
mr,l
(2] .

:l:%’!‘ +Ur,l(ta$17x2)7
0

Ur,l(tvxla:EQ) -

D, (t,x1,22) =£x2 +‘i’r,l(f,$17172),

where m,.;, Ny, U, are fixed positive constants and

My mr,l
Uri(t,x1,220) = vr’ll (t,xr,22), Upi(t,x1,22)= 1')7711 (t,x1,22).
T, T,
Ul ur,l

The index r (resp. [) denotes the state on the right (resp. on the left) of the interface
(after the change of variables). Notice that v, (¢,21,0) # —v;(t,21,0) here. We assume
that

Ur,l, V(I)r,l S W2’°O(Q),

(5.2)
(U, U llw2.00 (@) + (V@ VO ) [[1172.00 () < Ko,

where Kq>0 is constant and the perturbations Uryl have compact support. The corre-
sponding Rankine-Hugoniot conditions and the continuity condition for the functions
®,; can be written in the form of (2.17) by dropping the f index as

. (t,x1,22) =®(t,x1,22) =p(t,r1),
1'2:0 .'L'2:O
(vr —vp) (t,21,72) Orp(t,r) = (up —wy) (t,21,72) =0,
xro=0 x2=0 (53)
Orp(t,z1) +vp(t,21,72) Oaw(talil)—ur(t@l,@) 020,
To= To=
(my.+mn,.)(t,x1,22) —(my+mny) (t,x1,22) =0.
$2=0 :162:0

The functions ®,. and ®; should also satisfy the eikonal equations

0:®, +v,.01P, —u, =0,
0: P +v,01P; —u; =0
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together with
02P,(t,21,22) > Ko, 02Pi(t,21,22) < —Ko (5.5)

for a suitable constant ko >0 in the whole closed half-space {z3 > 0}.
Let us consider some families

Usjt: r,l+svi, (I);t:q)r,l"_s\llia

where s is a small parameter. We compute the linearized equations around the state
Ur,l;q)r,l:

= fa. (5.6)

d
L/(Urh )(V:IU\II:I:) {L(U9:t7q):9t)Usi}
ds s=0
We obtain
L,(Ura(I)T)(V+7\IJ+)

:E)tV++A1( )81V++ (AQ( ) 0P, Iyq — 01D, Al( r))82V+

82
AL (U201 Uy — (22552[A2(UT)—at@r14x4 010, A1 (U,)] 9T,
82 (d[As(U)Vy = 0,0, Taes — 0004 Ay (U,) — 01 B, d[A, (U)]V,} T,
=f+ (5.7)

in the domain {z2 >0}, and we also obtain a similar equation for L'(U;,®;)(V_,¥_)
with V_ ,U_ U, ®;, f— replacing V , W U, ®,, fy.
Recall that, according to the definition in (2.19) and (2.20), the second row in (5.7)
may be simply denoted by
L(UT.’V(D7.)V+ ::&:V+ +A1(UT-)81V+
1
to 5 9,, [A2(Uy) = 04 @ Iaxa — 019, A1 (Uy)] 02V

The linearized equation (5.7) and the corresponding one for (V_,¥_) may be simplified
by introducing the “good unknown” as in [1]:

W, : U
U, V.=V ——— 3] 5.8
Do, 2 Do, 27 (5.8)

V+ = V+
A direct calculation shows that V, and V_ satisfy

L(U, V®,)Vi 4 C(U, VU, VO,V + 55 0o L(U,, VO, U, } = [,
(Uz,Vq)l)V—+C(UZ,VU17V‘I’Z)V—+m32{L(Ul,V@l)Ul}:f—7

where
C(UT,VUT,V<1>,,)V+::(dA1( Vi) oU,

n {dAg( IV —81<I>T[dA1(UT)V+}}82UT, (5.10)

32
with a similar expression for C(UZ,VUZ,V@)V,
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5.2. The effective linearized equations. From [1,22], we neglect the zeroth
order term W, ,W_ in the linearized equation (5.9) and consider the effective linear
operators

LV, o= LU, V&)V +C(U,, VU, V®,)V, = f1,
LyV_:=L(U,V®)V_+C(U,VU,V®)V_=f_.

(5.11)

We can easily verify, using (5.2), that the coefficients of the operators L(U,,V®,) and
L(U;,V®,;) are in W2°°(Q), that is,

Al(Ur) € Wz’oo(Q), ﬁ [AQ(UT) — 0P Iywy— 81(I)TA1(UT)} € W2’OO(Q),
Al(Ul) (S VV2’OO(Q)7 #@ [AQ(U[) — 8t(bl.[4><4 — 81(I)lA1(Ul)] S Wg’oo(Q)

Moreover, we have C(U,;, VU, ;,V®, )€ WH>(Q).
We note that the linearized equation (5.11) forms a symmetrizable hyperbolic sys-
tem. As an example, a Friedrichs symmetrizer for the operator L;,l is

P00 0

My g

0 Ln ) 0
Spi(t,x) = 0 "al - 0 (t,z).
0 0 0 nyy

Using the eikonal equation (5.4), we find (recall that A;(U), A3(U) are defined by (2.1))

% [A2(Uy) = 04 @y Iyxa — 019, A1 (U]

0 0 —pn01®,  pn
I 0 D, p (5.12)
02 _pnal(P'r _pnalq)r 0 0 '
Pn DPn 0 0

and thus expect to control the traces of the components Vi ;+V,, and

(V+74 — 01 <I>TV+73) on the boundary {x2=0}. In the same way, we expect to control the

traces of the components V_ ; +V_ 5, and (V_,4 —61<I>,«,ZV_73) on the boundary. These

preliminary considerations motivate the introduction of the following trace operator on
the boundary:

]P(SD)V _ Vi,1+V:t,2 (5.13)
+ o’ Vi’4_alq)r,lvzt,3 xz:o' .

This operator will be used in the energy estimates for the linearized equations.

REMARK 5.1.  As in [44], one can check that the rows of (5.13) are just the traces of
the non-characteristic components of Vi after multiplication of equation (5.11) by the
symmetrizer S, ;.
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5.3. The linearized boundary conditions.

We now turn to the linearized
boundary conditions. The linearization of (5.3) gives

Ut (t,21,22)

=V~ (t,x1,22)

3’,‘2=0

i _031¢+ (vy —v_)
081¢+U+

= t7 b
- Y(t, 1)
o —(ut —u-) =91,
22=0 2=0 (5.14)
Oﬁw—m’ = g2,

To= xo=0

=93

:Egio

(v —v1)

8t¢ +vp

(m4 +n+;_ —(m-+n_)

Igio

on the boundary {x2=0}.
Let us introduce the matrices

0 (v.—uv)
$2=0
b(t,z1)=1| 1 VU )
$2=0
0 0

(5.15)
0 0 51@ -1 0 0 —61(,0 1

M(tz)=[0 0 ¢ =1 0 0 0 0
11 0 0 -1 -1 0 0

Denote
V=V, V)T =(my,nyvpuy,m_n_v_u_)",
Vw:(at’lpvallp)—ra g:(gl7927g3)T'

Then, the linearized boundary conditions become equivalently

\Ier(t,iZ’l,.’EQ)

bV + MV

=0~ (t,x1,x2) =y(t,21),

1220

. . N T
In terms of the good unknown V' = (V+,V_) defined by (5.8), the linearized boundary
conditions read as

\IlJr(taxlax?) :\Pi(txlax?) :T/J(t,iﬂl),
132:0 132:0
B/(Ur,la(pr,l) <V 7¢>
1?2:0
v v !
=bVep+ M (Vi +——,U,,V_ +o o aQUl
32<I> 372:0
0oU, U, .
=bV M MV
w+ (82<I> w’ 82¢l¢ m2:0+ x2=0
BQU .
=bVep+ M ( %2%r ) v+ MV =g. (5.16)
32@ CEQ:O 1220

by
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5.4. Main result. We observe that, from (5.15), the linearized boundary con-
, where P is defined by (5.13). With this notation, we

.’KQZO
can state our main result (the norms are the weighted norms defined in Section 3) as

follows.

ditions only involve PV

THEOREM 5.1.  Assume that the particular solution defined by (5.1) satisfies
2 2\ &
z‘;ﬁfal>(5§+éﬁ)2, by — 0 #V2(E+6), (5.17)

and that the perturbations Ur,l, V@M have compact support and are small enough in
W2>(Q). Then, there exist some constants C; and Ay >1 depending on Ko and ko
(defined in (5.2) and (5.5)) such that, for all \> X\, the solution (V)€ H3(Q) x
H3(R?) to the linearized problem (5.11) and (5.16) satisfies the following estimates:

MIV 72 () + PV |zazoll7 2 2y + 191302 e
1 . 1 .
1 1
=Cy </\3|||(f+,f—)|||iz(H;>+)\2|||9|||§1;(R2>) ’ (518)

where the linearized operators L' and B’ are defined in (5.11) and (5.16).
REMARK 5.2. Theorem 5.1 is counterpart of Theorem 3.1 for variable coefficients.

6. Proof of Theorem 5.1
This section is devoted to the proof of Theorem 5.1 on the linear stability with
variable coefficients.

6.1. Some preliminary transformations.

6.1.1. Preliminary transformations of the interior equations. For the
linearized equation (5.11), from multiplication by the Friedrichs symmetrizer defined in
the previous section and an integration by parts, one has the following lemma.

LEMMA 6.1. There exist two constants C'>0 and Ao >1 such that, for all A\> )Xo, the
following estimates hold:

and thus

MV 22 0y < SIEVIZs 0y + BV a0l ey

where the operator P is defined in (5.13).

As in the case of constant coefficients, we only need estimate the traces IP’VHIFO
and the front function 1 in terms of the source terms in the interior domain and on the
boundary. For this purpose, we shall reformulate further the interior equation (5.11)
to deal with the matrix coefficient of J5 in the differential operators L’T’l, noticing that
the boundary matrix has constant rank in the whole closed half-space. Thus, we first
consider the coefficients of @,V in (5.11) which are equal to

1

82—(1)[AQ(U)—8t<I>I4X4—81<I>A1(U)], (6.1)
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where we drop the indices r,l. Under assumption (5.4), (6.1) reduces to the matrix

Ay (U, V®) = 515 [As(U) = 0, Plass — 1P AL (U)]

0 0 —moi1® m
N 0 0 —noi® n

= 5% _Pn01® _ pn0i® 0 0 )
Pn " L: 0 0

which has eigenvalues

010
1=0 with multiplicity 2, and A3 :i%'

Here, c(m,n) is defined by (3.7) and we denote (01 @) :=+/1+ (01 D)2.
We now diagonalize the above matrix. The eigenvectors associated with the eigen-
values are

(]'a*]-aOvO)T? (analvalq))T? for AT?
g
(2(019), (01 8),~ 22, @, L2 ) for g,
T
(2(01@), (018), 20,5, <2 ) T for ay,

n

Observe that these eigenvectors are not orthonormal. Thus, we may define the following
(non orthogonal) matrix

1 0 (01D) (01P)
E— -1 0 (012) (012) 6o
( ) ) T 1 _C(",:n) 61‘1) c(w:l,n) alq) ( : )
0 9,® C(ﬂ:;n) 76(?7:;“)
Then, by direct calculations, the inverse T-1(U,V®) is
min _mnin 0 5 ‘1)0
0 0 I L
0, 3)2 0,%)2
n n o 511 ) 01 P n ( 11> ) (63)
2(m+n)(01®)  2(m+n){(019P) 2¢c(m,n) {(;91;)2 2c(m,n) (61 P)2
n n n 1 n 1
2(m+n)(01®)  2(m+n){(019P) 2¢(m,n) (01 P)2 " 2¢(m,n) (0,P)2
which allows one to diagonalize the matrix A(U, V®) as
0 0 O 0
_ 00 0 O
T-YU,V®)A(U,VO)T(U,V®) =
U LCINTOIY) = | L
00 0 X

In order to obtain a constant boundary matrix in the differential operators, we also
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introduce the matrix

1 0 0 0
0 1 0 0
Ao(U,VP): = 0 0 Al 0
2
00 0 X!
1 0 0 0
0 1 0 0
= 02®
00 c(m,n2)(61<1>> 0
0 0 0 0P

— e(mn){8: )
It follows that AgT ' AT =I5 :=diag(0,0,1,1).
Let us define the new unknown functions
wt.=7"YU,,V®,)V,, W :=T"YU,V®)V_ (6.4)
and set

Tr,l ::T(Ur,lavq)r,l)v Ag’l = AO(Ur,lavcbr,l)~

By multiplying on the left of the equations in (5.11) by AS’lT —!, we see that W* solve

r,l
the following equations (see Appendix A for details):
Ag@tW++A{81W++I282W++ASCTW+:F+, (6 5)
Aéatwf—FAll&Wf-&-IQasz+Aéch*:F*, '

where we have set with slight abuse of notation
AT = AV T VAT (U, V),
cnt= [T‘lc‘?tT+T_1A131T+T‘1A232T+T_1CT] (Ur1, VU1,V @),
FE=AY'T ] fa,

with

Uy 0 0 0

0 - e

A Ur FRGIS) n,(0:9,)

1= 1y n, 9@, (vi_ 814%) Do ®,. ol
2¢, (01D )2 cr (01®,) ) (01D,)
. 0, L 010, ) 020,
0 —2& ) 0 - (ET.“L <aiq>,,.>) G

The matrix A} is similar by changing index r by I. Notice that the matrix coefficient
of 09 in (6.5) is the constant and diagonal boundary matrix Is.
The above equations (6.5) are equivalent to the linearized equations (5.11). Intro-
ducing W+ =e MW=, one can rewrite equation (6.5) equivalently as
LOWT: = NATWT + ALo, W+
+ AW+ L0, WT + AsCTWH =e MFT,

LW = NALW— + ALoW
+Al181W7 +[282W7 +AéClV~V* S

Recall that we have A§7l eEW2>2(Q)(j=0,1), and C™ € W1>=(Q).
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6.1.2. Preliminary transformatlons of the boundary conditions. Denote
the vector W= (W*,W~)T = (T,-'V,, T, *V_)T. Then, the boundary conditions (5.16)
become

\IJ+(t,.’L‘1,.T2) . —O_\II (t xl,l‘g) . lﬂ t .1‘1
bV +byp+ M I:0
Y+byp+ 0 T ao
=bVip+byp+ M 0 = (6.7
=OVehY 0 T m:o_g' )

Introducing W* =e MW= U, :=e MU py :=e ¢ and by :=b(1,0)T =(0,1,0)7, we
obtain

be MV =bV (e7 ) + Abe MYVt =bV1h + Ab(1,0) T = bV + Abgi),

Then, the equations (6.7) are also equivalent to

¢I+(t,$1,$2) OZ‘INJ_(t,,Tl,.TQ) Ozi(twrl%
Tro= Tro=
[P N _ T.0\ - N (6.8)
BAW ,4p) := Abotp + bV +byap + M W =e Mg.
0 ﬂ J,‘QZO
From (5.2) we have
be W2 (R?), by e WhH>(R?),
6.9
MeW?>(R?), T,, o€ W20 (R?). (6.9)
To=
6.1.3. A priori estimate for the weighted linearized problem. We now

derive an a priori estimate of the solution to the (weighted) linearized problem (6.6)
and (6.8). By Lemma 6.1, we are looking for an estimate of }P’VJr and PV_ using the
new function W. From the relations

(1+M) <also><W§+W:>

PV | = 72=0 |
no0 \ @)Wy )|
-
(6.10)
. (1+22) @) (W5 + W)
PV_| = 2=0 |
me0 \ @)Wy -W)|
To=
one has
1PVl oy + 1PV, ol o2 e
<C (1w Wi, oll iz + 10V Wi, oz @) (6.11)

We need to estimate the trace of the vector (W;7Wj, Wg,W[) for a solution W to the

(weighted) linearized equations (6.6) and (6.8). From now on, for the sake of simplicity,
we drop the tildes and write W*, W 4 instead of W=+, W ¢). We note that ¥ 1) are
coupled with W= only through the boundary conditions.
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6.2. Paralinearization. We now apply paralinearization (see Bony [5] and
Meyer [42]) to reduce the problem to the case of constant coefficients. The Fourier dual
variables of (t,z1) are (d,n7). Denote 7=A+1d the Laplace dual variable of ¢. We recall
that the positive constants Ky, ko were introduced in (5.2) and (5.5).

6.2.1. The boundary conditions. Define the following symbols:

0
bo:=|1], (6.12)
0
Vyr — Uy
bl(t,xl):: Uy (t,(El,O), (613)
0

b(t7x1a57n7A) I:Tb0+i77b1(t7$1).
Because by is constant, we have
Abgtp+bodp =T, .

The main paralinearization estimate yields

C(Ko)
A

1]

Hblalw_Ti?]blT/)Hl’)\ < C||balwz.e r2yll10]l0 < 1A

We now easily obtain

C(Ko)
A

[Abot+bodp + D101 — T < (e (6.14)

We also have the following inequalities:

[T, <Cllbgllwns e lllo < 22y
|72, < sl [0 < O} 1.

1A

(6.15)

where by is defined by (5.16). Finally, we define the symbol

T, 0
M:=M(t,x1,0) (O T > (t,21,0), (6.16)
!

with the matrices M,T,,T; defined in (5.15) and (6.2). Recall that the state around
which the equations are linearized satisfies

(I)T”(thlvo) :(I)l(t,$1,0) :w(tvzl)a (n,»—|—m7«)(t,x1,0) = (TLl—le)(t,le,O).

A direct calculation yields

M= (M, M;)(t,z;,0) <OT Oﬂ) (t,z1,0)= (M, M;)(t,z1,0).
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Here,
0 0 81<,0 -1 0 0 *81(,0 1

(M, M)(t,x1,0)=M(t,z1)=[0 0 e -1 0 0 0 0],
11 0 0 -1 -1 0 0

—e=(01p)? = (01p)?
M,=|0 0 — = (01p)? L (Ohp)? ,
00 (1+§?;)<61<p> (1+’;7—;)<61<p>
and
00 SL(01p)? —L(01p)?
M,— |0 0 0 0

00 —(1+2)0re) —(1+2)(0e)

Thus, the matrix M only acts on the noncharacteristic part of the vector (W+ W),
that is, Wne = (W5, W, W5 ,W,). Since M€ W2 (R?), from (6.14) and (6.15) we
have

¢ ne
<5 Ml ) 77|
( 0)

HMW|r =0 TMW|72 OH 1220”0

W1 lo. (6.17)

Adding (6.14), (6.15), and (6.17), we obtain the paralinearization estimate for the
boundary operator:

| B W)~ Ty =TV |

x2:0H1,A

1
<C(Ko,ko) ( )\||Wnc|x20||0) : (6.18)

Recall that the boundary operator B* is defined by (6.8). Observe that, in the paralin-
earized version of B*, there is no more zeroth order term in .

6.2.2. The interior equations. We first estimate the paralinearization error
for fixed x5 and then integrate with respect to x5. For instance, we have

IAAGIV* — TR W2

+oo
[ RIAGW () TR W )i
0
—+oo
<c / 1 AG(2) 2y gy [ W () B

< Ol AG |2 rey WIS < C () W[5
Similarly, we have the following estimates:

ALV =T34, W |10 < C(E) W H]lo,
A0 W =T o, W10 < C(E) W]l o,
[[AGC W =Ty o WH[[14 < C(Eo, ko)W -
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Adding these inequalities, we end up with the paralinearization estimate for the interior
equations:

|H£;}W+ _qu\Ag+inA;+Agcrw+ ~Lo,W+ || |1,>\ < C(KO7HO)|||W+|| ‘07 (6-19)

where the linearized operator £ is defined by (6.6). The estimate for the equation on
W~ is identical, that is,

Ileiw= 12

ralinal parct W —L20WT 11,4 <C (Ko, k0) W [lo- (6.20)

REMARK 6.1. In fact, both (6.19) and (6.20) give the error estimates between the dif-
. . A . . . A
ferential operators Enl and the paradifferential operators TT AL AT AT G +1505.

6.2.3. Elimination of the front.  As in the case of constant coefficients we shall
eliminate the front ¢ in the (paralinearized) boundary conditions. If the perturbation
is small enough (in the L® norm), there exists a constant ¢ >0 (depending only on Kj)
such that

[b(t,z1,6,0,A) > >c (A +8%+77).

Applying Garding’s inequality, we obtain
¢
R(TP-p ¥, ) 12 (r2) > 5”7/)”%,,\

for all A> Xy (where Ay only depends on Kj). Using the rules of symbolic calculus,
we have Ty, = (1) Ty + R, where R* is of order <1. Consequently, we have the
estimate of the form

1]l < C(K) T4 lo-

For all A> \g, we thus obtain

el <C o) (1T + T W], oo+ W7, 1)

.’EQ:O

1 nc
<C(o) (FITR+ Wl + W]l G2)

From (6.18) and (6.21), we deduce for A\> Xy large enough (depending on Kj) the
estimate:

[l < C(Ko) (1B W) lia+ W™, ). (6.22)

which shows that it only remains to prove the estimate of W”C|x2=0 in terms of the
source terms, which will be done by the paralinearized system (6.25).

For all (7,7) in the hemisphere ¥, we define the matrix

0 0 1
H(tvxhdanv)‘):: ( ) 9

T+inu.(t,r1,0) —in(v,. —v;)(t,21,0) 0

and we extend II as a homogeneous mapping of degree 0 with respect to (7,7). We have
IIb=0 (here IIb denotes matrix II multiplied by b), and II€ 'Y (here II plays the same
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role of Q(7,n) defined in (4.8) for the constant coefficients problem). Here, I'}" denotes
the set of paradifferential symbols a(x,£,7):R? x R? x [0,00) — CN*N of degree m € R
and regularity k€N such that a is C°° with respect to ¢ and for all o € N? and there
exists a constant C,, satisfying

m— \a|

1€ a(-,&,7) llwe.co (r2) < Ca (¥ +1€1%) ™
We thus obtain

ITA TR Yl =1TaTo e — Ty
ITana W, —o =T TR V|

(Ko)l1[l1,x,
A S C(Ko)|[wne|

1220”1’ IQIOHO.

Using the decomposition
A
T W |

o= (T~ TR W,y + T2 (T W], + To0) ~TATR,

we get the following estimate:

I1TiinW |, —oll1a

<C(Ky) (||W"°|zz llo+ I TRy + TR W | , ) (6.23)

IZO

As was done in the case of constant coefficients, we define the symbol § of the reduced
boundary conditions for (¢,21,d,17,A) €R* x RT:

ﬁ(ta$175a77a)\>1:(57'75l)(t7931,5,77a)\)7 (624)
where
Bt 0.6, 8) = <o 0 (1+&)<81s0> (1+"“)(81s0>>
0 0 —(r+inu)=(dip)® (T+inu)e=(01p)?
and

R L ~(1+2) (orp _<1+ml)<aw>>-
Jtnom ) (0 0 (T—i—mvrﬁlal@ —(Tinur) 7 (O19)?

Notice that v, (t,21,0) # —v;(t,21,0) here.
We now focus on the paralinearized system with reduced boundary conditions:

T7%\A6+inAI+ATCTW+ +1262W+ _F+7 XTo > 0,
T:\Az LpinAl +Al ClW +1282W —FL7 x>0, (6.25)
TAWy , =G, w2=0.

Notice that the new boundary condition (6.25)s does not involve the front ¢ since the

. . o . )\ _ )\ A
map II(¢,21,d,m,)) is introduced. In addition, Toarvinaryascr = Ioar rinar T Tarcr-

6.3. Estimate for the paralinearized problem and microlocalization. In
order to prove Theorem 5.1, we first need to establish an estimate for the paralinearized
problem (6.25). More precisely, we have the following proposition.
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PROPOSITION 6.2. There exists a constant Cy, depending only on Ky and kg, such that
the solution W to (6.25) satisfies

ne 1 n 1 ~
197 —ol < Co (55 11FIR A+ S511CE (6.26)

for all A\> Xy (where \g only depends on Ky and ko).

Recall that the boundary matrix 8 in (6.25) only acts on
wne= (W5, W," W5 ,W, ) and not on the full vector W. Namely, the first and fourth
columns of /3 vanish (see (6.24)). Consequently, we can write the boundary conditions
as the form:
A n )
TBTLCW C’IQZO - G7

that is, we consider "¢ as a matrix with only four columns and two rows:

Bre(t,m1,6,m,A) = (877, B) (t,21,0,m,\), (6.27)
where
grer(t,xy,o,m,\) = < ( : ) (O1¢) (1+ %T) (31<p>>
(T+mvz) =(D1p)?  (T+inu) 2= (1)
and

Bnc,l(t7$1767n7)\) = <_ (1+ M) <8130> - <1+ Ml) <a LP>>
(r+inv,) £ 019)*  —(7+inve) {L (D)

We now prove Proposition 6.2, that is, estimate (6.26) for the paralinearized system
(6.25) using microlocalization. The proof is similar to Subsection 4.2.

6.3.1. Reduction to an ODE system. To derive the desired energy estimate
for (6.25), we follow the general strategy of the constant coefficient case. First, it is
easy to get from the definition of Aj; and A] in (6.5)

T41v,m 0 0 0
TAp+inAl = T s Umctn)
0 in gnc: (5?125 V2 (TAG+inAT)s3 0
0 —inge ((r)aff & 0 (TAG+inAT) 44
(6.28)
where

(TAG+inAT)g3=—(TAG+inAT),y,
(T +ivm) 02D, - 029,01 D,in
N CT'<61 ¢'r> <61‘I)7'>2

Thus, we can obtain the two equations in (6.25) which do not involve any xo derivative
since Iy =diag(0,0,1,1):

Wy + T2 o2 Wi +T» ., W +order 0 terms=F;,
Wy ey oy (6.29)
Wy +T> ., Wy +T* . W, +order 0 terms=F; . ’

in a1 %) @)

T+w n

T+wln
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By formally inverting the operators T,

value of VVQi into the four remaining equations (the third, fourth, seventh, and eighth
ones), one obtains a system of the form

and substituting the corresponding

(6.30)

Té\m wne |ac2=0 =source term, x5=0,

{ DoWne =TRWn + TAW™ +source term, x5 >0,

where A is of degree 1 and E is of degree zero. Recall that 5™ is only a 2 x4 matrix
since the boundary matrix 3 in (6.25) only acts on W"¢ and TpW"¢ and TR W™ are
“the first-order term” and “the zeroth-order term,” respectively. The matrices A and E
are block diagonal since the equations for W™* and W~ are decoupled. When inverting
the operators TT’\HUM”], we need to consider the zeroth order terms in order to avoid
introducing W2i in the final equation for W"¢. Let us now consider the first-order term
and find explicitly the symbol A. Take the following 2 x 2 matrix:

AT —Aj
AT:( ! 3), (6.31)

T T
A3 A2
with
AT = — 20 ®, _ (t+iven) 92 P, + 2P, 01 P ,in
U= T2 o) (018,)° T e (01®y) CIESEE
2 ; .
. crn” 03Py (T4iv,m)02®,. | 93P, 01D, in
Api= 2(t+ivrn) (01 ®,)3 cr(01P,.) (010,92 (6.32)
AT = 0P,
37 2(7+iv,m) (01 D,)3 "

The definition of A! is completely similar by changing the index 7 by I. The symbol A
mentioned above is just the block diagonal matrix

A= (‘Oy il> . (6.33)

6.3.2. Microlocal analysis in the neighborhood of the pole and bicharac-
teristic curve. The set of poles of A is denoted by ), that is,

Vp i ={(t,x1,22,7,m) € O x = such that 7= —invy(t,x1,22)}

As in the constant coefficient case, we denote by E~ (¢,x1,22,7,n) the stable subspace
of A(t,z1,z2,7,m). This stable subspace is well defined when 7 >0, and admits a
continuous extension up to any (7,7) such that 7 €iR and (7,1) #(0,0).

The stable eigenvalues w,; of A(t,x1,29,7,n) fulfill the dispersion relations

— 2 7l r,l — A m,l 7l 2_
w — (A7 HAY Jw FATAY + (AgT ) =0.

r,l
That is,
N2 01®e .  (02®00) [ A
(w”) -2 <81‘I)r,l>2 wr’l7<51‘1)r7l>2 E +%(T+Zvr,ln) -0 (6.54)
Introduce
~_ <81(I)r.l>2 — . 81q)7“l82(1)7“l ~ Cr,l
_ el gp——_ DTt = 6.35
U= o, \ TG, ) T e,y (6.35)
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Then, we get
~\? 1 2, .2
G oo 020
Cr,l
and
9o P a'j— + Er,l772 +T+iv7‘,l77 M
w I AT — 2% 1 L 2(t+iv,n) Crl 2(T+1v,,1m)
1 t2X2 - <81© l>2 _M ~— éran® _ Tt+ivean
T 2(T+ivrm) wT,l 2(T+iv,,1m) Cr,1
(6.37)

The corresponding stable eigenspace are spanned by

- - T
~ 1 . r r
E.(1,n)= <(T+ivr7})wT - {E(T+2yrn)2+ 627’2},02772,()’()) , (6.38)
& 1 & 4
Ey(r,n) = (0,0,2n2,(7+ivm)@l - {@(T+ivm)2+2nz}> :
The Lopatinskii determinant of problem (6.30) is defined by
det (5"(E, E))
Ly, L
— 10y o)V det [ 21 12>
(Orp)”de (L21 Lo

My +Np o O , L~ ,
=(01)* &6 (@, +w, ) (@ @, —n?)(&@, —T—iven)(Gw; —T—ivm).  (6.39)

r

where

r . ~ 1 ;
L11 = (1+ n ) ((T—FZ’UT’I])LL}T — 6(T+ZUT77)2> )

nT‘ (

m .o~ 1 .
Lio=— <1—|—l) (T—|—zvm)wz—~(7'+wl7l)2> )
ng Cl

Cr . . - 1 ) ~
Loy = nf(T—l—wm) —(T+iv,.m)w, + T(T—i—wm)? —|—cr7)2) ,

T CT

C . o1 . .
Loy = —E(T+ZUT77) ((T+Wﬂ7)wl - (gl(T-HUm)Q +Cz772)> .
We used the fact m,. +n, =m;+n; in the last equality.
Formally, the Lopatinskii determinant has the same zero points as those in [44].
Thus, we can directly use their corresponding results, which are summarized as follows.

PROPOSITION 6.3 (see [44], Proposition 4.4). Assume that

3/2
Ty — 1y > (é$/3+éf/3) (6.40)

and the perturbations UN,VCI)N have compact support and satisfy (5.2) with sufficiently
small Ko. Then, there exist two functions Xo,X3€W?2°°(R?) such that, for every
(t,z1) €R?, the following inequalities hold true at (t,21,0):

Cr Ur—v; ¢ Xo X3 c Uy — U]

gy 2 (o) (o) - (g 2
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For any fived (t,x1) €R?, A(t,21,7,m) vanishes at a point (7,m) €Y if and only if one of
the following three identities is satisfied:

(i) T=n [Q(t,xl) L npher (”Tﬂl)z(t"z“o)} . n#0,

(”) T=n [CT(t,zl,O)Xg(t,zl) . (vr+vl)(t,x170):| ) n#o’

(Or(t,w1)) 2
o (t,21,0) X (t,x1 r t,x1,0
(i) T=n [C sy — (et )}’ n70,

where q(t,z1) = 7&:1238283 .

cies (1,m) defined by (i)-(iii) are mutually disjoint, as long as

For every (t,x1) €R?, the three sets of boundary frequen-

(v —v)(t,21,0)  (cr+c)(t,21,0) '

A1
5 # 5 (6.41)
Thus, A(t,x1,-,-) has only simple roots.
If, on the contrary, the point (t,r1) € R? satisfies
(UT—UZ)(tv'TlvO) — (CT‘+CZ)(t7'T1aO) (6 42)
2 2 ’ '
then one of the following two identities hold at (t,x1,0).
Vr—vU; ¢ Xo vr—vu X3
= y or = . 643
2 (01) 3 (O1) (643)

This means that, for (t,x1) satisfying (6.42), any point (19,m0) defined by condition (i) is
a quadratic root of A(t,x1,7,m)=0; namely there exist a neighborhood Vo C3 of (10,m0)
and a C* function h(t,x1,-,-) such that
A(tvxlaTan):(T770)2h(t7x137—777)7 V(Tﬂ?)GVO (644)
and h(t,x1,70,m0) #0.
We define the critical set of space frequency variables as follows:

V= {(t,x1,7,m) EONX =}

such that

. .- + _ X -t
el (5520 ),

If the perturbation (Unl,VCI)T’l) is sufficiently small in the L® norm, one has

Ven(Vpn{z2=0})=0.

There also exists a neighborhood V2 of )? in R? xZ and a mapping Qo on V¥ with
values in the set of 4 x4 invertible matrices and homogeneous of degree 0 with respect
o (7,m) such that

Qo(2)A(2)Qo(2) ' =diag (wr_ (z),w;r(z),wf (z),wf(z)) (6.45)

for any z=(t,x1,7,m7) €V?, where w, is the eigenvalue with negative real part of A"
when A > 0.
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The propagation of singularity on the boundary 0f) is formally the same as the
isentropic Euler case [11, Proposition 5.4]. Hence, the singularities propagate along the
solutions of the Hamiltonian system associated with h=Sw,;.

PROPOSITION 6.4 (see [44]).  Assume that the perturbation (Uy;,V®,;) is small
in W2°°(Q) and has compact support. Then, one can choose the neighborhood VO such
that there exists an open set V. C 2 X = satisfying the following properties:

e V.N{xa=0}=V? and V.NY,=0.
e The symbol A defined above is diagonalizable on the set V.. That is, (6.45)
holds on all V., and not only on the trace V2.

e For all z=(t,x1,22,7,n) €V,, one has

wy (2)£uwi(z) and wp (2)£uwi(2).

e The solutions of the Hamiltonian system of ODFEs

dt  Oh

dil'g = %(tvmlax25T7n)a

dzx oh

Tl’; = %(t7x1a$25T7n)a

dd oh

TIQ = _a(taxlax2777n)a

d oh

%:—Tm@,xhxzm), (t:21,0,7,\) |y € V2

are defined for all x>0 and remain in V. both for h=Sw,” and h=Sw, .
These solutions are referred to as bicharacteristic curves.

From Proposition 6.3, we know that Y0 and { %% = ¢£4} are disjoint, and we will
construct a weight that vanishes on the bicharacteristic curves and satisfies a transport
equation. Define o on R? x ¥ by setting

o(2):= [57; <q“’”;”l - ”"2“”> (t,ﬂcl,())] : [577 (5TX2 “T;“l> (ml,())}

: {5—77 <57~X3— Ur;rvl) (t,l“lyo)]

for z=(t,x1,7,m) €ER? x X. Then, we extend o(z) to the whole set R? x = as a homoge-
neous mapping of degree one with respect to (7,1). Hence, o(z)€I'S. Let o,; be the
solutions to the linear transport equations

020, +{0,,—Sw, } =0, 0Or01+{01,—Sw, } =0,
U’I‘|$2:O:Ul|12:0:0-7
where

0adb 0Oa Ob OJa b Oda Ob

{oby==5551 ~ayom, o105 o o

is the Poisson bracket of a and b. Shrinking V0 and V, if necessary, we may assume
that o, and o; are defined in the whole open set V.. Note that o, vanishes on the
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bicharacteristic curve originating from )? and associated with the symbol Sw, . Far
from these bicharacteristic curves, both |o,.| and |o;| are bounded from below. To extend
or; and Qg to the whole frequency space, we introduce the cut-off functions x. and x,
satisfying the following properties:

e X. and X, are smooth, that is, C'* and homogeneous of degree 0 with respect
to (7,n). Thus, they belong to the class I'{ for any integer k.

e The support of x. is contained in the open set V. and x.=1 in a neighborhood
of the bicharacteristic curves originating from )°.

e The support of x, does not intersect the support of x., that is, x.xp =0. More-
over, xp =1 in a neighborhood of the poles YV,.

6.3.3. Derivation of the desired estimate. The rest of the derivation of
estimate (6.26) is almost the same as the problem dealt with in [11, Section 5.5-5.8].
We shall follow the argument in [11] and only include the basic estimates for different
components of W™, We refer the reader to [11] for the detailed proof. For the estimate
of T;‘c Wne  we have

MZy3 A+ ZS I+ T2 275+ T0 Z1F)

+X (2752 Z10) + (112 ()1 4+ 1257 (0)]1F )
+ (17521 )5+ 177 2 (0)11) + 2% (1121 (0I5 + 11217 (0)1]5)

C nc
SX (FEA+WE+TIWE ) + G+ W au=oll3, (6.46)

where the vectors Z* are defined as
+ -
+._ A (W - A (W
Z7=Ta@prer Tk, (W2+> =TT (Wi>

and x7 is a cut-off function satisfying x1x.=x.. The matrices ngl are invertible in a
neighborhood of the support of x1, and r is a symbol in the class I'{ that vanishes in a
neighborhood of the bicharacteristic curves. For the estimate of T;(\u Wne, we have

NI, W25+ [T, W (0)
<CIGIR A+ W™ OR) + 5 (F2 o + WG +TAW2,). (6.47)
Finally, the estimate of T;‘p W™ says
AT W+ T2 W(0)]7
<CUIGIRA+ IO R)+ S (FEr+ W+ TIWE). (6.45)
Combining (6.46), (6.47), and (6.48), then using the technique developed in [11] to get

rid of the term T2Wj , we finished the proof of (6.26).

6.4. The proof of Theorem 5.1.  With the above estimates in hand, the proof
of Theorem 5.1 is straightforward as follows. We first write

T)‘AB.H"A;JFASCT W+ +120,W+ = LAW +error,

W +LoW = LMWV~ +error, (6.49)

T)\
TAé +i7]A"1 +AZ')
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and estimate the error terms with the help of (6.19) and (6.20). We use (6.19), (6.20),
(6.26), and (6.49) to derive

ne 1 I 1 ~
I |$2_0||3sco<3|||F|||%,A+A2|||G||%,A)

<o
o}
(s

1
SENIEWIR 5+ SgllerrorllE -+ 351G
W 5+ SR+ S 0E, ol

3
1
<Co | 3!

AW+ NI+ AW, glIEs). (6:50)

where, as usual, LW = (LAW T, L7 W ™). Using (6.21) and (6.23), and choosing A large
enough, we obtain the followmg 1nequahty:

Wme] oI5+ 1113 5

1 1 1
<O (SMOWIR A+ S lIWIR+ ST+ RV gl ). (050
Finally, we use (6.18) to derive (choosing A large enough)

wrel, I3 +11w13 5
< Oy (BINCWIR o+ S IWIE+ 18 W) ).

Then, one uses the definitions

e MYV =T, W, e MV_=T)W-,
e MAGT LV, =L0WH, e MALTT LV = 0w,
as well as (5.17) and Lemma 5.2 to derive (5.12). One can easily check that the constants

C{,Cll and so on involved in the energy estimates only depend on Kj and rg. This
completes the proof of Theorem 5.1.

Appendix A. Derivation of Equations (6.5). This appendix gives the details
of derivation of the equations (6.5). Multiplying the left side of the first equation in
(5.11) by A5T,~1, we obtain

AT‘T—l{ (U, ®, )V++C(UT,VUT7V<I>T)V+}
= ALT OV, + AT AL (UL Ve
+ATTT1 1 [AQ( ) Oy P, Lass — 81<I>TA1( )]82V++AT 1C(UT,VUT,V(P )V

frd Z RZ)
i=1
where

= Ao (T, Vi) — Ar(at YWV, = AoWt — AT(at Yr.wt
=A’”8tVV+—A’"[6t( )]W++A6 T W
= ALOW + AST Y (0,T, )W,
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R = [AGT, Ay (U ) T[T, o0V = AT 0y V]
= AT[0y(T V)] = AT [(0y T 1)V
= ATW = AT, T V]
=AWt — AT[0 (T T W + ATT (o T, )W
=AW+ ATT (T )W
:Aré)lVV*+(A’“T*1A1T,,)T*1(81TT)W+
=ATOW T+ AST YA (00T )W T,

R3= AT 430,V = (AT Y Ay T ) (T 1 0oV ) = In(T P9 V)
= L[0y(T,; V)] = BL[(0.7, )V, ]
= L0, Wt — L[(0:T,- ) TV
=10, W — L[02(T," )]W++I2 Lo, )W
= LWt + LT, (0T, )W
= LOoWT + (AT AT )T (0o, )W
= LOoWT + AyT 1 Ay (0o T, )W

and

RY = (A§T OT,) (T V) = (AR CT)W
Thus,

4
S RI=ALOW T+ AT O )W+ AT W + AGT A (DT W
=1
+ LW AT Ay (02T, )W + (AT CT )W
ZAgatW++AT81W++.[232W+
+AG [T YT )+ T Ay (00 T ) + T, As (0T, )+ T, ' CT, | W

which yields the first equation in (6.5) on W*. The second equation in (6.5) on W~
can be obtained similarly.
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