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TIME PERIODIC SOLUTIONS TO THE 3D COMPRESSIBLE FLUID
MODELS OF KORTEWEG TYPE∗

ZHONG TAN† AND QIUJU XU‡

Abstract. This paper is concerned with time periodic solutions to the three-dimensional compress-
ible fluid models of Korteweg type under some smallness and structure conditions on a time periodic
force. The proof is based on a regularized approximation scheme and the topological degree theory for
time periodic solutions in a bounded domain. Furthermore, via a limiting process, the existence results
can be obtained in the whole space.
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1. Introduction
In this paper, we investigate the existence of time periodic solutions to the follow-

ing three-dimensional compressible fluid model of Korteweg type, which describes the
motion of a general barotropic compressible viscous capillary fluid:{

ρt+div(ρu)=0,

(ρu)t+div(ρu⊗u)−μΔu− μ̃∇divu+∇P (ρ)−κρ∇Δρ=ρf(x,t).
(1.1)

Here, ρ>0, u=(u1,u2,u3)∈R3 denote the density and the velocity, respectively; the
pressure P for isentropic flows is given by P (ρ)=ργ , with γ >1 being the specific heat
ratio. Furthermore, the viscosity coefficients μ and μ̃ satisfy the usual physical condi-
tions μ>0,μ̃=μ+λ, where λ+ 2

3μ≥0 and the constant κ>0 is the Weber number and
stands for the capillary coefficient. In addition, f(x,t) is a given external time periodic
force with a period T >0 satisfying f(−x,t)=−f(x,t).

Indeed, this system is known as the compressible Navier–Stokes–Korteweg (NSK)
system (see the pioneering work of Dunn and Serrin [9] and also [1, 5]). So far, there are
not many efforts made on the isentropic or non-isentropic compressible Navier–Stokes–
Korteweg system, due to the difficulties induced by the nonlinearity and the dispersion
coming from the capillary tensor. More precisely, Hattori and Li [13, 14, 15] proved
the local existence and the global existence of strong/smooth solutions in Sobolev space
for the small initial data. Recently, In [24, 22], the authors established the optimal
decay rates of global smooth solutions on the isentropic case, and the non-isentropic
case was discussed by Zhang and Tan [26]. Bresch, Desjardins, and Lin [2] considered
the global existence of weak solutions in a periodic box or in strip domain provided
the viscosity μ(ρ)=Cρ with C>0 and λ(ρ)=0, and Haspot improved their results in
[12] in dimension one or two. When the external force, the given mass source, and/or
the energy source were taken into consideration, Danchin and Desjardins [8] studied
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the existence of suitably smooth solutions in critical Besov space, Li [19] discussed the
global existence and optimal L2-decay rates of smooth solutions, the local existence
of strong solutions was proven in [18], and the stationary solutions were investigated
by Chen and Zhao [7] focusing on the non-isentropic case. For the problem of time
periodic solutions, it seems to be discussed for the isentropic [6] and non-isentropic [4]
compressible fluid models of Korteweg type only when the space dimension N ≥5. And,
under the same conditions as [4, 6], time periodic solutions to the compressible NSK
system with friction were obtained in R

3 by [3]. To the best of our knowledge, however,
there are no results available on time periodic solutions of the problem (1.1) when the
dimension N ≤4.

We note that, when κ=0, the system (1.1) becomes the compressible Navier–Stokes
(NS) equations. The question of the existence of time periodic solutions to NS equations
is largely settled. For the problem in a bounded domain, we can see [23, 20, 10, 11, 16]
and the references therein. On the other hand, for the problem in an unbounded domain,
we first mention the work by Ma, Ukai, and Yang [21]. The authors exploited linear
decay analysis and the contraction mapping theorem to get time periodic solutions when
the space dimension N ≥5. Recently, Jin and Yang [17] applied the topological degree
theory to improve their results in three-dimensional space.

The aim of this paper, inspired by the work [17], is to improve the existence result
of [6], namely, we shall solve the existence of time periodic solutions to the problem
(1.1) around a constant state (ρ̄,0) in R

3. In fact, compared to the work [17], we need
to obtain the uniform estimates for higher-order quantities of the density and velocity,
which guarantees that (3.62) holds.

Before stating our main result, we explain the notations and conventions used
throughout this paper. Let us start by denoting QT =Ω×(0,T ) and defining t-
anisotropic Sobolev spaces

Wm,k
p (QT )={u; Dαu, Dβ

t u∈Lp(QT ), for any |α|≤m, |β|≤k}
with the norm

‖u‖Wm,k
p (QT )=

∑
|α|≤m

‖Dαu‖Lp(QT )+
∑
|β|≤k

‖Dβ
t u‖Lp(QT ).

For 0<α<1, we denote by Cα,α/2(Q̄T ) the set of all functions on QT such that the
semi-norm

[u]α,α/2= sup
(x,t) �=(y,s)

|u(x,t)−u(y,s)|
(|x−y|2+ |t−s|)α/2 <+∞,

endowed with the norm

|u|α,α/2=[u]α,α/2+‖u‖L∞ .

Moreover, deg(·, ·, ·) stands for the Leray-Schauder degree.
Precisely, define the solution space in a bounded domain Ω and the whole space R3

by

XΩ=

⎧⎪⎪⎪⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎪⎪⎪⎩
(ρ,u)(x,t)

∣∣∣∣∣∣∣∣∣∣∣∣∣

(ρ,u)∈L∞(0,T ;L6(Ω)) satisfies (a),(b),(c);

ρt∈L∞(0,T ;H1(Ω))∩L2(0,T ;H2(Ω));

ut∈L∞(0,T ;L2(Ω))∩L2(0,T ;H1(Ω));

∇ρ∈L∞(0,T ;H2(Ω))∩L2(0,T ;H3(Ω));

∇u∈L∞(0,T ;H1(Ω))∩L2(0,T ;H2(Ω)).

⎫⎪⎪⎪⎪⎪⎪⎪⎬
⎪⎪⎪⎪⎪⎪⎪⎭
,
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X=

⎧⎪⎪⎪⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎪⎪⎪⎩
(ρ,u)(x,t)

∣∣∣∣∣∣∣∣∣∣∣∣∣

(ρ,u)∈L∞(0,T ;L6(R3)) satisfies (c);

ρt∈L∞(0,T ;H1(R3))∩L2(0,T ;H2(R3));

ut∈L∞(0,T ;L2(R3))∩L2(0,T ;H1(R3));

∇ρ∈L∞(0,T ;H2(R3))∩L2(0,T ;H3(R3));

∇u∈L∞(0,T ;H1(R3))∩L2(0,T ;H2(R3))

⎫⎪⎪⎪⎪⎪⎪⎪⎬
⎪⎪⎪⎪⎪⎪⎪⎭
,

respectively. Here, the conditions (a), (b), (c) can be presented by the following:

(a) (ρ,u) is time periodic function with periodic boundary condition.

(b)
∫
Ω
ρdx=0.

(c) ρ(x,t)=ρ(−x,t), u(x,t)=−u(−x,t).
The norm ||| · ||| in XΩ and X is given by

|||(ρ,u)|||2= sup
0<t<T

{‖(ρ,u)‖2L6 +‖(ρt,∇ρt,ut)‖2L2 +‖∇ρ‖2H2 +‖∇u‖2H1

}

+

∫ T

0

(‖ρt‖2H2 +‖ut‖2H1 +‖∇ρ‖2H3 +‖∇u‖2H2

)
dt.

For some positive constant �, set

XΩ
� =

{
(ρ,u)∈XΩ; |||(ρ,u)|||<�

}
.

Our existence result of time periodic solutions for (1.1) is the following.

Theorem 1.1. Let the time periodic force f(x,t)∈L2(0,T ;L
6
5 (R3))∩W 1,1

2 ((0,T )×R
3)

with f(−x,t)=−f(x,t). Moreover, if

∫ T

0

(
‖f‖2

L
6
5
+‖f‖4H1

)
dt+‖f‖2W 1,1 ≤�

∗

for some small constant �∗>0, then problem (1.1) has a time periodic solution in X�0

with the same period as the external force f .

To prove Theorem 1.1, we first consider the regularized problem of (1.1) in some
functional space and construct an operator which can solve the regularized problem
involving the parameter τ . Then, due to doing some energy estimates, we shall show
that the operator is completely continuous. A matter worthy of note is that the process
of parabolic regularized (that is, adding the term εΔ
 to continuity equation) aims to
prove the compactness of the operator. Second, we derive energy estimates and apply the
topological degree theory to obtain the approximate solution for the regularized problem
(2.1) in a bounded domain. Third, making use of t-anisotropic Sobolev imbedding
theorem and some uniform bounds on the approximate solutions obtained, we shall
establish a limit function, which is the desired time periodic solution.

The rest of the paper is arranged as follows. We are going to reformulate the
problem in a bounded domain and give some preliminaries for later use in Section 2.
In Section 3, we will do some uniform estimates and obtain the existence result in the
bounded domain. The proof of Theorem 1.1 is given in the last section.
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2. Preliminaries
In order to simplify the forthcoming calculation, set


=ρ− ρ̄, v=u.

Then we can rewrite another equivalent form of (1.1), which is⎧⎪⎨
⎪⎩

t+ ρ̄divv=−div(
v),
(ρ̄+
)vt+(ρ̄+
)(v ·∇)v−μΔv− μ̃∇divv+P ′(ρ̄+
)∇


−κ(ρ̄+
)∇Δ
=(ρ̄+
)f(x,t).

(2.1)

For the sake of simplicity, we restrict our attention to a particular class of spatial
domains. Specifically, we assume Ω=(−L,L)3⊂R

3 and the functions defined on Ω
satisfy periodic boundary condition. Considering parabolic regularization, we regularize
problem (2.1) in Ω, that is,⎧⎪⎨

⎪⎩

t−εΔ
+ ρ̄divv=−div(
v),
(ρ̄+
)vt+(ρ̄+
)(v ·∇)v−μΔv− μ̃∇divv+P ′(ρ̄+
)∇


−κ(ρ̄+
)∇Δ
=(ρ̄+
)fΩ(x,t),

(2.2)

where fΩ(x,t) is a time periodic function and an odd function and is periodic with the
space periodic 2L defined in the periodic domain, satisfying

fΩ→f in L2(0,T ;L
6
5 (R3))∩W 1,1

2 ((0,T )×R
3), as L→+∞,∫ T

0

‖fΩ‖2
L

6
5 (Ω)

dt+‖fΩ‖2W 1,1
2 ((0,T )×Ω)

≤2

∫ T

0

‖f‖2
L

6
5 (R3)

dt+2‖f‖2
W 1,1

2 ((0,T )×R3)
.

Proposition 2.1. Let fΩ be as in the above and satisfy

∫ T

0

(
‖fΩ‖2

L
6
5
+‖fΩ‖4H1

)
dt+‖fΩ‖2W 1,1

2
≤�

∗,

for some small constant �∗>0. Then the problem (2.2) admits a solution (
,v) in XΩ
�0
.

Here, �0 is a small constant independent of L and ε.

The proof of Proposition 2.1 shall be given in next section. Next, we recall some
known elementary inequalities which will be used frequently later.

Lemma 2.2. Assume that Ω1⊂R
N is a bounded domain and ∂Ω1 is locally Lipschitz

continuous. If u|∂Ω1
=0 (or

∫
Ω1

udx=0), then, for any 1≤p<N, 1≤ q≤p∗= Np
N−p ,

(∫
Ω1

|u|qdx
)1/q

≤C(N,p,q)|Ω1|1/q−1/p∗
(∫

Ω1

|∇u|qdx
)1/p

.

In particular, if q=p∗= Np
N−p , then

(∫
Ω1

|u|p∗
dx

)1/p∗

≤C(N,p,q)

(∫
Ω1

|∇u|pdx
)1/p

.
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Lemma 2.3. Assume that Ω1⊂R
3 is a bounded domain and ∂Ω1 is locally Lipschitz

continuous. If u|∂Ω1 =0 (or
∫
Ω1

udx=0), then

‖u‖L3 ≤C‖u‖1/2L2 ‖∇u‖1/2L2 ≤C‖u‖H1 ,

‖u‖L4 ≤C‖u‖1/4L2 ‖∇u‖3/4L2 ,

‖u‖L∞ ≤C‖∇u‖H1 ,

where C is independent of Ω1. Moreover, the above inequalities also hold in R
3 if

u(x)→0 as |x|→∞.

Remark 2.4. It is worth mentioning, because we shall pass the limit of the ap-
proximate solutions in last section, that the constants C of the previous two lemmas
independent of the domain Ω1 play an important role in uniform estimates.

Furthermore, let us state a significant property of the Leray-Schauder degree from
[25] as follows.

Lemma 2.5. Let Ω1⊂R
n be open and bounded, g : Ω̄1→R

n be a compact and continuous
mapping, and I be a unit mapping. Assume that p /∈ (I−g)(∂Ω1). If p /∈ (I−g)(Ω̄1),
then deg(I−g,Ω1,p)=0. Thus, if deg(I−g,Ω1,p) �=0, (I−g)(x)=p admits at least one
solution in Ω1.

3. Existence in bounded domain Ω

3.1. Introduction of an operator H. To prove Proposition 2.1, we first work
with the linear parabolic equations by introducing an operator

H : XΩ
� × [0,1]→XΩ,

((ρ,u),τ)→ (
,v),

with � being suitably small. Here, (
,v) is the solution of the problem⎧⎪⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎪⎩


t−εΔ
+ ρ̄divv=Q1(τ,ρ,u),

(ρ̄+τρ)vt−μΔv− μ̃∇divv+
P ′(ρ̄)
ρ̄

(ρ̄+τρ)∇


−κ(ρ̄+τρ)∇Δ
=Q2(τ,ρ,u)+τ(ρ̄+τρ)fΩ(x,t),∫
Ω

dx=0,

(3.1)

where

Q1(τ,ρ,u)=−τdiv(ρu),

Q2(τ,ρ,u)=(ρ̄+τρ)

(
P ′(ρ̄)
ρ̄

− P ′(ρ̄+τρ)

ρ̄+τρ

)
∇ρ−τ(ρ̄+τρ)(u ·∇)u.

Set

U =(
,v), W =(ρ,u), Q(W )=(Q1,
Q2

ρ̄+τρ
), F =(0,τfΩ)

and define

A=

⎛
⎝ εΔ − ρ̄div

−P ′(ρ̄)
ρ̄

∇+κ∇Δ
μ

ρ̄+τρ
Δ+

μ̃

ρ̄+τρ
∇div

⎞
⎠ .
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System (3.1) then takes the form

Ut=AU+Q(W )+F.

Remark 3.1. Because d
dt

∫
Ω

dx=0, it is obvious that (
+c,v) is a solution for any

constant c if (
,v) is a solution of the problem (2.2). Thus, the condition
∫
Ω

dx=0

seems to be necessary in order to grant the uniqueness of the solution.

After doing that, we proceed to show that the operator H is well defined.

Lemma 3.2. Let � suitably small. Then, for any (ρ,u)∈XΩ
�
, τ ∈ [0,1], the problem

(3.1) admits a unique solution (
,v) in XΩ.

Proof. First, we consider the corresponding homogeneous linear system Ut=AU
of (3.1) in Ω⎧⎨

⎩

t−εΔ
+ ρ̄divv=0,

vt− μ

(ρ̄+τρ)
Δv− μ̃

(ρ̄+τρ)
∇divv+

P ′(ρ̄)
ρ̄

∇
−κ∇Δ
=0,
(3.2)

with the initial value condition


(x,0)=
0(x), v(x,0)=v0(x).

Here, 
0(x) is an even function with
∫
Ω

0(x)dx=0 and v0(x) is an odd function.

Multiplying (3.2)2 by v and integrating it over Ω, we have from integrating by parts
that

1

2

d

dt

∫
Ω

v2dx+

∫
Ω

μ

ρ̄+τρ
|∇v|2dx+

∫
Ω

μ̃

ρ̄+τρ
|divv|2dx

+
P ′(ρ̄)
ρ̄

∫
Ω

∇
vdx+κ

∫
Ω

Δ
divvdx

=

∫
Ω

τμ

(ρ̄+τρ)2
∇v∇ρvdx+

∫
Ω

τ μ̃

(ρ̄+τρ)2
divv∇ρvdx

≤ τ(μ+ μ̃)

(ρ̄−τ‖ρ‖L∞)2
‖∇ρ‖L3‖∇v‖L2‖v‖L6

≤C τ(μ+ μ̃)

(ρ̄−τ‖ρ‖L∞)2
‖∇ρ‖H1‖∇v‖2L2 , (3.3)

where C is a constant independent of Ω from Lemma 2.3. In terms of the fact that
‖ρ‖L∞ ≤C‖∇ρ‖H1 ≤C�, (3.3) implies

1

2

d

dt

∫
Ω

v2dx+

∫
Ω

(
μ

3ρ̄
|∇v|2+ μ̃

3ρ̄
|divv|2

)
dx+

P ′(ρ̄)
ρ̄

∫
Ω

∇
vdx+κ

∫
Ω

Δ
divvdx≤0.

(3.4)

Multiplying (3.2)1 by 
 and Δ
, respectively, and integrating them over Ω, we get

1

2

d

dt

∫
Ω


2dx+ε

∫
Ω

|∇
|2dx− ρ̄

∫
Ω

∇
vdx=0, (3.5)

1

2

d

dt

∫
Ω

|∇
|2dx+ε

∫
Ω

|Δ
|2dx− ρ̄

∫
Ω

Δ
divvdx=0. (3.6)
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Putting (3.5)–(3.6) into (3.4), we arrive at

d

dt

∫
Ω

(
P ′(ρ̄)
ρ̄2


2+
κ

ρ̄
|∇
|2+v2

)
dx+

2

3ρ̄

∫
Ω

(
μ|∇v|2+ μ̃|divv|2)dx

+
2ε

ρ̄

∫
Ω

(
P ′(ρ̄)
ρ̄

|∇
|2+κ|Δ
|2
)
dx≤0. (3.7)

Moreover, multiplying (3.2)2 by μΔv+ μ̃∇divv, we integrate to get

1

2

d

dt

∫
Ω

(
μ|∇v|2+ μ̃|divv|2)dx+∫

Ω

1

ρ̄+τρ
(μΔv+ μ̃∇divv)2dx

−(μ+ μ̃)
P ′(ρ̄)
ρ̄

∫
Ω

∇
∇divvdx+κ(μ+ μ̃)

∫
Ω

∇Δ
∇divvdx=0. (3.8)

Applying ∇ to (3.2)1 and then taking the L2 inner product with ∇
 and
∇Δ
,respectively, on the resultant equation we obtain

1

2

d

dt

∫
Ω

|∇
|2dx+ε

∫
Ω

|Δ
|2dx+ ρ̄

∫
Ω

∇
∇divvdx=0, (3.9)

1

2

d

dt

∫
Ω

|Δ
|2dx+ε

∫
Ω

|∇Δ
|2dx− ρ̄

∫
Ω

∇Δ
∇divvdx=0. (3.10)

Substituting (3.9)–(3.10) into (3.8) gives

1

2

d

dt

∫
Ω

(
μ|∇v|2+ μ̃|divv|2+(μ+ μ̃)

P ′(ρ̄)
ρ̄2

|∇
|2+(μ+ μ̃)
κ

ρ̄
|Δ
|2

)
dx

+ε(μ+ μ̃)

∫
Ω

(
P ′(ρ̄)
ρ̄2

|Δ
|2+ κ

ρ̄
|∇Δ
|2

)
dx+

∫
Ω

1

ρ̄+τρ
(μΔv+ μ̃∇divv)2dx=0.

(3.11)

From (3.7) and (3.11), by the Poincaré inequality, we have

d

dt
(‖
‖H2 +‖v‖H1)+Cε(‖
‖H2 +‖v‖H1)≤0,

Together with Grönwall’s inequality, we obtain

‖
‖H2 +‖v‖H1 ≤ (‖
0‖H2 +‖v0‖H1)e−Cεt. (3.12)

By Duhamel’s principle, the solution to the system (3.1) can be written in mild form as

U(t)=

∫ t

−∞
e(t−s)A (Q(W (s))+F (s))ds,

where e(t−s)A is the solution operator to the system (3.2). Then, (3.12) implies

‖
‖H2 +‖v‖H1 ≤
∫ t

−∞

(∥∥∥e(t−s)AQ1(W (s))
∥∥∥
H2

+

∥∥∥∥e(t−s)A

(
Q2

ρ̄+τρ
+τfΩ

)
(s)

∥∥∥∥
H1

)
ds

≤
∫ t

−∞
e−Cε(t−s)

{
‖Q1(W (s))‖H2 +

∥∥∥∥
(

Q2

ρ̄+τρ
+τfΩ

)
(s)

∥∥∥∥
H1

}
ds

≤ 1

Cε
sup
t∈R

{
‖Q1(W (t))‖H2 +

∥∥∥∥
(

Q2

ρ̄+τρ
+τfΩ

)
(t)

∥∥∥∥
H1

}
.
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Since the period of W and F is T , we have

U(t+T )=

∫ t+T

−∞
e(t+T−s)A (Q(W (s))+F (s))ds

=

∫ t+T

−∞
e(t−(s−T ))A (Q(W (s−T ))+F (s−T ))ds

=

∫ t

−∞
e(t−s)A (Q(W (s))+F (s))ds=U(t).

Hence, (
,v)∈ (L∞(0,T ;H2(Ω)),L∞(0,T ;H1(Ω))
)
is a time periodic solution of (3.1).

Next, we are going to prove the uniqueness of the time periodic solution. Let us
now assume that U1 and U2 are two solutions of (3.1). Then we have

(U1−U2)t=A(U1−U2).

We take change of variable by U1−U2→ Ũ =(
̃, ṽ), then Ũ =AŨ , and Ũ has the periodic
property. Then we can do exactly as what we did with (3.2) in the first half of this
proof. Thus, we easily check from (3.8)–(3.11) that

ε(μ+ μ̃)

∫ T

0

∫
Ω

(
P ′(ρ̄)
ρ̄2

|Δ
̃|2+ κ

ρ̄
|∇Δ
̃|2

)
dxdt

+

∫ T

0

∫
Ω

1

ρ̄+τρ
(μΔṽ+ μ̃∇divṽ)2dxdt=0.

By by Poincaré inequality, it is easy to get 
̃= ṽ=0. So we have U1=U2.
Furthermore, by the classical theory of parabolic equation, if Q1,Q2+τ(ρ̄+τρ)fΩ∈

W 1,1
2 ((0,T )×Ω), then the problem (3.1) admits a unique solution (
,v)∈XΩ. Similarly,

when (ρ,u)∈XΩ
�
, (
,v) is the unique solution of (3.1), which is in a sub-space of XΩ.

In addition, if (
(x,t),v(x,t)) is the periodic solution of (3.1), then (
(−x,t),
−v(−x,t)) is also the solution. By uniqueness, it follows that (
(x,t),v(x,t))=
(
(−x,t),−v(−x,t)). This finishes the proof of Lemma 3.2.

Next, we shall see that the operator H is completely continuous in the following
lemma. For the sake of simplicity, set

m(ρ)=
1

ρ̄+τρ
− 1

ρ̄
, h(ρ)=

P ′(ρ̄)
ρ̄

− P ′(ρ̄+τρ)

ρ̄+τρ
,

the problem (3.1) takes the form⎧⎪⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎪⎩


t−εΔ
+ ρ̄divv=−τdiv(ρu),
vt− μ

ρ̄
Δv− μ̃

ρ̄
∇divv+

P ′(ρ̄)
ρ̄

∇
−κ∇Δ


=m(ρ)(μΔv+ μ̃∇divv)+h(ρ)∇ρ−τ(u ·∇)u+τfΩ(x,t),∫
Ω

dx=0.

(3.13)

Lemma 3.3. If � is appropriately small, then the operator H is compact and continuous.

Proof. To begin with, we prove the compactness of the operator H.
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Let (
,v) be the solution of (3.13). For 0≤k≤2, applying ∇k to (3.13)2, and
multiplying resultant equation by ∇kv, we integrate over Ω by parts to have

1

2

d

dt

∫
Ω

|∇kv|2dx+ μ

ρ̄

∫
Ω

|∇k+1v|2dx+ μ̃

ρ̄

∫
Ω

|∇kdivv|2dx

− P ′(ρ̄)
ρ̄

∫
Ω

∇k
∇kdivvdx+κ

∫
Ω

∇kΔ
∇kdivvdx

=

∫
Ω

∇k (m(ρ)(μΔv+ μ̃∇divv))∇kvdx+

∫
Ω

∇k(h(ρ)∇ρ)∇kvdx

−τ

∫
Ω

∇k(u∇u)∇kvdx+τ

∫
Ω

∇kfΩ∇kvdx. (3.14)

Applying ∇k to (3.13)1 and then taking the L2 inner product with ∇k
 and ∇kΔ
,
respectively, on the resultant equation we obtain

1

2

d

dt

∫
Ω

|∇k
|2dx+ε

∫
Ω

|∇k+1
|2dx+ ρ̄

∫
Ω

∇k
∇kdivvdx

=−τ

∫
Ω

∇kdiv(ρu)∇k
dx, (3.15)

1

2

d

dt

∫
Ω

|∇k+1
|2dx+ε

∫
Ω

|∇kΔ
|2dx− ρ̄

∫
Ω

∇kΔ
∇kdivvdx

= τ

∫
Ω

∇kdiv(ρu)∇kΔ
dx. (3.16)

Combining (3.14)–(3.16) implies that, for 1≤k≤2,

1

2

d

dt

∫
Ω

(
P ′(ρ̄)
ρ̄2

|∇k
|2+ κ

ρ̄
|∇k+1
|2+ |∇kv|2

)
dx+

μ

ρ̄

∫
Ω

|∇k+1v|2dx

+
μ̃

ρ̄

∫
Ω

|∇kdivv|2dx+ε
P ′(ρ̄)
ρ̄2

∫
Ω

|∇k+1
|2dx+ε
κ

ρ̄

∫
Ω

|∇kΔ
|2dx

≤εP
′(ρ̄)
2ρ̄2

‖∇k+1
‖2L2 +ε
κ

2ρ̄
‖∇kΔ
‖2L2 +C‖∇k(ρu)‖2L2 +C‖∇kdiv(ρu)‖2L2

+C‖∇k−1(m(ρ)(μΔv+ μ̃∇divv))‖2L2 +C‖∇k−1(h(ρ)∇ρ)‖2L2

+C‖∇k−1(u∇u)‖2L2 +C‖∇k−1fΩ‖2L2 +
μ

2ρ̄
‖∇k+1v‖2L2

≤εP
′(ρ̄)
2ρ̄2

‖∇k+1
‖2L2 +ε
κ

2ρ̄
‖∇kΔ
‖2L2 +

μ

2ρ̄
‖∇k+1v‖2L2 +C‖∇ρ‖2H2‖∇u‖2H2

+C‖∇ρ‖2H1‖∇k+1v‖2L2 +C‖∇ρ‖4H1 +C‖∇u‖4H1 +C‖∇k−1fΩ‖2L2 , (3.17)

where we have used the fact m(ρ)∼ τρ and h(ρ)∼ τρ as well as Sobolev and Cauchy
inequalities. For k=0, it holds that

1

2

d

dt

∫
Ω

(
P ′(ρ̄)
ρ̄2

|
|2+ κ

ρ̄
|∇
|2+ |v|2

)
dx+

μ

ρ̄

∫
Ω

|∇v|2dx

+
μ̃

ρ̄

∫
Ω

|divv|2dx+ε
P ′(ρ̄)
ρ̄2

∫
Ω

|∇
|2dx+ε
κ

ρ̄

∫
Ω

|Δ
|2dx
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≤εP
′(ρ̄)
2ρ̄2

‖∇
‖2L2 +ε
κ

2ρ̄
‖Δ
‖2L2 +

μ

2ρ̄
‖∇v‖2L2 +C‖div(ρu)‖2

L
6
5
+C‖div(ρu)‖2L2

+C‖∇(m(ρ)v)‖2L2 +C‖h(ρ)∇ρ‖2
L

6
5
+C‖u∇u‖2

L
6
5
+C‖fΩ‖2

L
6
5

≤εP
′(ρ̄)
2ρ̄2

‖∇
‖2L2 +ε
κ

2ρ̄
‖Δ
‖2L2 +

μ

2ρ̄
‖∇v‖2L2 +C‖∇ρ‖2L2‖∇u‖2H1 +C‖∇ρ‖4L2

+C‖∇ρ‖2H1‖divu‖2L2 +C‖∇ρ‖2H1‖∇v‖2L2 +C‖∇u‖4L2 +C‖fΩ‖2
L

6
5
. (3.18)

Since ‖∇ρ‖H1 ≤C� for sufficiently small � and 0≤k≤2, it follows from (3.17)–(3.18)
that

d

dt

(
P ′(ρ̄)
ρ̄2

‖∇k
‖2L2 +
κ

ρ̄
‖∇k+1
‖2L2 +‖∇kv‖2L2

)
+

μ

ρ̄
‖∇k+1v‖2

+
μ̃

ρ̄
‖∇kdivv‖2+ε

P ′(ρ̄)
ρ̄2

‖∇k+1
‖2+ε
κ

ρ̄
‖∇kΔ
‖2

≤C‖∇ρ‖2H2‖∇u‖2H2 +C‖∇ρ‖4H1 +C‖∇u‖4H1 +C‖∇k−1fΩ‖2L2 +C‖fΩ‖2
L

6
5
. (3.19)

Integrating (3.19) over [0,T ] and summing up them from k=0 to 2 imply that∫ T

0

(
μ

ρ̄
‖∇v‖2H2 +ε

P ′(ρ̄)
ρ̄2

‖∇
‖2H2 +ε
κ

ρ̄
‖Δ
‖2H2

)
dt

≤C sup
0<t<T

(‖∇ρ‖2H2 +‖∇u‖2H1

)∫ T

0

(‖∇ρ‖2H1 +‖∇u‖2H2

)
dt

+C

∫ T

0

‖fΩ‖2H1dt+C

∫ T

0

‖fΩ‖2
L

6
5
dt

=Y ∗. (3.20)

Then there exists a time t∗∈ (0,T ) such that

μT‖∇v(t∗)‖2H2 +εT‖∇
(t∗)‖2H3 ≤CY ∗.

By the Poincaré inequality, this implies that, for k=1,2,

P ′(ρ̄)
ρ̄2

‖∇k
(t∗)‖2L2 +
κ

ρ̄
‖∇k+1
(t∗)‖2L2 +‖∇kv(t∗)‖2L2 ≤CY ∗, t∗∈ (0,T ).

Furthermore, integrating (3.19) from t∗ to t for any t∈ (t∗,T ) leads to

‖∇
(t)‖2H2 +‖∇v(t)‖2H1 ≤CY ∗.

By virtue of the time periodicity, one has

‖∇
(0)‖2H2 +‖∇v(0)‖2H1 ≤CY ∗.

Repeating the above argument with t∈ (0,t∗), we obtain

‖∇
(t)‖2H2 +‖∇v(t)‖2H1 ≤CY ∗, t∈ [0,T ].

This further yields

sup
0<t<T

{‖(ρ,u)(t)‖2L6 +‖∇
(t)‖2H2 +‖∇v(t)‖2H1

}≤CY ∗. (3.21)
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On the other hand, for k=0,1, applying∇k to (3.13)2, and multiplying the resultant
equation by ∇kvt, and integrating over Ω, we have∫

Ω

|∇kvt|2dx+ 1

2ρ̄

d

dt

∫
Ω

(
μ|∇k+1v|2+ μ̃|∇kdivv|2)dx

+
P ′(ρ̄)
ρ̄

∫
Ω

∇k∇
∇kvtdx−κ

∫
Ω

∇k∇Δ
∇kvtdx

=

∫
Ω

∇k (m(ρ)(μΔv+ μ̃∇divv))∇kvtdx+

∫
Ω

∇k(h(ρ)∇ρ)∇kvtdx

−τ

∫
Ω

∇k(u∇u)∇kvtdx+τ

∫
Ω

∇kfΩ∇kvtdx. (3.22)

Applying ∇k to (3.13)1 and then taking the L2 inner product with ∇k
t and ∇kΔ
t,
respectively, on the resultant equation, we obtain∫

Ω

|∇k
t|2dx+ ε

2

d

dt

∫
Ω

|∇k+1
|2dx+ ρ̄

∫
Ω

∇k
t∇kdivvdx

=−τ

∫
Ω

∇kdiv(ρu)∇k
tdx, (3.23)

∫
Ω

|∇k+1
t|2dx+ ε

2

d

dt

∫
Ω

|∇kΔ
|2dx− ρ̄

∫
Ω

∇kΔ
t∇kdivvdx

=τ

∫
Ω

∇kdiv(ρu)∇kΔ
tdx. (3.24)

Summing up (3.22)–(3.24), we integrate from 0 to T to have∫ T

0

(‖
t‖2H2 +‖vt‖2H1

)
dt

≤C
∫ T

0

(‖∇
‖2H3 +‖∇v‖2H2

)
dt+C sup

0<t<T

{‖∇ρ‖2H1

}∫ T

0

‖∇v‖2H2dt

+C sup
0<t<T

(‖∇ρ‖2H2 +‖∇u‖2H1

)∫ T

0

(‖∇ρ‖2H1 +‖∇u‖2H2

)
dt+C

∫ T

0

∥∥fΩ‖2H1dt. (3.25)

Then there exists t∗∈ (0,T ) such that

‖
t(t∗)‖2H2 +‖vt(t∗)‖2H1

≤C
∫ T

0

(‖∇
‖2H3 +‖∇v‖2H2

)
dt+C sup

0<t<T

{‖∇ρ‖2H1

}∫ T

0

‖∇v‖2H2dt

+C sup
0<t<T

(‖∇ρ‖2H2 +‖∇u‖2H1

)∫ T

0

(‖∇ρ‖2H1 +‖∇u‖2H2

)
dt+C

∫ T

0

∥∥fΩ‖2H1dt.

Applying ∂t to (3.13)2 and then taking the L2 inner product with vt on the resulting
identity, we have

1

2

d

dt

∫
Ω

|vt|2dx+ μ

ρ̄

∫
Ω

|∇vt|2dx+ μ̃

ρ̄

∫
Ω

|divvt|2dx

− P ′(ρ̄)
ρ̄

∫
Ω


tdivvtdx+κ

∫
Ω

Δ
tdivvtdx
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=

∫
Ω

∂t(m(ρ)(μΔv+ μ̃∇divv))vtdx+

∫
Ω

∂t(h(ρ)∇ρ)vtdx

−τ

∫
Ω

∂t(u∇u)vtdx+τ

∫
Ω

fΩt ·vtdx. (3.26)

We apply ∂t to (3.13)1 and take the L2 inner product with 
t and Δ
t, respectively, on
the resulting identity to obtain

1

2

d

dt

∫
Ω

|
t|2dx+ε

∫
Ω

|∇
t|2dx+ ρ̄

∫
Ω


tdivvtdx=−τ
∫
Ω

∂tdiv(ρu)
tdx, (3.27)

1

2

d

dt

∫
Ω

|∇
t|2dx+ε

∫
Ω

|Δ
t|2dx− ρ̄

∫
Ω

Δ
tdivvtdx= τ

∫
Ω

∂tdiv(ρu)Δ
tdx. (3.28)

Substituting (3.27)–(3.28) into (3.26) and integrating from t∗ to t for any t∗≤ t≤ t∗+T
yield

sup
0<t<T

{
P ′(ρ̄)
ρ̄2

‖
t‖2L2 +
κ

ρ̄
‖∇
t‖2L2 +‖vt‖2L2

}

≤C (‖
t(t∗)‖2H1)+‖vt(t∗)‖2L2

)
+C

∫ T

0

‖vt‖2L2dt+C sup
0<t<T

{‖∇u‖2H1

}∫ T

0

‖ρt‖2H1dt

+C sup
0<t<T

{‖ut‖2L2

}∫ T

0

(‖∇ρ‖2H2 +‖∇u‖2H2

)
dt+C sup

0<t<T

{‖ρt‖2H1

}∫ T

0

‖∇v‖2H2dt

+C sup
0<t<T

{‖∇ρ‖2H2

}∫ T

0

‖∇vt‖2L2dt+C sup
0<t<T

{‖∇u‖2H1

}∫ T

0

‖∇ut‖2L2dt

+C sup
0<t<T

{‖∇ρ‖2H1

}∫ T

0

(‖∇ut‖2L2 +‖∇ρt‖2L2

)
dt+C

∫ T

0

‖fΩt‖2L2dt

≤C
∫ T

0

‖vt‖2L2dt+C sup
0<t<T

{‖∇u‖2H1

}∫ T

0

(‖ρt‖2H1 +‖∇ut‖2L2

)
dt

+C sup
0<t<T

{‖ρt‖2H1

}∫ T

0

‖∇v‖2H2dt+C sup
0<t<T

{‖∇ρ‖2H2

}∫ T

0

‖∇vt‖2L2dt

+C sup
0<t<T

{‖∇ρ‖2H1

}∫ T

0

(‖∇ut‖2L2 +‖∇ρt‖2L2 +‖∇v‖2H2

)
dt

+C sup
0<t<T

(‖∇ρ‖2H2 +‖∇u‖2H1

)∫ T

0

(‖∇ρ‖2H1 +‖∇u‖2H2

)
dt

+C sup
0<t<T

{‖ut‖2L2

}∫ T

0

(‖∇ρ‖2H2 +‖∇u‖2H2

)
dt+C‖fΩ‖2W 1,1

2
. (3.29)

In addition, integrating (3.19) and (3.26)–(3.28) from t to t+h and then integrating
them form 0 to T gives∫ T

0

(∥∥∇
(t+h)‖2H2 +‖∇v(t+h)‖2H1 +‖
t(t+h)‖2H1 +‖vt(t+h)‖2L2

)
−(‖∇
(t)‖2H2 +‖∇kv(t)‖2H1‖
t(t)‖2H1 +‖vt(t)‖2L2

))
dt

≤C
∫ T

0

‖vt‖2L2dt+C sup
0<t<T

{‖∇u‖2H1

}∫ T

0

(‖ρt‖2H1 +‖∇ut‖2L2

)
dt
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+C sup
0<t<T

{‖ρt‖2H1

}∫ T

0

‖∇v‖2H2dt+C sup
0<t<T

{‖∇ρ‖2H2

}∫ T

0

‖∇vt‖2L2dt

+C sup
0<t<T

{‖∇ρ‖2H1

}∫ T

0

(‖∇ut‖2L2 +‖∇ρt‖2L2 +‖∇v‖2H2

)
dt

+C sup
0<t<T

(‖∇ρ‖2H2 +‖∇u‖2H1

)∫ T

0

(‖∇ρ‖2H1 +‖∇u‖2H2

)
dt+C‖fΩ‖2W 1,1

2

+C sup
0<t<T

{‖ut‖2L2

}∫ T

0

(‖∇ρ‖2H2 +‖∇u‖2H2

)
dt+C

∫ T

0

‖fΩ‖2
L

6
5
dt. (3.30)

Hence, (3.20)–(3.21), (3.25), and (3.29)–(3.30) as well as the strong compactness of Lp

space yield that H is a compact operator.

In the end, we show that the operator H is continuous. Assume that (ρn,un)⊂XΩ
�
,

τn∈ [0,1], (ρ,u)⊂XΩ
�
, τ ∈ [0,1], and, when lim

n→∞τn= τ ,

lim
n→∞ sup

0<t<T

{
‖(ρn−ρ,un−u)‖2L6 +‖(ρnt−ρt,∇ρnt−∇ρt,unt−ut)‖2L2

+‖∇ρn−∇ρ‖2H2 +‖∇un−∇u‖2H1

}
+

∫ T

0

(
‖ρnt−ρt‖2H2 +‖unt−ut‖2H1

+‖∇ρn−∇ρ‖2H3 +‖∇un−∇u‖2H2

)
dt=0.

Let (
n,vn)=H((ρn,un),τn), (
,v)=H((ρ,u),τ). Then (
n−
,vn−v) is a periodic so-
lution of the following equations with periodic boundary condition:

⎧⎪⎪⎪⎪⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎪⎪⎪⎪⎩


̃t−εΔ
̃+ ρ̄divṽ=(τ−τn)div(ρu)−τndiv((ρn−ρ)u+ρn(un−u)) ,

ṽt− 1

ρ̄+τρ
(μΔṽ+ μ̃∇divṽ)+

P ′(ρ̄+τρ)

ρ̄+τρ
∇
̃−κ∇Δ
̃

=

(
1

ρ̄+τnρn
− 1

ρ̄+τρ

)
(μΔvn+ μ̃∇divvn)−

(
P ′(ρ̄+τnρn)

ρ̄+τnρn
− P ′(ρ̄+τρ)

ρ̄+τρ

)
∇ρn

+(τ−τn)un∇un−τ(un−u)∇un−τu∇(un−u)+(τn−τ)f(x,t).

Similar to the proof of the compactness of the operator H, we have

lim
n→∞ sup

0<t<T

{
‖(
n−
,vn−v)‖2L6 +‖(
nt−
t,∇
nt−∇
t,vnt−vt)‖2L2

+‖∇
n−∇
‖2H2 +‖∇vn−∇v‖2H1

}
+

∫ T

0

(
‖
nt−
t‖2H2 +‖vnt−vt‖2H1

+‖∇
n−∇
‖2H3 +‖∇vn−∇v‖2H2

)
dt=0.

This implies the continuity of the operator H.

3.2. Uniform estimates. This subsection is devoted to giving a series of uniform
estimates. Firstly, in the case of τ =0 of (2.2), it is easy to prove H((ρ,u),0)≡0 by the
same procedure as that used for the proof of uniqueness in Lemma 3.2 (see also Section
3 in [17]). Thus, we only need to consider the case τ ∈ (0,1].
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In what follows, consider the system in XΩ

⎧⎪⎪⎪⎨
⎪⎪⎪⎩

t−εΔ
+ ρ̄divv=−τdiv(
v),
(ρ̄+τ
)vt−μΔv− μ̃∇divv+P ′(ρ̄+τ
)∇


−κ(ρ̄+τ
)∇Δ
+τ(ρ̄+τ
)(v ·∇)v= τ(ρ̄+τ
)fΩ(x,t),∫
Ω

dx=0.

(3.31)

We shall get Lemma 3.4–3.9 in the following by the elaborate calculation.

Lemma 3.4. Let τ ∈ (0,1], |
|≤ ρ̄
2 . If (
,v) is a solution of (3.31), then it holds that

1

2

d

dt

∫
Ω

(
(ρ̄+τ
)v2+

2

τ2(γ−1)
P (ρ̄+τ
)+κ|∇
|2

)
dx

+
ε

γ−1

∫
Ω

P ′′(ρ̄+τ
)|∇
|2dx+κε

∫
Ω

|Δ
|2dx+
∫
Ω

(
μ|∇v|2+ μ̃|divv|2)dx

≤Cτε‖∇v‖3L2‖Δv‖L2 +Cτ‖fΩ‖2
L

6
5

(3.32)

where C is a constant independent of L and ε.

Proof. Multiplying (3.31)2 by v and integrating over Ω, we have with the periodic
boundary condition

1

2

∫
Ω

(ρ̄+τ
)
d

dt
v2dx+

∫
Ω

(
μ|∇v|2+ μ̃|divv|2)dx+∫

Ω

P ′(ρ̄+τ
)∇
 ·vdx

+κ

∫
Ω

div[(ρ̄+τ
)v]Δ
dx+

∫
Ω

τ(ρ̄+τ
)v∇v ·vdx=
∫
Ω

τ(ρ̄+τ
)fΩvdx. (3.33)

From (3.31)1, we arrive at∫
Ω

div[(ρ̄+τ
)v]Δ
dx=

∫
Ω

τ∇
 ·vΔ
dx+

∫
Ω

(ρ̄+τ
)divvΔ
dx

=

∫
Ω

(ρ̄divv+τdiv(
v))Δ
dx

=

∫
Ω

(−
t+εΔ
)Δ
dx

=
1

2

d

dt

∫
Ω

|∇
|2dx+ε

∫
Ω

|Δ
|2dx (3.34)

and ∫
Ω

τ(ρ̄+τ
)v∇v ·vdx=
∫
Ω

τ(ρ̄+τ
)v ·∇
(
v2

2

)
dx

=−
∫
Ω

τ2

2
∇
v ·v2dx−

∫
Ω

τ

2
(ρ̄+τ
)divv ·v2dx

=

∫
Ω

τ

2

tv

2dx−
∫
Ω

τε

2
Δ
v2dx. (3.35)

We multiply (3.31)1 by P ′(ρ̄+τ
) to get

1

τ

d

dt

∫
Ω

P (ρ̄+τ
)dx+ετ

∫
Ω

P ′′(ρ̄+τ
)|∇
|2dx
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=τ ρ̄

∫
Ω

P ′′(ρ̄+τ
)∇
 ·vdx+τ2
∫
Ω

P ′′(ρ̄+τ
)∇
 ·
vdx

=τ

∫
Ω

(ρ̄+τ
)P ′′(ρ̄+τ
)∇
 ·vdx

=τ(γ−1)

∫
Ω

P ′(ρ̄+τ
)∇
 ·vdx. (3.36)

Inserting (3.34)–(3.36) into (3.33) yields

1

2

d

dt

∫
Ω

(
(ρ̄+τ
)v2+

2

τ2(γ−1)
P (ρ̄+τ
)+κ|∇
|2

)
dx+

∫
Ω

(
μ|∇v|2+ μ̃|divv|2)dx

+
ε

γ−1

∫
Ω

P ′′(ρ̄+τ
)|∇
|2dx+κε

∫
Ω

|Δ
|2dx

=−τε

∫
Ω

∇
 ·v∇vdx+τ

∫
Ω

(ρ̄+τ
)fΩvdx

≤ ε

2(γ−1)

∫
Ω

P ′′(ρ̄+τ
)|∇
|2dx+Cτε‖v‖2L6‖∇v‖2L3 +Cτ‖fΩ‖
L

6
5
‖v‖L6

≤ ε

2(γ−1)

∫
Ω

P ′′(ρ̄+τ
)|∇
|2dx+Cτε‖∇v‖3L2‖Δv‖L2 +Cτ‖fΩ‖2
L

6
5
+

μ

2
‖∇v‖2L2 .

Here, we have used Lemma 2.3 and Hölder and Young’s inequalities. Therefore, (3.32)
holds obviously.

Lemma 3.5. Under the assumptions in Lemma 3.4, it holds that∫
Ω

(ρ̄+τ
)v2t dx+
1

2

d

dt

∫
Ω

(
μ|∇v|2+ μ̃|divv|2

)
dx

− d

dt

∫
Ω

(1
τ
P (ρ̄+τ
)divv+κρ̄∇
∇divv

)
dx

≤C‖∇v‖2H1 +ε2‖Δ
‖2H1 +Cτ‖∇
‖4H1‖∇v‖2L2 +Cτ‖∇
‖2H1‖∇Δ
‖2L2

+Cτ‖Δ
‖2L2‖∇divv‖2L2 +Cτ‖∇2v‖L2‖∇v‖3L2 +Cτ‖fΩ‖2L2 , (3.37)

where C is a constant independent of L and ε.

Proof. Multiplying (3.31)2 by vt and integrating over Ω, we have∫
Ω

(ρ̄+τ
)v2t dx+
1

2

d

dt

∫
Ω

(
μ|∇v|2+ μ̃|divv|2)dx−∫

Ω

1

τ
P (ρ̄+τ
)divvtdx

−κ

∫
Ω

(ρ̄+τ
)∇Δ
 ·vtdx+
∫
Ω

τ(ρ̄+τ
)v∇v ·vtdx= τ

∫
Ω

(ρ̄+τ
)fΩvtdx. (3.38)

We multiply (3.31)1 by P ′(ρ̄+τ
)divv and integrate over Ω to obtain∫
Ω

P ′(ρ̄+τ
)
tdivvdx+

∫
Ω

(ρ̄+τ
)P ′(ρ̄+τ
)|divv|2dx−ε

∫
Ω

P ′(ρ̄+τ
)Δ
divvdx

=−τ

∫
Ω

P ′(ρ̄+τ
)∇
 ·vdivvdx. (3.39)

Applying ∇ to (3.31)1 and taking the L2 inner product with ∇divv on the resulting
identity, we get
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Ω

∇
t∇divvdx+

∫
Ω

(ρ̄+τ
)|∇divv|2dx−ε

∫
Ω

∇Δ
∇divvdx

=−τ

∫
Ω

(∇
divv∇divv+∇
∇v∇divv+v∇2
∇divv
)
dx. (3.40)

Substituting (3.39)–(3.40) into (3.38), we conclude that∫
Ω

(ρ̄+τ
)v2t dx+
1

2

d

dt

∫
Ω

(
μ|∇v|2+ μ̃|divv|2− 2

τ
P (ρ̄+τ
)divv−2κρ̄∇
∇divv

)
dx

=γ

∫
Ω

P (ρ̄+τ
)|divv|2dx−ε

∫
Ω

P ′(ρ̄+τ
)Δ
divvdx+τ

∫
Ω

P ′(ρ̄+τ
)∇
 ·vdivvdx

+κ

∫
Ω

ρ̄(ρ̄+τ
)|∇divv|2dx−εκ

∫
Ω

ρ̄∇Δ
∇divvdx+κτ

∫
Ω


∇Δ
vtdx

+κρ̄τ

∫
Ω

(∇
divv∇divv+∇
∇v∇divv+v∇2
∇divv
)
dx

−
∫
Ω

τ(ρ̄+τ
)v∇v ·vtdx+τ

∫
Ω

(ρ̄+τ
)fΩvtdx

≤C‖divv‖2L2 +Cε‖Δ
‖L2‖divv‖L2 +Cτ‖∇
‖L2‖∇v‖L2‖divv‖L3 +C‖∇divv‖2L2

+Cε‖∇Δ
‖L2‖∇divv‖L2 +Cτ‖∇2
‖L2‖∇v‖L3‖∇divv‖L2 +
1

2

∫
Ω

(ρ̄+τ
)v2t dx

+Cτ‖∇v‖H1‖Δ
‖L2‖∇divv‖L2 +Cτ‖∇
‖2H1‖∇Δ
‖2L2

+Cτ‖∇2v‖L2‖∇v‖3L2 +Cτ‖fΩ‖2L2

≤1

2

∫
Ω

(ρ̄+τ
)v2t dx+C‖∇v‖2H1 +ε2‖Δ
‖2H1 +Cτ‖∇
‖4H1‖∇v‖2L2

+Cτ‖∇
‖2H1‖∇Δ
‖2L2 +Cτ‖Δ
‖2L2‖∇divv‖2L2 +Cτ‖∇2v‖L2‖∇v‖3L2 +Cτ‖fΩ‖2L2 .

This in turn gives (3.37).

Lemma 3.6. Under the assumptions in Lemma 3.4, it holds that

1

2

d

dt

∫
Ω

(
ρ̄|∇v|2+ P ′(ρ̄)

ρ̄
|∇
|2+κ|Δ
|2

)
dx

+ε

∫
Ω

(
P ′(ρ̄)
ρ̄

|Δ
|2+κ|∇Δ
|2
)
dx+

∫
Ω

(
μ|Δv|2+ μ̃|∇divv|2)dx

≤Cτ‖∇
‖3L2‖∇2
‖L2 +Cτ‖∇
‖2H1‖vt‖2L2 +Cτ‖Δ
‖3L2‖∇Δ
‖L2

+Cτ‖∇
‖2H1‖∇Δ
‖2L2 +Cτ‖∇v‖2H1‖∇v‖2L2 +Cτ‖fΩ‖2L2 , (3.41)

where C is a constant independent of L and ε.

Proof. Multiplying (3.31)2 by Δv and integrating over Ω, we arrive at

1

2

d

dt

∫
Ω

ρ̄|∇v|2dx+
∫
Ω

(
μ|Δv|2+ μ̃|∇divv|2)dx

=P ′(ρ̄)
∫
Ω

∇
Δvdx+τ

∫
Ω


vtΔvdx+

∫
Ω

(P ′(ρ̄+τ
)−P ′(ρ̄))∇
Δvdx

−κ

∫
Ω

(ρ̄+τ
)∇Δ
Δvdx+τ

∫
Ω

(ρ̄+τ
)v∇v ·Δvdx−τ

∫
Ω

(ρ̄+τ
)fΩΔvdx. (3.42)
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Notice that divΔv=Δdivv leads to∫
Ω

∇
Δvdx=−
∫
Ω


divΔvdx=

∫
Ω

∇
∇divvdx,

∫
Ω

∇Δ
Δvdx=−
∫
Ω

Δ
divΔvdx=

∫
Ω

∇Δ
∇divvdx.

Applying ∇ to (3.31)1 and taking the L2 inner product with ∇
 and ∇Δ
, respectively,
on the resulting identity yield

−
∫
Ω

ρ̄∇divv∇
dx− 1

2

d

dt

∫
Ω

|∇
|2dx=ε

∫
Ω

|Δ
|2dx+τ

∫
Ω

∇div(
v)∇
dx

=ε

∫
Ω

|Δ
|2dx+ τ

2

∫
Ω

|∇
|2divvdx+τ

∫
Ω

∇
∇v∇
dx+τ

∫
Ω


∇
∇divvdx, (3.43)

∫
Ω

ρ̄∇divv∇Δ
dx− 1

2

d

dt

∫
Ω

|Δ
|2dx

=ε

∫
Ω

|∇Δ
|2dx− τ

2

∫
Ω

|Δ
|2divvdx+τ

∫
Ω

∇2
∇vΔ
dx−τ

∫
Ω

∇
∇v∇Δ
dx

−τ

∫
Ω

∇
divv∇Δ
dx−τ

∫
Ω


∇divv∇Δ
dx. (3.44)

Adding (3.42)–(3.44) together and bearing in mind (P ′(ρ̄+τ
)−P ′(ρ̄))∼ τ
, we get

1

2

d

dt

∫
Ω

(
ρ̄|∇v|2+ P ′(ρ̄)

ρ̄
|∇
|2+κ|Δ
|2

)
dx

+ε

∫
Ω

(
P ′(ρ̄)
ρ̄

|Δ
|2+κ|∇Δ
|2
)
dx+

∫
Ω

(
μ|Δv|2+ μ̃|∇divv|2)dx

=− P ′(ρ̄)
ρ̄

τ

∫
Ω

(
1

2
|∇
|2divv+∇
∇v∇
+
∇
∇divv

)
dx+τ

∫
Ω


vtΔvdx

+

∫
Ω

(P ′(ρ̄+τ
)−P ′(ρ̄))∇
Δvdx+
κτ

2

∫
Ω

|Δ
|2divvdx−κτ

∫
Ω

∇2
∇vΔ
dx

+κτ

∫
Ω

∇
∇v∇Δ
dx+κτ

∫
Ω

∇
divv∇Δ
dx+κτ

∫
Ω


∇divv∇Δ
dx

−κτ

∫
Ω


Δv∇Δ
dx+τ

∫
Ω

(ρ̄+τ
)v∇v ·Δvdx−τ

∫
Ω

(ρ̄+τ
)fΩΔvdx

≤Cτ‖∇
‖L2‖∇
‖L3‖Δv‖L2 +Cτ‖∇
‖H1‖vt‖L2‖Δv‖L2 +Cτ‖Δ
‖L2‖Δ
‖L3‖Δv‖L2

+Cτ‖∇
‖H1‖Δv‖L2‖∇Δ
‖L2 +Cτ‖∇v‖H1‖∇v‖L2‖Δv‖L2 +Cτ‖fΩ‖L2‖Δv‖L2

≤Cτ‖∇
‖3L2‖∇2
‖L2 +Cτ‖∇
‖2H1‖vt‖2L2 +Cτ‖Δ
‖3L2‖∇Δ
‖L2

+Cτ‖∇
‖2H1‖∇Δ
‖2L2 +Cτ‖∇v‖2H1‖∇v‖2L2 +Cτ‖fΩ‖2L2 +
μ

2
‖Δv‖2L2 .

Thus, (3.41) follows immediately from the above estimates.
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Lemma 3.7. Under the assumptions in Lemma 3.4, it holds that

1

2

d

dt

∫
Ω

(
D(ρ̄+τ
)v2t +

DP ′(ρ̄)
ρ̄


2t +Dκ|∇
t|2+ ρ̄|∇divv|2

+
P ′(ρ̄)
ρ̄

|Δ
|2+κ|∇Δ
|2
)
dx+

μ

4
D

∫
Ω

|∇vt|dx

+
μ̃

2
D

∫
Ω

|divvt|dx+ μ̃

∫
Ω

|Δdivv|2dx+μ

∫
Ω

|curlΔv|2dx

+εD

∫
Ω

(
P ′(ρ̄)
ρ̄

|∇
t|2+κ|Δ
t|2
)
dx+ε

∫
Ω

(
P ′(ρ̄)
ρ̄

|∇Δ
|2+κ|ΔΔ
|2
)
dx

≤Cτ‖
t‖2L2‖∇
‖2H1 +Cτ‖
t‖4L2‖vt‖2L2 +Cτ‖
t‖2H1‖∇Δ
‖2L2

+Cτ‖
t‖2L2‖∇v‖2L2‖∇v‖2H1 +Cτ‖vt‖2H1‖∇v‖2H1 +Cτ‖∇
‖2H1‖∇vt‖2L2

+Cτ‖∇
‖2H1‖∇v‖2L2‖Δv‖2L2 +Cτ‖∇v‖2H1‖Δv‖2L2 +Cτ‖∇
‖4H1‖vt‖2L2

+Cτ‖∇Δ
‖2H1‖∇v‖2H1 +Cτ‖∇
‖2H1‖ΔΔ
‖2L2 +Cη1
τ‖
t‖4H1

+Cη1
τ‖∇
‖4H1 +Cη1

τ‖∇Δ
‖2L2‖ΔΔ
‖2L2 +η1‖∇v‖2H1

+η2‖vt‖2L2 +Cη2τ‖fΩt‖2L2 +Cτ‖fΩ‖4L3 +Cτ‖∇fΩ‖2L2 . (3.45)

Here C, D, η1, η2, Cη1
, and Cη2

are constants independent of L and ε. Moreover, D
can be fixed to be suitably large, η1 and η2 can be chosen to be arbitrarily small, and
Cη1 , Cη2 are constants depending on η1 and η2, respectively.

Proof. Applying ∂t to (3.31)2 and then taking the L2 inner product with vt on
the resulting identity, we have

1

2

d

dt

∫
Ω

(ρ̄+τ
)v2t dx+

∫
Ω

(
μ|∇vt|2+ μ̃|divvt|2

)
dx

=P ′(ρ̄)
∫
Ω


tdivvtdx+

∫
Ω

(P ′(ρ̄+τ
)−P ′(ρ̄))
tdivvtdx− τ

2

∫
Ω


tv
2
t dx

+κτ

∫
Ω


t∇Δ
vtdx−κτ

∫
Ω

∇
Δ
tvtdx−κ

∫
Ω

(ρ̄+τ
)Δ
tdivvtdx

−τ2
∫
Ω


tv∇v ·vtdx−τ

∫
Ω

(ρ̄+τ
)vt∇v ·vtdx−τ

∫
Ω

(ρ̄+τ
)v∇vt ·vtdx

+τ

∫
Ω

(ρ̄+τ
)fΩt ·vtdx+τ2
∫
Ω


tfΩvtdx. (3.46)

We apply ∂t to (3.31)1 and take the L2 inner product with 
t and Δ
t, respectively, on
the resulting identity to obtain

1

2

d

dt

∫
Ω


2tdx+ ρ̄

∫
Ω


tdivvtdx+ε

∫
Ω

|∇
t|2dx

=−τ

2

∫
Ω

|
t|2divvdx−τ

∫
Ω

∇
 ·
tvtdx−τ

∫
Ω



tdivvtdx, (3.47)

1

2

d

dt

∫
Ω

|∇
t|2dx− ρ̄

∫
Ω

Δ
tdivvtdx+ε

∫
Ω

|Δ
t|2dx
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=− τ

2

∫
Ω

∇
tdivv∇
tdx+τ

∫
Ω

∇
 ·vtΔ
tdx

+τ

∫
Ω


tdivvΔ
tdx+τ

∫
Ω


divvtΔ
tdx. (3.48)

Substituting (3.47)–(3.48) into (3.46) yields

1

2

d

dt

∫
Ω

(
(ρ̄+τ
)v2t +

P ′(ρ̄)
ρ̄


2t +κ|∇
t|2
)
dx+

∫
Ω

(
μ|∇vt|2+ μ̃|divvt|2

)
dx

+ε

∫
Ω

(
P ′(ρ̄)
ρ̄

|∇
t|2+κ|Δ
t|2
)
dx

=−τ
P ′(ρ̄)
ρ̄

∫
Ω

(
1

2
|
t|2divv+∇
 ·
tvt+

tdivvt

)
dx+κτ

∫
Ω


t∇Δ
 ·vtdx

+τ

∫
Ω

(P ′(ρ̄+τ
)−P ′(ρ̄))
tdivvtdx− τ

2

∫
Ω


tv
2
t dx−

κτ

2

∫
Ω

∇
tdivv∇
tdx

−κτ

∫
Ω

∇
tdivv∇
tdx+
κτ

2

∫
Ω


2tΔdivvdx−τ

∫
Ω

(ρ̄+τ
)vt∇v ·vtdx

−τ
∫
Ω

(ρ̄+τ
)v∇vtvtdx−τ2
∫
Ω


tv∇v ·vtdx+τ

∫
Ω

(ρ̄+τ
)fΩt ·vtdx+τ2
∫
Ω


tfΩvtdx

≤Cτ‖
t‖2L2‖divv‖H2 +Cτ‖
t‖L2‖∇
‖H1‖∇vt‖L2 +Cτ‖
t‖L2‖∇
‖H1‖divvt‖L2

+Cτ‖
t‖L2‖vt‖L3‖∇vt‖L2 +Cτ‖
t‖H1‖∇Δ
‖L2‖∇vt‖L2 +Cτ‖
t‖2H1‖divv‖H2

+Cτ‖
t‖L2‖∇v‖L2‖∇2v‖L2‖∇vt‖L2 +Cτ‖vt‖L2‖∇v‖H1‖∇vt‖L2

+Cτ‖fΩt‖L2‖vt‖L2 +Cτ‖
t‖L2‖fΩ‖L3‖∇vt‖L2

≤Cτ‖
t‖2H1‖divv‖H2 +Cτ‖
t‖2L2‖∇
‖2H1 +Cτ‖
t‖4L2‖vt‖2L2 +Cτ‖
t‖2H1‖∇Δ
‖2L2

+Cτ‖
t‖2L2‖∇v‖2L2‖∇2v‖2L2 +Cτ‖vt‖2L2‖∇v‖2H1 +Cτ‖fΩt‖L2‖vt‖L2

+Cτ‖
t‖2L2‖fΩ‖2L3 +
μ

2
‖∇vt‖2L2 +

μ̃

2
‖divvt‖2L2 .

This in turn gives

1

2

d

dt

∫
Ω

(
(ρ̄+τ
)v2t +

P ′(ρ̄)
ρ̄


2t +κ|∇
t|2
)
dx+

∫
Ω

(
μ|∇vt|2+ μ̃|divvt|2

)
dx

+ε

∫
Ω

(
P ′(ρ̄)
ρ̄

|∇
t|2+κ|Δ
t|2
)
dx

≤Cτ‖
t‖2H1‖divv‖H2 +Cτ‖
t‖2L2‖∇
‖2H1 +Cτ‖
t‖4L2‖vt‖2L2

+Cτ‖
t‖2H1‖∇Δ
‖2L2 +Cτ‖
t‖2L2‖∇v‖2L2‖∇2v‖2L2

+Cτ‖vt‖2L2‖∇v‖2H1 +Cτ‖fΩt‖L2‖vt‖L2 +Cτ‖
t‖2L2‖fΩ‖2L3 . (3.49)

Next, we multiply (3.31)2 by ∇Δdivv and integrate it over Ω to get

ρ̄

2

d

dt

∫
Ω

|∇divv|2dx+(μ+ μ̃)

∫
Ω

|Δdivv|2dx
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=

∫
Ω

P ′(ρ̄)Δ
Δdivvdx+τ

∫
Ω


divvtΔdivvdx+τ

∫
Ω

∇
vtΔdivvdx

+τ

∫
Ω

P ′′(ρ̄+τ
)|∇
|2Δdivvdx+

∫
Ω

(P ′(ρ̄+τ
)−P ′(ρ̄))Δ
Δdivvdx

−κ

∫
Ω

(ρ̄+τ
)ΔΔ
Δdivvdx−κτ

∫
Ω

∇
∇Δ
Δdivvdx

+τ

∫
Ω

div((ρ̄+τ
)v∇v)Δdivvdx−τ

∫
Ω

div((ρ̄+τ
)fΩ)Δdivvdx. (3.50)

Applying Δ to (3.13)1 and then taking the L2 inner product with Δ
 and ΔΔ
, respec-
tively, on the resulting equation, we arrive at

1

2

d

dt

∫
Ω

|Δ
|2dx+ ρ̄

∫
Ω

ΔdivvΔ
dx+ε

∫
Ω

|∇Δ
|2dx

=−τ

∫
Ω

(1
2
|Δ
|2divv+∇
ΔvΔ
+2∇2
∇vΔ
+
ΔdivvΔ
+2∇
∇divvΔ


)
dx,

(3.51)

1

2

d

dt

∫
Ω

|∇Δ
|2dx− ρ̄

∫
Ω

ΔdivvΔΔ
dx+ε

∫
Ω

|ΔΔ
|2dx

=τ

∫
Ω

(
− 1

2
∇Δ
∇v∇Δ
+∇
ΔvΔΔ
+Δ
divvΔΔ
+2∇2
∇vΔΔ


+
ΔdivvΔΔ
+2∇
∇divvΔΔ

)
dx. (3.52)

Adding (3.51)–(3.52) to (3.50) yields

1

2

d

dt

∫
Ω

(
ρ̄|∇divv|2+ P ′(ρ̄)

ρ̄
|Δ�|2+κ|∇Δ�|2

)
dx

+(μ+ μ̃)

∫
Ω

|Δdivv|2dx+ε

∫
Ω

(
P ′(ρ̄)
ρ̄

|∇Δ�|2+κ|ΔΔ�|2
)
dx

=− τP ′(ρ̄)
ρ̄

∫
Ω

(
1

2
|Δ�|2divv+∇�ΔvΔ�+2∇2�∇vΔ�+�ΔdivvΔ�+2∇�∇divvΔ�

)
dx

+τ

∫
Ω

�divvtΔdivvdx+τ

∫
Ω

∇� ·vtΔdivvdx+τ

∫
Ω

P ′′(ρ̄+τ�)|∇�|2Δdivvdx

+

∫
Ω

(
P ′(ρ̄+τ�)−P ′(ρ̄)

)
Δ�Δdivvdx+κτ

∫
Ω

(
− 1

2
∇Δ�∇v∇Δ�+2∇�∇divvΔΔ�

+Δ�divvΔΔ�+2∇2�∇vΔΔ�+�ΔdivvΔΔ�+∇�ΔvΔΔ�
)
dx−κτ

∫
Ω

�ΔΔ�Δdivvdx

−κτ

∫
Ω

∇�∇Δ�Δdivvdx+τ2

∫
Ω

∇� ·v∇vΔdivvdx+τ

∫
Ω

(ρ̄+τ�)|∇v|2Δdivvdx

+τ

∫
Ω

(ρ̄+τ�)vΔvΔdivvdx−τ2

∫
Ω

∇�fΩΔdivvdx−
∫
Ω

(ρ̄+τ�)divfΩΔdivvdx

≤Cτ‖Δ�‖2L2‖∇v‖H2 +Cτ‖∇�‖H1‖Δ�‖L2‖Δdivv‖L2 +Cτ‖∇�‖H1‖divvt‖L2‖Δdivv‖L2

+Cτ‖∇�‖H1‖∇vt‖L2‖Δdivv‖L2 +Cτ‖∇�‖2L4‖Δdivv‖L2 +Cτ‖∇v‖2L4‖Δdivv‖L2

+Cτ‖∇Δ�‖L2‖ΔΔ�‖L2‖∇v‖H1 +Cτ‖∇�‖H1‖ΔΔ�‖L2‖Δdivv‖L2
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+Cτ‖∇�‖H1‖∇v‖L2‖Δv‖L2‖Δdivv‖L2 +Cτ‖∇v‖H1‖Δv‖L2‖Δdivv‖L2

+Cτ‖∇�‖H1‖fΩ‖L3‖Δdivv‖L2 +Cτ‖divfΩ‖L2‖Δdivv‖L2

≤μ‖Δdivv‖2L2 +Cτ‖Δ�‖2L2‖∇v‖H2 +Cτ‖∇Δ�‖L2‖ΔΔ�‖L2‖∇v‖H1 +Cτ‖∇�‖2H1‖Δ�‖2L2

+Cτ‖∇�‖2H1‖∇vt‖2L2 +Cτ‖∇�‖L2‖∇2�‖3L2 +Cτ‖∇�‖2H1‖ΔΔ�‖2L2 +Cτ‖∇v‖L2‖Δv‖3L2

+Cτ‖∇v‖2H1‖Δv‖2L2 +Cτ‖∇�‖2H1‖∇v‖2L2‖Δv‖2L2 +Cτ‖∇�‖2H1‖fΩ‖2L3 +Cτ‖divfΩ‖2L2 ,

which implies

1

2

d

dt

∫
Ω

(
ρ̄|∇divv|2+ P ′(ρ̄)

ρ̄
|Δ
|2+κ|∇Δ
|2

)
dx

+ μ̃

∫
Ω

|Δdivv|2dx+ε

∫
Ω

(
P ′(ρ̄)
ρ̄

|∇Δ
|2+κ|ΔΔ
|2
)
dx

≤Cτ‖Δ
‖2L2‖∇v‖H2 +Cτ‖∇Δ
‖L2‖ΔΔ
‖L2‖∇v‖H1 +Cτ‖∇
‖2H1‖Δ
‖2L2

+Cτ‖∇
‖2H1‖∇vt‖2L2 +Cτ‖∇
‖L2‖∇2
‖3L2 +Cτ‖∇
‖2H1‖ΔΔ
‖2L2

+Cτ‖∇v‖L2‖Δv‖3L2 +Cτ‖∇v‖2H1‖Δv‖2L2 +Cτ‖∇
‖2H1‖∇v‖2L2‖Δv‖2L2

+Cτ‖∇
‖2H1‖fΩ‖2L3 +Cτ‖divfΩ‖2L2 . (3.53)

Moreover, applying curl to (3.31)2 and employing the fact curl∇·=0, we find

curl((ρ̄+τ
)vt)−μcurlΔv−κτcurl(
∇Δ
)+τcurl((ρ̄+τ
)v∇v)= τcurl((ρ̄+τ
)fΩ) .

We multiply the above equation by curlΔv and integrate over Ω to conclude that

μ

∫
Ω

|curlΔv|2dx≤C‖∇vt‖2L2 +Cτ‖∇
‖4H1‖vt‖2L2 +Cτ‖∇
‖2H1‖ΔΔ
‖2L2

+Cτ‖∇v‖L2‖Δv‖3L2 +Cτ‖∇v‖2H1‖Δv‖2L2

+Cτ‖∇
‖2H1‖∇v‖2L2‖Δv‖2L2 +Cτ‖∇
‖2H1‖fΩ‖2L3 +Cτ‖∇fΩ‖2L2 .
(3.54)

Notice that

‖∇Δv‖2L2 ≤C
(‖divΔv‖2L2 +‖curlΔv‖2L2

)
.

Combining (3.49) and (3.53)–(3.54) yields

1

2

d

dt

∫
Ω

(
D(ρ̄+τ
)v2t +

DP ′(ρ̄)
ρ̄


2t +Dκ|∇
t|2+ ρ̄|∇divv|2+ P ′(ρ̄)
ρ̄

|Δ
|2

+κ|∇Δ
|2
)
dx+

μ

4
D

∫
Ω

|∇vt|2dx+ μ̃

2
D

∫
Ω

|divvt|2dx+ μ̃

∫
Ω

|Δdivv|2dx

+μ

∫
Ω

|curlΔv|2dx+εD

∫
Ω

(
P ′(ρ̄)
ρ̄

|∇
t|2+κ|Δ
t|2
)
dx

+ε

∫
Ω

(
P ′(ρ̄)
ρ̄

|∇Δ
|2+κ|ΔΔ
|2
)
dx
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≤Cτ‖
t‖2L2‖∇
‖2H1 +Cτ‖
t‖4L2‖vt‖2L2 +Cτ‖vt‖2L2‖∇v‖2H1

+Cτ‖
t‖2H1‖∇Δ
‖2L2 +Cτ‖
t‖2L2‖∇v‖2L2‖∇v‖2H1 +Cτ‖vt‖2H1‖∇v‖2H1

+Cτ‖∇
‖2H1‖∇v‖2L2‖Δv‖2L2 +Cτ‖∇
‖2H1‖∇vt‖2L2 +Cτ‖∇v‖2H1‖Δv‖2L2

+Cτ‖∇
‖4H1‖vt‖2L2 +Cτ‖∇Δ
‖2H1‖∇v‖2H1 +Cτ‖∇
‖2H1‖ΔΔ
‖2L2

+Cη1τ‖
t‖4H1 +Cη1τ‖∇
‖4H1 +Cη1τ‖∇Δ
‖2L2‖ΔΔ
‖2L2

+η1‖∇v‖2H1 +η2‖vt‖2L2 +Cη2
τ‖fΩt‖2L2 +Cτ‖fΩ‖4L3 +Cτ‖∇fΩ‖2L2 , (3.55)

provided D>0 is chosen to be suitably large. Hence, (3.45) holds.

Lemma 3.8. Under the assumptions in Lemma 3.4, it holds that∫
Ω


2tdx+ε
d

dt

∫
Ω

|∇
|2dx

≤C‖divv‖2L2 +Cτ‖∇
‖2L2‖∇v‖2H1 +Cτ‖∇
‖2H1‖∇v‖2L2 , (3.56)

∫
Ω

|∇
t|2dx+ε
d

dt

∫
Ω

|Δ
|2dx≤C‖∇divv‖2L2 +Cτ‖∇
‖2H1‖∇v‖2H1 , (3.57)

∫
Ω

|Δ
t|2dx+ε
d

dt

∫
Ω

|∇Δ
|2dx

≤C‖Δdivv‖2L2 +Cτ‖∇
‖2H1‖Δdivv‖2L2 +Cτ‖∇Δ
‖2L2‖∇v‖2H1 , (3.58)

∫
Ω

(|∇
|2+ |Δ
|2)dx≤C (‖vt‖2L2 +‖Δv‖2L2 +‖∇divv‖2L2

)
+Cτ‖∇
‖2H1‖∇Δ
‖2L2

+Cτ‖∇v‖2H1‖∇v‖2L2 +Cτ‖fΩ‖2L2 , (3.59)

∫
Ω

(|∇Δ
|2+ |ΔΔ
|2)dx≤C (‖∇vt‖2L2 +‖Δdivv‖2L2

)
+Cτ‖∇
‖2H1‖∇vt‖2L2

+Cτ‖∇v‖2H1‖Δv‖2L2 +Cτ‖∇
‖2H1‖ΔΔ
‖2L2

+Cτ‖∇2
‖2L2‖∇v‖2L2‖Δv‖2L2 +Cτ‖∇
‖2H1‖Δ
‖2L2

+Cτ‖∇2
‖2L2‖fΩ‖2L3 +Cτ‖divfΩ‖2L2 , (3.60)

where C is a constant independent of L and ε.

Proof. Firstly, multiply (3.31)1 by 
t and Δ
t, respectively, and then integrate
over Ω to find that∫

Ω


2tdx+
ε

2

d

dt

∫
Ω

|∇
|2dx=−ρ̄
∫
Ω


tdivvdx−τ

∫
Ω

div(
v)
tdx

≤1

2

∫
Ω


2tdx+C‖divv‖2L2 +Cτ‖∇
‖2L2‖∇v‖2H1 +Cτ‖∇
‖2H1‖∇v‖2L2 ,
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Ω

|∇
t|2dx+ ε

2

d

dt

∫
Ω

|Δ
|2dx=−ρ̄
∫
Ω

∇
t∇divvdx−τ

∫
Ω

∇div(
v)∇
tdx

≤1

2

∫
Ω

|∇
t|2dx+C‖∇divv‖2L2 +Cτ‖∇
‖2H1‖∇v‖2H1 .

These imply (3.56) and (3.57).
Similarly, applying Δ to (3.31)1 and taking the L2 inner product with Δ
t on the

resulting identity, we have∫
Ω

|Δ
t|2dx+ ε

2

d

dt

∫
Ω

|∇Δ
|2dx=−ρ̄
∫
Ω

Δ
tΔdivvdx−τ

∫
Ω

Δdiv(
v)Δ
tdx

≤1

2

∫
Ω

|Δ
t|2dx+C‖Δdivv‖2L2 +Cτ‖∇
‖2H1‖Δdivv‖2L2 +Cτ‖∇Δ
‖2L2‖∇v‖2H1 .

This in turn gives (3.58).
Next, we multiply (3.31)2 by ∇
 and integrate over Ω to obtain∫

Ω

P ′(ρ̄+τ
)|∇
|2dx+κρ̄

∫
Ω

|Δ
|2dx

=−
∫
Ω

(ρ̄+τ
)vt∇
dx+μ

∫
Ω

Δv∇
dx+ μ̃

∫
Ω

∇divv∇
dx

+κτ

∫
Ω


∇Δ
∇
dx−τ

∫
Ω

(ρ̄+τ
)v∇v∇
dx+τ

∫
Ω

(ρ̄+τ
)fΩ∇
dx

≤1

2
P ′(ρ̄+τ
)

∫
Ω

|∇
|2dx+C
(‖vt‖2L2 +‖Δv‖2L2 +‖∇divv‖2L2

)
+Cτ‖∇
‖2H1‖∇Δ
‖2L2 +Cτ‖∇v‖2H1‖∇v‖2L2 +Cτ‖fΩ‖2L2 ,

which implies (3.59).
Finally, we apply Δ to (3.31)2 and take the L2 inner product with ∇Δ
 on the

resulting equation to arrive at∫
Ω

P ′(ρ̄+τ
)|∇Δ
|2dx+κρ̄

∫
Ω

|ΔΔ
|2dx

=τ

∫
Ω

∇
vtΔΔ
dx+

∫
Ω

(ρ̄+τ
)divvtΔΔ
dx−(μ+ μ̃)

∫
Ω

ΔdivvΔΔ
dx

+τ

∫
Ω

P ′′(ρ̄+τ
)|∇
|2ΔΔ
dx−τ

∫
Ω

P ′′(ρ̄+τ
)∇
Δ
∇Δ
dx−κτ

∫
Ω


|ΔΔ
|2dx

−κτ

∫
Ω

∇
∇Δ
ΔΔ
dx+τ2
∫
Ω

∇
 ·v∇vΔΔ
dx+τ

∫
Ω

(ρ̄+τ
)|∇v|2ΔΔ
dx

+τ

∫
Ω

(ρ̄+τ
)vΔvΔΔ
dx−τ2
∫
Ω

∇
fΩΔΔ
dx−τ

∫
Ω

(ρ̄+τ
)divfΩΔΔ
dx

≤κρ̄

2

∫
Ω

|ΔΔ
|2dx+C
(‖∇vt‖2L2 +‖Δdivv‖2L2

)
+Cτ‖∇
‖2H1‖∇vt‖2L2

+Cτ‖∇v‖2H1‖Δv‖2L2 +Cτ‖∇
‖2H1‖ΔΔ
‖2L2 +Cτ‖∇2
‖2L2‖∇v‖2L2‖Δv‖2L2

+Cτ‖∇
‖2H1‖Δ
‖2L2 +Cτ‖∇2
‖2L2‖fΩ‖2L3 +Cτ‖divfΩ‖2L2 ,

which leads to (3.60).
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Lemma 3.9. Under the assumptions in Lemma 3.4, it holds that

1

2

d

dt

∫
Ω

(
D̃D̄ρ̄|∇divv|2+D̃D̄

P ′(ρ̄)
ρ̄

|Δ
|2+D̃D̄κ|∇Δ
|2+μ|Δv|2+ μ̃|∇divv|2

+2P ′(ρ̄)Δ
divv+2κρ̄∇Δ
Δv
)
dx++D̃ε

d

dt

∫
Ω

(|∇
|2+ |∇Δ
|2)dx
+

ρ̄

2

∫
Ω

|∇vt|2dx+D̃

∫
Ω

(

2t + |Δ
t|2

)
dx+D̃D̄

∫
Ω

μ̃|Δdivv|2dx

+D̃D̄ε

∫
Ω

(
P ′(ρ̄)
ρ̄

|∇Δ
|2+κ|ΔΔ
|2
)
dx

≤C‖divv‖2L2 +Cτ‖Δ
‖2L2‖∇v‖H2 +Cτ‖∇
‖2H1‖Δdivv‖2L2 +Cτ‖∇Δ
‖2L2‖∇v‖2H1

+Cτ‖∇Δ
‖L2‖ΔΔ
‖L2‖∇v‖H1 +Cτ‖Δ
‖4L2‖vt‖2L2 +Cτ‖∇
‖2H1‖∇v‖2L2‖Δv‖2L2

+Cτ‖∇
‖2H1‖ΔΔ
‖2L2 +Cτ‖∇
‖2H1‖Δ
‖2L2 +Cτ‖∇
‖2H1‖∇vt‖2L2

+Cτ‖∇v‖2H1‖Δv‖2L2 +Cτ‖∇
‖2H1‖∇v‖2H1 +Cτ‖∇
‖2H1‖fΩ‖2L3 +Cτ‖∇fΩ‖2L2 ,
(3.61)

where C, D̃, and D̄ are constants independent of L and ε, and D̃, D̄ can be chosen to
be appropriately large.

Proof. Multiply (3.31)2 by Δvt to find that∫
Ω

(ρ̄+τ
)|∇vt|2dx+ 1

2

d

dt

∫
Ω

(
μ|Δv|2+ μ̃|∇divv|2)dx

+P ′(ρ̄)
d

dt

∫
Ω

Δ
divvdx+κρ̄
d

dt

∫
Ω

∇Δ
Δvdx

=−τ

∫
Ω

∇
vt∇vtdx−τ

∫
Ω

P ′′(ρ̄+τ
)|∇
|2divvtdx+P ′(ρ̄)
∫
Ω


tΔdivvdx

−
∫
Ω

(P ′(ρ̄+τ
)−P ′(ρ̄))Δ
divvtdx+κτ

∫
Ω

∇
∇Δ
divvtdx+κτ

∫
Ω


ΔΔ
divvtdx

−κρ̄

∫
Ω

Δ
tΔdivvdx−τ

∫
Ω

∇((ρ̄+τ
)v∇v)∇vtdx+τ

∫
Ω

∇((ρ̄+τ
)fΩ)∇vtdx

≤ ρ̄

4
‖∇vt‖2L2 +C‖
t‖L2‖Δdivv‖L2 +C‖Δ
t‖L2‖Δdivv‖L2 +Cτ‖Δ
‖4L2‖vt‖2L2

+Cτ‖∇
‖2H1‖Δ
‖2L2 +Cτ‖∇
‖2H1‖ΔΔ
‖2L2 +Cτ‖∇
‖2H1‖∇v‖2L2‖Δv‖2L2

+Cτ‖∇v‖2H1‖Δv‖2L2 +Cτ‖∇
‖2H1‖fΩ‖2L3 +Cτ‖∇fΩ‖2L2 ,

Together with (3.53), (3.56), and (3.58), by choosing D̃ and D̄ suitably large. We get
(3.61).

3.3. Proof of Proposition 2.1. Note that solving problem (2.2) is equivalent
to solving the equation

U−H(U,1)=0, U =(
,v)∈XΩ.

To this end, we apply the topological degree theory. The proof is divided into two steps.
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Step 1. Throughout this step, in order to apply topological degree theory, we have to
show that there exists �0>0 such that

(I−H(·,τ))(∂B�0(0)) �=0, for any τ ∈ [0,1], (3.62)

where B�0(0) is the ball of radius �0 centered at the origin in XΩ.
For suitably large D̂ and D∗, consider D̂D∗×(3.32)+D∗(3.37)+D̂D∗×(3.41)+

D∗×(3.45)+D∗×(3.56)+(3.57)+(3.58)+(3.59)+(3.60), we integrate it from 0 to T
to deduce that

D̂D∗

4

∫ T

0

∫
Ω

(
μ|∇v|2+ μ̃|divv|2+μ|Δv|2+ μ̃|∇divv|2)dxdt

+
ρ̄D∗

4

∫ T

0

∫
Ω

vtdxdt+
DD∗

4

∫ T

0

∫
Ω

(
μ|∇vt|2+2μ̃|divvt|2

)
dxdt

+D∗
∫ T

0

∫
Ω

(
μ̃|Δdivv|2+μ|curlΔv|2

)
dxdt+

∫ T

0

∫
Ω

(
D∗
2t + |∇
t|2+ |Δ
t|2

)
dxdt

+

∫ T

0

∫
Ω

(
|∇
|2+ |Δ
|2+ |∇Δ
|2+ |ΔΔ
|2

)
dxdt+εDD∗

∫ T

0

∫
Ω

(P ′(ρ̄)
ρ̄

|∇
t|2

+κ|Δ
t|2
)
dxdt+εD∗

∫ T

0

∫
Ω

(
P ′(ρ̄)
ρ̄

|∇Δ
|2+κ|ΔΔ
|2
)
dxdt

≤Cτ sup
0<t<T

{‖∇
‖2H1 +‖∇v‖2H1

}∫ T

0

(‖vt‖2H1 +‖∇v‖2H1

)
dt

+Cτ sup
0<t<T

{‖∇
‖4H1

}∫ T

0

‖∇v‖2L2dt+Cτ sup
0<t<T

{‖
t‖4L2 +‖Δ
‖2H1

}∫ T

0

‖vt‖2L2dt

+Cτ sup
0<t<T

{‖∇
‖2H1 +‖∇v‖4H1

}∫ T

0

‖
t‖2L2dt+Cτ sup
0<t<T

{‖∇
‖2H2

}∫ T

0

‖∇
‖2H3dt

+Cτ sup
0<t<T

{‖∇
‖2H1

}∫ T

0

‖Δdivv‖2L2dt+Cτ sup
0<t<T

{‖∇
‖4H1

}∫ T

0

‖vt‖2L2dt

+Cτ sup
0<t<T

{‖
t‖2H1

}∫ T

0

‖
t‖2H1dt+Cτ sup
0<t<T

{‖∇v‖2H1 +‖∇v‖4H1

}∫ T

0

‖∇
‖2H1dt

+Cτ sup
0<t<T

{‖∇v‖2H1 +‖
t‖2H1

}∫ T

0

‖∇Δ
‖2H1dt+Cτ

∫ T

0

‖fΩt‖2L2dt

+Cτ

∫ T

0

‖fΩ‖2
L

6
5
dt+Cτ

∫ T

0

‖fΩ‖4L3dt+Cτ

∫ T

0

‖fΩ‖2H1dt

≤C1τ�
4
0+C2τ�

6
0+C3τ

(∫ T

0

(
‖fΩ‖2

L
6
5
+‖fΩ‖4H1

)
dt+‖fΩ‖2W 1,1

2

)
. (3.63)

Then there exits t∗∈ (0,T ) such that∫
Ω

(
v2t + |∇vt|2+ |divvt|2+
2t + |∇
t|2+ |Δ
t|2

)
(x,t∗)dx

+

∫
Ω

(|∇v|2+ |divv|2+ |Δv|2+ |∇divv|2+ |Δdivv|2+ |curlΔv|2)(x,t∗)dx
+

∫
Ω

(|∇
|2+ |Δ
|2+ |∇Δ
|2+ |ΔΔ
|2)(x,t∗)dx



730 TIME PERIODIC SOLUTIONS TO THE 3D COMPRESSIBLE NSK

+ε

∫
Ω

(|∇
t|2+ |Δ
t|2+ |∇Δ
|2+ |ΔΔ
|2)(x,t∗)dx
≤C̃1τ�

4
0+ C̃2τ�

6
0+ C̃3τ

(∫ T

0

(
‖fΩ‖2

L
6
5
+‖fΩ‖4H1

)
dt+‖fΩ‖2W 1,1

2

)
.

Adding up (3.41), (3.49), and (3.61) yields

d

dt

∫
Ω

(
ρ̄|∇v|2+ P ′(ρ̄)

ρ̄
|∇
|2+κ|Δ
|2+(ρ̄+τ
)v2t +

P ′(ρ̄)
ρ̄


2t +κ|∇
t|2
)
dx

+
d

dt

∫
Ω

(
D̃D̄

(
ρ̄|∇divv|2+ P ′(ρ̄)

ρ̄
|Δ
|2+κ|∇Δ
|2

)
+μ|Δv|2+ μ̃|∇divv|2

)
dx

+
d

dt

∫
Ω

(2P ′(ρ̄)Δ
divv+2κρ̄∇Δ
Δv)dx+D̃ε
d

dt

∫
Ω

(|∇
|2+ |∇Δ
|2)dx
≤C (‖∇v‖2H1 +‖vt‖2L2

)
+Cτ‖
t‖2H1‖divv‖H2 +Cτ‖Δ
‖2L2‖∇v‖H2 +Cτ‖∇
‖4H2

+Cτ‖∇v‖4H1 +Cτ‖
t‖4H1 +Cτ‖vt‖4L2 +Cτ‖
t‖4L2‖vt‖2L2 +Cτ‖
t‖2L2‖∇v‖4H1

+Cτ‖∇
‖2H1‖∇v‖4H1 +Cτ‖∇
‖2H1‖∇vt‖2L2 +Cτ‖∇Δ
‖2L2‖ΔΔ
‖2L2

+Cτ‖∇
‖2H1‖ΔΔ
‖2L2 +Cτ‖Δ
‖4L2‖vt‖2L2 +Cτ‖∇
‖2H1‖Δdivv‖2L2

+Cτ‖fΩ‖2H1 ++Cτ‖fΩt‖2L2 +Cτ‖fΩ‖4H1 . (3.64)

Notice that ∫
Ω

2P ′(ρ̄)Δ
divvdx≤ ρ̄

2

∫
Ω

|∇v|2dx+ D̃D̄P ′(ρ̄)
4ρ̄

∫
Ω

|Δ
|2dx, (3.65)

∫
Ω

2κρ̄∇Δ
Δvdx≤ ρ̄

∫
Ω

|∇divv|2dx+ D̃D̄P ′(ρ̄)
4ρ̄

∫
Ω

|Δ
|2dx, (3.66)

when D̃ and D̄ are appropriately large. Integrating (3.64) from t∗ to t for any t∗<t<
t∗+T gives

sup
0<t<T

∫
Ω

(|∇v|2+ |∇
|2+ |Δ
|2+v2t +
2t + |∇
t|2

+ |∇divv|2+ |∇Δ
|2+ |Δv|2)(x,t)dx
≤
∫
Ω

(|∇v|2+ |∇
|2+ |Δ
|2+v2t +
2t + |∇
t|2+ |∇divv|2+ |∇Δ
|2+ |Δv|2)(x,t∗)dx
+C

∫ T

0

(‖∇v‖2H1 +‖vt‖2L2 +‖
t‖2H1 +‖Δ
‖2L2

)
dt+Cτ sup

0<t<T

{‖vt‖2L2

}∫ T

0

‖vt‖2L2dt

+Cτ sup
0<t<T

{‖Δ
‖2L2

}∫ T

0

‖∇v‖2H2dt+Cτ sup
0<t<T

{‖∇
‖2H2

}∫ T

0

‖ΔΔ
‖2L2dt

+Cτ sup
0<t<T

{‖∇v‖2H1

}∫ T

0

‖∇v‖2H1dt+Cτ sup
0<t<T

{‖∇
‖2H2

}∫ T

0

‖∇
‖2H2dt

+Cτ sup
0<t<T

{‖∇v‖4H1

}∫ T

0

(‖∇
‖2H1 +‖
t‖2L2

)
dt+Cτ sup

0<t<T

{‖
t‖4L2

}∫ T

0

‖vt‖2L2dt

+Cτ sup
0<t<T

{‖
t‖2H1

}∫ T

0

(‖
t‖2H1 +‖∇v‖2H2

)
dt+Cτ sup

0<t<T

{‖∇
‖4L2

}∫ T

0

‖vt‖2L2dt
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+Cτ sup
0<t<T

{‖∇
‖2H1

}∫ T

0

(‖Δdivv‖2L2 +‖∇vt‖2L2

)
dt

+Cτ‖fΩ‖2W 1,1
2

+Cτ

∫ T

0

‖fΩ‖4H1dt

≤C4τ�
4
0+C5τ�

6
0+C6τ

(∫ T

0

‖fΩ‖4H1dt+‖fΩ‖2W 1,1
2

)
. (3.67)

In view of (3.63) and (3.67), it is easy to get

sup
0<t<T

∫
Ω

(|∇v|2+ |∇
|2+ |Δ
|2+v2t +
2t + |∇
t|2

+ |∇divv|2+ |∇Δ
|2+ |Δv|2)(x,t)dx
+

∫ T

0

∫
Ω

(
v2t + |∇vt|2+ |divvt|2+
2t + |∇
t|2+ |Δ
t|2

)
(x,t)dxdt

+

∫ T

0

∫
Ω

(|∇v|2+ |divv|2+ |Δv|2+ |∇divv|2+ |Δdivv|2+ |curlΔv|2)(x,t)dxdt
+

∫ T

0

∫
Ω

(|∇
|2+ |Δ
|2+ |∇Δ
|2+ |ΔΔ
|2)(x,t)dxdt
+ε

∫ T

0

∫
Ω

(|∇
t|2+ |Δ
t|2+ |∇Δ
|2+ |ΔΔ
|2)(x,t)dxdt
≤Ĉ1τ�

4
0+ Ĉ2τ�

6
0+ Ĉ3τ

(∫ T

0

(
‖fΩ‖2

L
6
5
+‖fΩ‖4H1

)
dt+‖fΩ‖2W 1,1

2

)
.

Note that ‖(
,v)‖L6 ≤C‖∇(
,v)‖L2 . Then, when �0 and
∫ T

0

(
‖fΩ‖2

L
6
5
+‖fΩ‖4H1

)
dt+

‖fΩ‖2W 1,1
2

are suitably small, we eventually obtain

|||(
,v)|||2+ε

∫ T

0

(‖∇
t‖2H1 +‖∇Δ
‖2H1

)
dt

≤Ĉ1τ�
4
0+ Ĉ2τ�

6
0+ Ĉ3τ

(∫ T

0

(
‖fΩ‖2

L
6
5
+‖fΩ‖4H1

)
dt+‖fΩ‖2W 1,1

2

)
≤ 1

2
�
2
0,

which implies that (3.62) holds.

Step 2. Since H((ρ,u),0)≡0, then

deg(I−H(·,1),B�0
(0),0)=deg(I−H(·,0),B�0

(0),0)=deg(I,B�0
(0),0)=1.

Thus, by Lemma 2.5 and Lemma 3.3, we conclude that the problem (2.2) has a solution
(
,v) with |||(
,v)|||≤�0. This finishes the proof of Proposition 2.1.

4. Existence in R
3

This last section is devoted to proving Theorem 1.1 by passing to the limit in the
regularized problem (2.2).

Proof. (Proof of Theorem 1.1.) Let (
Ω,vΩ) be the time periodic solution con-
structed in previous section. Due to t-anisotropic Sobolev imbedding theorem (cf. The-
orem 1.4.1 in [25]), we have 
Ω,vΩ∈Cα,α/2(Q̄T ) and

[
Ω,vΩ]α,α/2≤C�0.
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Note that �0 is independent of L and ε. Let ε→0, and then let L→∞, for any fixed
ΩL=(−L,L). There exists a subsequence {(
n,vn)}∞n=1 and (
,v)∈XΩL

�0
such that

(
n,vn)→ (
,v), uniformly in ΩL;

(
n,vn)→ (
,v), strongly in L2(0,T ;L6(ΩL));

(∇
n,∇vn)→ (∇
,∇v), weakly-∗ in
(
L∞(0,T ;H2(ΩL)),L

∞(0,T ;H1(ΩL))
)
;

(
nt,vnt)→ (
t,vt), weakly-∗ in
(
L∞(0,T ;H1(ΩL)),L

∞(0,T ;L2(ΩL))
)
;

(∇
n,∇vn)→ (∇
,∇v), weakly in
(
L2(0,T ;H3(ΩL)),L

2(0,T ;H2(ΩL))
)
;

(
nt,vnt)→ (
t,vt), weakly in
(
L2(0,T ;H2(ΩL)),L

2(0,T ;H1(ΩL))
)
.

Furthermore, coming back to (3.64)–(3.66), for any small constant ξ, we have

∫ T

0

∣∣∣∫
Ω

(|∇v|2+ |∇
|2+ |Δ
|2+v2t +
2t + |∇
t|2+ |∇divv|2+ |∇Δ
|2

+ |Δv|2)(x,t+ξ)dx−
∫
Ω

(|∇v|2+ |∇
|2+ |Δ
|2+v2t +
2t + |∇
t|2

+ |∇divv|2+ |∇Δ
|2+ |Δv|2)(x,t)dx∣∣∣dt≤C|ξ|,

where C is independent of L. Therefore, we conclude that

(
nt,vnt)→ (
t,vt), strongly in L2(0,T ;L2(ΩL));

(∇
n,∇vn)→ (∇
,∇v), strongly in
(
L2(0,T ;H2(ΩL)),L

2(0,T ;H1(ΩL))
)
.

Hence, taking a sequence Ln with Ln→+∞ as n→∞, let {(
kn,vkn)} be the conver-
gent function sequence in ΩLk

given in the above sense. And let {(
k+1
n ,vk+1

n )} be a
subsequence of {(
kn,vkn)}, which converges in ΩLk+1

(k=1,2, . . . ,n,...). We repeat the
argument as follows:

(
11,v
1
1) (
12,v

1
2) · · · (
1n,v

1
n) converges in ΩL1

(
21,v
2
1) (
22,v

2
2) · · · (
2n,v

2
n) converges in ΩL2

· · · · · · · · · · · · · · · · · · · · · · · · · · · · · · · · · · · · · · · · · · · · · · · · · · · · · ·
(
n1 ,v

n
1 ) (
n2 ,v

n
2 ) · · · (
nn,v

n
n) converges in ΩLn

· · · · · · · · · · · · · · · · · · · · · · · · · · · · · · · · · · · · · · · · · · · · · · · · · · · · · ·

We obtain a Cantor diagonal subsequence {(
nn,vnn)}, which converges to (
,v) in ΩL for
any L>0. Since L>0 is arbitrary, we see that the limit function (
,v)∈X�0

is indeed
a time periodic solution of (2.1) in R

3. The proof of the theorem is thus completed.
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