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TIME PERIODIC SOLUTIONS TO THE 3D COMPRESSIBLE FLUID
MODELS OF KORTEWEG TYPE*

ZHONG TANT AND QIUJU XU*

Abstract. This paper is concerned with time periodic solutions to the three-dimensional compress-
ible fluid models of Korteweg type under some smallness and structure conditions on a time periodic
force. The proof is based on a regularized approximation scheme and the topological degree theory for
time periodic solutions in a bounded domain. Furthermore, via a limiting process, the existence results
can be obtained in the whole space.
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1. Introduction

In this paper, we investigate the existence of time periodic solutions to the follow-
ing three-dimensional compressible fluid model of Korteweg type, which describes the
motion of a general barotropic compressible viscous capillary fluid:

pe+div(pu) =0, (1.1)

(pu)s+div(pu@u) — pAu—pVdivu+ VP(p) —kpVAp=pf(x,t). '
Here, p>0, u=(uy,us,u3) € R denote the density and the velocity, respectively; the
pressure P for isentropic flows is given by P(p)=p?, with v> 1 being the specific heat
ratio. Furthermore, the viscosity coefficients p and fi satisfy the usual physical condi-
tions p >0, 1= pu+ A\, where A+ %u >0 and the constant x>0 is the Weber number and
stands for the capillary coefficient. In addition, f(z,t) is a given external time periodic
force with a period T >0 satisfying f(—x,t)=—f(x,t).

Indeed, this system is known as the compressible Navier—Stokes—Korteweg (NSK)
system (see the pioneering work of Dunn and Serrin [9] and also [1, 5]). So far, there are
not many efforts made on the isentropic or non-isentropic compressible Navier—Stokes—
Korteweg system, due to the difficulties induced by the nonlinearity and the dispersion
coming from the capillary tensor. More precisely, Hattori and Li [13, 14, 15] proved
the local existence and the global existence of strong/smooth solutions in Sobolev space
for the small initial data. Recently, In [24, 22], the authors established the optimal
decay rates of global smooth solutions on the isentropic case, and the non-isentropic
case was discussed by Zhang and Tan [26]. Bresch, Desjardins, and Lin [2] considered
the global existence of weak solutions in a periodic box or in strip domain provided
the viscosity p(p)=Cp with C' >0 and A\(p) =0, and Haspot improved their results in
[12] in dimension one or two. When the external force, the given mass source, and/or
the energy source were taken into consideration, Danchin and Desjardins [8] studied
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the existence of suitably smooth solutions in critical Besov space, Li [19] discussed the
global existence and optimal L?-decay rates of smooth solutions, the local existence
of strong solutions was proven in [18], and the stationary solutions were investigated
by Chen and Zhao [7] focusing on the non-isentropic case. For the problem of time
periodic solutions, it seems to be discussed for the isentropic [6] and non-isentropic [4]
compressible fluid models of Korteweg type only when the space dimension N >5. And,
under the same conditions as [4, 6], time periodic solutions to the compressible NSK
system with friction were obtained in R? by [3]. To the best of our knowledge, however,
there are no results available on time periodic solutions of the problem (1.1) when the
dimension N <4.

We note that, when k=0, the system (1.1) becomes the compressible Navier—Stokes
(NS) equations. The question of the existence of time periodic solutions to NS equations
is largely settled. For the problem in a bounded domain, we can see [23, 20, 10, 11, 16]
and the references therein. On the other hand, for the problem in an unbounded domain,
we first mention the work by Ma, Ukai, and Yang [21]. The authors exploited linear
decay analysis and the contraction mapping theorem to get time periodic solutions when
the space dimension N >5. Recently, Jin and Yang [17] applied the topological degree
theory to improve their results in three-dimensional space.

The aim of this paper, inspired by the work [17], is to improve the existence result
of [6], namely, we shall solve the existence of time periodic solutions to the problem
(1.1) around a constant state (5,0) in R3. In fact, compared to the work [17], we need
to obtain the uniform estimates for higher-order quantities of the density and velocity,
which guarantees that (3.62) holds.

Before stating our main result, we explain the notations and conventions used
throughout this paper. Let us start by denoting Qr=x(0,7) and defining t-
anisotropic Sobolev spaces

W (Qr) = {u; D*u, Dju€ LP(Qr), for any |o| <m, 8| <k}

with the norm

lullyrtgm= S 1D%ulzoion + 32 108 ullioam-
[a]<m [BI<k

For 0<a <1, we denote by C**/2(Qr) the set of all functions on Q7 such that the
semi-norm
u(z,t) —uly,s
p DEDZ0
(@,6)#(y,5) ([T —y[P+ [t —5])

[u]a,a/Q =

endowed with the norm

|u|a,a/2 = [u]a,a/2+ HU||L°°

Moreover, deg(-,-,-) stands for the Leray-Schauder degree.
Precisely, define the solution space in a bounded domain 2 and the whole space R?
by

(p,u) € L>(0,T;L5(12)) satisfies (a),(b),(c);
pr € L>(0, T H' ()N L2(0, T3 H?());
X2={ (pu)(z,t)|  u € L°(0,T;L*(Q))NL*(0,T; H (Q))
Vpe L®(0,T; H2(Q))NL2(0,T; H3(Q
Vue L=(0,T; H(Q)) N L2(0,T; H2(Q

) bl

i

)
))-
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(p,u) € L>=(0,T; L5 (R?)) satisfies (c);
py € L(0,T5 HY(R®)) N L2(0,T; H2(R?))
X =4 (pu)(@,t)| ure L(0,T; L2(R?)) N L2(0,T; H' (R*))
Vpe L>®(0,T; H*(R3))NL2(0,T; H3(R?));
Vue L(0,T; H' (R?) N L2(0,T; H2(R?))

)
)

respectively. Here, the conditions (a), (b), (¢) can be presented by the following:

(a) (p,u) is time periodic function with periodic boundary condition.

(b) Jopdz=0.
(C) p(x,t)zp(—x,t), u(xat):_u(_xat)'
The norm |||+ ||| in X and X is given by

()l = sup_ {ll(p,u)[[ 26 +1I(pes Vor,ue) |22+ [V ol 72 + [ Vel B }
0<t<T
T
+/0 (el Zrz +lluell 2 + Vol + 1 Vullz2) dt.
For some positive constant A, set
Xt ={(pyu) € X% |l[(p,u)ll| <R}

Our existence result of time periodic solutions for (1.1) is the following.

THEOREM 1.1. Let the time periodic force f(x,t)€ L2(0,T; L3 (R)NW, " ((0,T) x R?)
with f(—xz,t)=—f(z,t). Moreover, if

T
| (072 g 1518 )+ 1 <1

for some small constant i* >0, then problem (1.1) has a time periodic solution in Xp,
with the same period as the external force f.

To prove Theorem 1.1, we first consider the regularized problem of (1.1) in some
functional space and construct an operator which can solve the regularized problem
involving the parameter 7. Then, due to doing some energy estimates, we shall show
that the operator is completely continuous. A matter worthy of note is that the process
of parabolic regularized (that is, adding the term Ap to continuity equation) aims to
prove the compactness of the operator. Second, we derive energy estimates and apply the
topological degree theory to obtain the approximate solution for the regularized problem
(2.1) in a bounded domain. Third, making use of ¢-anisotropic Sobolev imbedding
theorem and some uniform bounds on the approximate solutions obtained, we shall
establish a limit function, which is the desired time periodic solution.

The rest of the paper is arranged as follows. We are going to reformulate the
problem in a bounded domain and give some preliminaries for later use in Section 2.
In Section 3, we will do some uniform estimates and obtain the existence result in the
bounded domain. The proof of Theorem 1.1 is given in the last section.
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2. Preliminaries
In order to simplify the forthcoming calculation, set

o=p—p, V=u.
Then we can rewrite another equivalent form of (1.1), which is
o0+ + pdive = —div(pv),

(p+o)vi+(p+o)(v-V)v—pAv—aVdive+P'(p+0) Ve (2.1)
—k(p+0)VAe=(p+o)f(z,t).

For the sake of simplicity, we restrict our attention to a particular class of spatial
domains. Specifically, we assume Q= (—L,L)3>CR? and the functions defined on Q
satisfy periodic boundary condition. Considering parabolic regularization, we regularize
problem (2.1) in €2, that is,

—eAp+ pdive = —div(pv),
(p+o)ve+ (p+0)(v-V)v—pAv—pVdivo+ P (p+0)Vo (2.2)
—k(p+0)VAe=(p+o)falx,t),

where fqo(x,t) is a time periodic function and an odd function and is periodic with the
space periodic 2L defined in the periodic domain, satisfying

fo— fin L*(0,T:L3 (R*)NWL((0,T) xR?), as L——+o0,
2 2 2 2
/ HfQHL ¢ )dt+ ||fQHW21'1((07T)XQ) SZ/ ||f|| (Rg dt""_QHf”W;vl((o,T)st)-

PROPOSITION 2.1. Let fq be as in the above and satisfy

[ (Mol + ol i+ ol <1

for some small constant i* >0. Then the problem (2.2) admits a solution (o,v) in X,?U.
Here, hg is a small constant independent of L and e.

The proof of Proposition 2.1 shall be given in next section. Next, we recall some
known elementary inequalities which will be used frequently later.

LEMMA 2.2. Assume that Qy CRY is a bounded domain and 0 is locally Lipschitz
continuous. If ulpn, =0 (or [, udx=0), then, for any 1<p<N, 1<q<p*= A][V—p

7]7}
1/q X 1/p
( / u|%zx) s0<N,p,q>|91|”q—“p( |Wda:) :
Ql Q1

In particular, if ¢=p* —— , then

. 1/p* 1/p
( [l dx) sC(N,m)( / |w|pdx) .
Ql Q1
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LEMMA 2.3. Assume that Q1 CR? is a bounded domain and 0 is locally Lipschitz
continuous. If u|pa, =0 (or fﬂludx:O), then

1/2 1/2
lull s <Clull 12 | Vull )5 < Cllul| g1,

ul| s <Ou 1/24||Vu||3/247
[ullps <Cllullf L
[ull oo <C[[Vul a1,
where C is independent of Q1. Moreover, the above inequalities also hold in R3 if
u(z) =0 as |x| — co.

REMARK 2.4. It is worth mentioning, because we shall pass the limit of the ap-
proximate solutions in last section, that the constants C' of the previous two lemmas
independent of the domain ; play an important role in uniform estimates.

Furthermore, let us state a significant property of the Leray-Schauder degree from
[25] as follows.

LEMMA 2.5. Let Q0 CR"™ be open and bounded, g:Qy —R"™ be a compact and continuous
mapping, and I be a unit mapping. Assume that p¢ (I —g)(0Q1). If p¢ (I—g)(Q),
then deg(I —g,Q1,p) =0. Thus, if deg(I — g,Q1,p) #0, (I —g)(x) =p admits at least one
solution in ;.

3. Existence in bounded domain ()

3.1. Introduction of an operator H. To prove Proposition 2.1, we first work
with the linear parabolic equations by introducing an operator

H: X5 x[0,1] = X9,
((p,u),7) = (0,0),

with A being suitably small. Here, (p,v) is the solution of the problem

0t —eAo+ pdive = Q1 (7, p,u),

P'(p
(p+7p)vr — pAv —iVdive + /Ep)(p +7p)Vo

—Ii(ﬁ-l—Tp)VAQ: Qa(T,p,u) —‘rT(ﬁ-‘er)fQ(fC,t),

(3.1)

Jo 0dz=0,
where
Q1(7,p,u) = —7div(pu),
Qu(r,pv0) = (5+7p) (P/E”) - P';TT;”)) Vo—1(5+7p)(u V).
Set
U=(00), W=(pu), QWV)=(Qu,—2), F=(0,7fa)
p+7p
and define
eA — pdiv
A=l P0G A L\ VT

p+Tp . pETp
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System (3.1) then takes the form

U=AU+Q(W)+F.

REMARK 3.1. Because %fg odx =0, it is obvious that (9+¢,v) is a solution for any
constant ¢ if (o,v) is a solution of the problem (2.2). Thus, the condition [, odz=0
seems to be necessary in order to grant the uniqueness of the solution.

After doing that, we proceed to show that the operator H is well defined.

LEMMA 3.2.  Let h suitably small. Then, for any (p,u)€ X}, 7€[0,1], the problem
(3.1) admits a unique solution (o,v) in X

Proof.  First, we consider the corresponding homogeneous linear system U, =AU
of (3.1) in ©

o0t —eAp+ pdive =0,
vy — p v— A
(p+7p) (p+7p)

with the initial value condition

o(x,0)=po(x), v(z,0)=uvo(x).

Here, oo(x) is an even function with [, 0o(x)dz=0 and vo(x) is an odd function.
Multiplying (3.2)2 by v and integrating it over 2, we have from integrating by parts
that

(3.2)

P(p
Vdive + p(p)Vg— kVAp=0,

v? A
2dt dx —|—/ |Vv\ d:c—i—/ P |divo|?dx
P’( p)
P Ja

Vovdx+k Agdivvdx

VoV pvdr + / divoVpvdz

e [

o (p+7p)? o (p+7p)?
pti

< D 19l ol ool
T(p+ i)

2
W|WPHH1HVUHL27 (3.3)

where C' is a constant independent of 2 from Lemma 2.3. In terms of the fact that
ol < C||Vpl|lgr < Ch, (3.3) implies

ld 2 /(H 2, Mo
—— [ vidx+ —|Vou|* 4+ —|divy|
2dt Jo o \3p 3/"

Multiplying (3.2); by ¢ and Ap, respectively, and integrating them over Q, we get

1d
f—/Qde—i—s/ |Vg\2d;v—ﬁ/ Vovdx =0, (3.5)

/\Vg| dw+5/ |Ao|?dx — p/ Apdivodz =0. (3.6)

P'(p
Ep) Vovdr+k | Apdivudx <O0.
P Q Q

(3.4)

th
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Putting (3.5)—(3.6) into (3.4), we arrive at
d P(p 2
—/ ( gp)g2+K|Vg|2+v2> dm—i——f/ (1| Vo> + f|divel?) da
p p 3p Ja

dt Jg

2 P'(p

+i/(O®W@2+MAMﬁdx§O (3.7)
P Ja P

Moreover, multiplying (3.2)2 by pAv+ aVdive, we integrate to get

1d

1
1% Q(/¢|Vq;|2+ﬂ|divv| )der/Qp—i- p(uAer,qulvv) dx

—(p+q)

~)/ VApVdivodz =0. (3.8)
Q

Applying V to (3.2); and then taking the L? inner product with Vo and
V Ap,respectively, on the resultant equation we obtain

2dt/ [Vol dx—i—E/ |Ag| da:—l—p/ VoVdivudz =0, (3.9)

2dt/ |Ag] dx—l—&/ |V Ap|2dx — p/ VApVdivodz =0. (3.10)

Substituting (3.9)—(3.10) into (3.8) gives

1d P'(p)
24t Jg, 52

P(p 1
+€(u+ﬂ)/ ( _(Qp)\AQF VAQ|2> dx—i—/ (pAv + aVdive)2dz =0.
a\ 7 p+7p

1 7. ~ N
(Il 4 ol G 10 P T+t ) 5 Aol )

(3.11)

From (3.7) and (3.11), by the Poincaré inequality, we have

d
7z Ulellz + ol ) +Ce(llell 2 + ol 1) <0,
Together with Gronwall’s inequality, we obtain

el +llollzr < (lleollzr=+ [lvol ) e~ = (3.12)

By Duhamel’s principle, the solution to the system (3.1) can be written in mild form as

U(t) = / =9 (QW (s)) + F(s)) ds,

— 00

(t=9)A is the solution operator to the system (3.2). Then, (3.12) implies

) ds

Hl
}ds

H

where e

el +ol < [ (et @]+ e (G2 ) 9

< [ o fiaumis) H2+H<+ fa)
1
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Since the period of W and F' is T, we have

virn)= | T T8 Qi (5)) 1 F(s) ds

— 0o

t+T
:/ﬁ e=G=TNA QW (s—T))+ F(s—T))ds

— 0o

t
= [ QU () + F()ds=U o)
Hence, (o,v) € (L*(0,T;H?(Q)),L>(0,T;H'())) is a time periodic solution of (3.1).

Next, we are going to prove the uniqueness of the time periodic solution. Let us
now assume that U; and U, are two solutions of (3.1). Then we have

(U, = Us)y =AU, — Uy).

We take change of variable by Uy —Us — U= (0,0), then U =AU, and U has the periodic
property. Then we can do exactly as what we did with (3.2) in the first half of this
proof. Thus, we easily check from (3.8)—(3.11) that

T -
~ P 9 R ~
€(u+u)/ /<_(2p)|Agl2+_|VAgg) dxdt
0 JO P P
T 1
+/ /f(ﬂzA'D"‘ﬂVdin))Qd(Edt:O.
o Jap+Tp

By by Poincaré inequality, it is easy to get g=v=0. So we have Uy =Us.
Furthermore, by the classical theory of parabolic equation, if Q1,Q2+7(p+7p)fa €
W' ((0,T) x ), then the problem (3.1) admits a unique solution (g,v) € X. Similarly,
when (p,u) € X, (0,v) is the unique solution of (3.1), which is in a sub-space of X
In addition, if (o(z,t),v(x,t)) is the periodic solution of (3.1), then (o(—x,t),
—v(—x,t)) is also the solution. By uniqueness, it follows that (o(x,t),v(z,t))=
(o(—x,t),—v(—=x,t)). This finishes the proof of Lemma 3.2. 0

Next, we shall see that the operator H is completely continuous in the following
lemma. For the sake of simplicity, set
11 P'(5) P'(5+7p)

i ) h(p): — —
p+Tp P p p+Tp

m(p)
the problem (3.1) takes the form

0t —eAp+ pdive = —7div(pu),

- pr
vp — gAv — %Vdivv—k &V@— kVAp
p p p

— () (udso -+ iV live) + h(p) Vo — (- F)u-+ 7 (1),
Jo 0dz=0.

(3.13)

LEMMA 3.3. If h is appropriately small, then the operator H is compact and continuous.

Proof. To begin with, we prove the compactness of the operator H.
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Let (o,v) be the solution of (3.13). For 0<k<2, applying V* to (3.13),, and
multiplying resultant equation by V*v, we integrate over 2 by parts to have

2dt/|vk |*de+ = /|Vk+1v|2d:r+ /|de1vv|2d:r

—f/vkgvkdivvdx—i-m/ VFAoVFEdiveds
/Vk p)(pAv+ pVdive))V vdx—l—/Vk (p)Vp)VFuda

VF(uVu)VFodz+1 | VF foVFEude. (3.14)
Q Q

Applying V* to (3.13), and then taking the L? inner product with V¥p and V*Ap,
respectively, on the resultant equation we obtain

th/ \ng\2dx+5/ |Vk+1g|2dx+p/ VEoVFdiveda

:—T/V div(pu) V¥ odz, (3.15)
Q

th/ |VE+L |2 ders/ |VEAo|dz — p/ VEAeVFdiveds

:7/ VFdiv(pu) VF Agdz. (3.16)
Q

Combining (3.14)—(3.16) implies that, for 1 <k <2,
Ld
2dt

P
p/|de1vv| dx+e p( )/|Vk+1g| dx+e— /|VkAQ\ dx

SsLQ

Pl
( ()|v’“ ?+ Vk+1g2+|vkv|2)dx+ /|v’“+1v|2dx

9%+ 0l + 25 IV Aol + CIIV* (pu) [ +C T div(pu) 3
+C[[VE (m(p) (v -+ iVdive)) |22 + C | VE " (h(p) Vo) |2
+ OV @V |2, + O VE fal 2 +2ﬂﬁ||vk+1v||2y
<sf;’£§)||v“1@%2+s§p|vmn%ﬁ2’”;||v’€+1v||%z+c||Vp||%2||Vu|ip

+CIVplin [V olZe + ClIVallin +ClIVullin + CIIVE fallZ2, (3.17)

where we have used the fact m(p)~7p and h(p)~71p as well as Sobolev and Cauchy
inequalities. For k=0, it holds that

1d
( 0) ey VQ|2+|U|2>dx+ /|w dr

2.dt
/\dl v|2d33+5 /\VQ| dr+e— /|Ag|2d33
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P(p K
<eD DTl e Al + 4o Tollie+ Cldiv(pu) |2 + Clldiv(ou)

+C|V(m(p)0) 72 +Cllh(p)Vpll% o +ClluVul® ¢ +Cl fall? o

P'(p) K [
e IV ol[7 +6276||A@||iz +;ﬁ|\Vv|liz +C||Vpl| 22 IVullz +ClI Vol 1.

+C Vol lIdivullZ: + ClIV I3 IVolL2 + ClIVullz: + Cll fall? - (3.18)

Since ||Vpl||g: <Ch for sufficiently small i and 0 <k <2, it follows from (3.17)—(3.18)
that

d
dt

P'(p) K p

( P ¥ ol + STl 4 9%l ) + £+
Hok 2 P() k12 kA 12

HV divol|"+e—= V" el +e2 ||V Ao

SCHVPHHzHVuHHz+CHVP||H1+C||VU||H1+C\|Vk_1fsz||2p+C||f9||2Lg- (3.19)

Integrating (3.19) over [0,7] and summing up them from k=0 to 2 imply that
[
0 p*

T
<C sup (19l +19ulf) [ (9ol -+ 1Vule) e
o<t<T 0

||v9Hz+s||AgHz)dt

T T
+C [ falpdeC [l gt
0 0 >
=Y. (3.20)
Then there exists a time t* € (0,T) such that
HT (Vo) |7 +eTIVe(t) I3 <CY™.

By the Poincaré inequality, this implies that, for k=1,2,
P’( p)

IV o(t*) |22 +%||Vk“9(t*)||iz +HVFE() 2. <OY™, ¢ €(0,T).
Furthermore, integrating (3.19) from ¢* to ¢ for any ¢t € (t*,T) leads to

IVo(®) 132+ | Vu(t) 7 <CY™.
By virtue of the time periodicity, one has

IV 0(0) |72 +[[Vo(0)[| 72 <CY™.
Repeating the above argument with ¢ € (0,¢*), we obtain

IV o)z +IIVo(t) |7 <CY™,  te[0,T].

This further yields

OiltlET{” (o) (B)IZe +[IVe®)l[7 + [ Vo(®)[[ 72 } <CY™. (3.21)
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On the other hand, for k=0,1, applying V* to (3.13),, and multiplying the resultant
equation by V*v;, and integrating over €2, we have

/\v’w dx+2 515 (u|VF o) + | VEdive|?) da
P/
R

p
:/Vk(m(p)(uAv+ﬂVdivv))Vkvtder/Vk(h(p)Vp)Vkvtdm
Q Q

/ VY oVFude —k / VEVAoVF v, da
Q Q

—7'/ Vk(uVu)Vkvtdx+T/ VF faVFude. (3.22)
Q Q

Applying V¥ to (3.13), and then taking the L? inner product with V*p, and V¥Ap,,
respectively, on the resultant equation, we obtain

/|ngt| dx—l—th/ |VE+Lg)2 dx+p/ V¥ 0, VFdivude

:—T/V div(pu)V* opdz, (3.23)
Q

/|Vk+1 | dm—i—?dt/ |VEA2da — ,0/ VA, VEdivoda
:T/V div(pu)V* Agyd. (3.24)
Q
Summing up (3.22)—(3.24), we integrate from 0 to T to have
T
| Qe+l a
T T
SC/ (IVellZs +IVollZ2) dt+C sup {llellip}/ IVol|Zdt
0 0<t<T 0
T T
+C sup (HVprerHVUHpr)/ (HVPprJrIWU\@p)dHC/ [ fallfndt. (3.25)
0<t<T 0 0
Then there exists t* € (0,T) such that

lloe ()72 + llve () 1 7o

T T
<C [ (IVelf+IVolf)at+C s {190l } [ 190t
0 0<t<T 0

T T
+C sup (19l +IVallf) [ (1ol + [Vulfe)deC [ ol
o<t<T 0 0

Applying 0 to (3.13), and then taking the L? inner product with v; on the resulting

identity, we have
th/\vt|2dx+ /\Vv |2dz+C /|d1vvt\2dx

)/Qtdlvvtdﬂc—i—m/ Aopidivodr
p
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/ O (m(p)(pAv+ aVdive)) dez"—/ O (h(p)Vp)uede
77/ ﬁt(uVu)vtderT/ fai -vedx. (3.26)
Q Q

We apply 9; to (3.13); and take the L? inner product with g, and Agy, respectively, on
the resulting identity to obtain

2dt/ |0 dx—|—s/ [V ot dx+p/ gtdlvvtdx——T/ Opdiv(pu)orde, (3.27)

1d

77/ |Vgt\2dm—|—5/ |Agt|2dx—ﬁ/ Agtdivvtdxzr/ Opdiv(pu)Aorda. (3.28)
2dt Jgo ) Q Q

Substituting (3.27)-(3.28) into (3.26) and integrating from t* to ¢ for any ¢t* <t <t*+T
yield

P'(p K
s { S Nl + SV ol |
o<t<T 14 P
T T
SC(HQt(t*)H?pHHvt(t*)||2L2)+C/ 0|72t +C sup {||VU||:§11}/ [l pel| 1 dt
0 o<t<T 0
T T
+C sup {HutH%2}/ (IV ol + IVul32) dt+C sup {||Pt||§p}/ V|32 dt
o<t<T 0 o<t<T 0
T T
+C sup {HVpH?{z}/ vatH%ﬂdt-FC sup {||Vu|ﬁql}/ HVUtH%zdt
0<t<T 0 0<t<T 0
T T
+C' sup {HVP”%H}/ (HVUtH%z+Wﬂt||%2)dt+c/ | faell7-dt
0<t<T 0 0
T T
<C [ lulRaderC sw (IVul} [ (ol +1Vul)
0 0<t<T 0
T T
+C s (ol } [ I90ledt+C sup {IVplfe} [ 19l
0<t<T 0 0<t<T 0
T
+C sup {HVPH%p}/ (IVuellZ2 + 1V oell 72 + IV oll32) di
0<t<T 0
T
+C sup (||Vp||§12+||Vu||§p)/ (IVpllF + 1 Vull =) dt
0<t<T 0
T
+C sup () [ (91 + [VulBe) i+ Cllfal o (3.29)
0<t<T 0 2

In addition, integrating (3.19) and (3.26)—(3.28) from ¢ to ¢+ h and then integrating
them form 0 to T gives

T
[ (¥t 9000+ s+ a1 s+ e+ E2)
= (IVe(t) s+ IV 0Ol el + s (1)) e

T T
SC/ [v]|Z2dt+C sup {HWH%}/ (el + 1V 72) dt
0 0<t<T 0
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T T
+C swp (o} [ I1VolRdt+C sup {Vple} [ IVunlad
o<t<T 0 o<t<T 0
T
+C sup {910} [ (190l + (9l + 9010 d
o<t<T 0
T
+C sup (1ol +1ul) [ (191 +9ulBie) e+ Clfaly
o<t<T 0 2
T T
+C s (e} [ (9ol +IVulie)ar+C [ lgalga 330)
0<t<T 0 0 °

Hence, (3.20)-(3.21), (3.25), and (3.29)-(3.30) as well as the strong compactness of LP
space yield that H is a compact operator.

In the end, we show that the operator H is continuous. Assume that (pg,,u,) C X ,?,
7, €[0,1], (p,u) C X3}, 7€[0,1], and, when lim 7, =7,

n— oo

lim sup {H(Pn =yt — W) |76 + | (Pnt — PtV ont — Vpr,tine —ug) 32
n—>000<t<T

T
V00 = ol + 19 =Tl b+ [ (e = puls + s~y
0

IV pn = Vol 4+ Vs —Vu||ip)dt:o.

Let (0n,vn) =H((pn,tn),Tn), (0,v)=H((p,u),7). Then (o, — o,v, —v) is a periodic so-
lution of the following equations with periodic boundary condition:

0t — Ao+ pdivo = (1 — 7, )div(pu) — 7, div ((pr, — p)u+ pr (un — 1)),
P'(p+7p)
T

(AT + pVdive) + — Vo—rVAp

1 1 P'(5tripn) P75
:(_ o )(uAvn—i—ﬂVdivvn)—( (p+Tupn) _ f””p))wn
P+Tapn  PHTP P+ Topn p+Tp

+(T*Tn)unvun - T(Un - u)vun 77”U,V(’Uln *u) + (Tn *T)f(xvt)'

Vg — ———
p+Tp

Similar to the proof of the compactness of the operator H, we have

lim sup {II(Qn — 0,00, — V)36 + || (0nt — 04,V 0t — V01, Unt —v¢) || 3.2
N—=000<t<T

T
#1900 = Vel 10 =Tl }+ [ (lons = eulls + foms —vilr
0

[ Von— Vo2 + HVU,L—VvH%,Q)dt:O.

This implies the continuity of the operator . 1]

3.2. Uniform estimates. This subsection is devoted to giving a series of uniform
estimates. Firstly, in the case of 7=0 of (2.2), it is easy to prove H((p,u),0)=0 by the
same procedure as that used for the proof of uniqueness in Lemma 3.2 (see also Section
3 in [17]). Thus, we only need to consider the case 7€ (0,1].
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In what follows, consider the system in X

ot —eAp+ pdive = —7div(pv),

(p+70)vr —plAv—iVdive+ P'(p+70)Ve
~k(p+70)VAo+7(p+70)(v- V) ="(5+70) fa(w,t),

Jq0dz=0.

We shall get Lemma 3.4-3.9 in the following by the elaborate calculation.
LEMMA 3.4. Let 7€(0,1], |o| < 2. If (o,v) is a solution of (3.31), then it holds that

(3.31)

vd ([, ., 2 ) ,
o = _p
57 ((/H—Tg)v +72(W—1) (p+T10)+ K| Vol )da:
—i—ﬁ P”(ﬁ+Tg)|Vg\2dx+/sa/\Ag|2dx+/ (1| Vo?+ fldive]?) do
Q Q
<Cre||Voll7: | Av]| L2 + Crllfall? o (3.32)

where C' is a constant independent of L and ¢.

Proof.  Multiplying (3.31), by v and integrating over €2, we have with the periodic
boundary condition

1 d
7/(ﬁ+79)—02dm+/ (,u|Vv|2—|—/l\divv|2)dm+/P’(ﬁ—i—Tg)VQ-vd;v
2/ dt Q Q

fi/ﬁdiv[(ﬁ—&-Tg)v]Agdx—F/

T(ﬁ+TQ)UVU~Ud$U:/T(ﬁ‘i‘TQ)fQde- (3.33)
Q Q

From (3.31),, we arrive at
/Qdiv[(ﬁ—i—Tg)v]Agdx:/QTV@vAgdx—f—/ﬂ(ﬁ—%-Tg)divagdx
:/Q(ﬁdivv—i-TdiV(gv))Agdx
/( o1 +eAp)Apdx

th/ |Vg|2d:z:+€/ |Ap|?dx (3.34)

and

2
/T(ﬁJrTg)vVvovd:c / T(p+To)V- V(v )dx
Q
/ —Vov-vide— / (p+To)dive-vidx

:/ —01v dx—/ —Agv dx. (3.35)
Q2 Q 2

We multiply (3.31); by P'(p+7p) to get

Tdt/P p—l—Tg)dx—l—ET/ P"(p+70)|Vo|*dx
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:Tp/QP”(ﬁ—FTQ)V@vdz—|—7'2/QP"([)—|—7'Q)VQ~gvd:z:
:7'/9(,5+7'Q)P”(ﬁ+79)vé)'vd$
:nglXéP%ﬁ+T@ng¢u

Inserting (3.34)—(3.36) into (3.33) yields
Ld
24dt J,,
—I-L/P”(ﬁ—‘rTQ)‘VQFdJJ—‘rHE/ |Ao*dz

T—1Jq Q

:—TE/VQ'UVvdJJ-‘rT/(ﬁ-FTQ)fQUdQZ‘
Q Q

< 1)
“2(y—1)

[ P/(p+ro)VoP o+ Crelulio Vel + Crlfal g ol
Q

<« &
“2(y-1)

[ P/(p+ro)VoPda+ Cre| Vol Avlza + Crlfall g +5 V0l
; ;

719

(3.36)

2
(070 o2y P o)+ VR ) dot [ (7ol 4 ldivol?) o
- Q

Here, we have used Lemma 2.3 and Holder and Young’s inequalities. Therefore, (3.32)

holds obviously.

LEMMA 3.5.  Under the assumptions in Lemma 8.4, it holds that

1d
/Q(ﬁ—i-Tg)thdx—i—g% Q(,u|Vv|2—|—ﬂ\divv|2)clac

d 1
- — (7P(ﬁ+TQ)diVU+I€ﬁVQVdiVU)diL‘
dt QT
<C|Vollin +e2| Acllip +CrlIVel3pn [VullZ: + CTl[ Vel [V AcllZ
+CTl|A]|Z: [ Vdivol|72 + CTl[ V0|2 [ Vol 2 + Ol fal 72,
where C' is a constant independent of L and €.

Proof. Multiplying (3.31), by v, and integrating over 2, we have

1d 1
/(ﬁ—i—Tg)vfdx—i—f— (M|Vv|2+ﬁ|divv\2)dx—/ —P(p+7o)divude
O 2dt Q oT

—Ii/(ﬁ—‘rTg)VAQ-’Utdx-‘r/T(ﬁ—I—TQ)’UVU-’Utd.%‘:T/(ﬁ—I-TQ)fQUtdm.
Q Q Q

We multiply (3.31), by P’(p+7p)divv and integrate over € to obtain

0

(3.37)

(3.38)

/Pl(ﬁ+7'g)gtdivvd$+/(ﬁ+TQ)P/(ﬁ+TQ)‘diV’Ulel’*é‘/ P'(p+T10)Apdivudz
Q Q Q

= 77/ P'(p+70)Vo-vdivude.
Q

(3.39)

Applying V to (3.31), and taking the L? inner product with Vdive on the resulting

identity, we get
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/ VgtVdivvdsc—l-/ (,5—|—Tg)|Vdivv|2dx—5/ VAoVdivudz

Q Q Q

=—7 / (VodivoVdive + VeVoVdive +0vV?pVdive) da. (3.40)
Q

Substituting (3.39)—(3.40) into (3.38), we conclude that

1d

2
p| Vol + fildive|? — Z P(p+To)dive — 26pV oVdive | d
2 dt 0 T

/(ﬁ+m)v,?dx+
Q
:fy/ P(ﬁ—|—7’g)|divv|2dx—5/ P'(ﬁ+T@)Agdivvdz—|—T/ P'(p+70)Vo-vdivuda
Q Q Q
+/~€/ ﬁ(ﬁ+7g)\Vdivv|2d:z:fsn/ ﬁVAQVdiV’UdI+HT/ oV Apudx
Q Q Q
+nﬁr/ (ngivadivv+VngVdivv+vV29Vdivv) dx
Q

7/07'(,5+7'Q)UVU'Utdl'+7'/ﬂ(ﬁ+7'g)fgvtdl‘

<C||divo||72 4+ Cel| Aol 2||dive| L2 + C7]|V o L2 [| V| L2 [ divo]| s + C | Vdivo | 7.2
+Ce||VAo| 2| Vdivol| 2 —|—C’THVQQ||L2||VUHL3HVdivaL2+%/ﬂ(ﬁ—|—r@)vt2dx
+C7(|Voll g | gl 2| Vdivel 2 + CT([ Vel 3 [V Ael 2
+C7[[ V20l 2| Vol 72 + Crll fallZ:

<3 [ (- ro)ddo+CIVol + 1Al +CrVeln Vol
+CT|Vel[inlIVAel L +CTll Al Za [ Vdive| 2. + CTl| V20 12| Vol|72 + C7l fal 7.

This in turn gives (3.37). o

LEMMA 3.6.  Under the assumptions in Lemma 3.4, it holds that

1d o2, Pp) 2 2
s ) A
5 3 Q(,OVv| + 5 |Vol*+k|Ap|* | da
P'(p) 2 2 2 L 1T i |2
+e p |Ao|*+k|VAQ? ) de+ [ (p|Av|*+a|Vdive|?) do
Q Q

< O7|Voll72lIV?oll 22 + ([ Vel Fn ol 22 + CTllAc] 22 VAo 2
+O7|| Vol 3 [VAelZ + ([ Vollinl[ V(s + CTll fallZ:, (3.41)
where C' is a constant independent of L and ¢.
Proof. Multiplying (3.31), by Av and integrating over €2, we arrive at
Ld
24t |,

:P'(ﬁ)/QVQAvdx—Q—T/QgvtAvdx—i—/Q(P'(ﬁ—i-Tg)—P'(ﬁ))VgAvdx

/3|Vv\2d:£+/ (u|Av? + | Vdive[?) do
Q

—I{/(ﬁ—f—TQ)VAQA?}d{E-f—T/(ﬁ-i—TQ)’l)V'lPA'UdiC—T/ (p+70) foAvdz.  (3.42)
Q Q Q
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Notice that divAv = Adivv leads to

/VQAUd.TI*/QdiVAUd:E:/VQVdiVUdI,
Q Q Q

/VAgAvdx:f/AgdivAvd:v:/VAngivvdx.
Q Q Q

Applying V to (3.31), and taking the L? inner product with Vo and VAp, respectively,
on the resulting identity yield

/delvagdsz—/ \VQ|2dx—s/ \AQ|2dI+T/ Vdiv(ov)Vodx

/|Ag|2dx+ /|vg| dlvvderT/ VngngerT/QngVdivvd:r, (3.43)

1
/delVUVAQd.Z‘—*i |Ao|?dx

za/ |VAQ\2da:—z/ |Ao2divodz+7 | VZoVuApdr —7 | VoVuVAgdx
Q 2 Ja Q Q
—7'/ ngivaAgdz—T/ oVdivoVAopdz. (3.44)
Q Q

Adding (3.42)—(3.44) together and bearing in mind (P’(p+70) — P'(p)) ~To, we get
Ld
2dt

P'(p) 2 2 2 S T o |2
+e 5 |Aol* +k|VAQ® ) dz+ [ (p|Av]*+a|Vdive|?) da
Q Q

.
=— r (p)T/ <;|VQ|2diVU+VQV’UVQ+ QVQVdivv) d:c+7/ ovi Avdz
0 Q

p
+/ (P/(ﬁ_m-g)—P’(ﬁ))VgAvdx—&—HQ—T/ \AQ|2divvdx—m'/ V2 oVuAodz
Q Q Q

P'(p
(pw|2+/§p)|v@|2+~mg2) dn

—‘rHT/V@VUVAQdZ‘—I—HT/ ngivaAgdx—&—m’/ oVdivoVApdx
Q Q Q

—HZT/QQA’UVAQCZJ?—FT/Q(ﬁ—‘rTQ)UVU'AUdJ?—T/Q(ﬁ—l—TQ)fQAUdl‘
<C7|Vell 2 Vol Lsl|Av] L2 + CTIV el a vt 2 | Av] L2 + C7(| Aol 2| Agl| L3 | Av]| L2
+C7|[Vollm [|Av][ 2 [VAel 2 + CTIVol g [Vl 2| Av]| 22 + C7 [l foll 22 | Av]| L2

<Ct|IVelZ:1V%ell 2 + OVl lve 22 + CTl| Aol 7- [V Agl| 2
+ OVl IV Al + O Voll3n [ Vol + OTllfall 72 + 5 1 Av]3.

Thus, (3.41) follows immediately from the above estimates. d
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LEMMA 3.7.  Under the assumptions in Lemma 3.4, it holds that

(D(p+ropi+ 222

1d

2dt J,, 0} + Dk|V oy |* + p| Vdivu|?

P'(p

+7Ep>‘AQ|2+K|VAQ|2)dSC+HD/ |V | e
p 4 Jao

—I—BD/ \divvt|dx+ﬁ/ |Adivv\2dx—|—u/ |curlAv|*da

2 Ja Q Q
Plp P(p

+eD ( p(p)|VQt2+H|AQt|2)dI+8/ <p(p)|VAQ|2+I€AAQ2>d$

Q Q

<C7llodlz2 Vel +CrllalzallvellZs + Crlleel7n IV AelZ:

+CO7lleell 72 IVl 2 V0l + Crllvel 3 IV ol + CT I Vell3pn Vo2
+COT(IVel i Vol 72l Av]IZ: + Ol Vol3 [ Av]|Z: + CTI Vel i vl 72
+COT|IVAL| 7 [ Volli + CTlIVollin |AA el + Cr el 3

+C Vol +Co 7l VAClZ [AAe) 72 +m1[ Vol

+illvellts +Cop Tl foellZo + Crll fallzs + CTIIV fallZ-. (3.45)

Here C, D, m, n2, Cy,, and C,, are constants independent of L and . Moreover, D
can be fized to be suitably large, n1 and n2 can be chosen to be arbitrarily small, and
Cy,, Cy, are constants depending on n1 and 12, respectively.

Proof.  Applying 9; to (3.31), and then taking the L? inner product with v; on
the resulting identity, we have

1d
2dt Jq

:P’(ﬁ)/ggtdivvtdm—l—/ﬂ(P'([H—Tg)—P’(ﬁ))gtdivvtdx—g/Qgtvtzdx

(ﬁ+79)vt2d:r+/ (1| Vo |* + fildivey ) do
Q

-HW/ gtVAQvtdx—m'/ VQAQtvtdx—/{/ (p+T10)Apdivrda
Q Q Q
—72/ Qtvvv'vtdaz—T/(ﬁ+79)vth~utda:—T/(ﬁ+Tg)vVvt~utdx
Q Q Q
+T/(ﬁ+79)fm-vtdx+72/Qtfnvtd:b- (3.46)
Q Q

We apply 0; to (3.31), and take the L? inner product with o; and Ap;, respectively, on
the resulting identity to obtain

1d
—— gfd:z,ﬂr[)/ QtdiV’L}tdI+€/ Vo |*dx
:71/ \gt|2divvdx77/ Vg~gtvtdx—7/ oordivuda, (3.47)
2 Ja Q Q

1d
§£/ |Vgt|2dx—,6/ Agtdivvtdx—i—s/ |Ags|*dx
) Q Q
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:—Z/Vgtdivagtdx—kT/ Vo -viApidx
2 Ja Q
+7'/ gtdivagtdx+T/ odivu, Apide. (3.48)
Q Q

Substituting (3.47)—(3.48) into (3.46) yields

1d P'(5)
p

9 dt <(P—|—TQ)1},52+ Q?+I€|V9t|2> da:—|—/ (N|Vvt|2+ﬂ|divvt|2)dg;
¢ Q

P'(p
+€/ (?V@AQ—FMA@Q)CZJ:
Q

P'(p) Lo .
—TT §|Qt| divo+Vo-0iv + 00¢divey | de+ KT QtVAg-vtdx
Q

—|—7'/ (P’(ﬁ—|—7'g)—P’(ﬁ))gtdivvtda:—%/ oividr — 2 VQtdIVUVQtdZ‘
Q Q

—m'/ Vgtdivagtdx—l-%/ QfAdivvdx—T/ (p+710)vVu-vide
Q Q Q

—T/Q([)—FTQ)UVvtvtdx—Tz/ﬂQtUVv~vtdx+T/Q(,5+Tg)th~vtdz—|—7'2/QQthvtd:v

<C7llotl|7: I divol g2 + Crllocll 2 1V oll g [ Voell 2 + O lloell 2 | Vol o | divo | 2
+C7llotl| 2 [0l s Vvl 2 + Cll 0t | 11 [V Al 2| Vot | L2 + O || 0e || B [|divo | 2
+C7llot]| 2 [Vl 22 [ V20l L2 [Vt ]| L2 + O [0t | L2 [ V01 | Ve | 2
+ Ol farl 2 |vellpz + Crllocl 2l fal s (Vo 2

<C7lloelFp | divol| gz +C7ll o172 Vel 7 + O lleel zallvel 22 + Crllos 7 [V Ael 72

+CTl oL IVl Za V20l 72 + CTllol L2 Vol + Ol fall 2 llve e
+C7llodl3zllfall3s + 5 S IVl +5 ||d1VUt||L2

This in turn gives

1d P
f—/ (p+7 )vt+7g)gt+n|VQt|2 dw+/ (M|Vvt|2+ﬁ|divvt|2)dx
th O p

P(p
+5/ <(p)Vgt|2+f<a|Agtl2>dx
Q P
<CtllodlFn divol g2 + CTllocll7 I Vol 5 + CTllocl| o lve |72
+C7lloclin IV AelF2 +Crllod| 211Vl 721 V0l 72
+ C7lo|7: |Vl F + C7 |l farll 2 vell 2 + CTllocl| 7 | fall s (3.49)

Next, we multiply (3.31), by VAdivv and integrate it over 2 to get

th/ |Vdiv|?de + (u+ fi) /|Adlvv\ dx
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:/Qpl(ﬁ)AQAdiV’UdI—FT/Q QdivvtAdivvdx—|—T/QVQvtAdivvdx
T/QP"(p+rg)|vg\2Adivvda;+/Q (P'(p+70) — P'(p)) ApAdivudx
fR/Q(ﬁJrTg)AAgAdivvdzfm'/QVQVAgAdivvdx
T/S)div((ﬁ+7'g)’0vv)AdiV’UdSU77’/QdiV((ﬁ+7@)fg))AdiVUd$. (3.50)

Applying A to (3.13); and then taking the L? inner product with Ag and AAp, respec-
tively, on the resulting equation, we arrive at

th/ \Ag|2d:c+p/ Adlvagd:EJrs/ |V Ao|?dx

=— 7/ (5 |Ap|2dive + VoAvAg+2V?oVuA g+ pAdivuAg+ 2Vngivag> dx
Q

(3.51)
th/ |V Ap|2dx — p/ AdlvaAQd:c+€/ |AAp|?dx
:7'/ (—EVAQVUVAQJrVQAUAAQ+AQdivaAg+2V29VvAAQ
Q
+gAdivaAg+2VngivaAg)dx. (3.52)

Adding (3.51)—(3.52) to (3.50) yields
Ld
2dt J,

+(u+ﬁ)/|Adivv\2d:c+a/ (PT®|VAQ|2+K|AAQ|2> dx
Q Q

P
( |Vdivo|® + p( )|Ag| +k|VAQ| )

o
__Pp) / (%|AQ\2divv+VQAUAQ+2VQQV1)AQ+gAdivang zvgwivmg) dx
P Q

+T/ QdivvtAdivvdx—H'/ Vg-vtAdivvdx—H'/ P’ (p+70)|Vol* Adivudz
Q Q Q

/g — e . 1 .
+/ (P'(p+70)—P (p))AgAdlvvdac—i-m'/ (— 5 VAVuVAe+2VeVdiveAlAe
Q

Q

+ApdivoAA g+ 2V oVuAA o+ oAdivuAA o+ VgAvAAQ) dx — m—/ oAApAdivudz
Q

—HT/ VQVAQAdiVde+72/Vg~vVvAdivvd:u+T/(ﬁ+7’g)|Vu|2Adivvdm
Q Q Q

+7'/ (ﬁ+Tg)vAvAdivvdx—7'2/VQfQAdivvdx—/(,B—i—Tg)divaAdivvd:c
Q Q Q

<C7||Aol|721I Vvl g2 + CTIVol g | Aol 2 | Adivol| 2 + C7 |V ol g1 ||diver | 2 | Adivol | 2
+C7||Vol g1 ||Vt | 12 [|Adive || 2 + C7||V ol 34 || Adivel| 2 + C7|| Vo[ 24 || Adivol| 2

+CTIVAe 2 |AAe| 2 [Vl 1 +C7([ Vol | AAe| 2 | Adivol| 2
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+C7(|Voll w1 IVl L2 | Av] 2| Adivo| 2 + O V| g1 [ Av] L2 | Adivo| L2
+C7(|Voll 1 | foll L2 [|Adivo]| L2 + C7[div fa | 2| Adive]| 2

<pl|Adivol|7z +Crl|Agl|72 [Vl g2 +CT([ VAl L2 |AAe 2| Vol 1+ C7([ Vel 7 [ Ael 72
+O7(| Vel il VoellZ2 + C7I| Vol 12V el 22 + C || Vol 7 [ AAe| 72 + C7(| Vol 2 [ Av| 7.2
+O7(| Vol 3| Av] 72 +CT|[ Vel 7 [|Vo[|72 | Av| 22 + O (| Vel F |l fallZs + Crl[div fall72,

which implies

1d P'(p
= (p|Vdivv|2+Ep)|AQ|2+“|VAQ|2> dz

+/l/Q\Adivv|2dsc+5/Q (Pllép)|VAg|2+/<;AAg|2) dx
<Ct[|AollZ2 Vol 2+ CTIIVAel 2| AAe| 2|V 1 + C7[[ Vel | AclIZ
+C7)|Voll3p [[Voel 72 + O Vel 12 V2ol 2: + CTlI Vol 3 | AAol|7
+C7(| V|2 | Avl[72 +CT| Vol 3l Av]Z2 + CTl Vel 7 Vo]l 2 [ Av|Z
+C7|Vollz | fallZs + CrlldivfallZ.. (3.53)
Moreover, applying curl to (3.31), and employing the fact curlV-=0, we find

curl ((p+70)vt) — peurlAv — kreurl(oVA ) + reurl ((p+ To)v Vo) =reurl (p+70) fa) -

We multiply the above equation by curlAv and integrate over € to conclude that

u/ leurlAvPda <C|[Vvl[72 +CT|Volli lvel 72 + CT[[ Vel [ AdollZ
Q
+CT)|Vol| 2| Av] 72 + Vol 3 | Av] 2

+CT||VQIprIIVvIIizIIAUIIinrCTIVQIfflllfnllierCTstzll(iz- )
3.54

Notice that
[VAv[|7. <C (||divAv][72 + [[curlAv]|7.).
Combining (3.49) and (3.53)—(3.54) yields

DP'(p)
p

1d L, P)
3 ; Qt2+DK|VQt\2+p|Vd1VU\2+T|Ag\2
+H|VAQ|2)CZI+ED/ |Vvt|2dx+ﬁD/ |divvt|2dz+ﬂ/ |Adivv|2dx
4 Jo 2 Ja Q
P(p
+u/ \curlAdex—ksD/ ({@V@t|2+n|Agt2> dx
Q Q

Plp
+s/< (p)|VAg|2+n|AAg|2>d:c
Q

(D(,B—H'Q)vf +

i
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<C7llodllz2 Vel +CrllolzallvelZs + Crllvell72 [ Volli
+C7lleell7 IV AelZ: + Crllodl 22 IV oll 721V ol + C ol 7 Vol
+C7|Vel i [ VollZ2lAv]IZ: + CTlIVel3n [V vel|72 + CTl[ Vol | Av] 2
+C7(Vollzp vl z2 + CTIIV ALl Vol 3 + Ol Voll3 | AAel 72
+Cntlledllin +CnlIVollzn +Cou IV AC|Z: [ AdolI7
+ml[VullF +elloe)Ze +Coull faellZ2 + Ol fallza +CTIIV fal 72, (3.55)

provided D >0 is chosen to be suitably large. Hence, (3.45) holds. O

LEMMA 3.8.  Under the assumptions in Lemma 3.4, it holds that

d
/Q?dm—l—s—/wg|2dx
Q dt Jo

<C|divo||7: +CT|[Voll2: [ Voll3 +CT Vellin IVl 72, (3.56)

d
/|v9t‘2dx+€%/|AQ|2deC||VdiVUH%2+CT||VQ||§{1HVU”%117 (3.57)
Q Q

d
/|Agt|2dx+€—/|VAg|2d:v
Q dt Jo

<C|Adivo||2. +C7||Vo| |3 |Adive||2. + CT||VApl|22 | Vo1, (3.58)

/Q(IV@|2+IAQ\Q)deC(Ilvtlliz+||Av||2L2+HVdiva%2)+CTIIVQII%1HVAQII%2

+C7[|Voll3 IVl +Crll fallZe, (3.59)

/Q(IVAQ|2+IAAglz)deSC(IIVvtIIQLz+||Adivv||2L2)+CT||VQII?{1HV%H%2
+C7|[ Vol [ Av|[Z: + CTl Vol [ Adel 7
+C7[ V20l Vol Z [ AvlZz + CT Vol B | Acl 2
+C7 V20l Lall fallZs + CrlidivfallZs, (3.60)

where C' is a constant independent of L and €.

Proof.  Firstly, multiply (3.31), by o; and Ag;, respectively, and then integrate
over () to find that

d
/gfdx—f—gf/ |Vg|2d:r:—ﬁ/ QtdiVUd.’E—T/ div(ov)oidx
Q 2dt Jo 0 Q

1 :
§§/ oidz +C||divv|[> + C7l| Vel 12 Vol + Ol Vel B [ Voll7s,
Q
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/|Vgt\ dm—l—th/ |Ag] dw——p/ Vo Vdivude — 7'/ Vdiv(pv)V o dx
<§/ |Voi|*dz+C||Vdive||F2 +C7|| Vol 3 [| Vol F1.
Q
These imply (3.56) and (3.57).

Similarly, applying A to (3.31), and taking the L? inner product with Ag; on the
resulting identity, we have

/|Agt| dx—i— /|VAQ| dx——p/ Ao Adivodz — T/Adlv ov)Apidx
<3 | 18afds+Clladivelts +Cr| Vel | Adivels + Cr|V A |Vl
Q

This in turn gives (3.58).
Next, we multiply (3.31), by Vo and integrate over § to obtain

| PlosrolvoPdsnp [ |AcPds
Q Q

=— / (p+7o)v:Vodr+p | AvVode+f | VdiveVode
Q Q Q

+HT/ QVAQVde—T/(ﬁ—i—TQ)vVUVde—H'/(ﬁ—|—TQ)fQVde
Q Q Q

1
<3P (p+70) /|VQ| do+C (JoelZe + [ Av|Z + [ Vdivo]2.)

+C7(|Volli [IVAelL2 + Tl Vol3n [Vl L. + Crll fallZ:,

which implies (3.59).
Finally, we apply A to (3.31), and take the L? inner product with VAp on the
resulting equation to arrive at

/QP’(ﬁ—&—TQ)\VAQFdx—Hiﬁ/Q|AAQ|2dx
:T/QngtAAgdx—&-/(2(,6+Tg)divvtAAgdx—(,u—l—ﬂ)/QAdivaAgdx
+TAP//(ﬁ+TQ)‘VQ|2AAQd$—TAP”(ﬁ—‘rTQ)V,QAQVAQd?L’—HT/QQ|AAQ|2d$C
—m-/QVQVAQAAqu:—l—TQ/QVQ-vVvAAgdm+T/S)(,6+TQ)|VU|2AAQCZ$
—|—T/Q(ﬁ+7’g)’UA’UAAle‘—T2/QVQfQAAQdJ)—T/{l(ﬁ-i-TQ)dinQAAle‘
s%ﬁ/Q|AAQ\2dx+O(||wt||%2+HAdiva%z)+C¢|\v@||%{1\|wt||%2

+CTIIVulln | AvlT + CTI[Vellin |AAelZ: + CTl[ V2l Z: Vol | Av] 7,
+CTlIVelzn | Adli- +CTIIV2olli2ll fallZs + ClldivfalZ:,

which leads to (3.60). O
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LEMMA 3.9.  Under the assumptions in Lemma 3.4, it holds that
Ld
2 dt
d
+2P'(p)Aodive + 2HﬁVAQAU) de+ +Ds£/ (IVol*+|VAg?)dx
Q

P’
(DDp\levv|2+DD ()|Ag|2+DDK|VAQ|2+M|Av\2—|—u|levv|

—l—é/ |Vvt|2dx+l~)/ (gf—l—\Agt|2)dm+DD/Q/1|Adivv|2dx
+DDe /( |VAQ|2+I€|AAQ|2)C[I

<C|divol|3 +CTHAQH%2||VU||H2 +CT||Vollin [|Adivel[7. +CT|[VAgl[72 ]| VolF
+CTIIVA| L2 [ ANl 2| VU] 111 +CTl| Aol L2 [vell72 + CTI Vol 3 [ Vol Za | A2
+C7IIVolFn ANl 7 +CT|[Voll3n 1Ael 2 + Ol Vol 3 [ Vvl

+CTIIWII?11IIAUIIQH+CTIIVQII%1IIVUII%1+CTV@Iinllfall%ﬁcfanll%zé )
3.61

where C, D, and D are constants independent of L and €, and ﬁ, D can be chosen to
be appropriately large.

Proof. Multiply (3.31), by Aw; to find that

1d
/(p+7'g)|Vvt| dr+ = (u|Av|2+ﬂ|Vdivv\2)daz

2 dt
+P'(p / Agdlvvdsc—i—f@'p—/ VAoAvdx

:—T/QVQvthtdac—T/QP”(,B—H'Q)|VQ|2divvtdx+P’(,6)/QgtAdivvdac
—/Q(P/(ﬁ—I-TQ)—Pl(ﬁ))AQdiVUtdl‘+/€T/QVQVAQdiVUtdl‘+KT/QQAAQdiV’Utd.’L‘
—nﬁ/QAQtAdivvdx—T/QV((ﬁ—l—Tg)vVv)Vvtdx—i—T/QV((ﬁ—i—rg)fQ)Vvtdx

S%W”t\l%z+CHQtHL2||AdiVU||L2+C||A0t\|L2HAdiVUHL2+CT||AQ||LE2||%||2L2
+C7||[Vollinl|AellZz +CT|[Vollz [AAel L2 + O Vel Vol 2: [ Av]
+C7|| V|3 [|Av]|72 + O Volin | fall 2: +CTIIV fallZe,

Together with (3.53), (3.56), and (3.58), by choosing D and D suitably large. We get
(3.61). 0

3.3. Proof of Proposition 2.1. Note that solving problem (2.2) is equivalent
to solving the equation

U-H(U,1)=0, U=(o,v)eX.

To this end, we apply the topological degree theory. The proof is divided into two steps.
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Step 1. Throughout this step, in order to apply topological degree theory, we have to
show that there exists hg >0 such that

(I=H(-,7))(0Bp,(0))#0, for any 7€ [0,1], (3.62)

where By, (0) is the ball of radius hg centered at the origin in X*.

For suitably large D and D*, consider DD* x (3.32)+D*(3.37)+ DD* x (3.41) +
D* x (3.45)+ D* x (3.56) + (3.57) + (3.58) 4 (3.59) + (3.60), we integrate it from 0 to T’
to deduce that

D

D* T
1 / /(M|Vv\2+ﬂ|divv|2+M|Av|2—|—ﬂ\Vdivv|2)dxdt
0o Jo
5D* T DD* T
42 / /vtdxdt—l— / /(/1|Vvt|2+2/l\divvt|2)dxdt
4 Jo Ja 4 Jo Ja
T T
+D*/ /(/]\Adivv|2—&—,u|curlAv|2)dﬂcdt—|—/ /(D*Q?+|v0t|2+|AQt|2)dIdt
0o Jo 0o Jo

T T Pls
+/ /(\Vg|2+|Ag|2+|VAQ|2+|AAQ|2)dwdt+5DD*/ /(ﬁwgtﬁ
o Ja o Jar P

T /(=
P
+/§|Agt|2)dazdt+5D*/ /(ép)|VAQ|2+/@|AAQ|2> dzdt
0 Q
T
<cr sup {Ialfp Vol } [ (el + Vol de
o<t<T 0
T T
+0r sup {IVolly} [ IVolfiadt+Cr sup {llerlia+1aelin} [ foulieds
o<t<T 0 o<t<T 0
T T
+0r sup {[Volly +Volin} [ ladedt+Cr sup {[Valfe} [ [Vl
o<t<T 0 o<t<T 0
T T
+Cr sup {Hv@n%{l}/ | Adivo|2.dt+Cr sup {||vQ||3§1}/ et
o<t<T 0 o<t<T 0
T T
+0r sup {lalfp} [ lleBde+Cr sup {[Volf +190l} [ 19elnde
o<t<T 0 o<t<T 0
T T
+Or sup (Vo + e} [ I198elnde+Or [ forlad
o<t<T 0 0
T T T
+0r [falgderCr [ falisderor [ ol
0 0 0
T
<Ci7hl+ Corh§+Cyr ( | (U5l g + 10l ) -+ ||fQ||3V;,1> . (3.63)
0
Then there exits ¢* € (0,7") such that
[+ ITu + v+ 2+ Ve +Aa) 0.t )
Q
+/ (IVol* +|divol* +|Av]* + |Vdive]* + |Adive[* + |curlAv|?) (z,¢*)da
Q

+/ (IVol* +|A0)* +|VA0]* +|AAg?) (z,t*)dx
Q
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e / (Ve +1 A0 + [V AGP +]AAG[?) (&, de
Q

T
<Ci7hy+Corh§+ CsT </o <||f§z||2Lg + Hfﬂ”%p) dt+ ||fQ||?4/21=1> :
Adding up (3.41), (3.49), and (3.61) yields

d P'(p P'(p
%/ <ﬁ|Vv|2+[Ep)|Vg|2+nAg|2+(ﬁ+Tg)vf+fgp)ngngtQ) dx
Q

d - P(p
+ T (DD (ﬁVdivv|2+ p(p)|Ag|2+/£|VAg|2) +M|Av|2+ﬂ|Vdivv2> dx
Q
d - d
+to (2P,(ﬁ)AQdivv+2/%,5VAQA’U)dI+DE&/(|VQ|2+|VAQ‘2)CZ’I
Q Q
<C(IVollin +llvellz2) + Crlleelin ldivoll sz + Ol Ae| Za ] Vol a2 + CT Vol
+CT| Vol +Cllecl i+ Crllvellze +CTllocl L2 lvellZz + Crllol 2 Vol
+CTVollin [IVollin + CTlI Vel [V vell72 + CTIVAgll72 | AAel -
+CT|VollinlAAel 7. +CrllAelLallve |72 + Ol Vel B | Adivol|7
+C7llfellfn ++C7l faclZ: +C7ll fall - (3.64)

Notice that

— ™ 7 /[ =
/QP’(ﬁ)Agdivvd;cgﬁ/ |Vv\2d:c+w/ |Ao|?dz, (3.65)
Q 2 Ja 4p Q

R
/2/<;ﬁVAgAvd:E§ﬁ/ |Vdivv|2dx+w/ |Ao|?dz, (3.66)
Q Q 4p Q

when D and D are appropriately large. Integrating (3.64) from t* to t for any t* <t <
t*+T gives

sup / (IV0P+ Vol + Ao+ + 62+ [Vor 2
o<t<T JO

+|Vdivo? +|VAg|* +|Av|?) (z,t)dz

g/ (IVo)2 +|Vol|® +|Ao|? + v} +0F +|Voi |* + |Vdive > + |V Agl* + |Av|?) (z,t*)dz
Q
T T
4O [ (V0B + ol + leul + | AelEa)de+O7 sup (e} [ ol
0 o<t<T 0
T T
+0r suwp {|8cl:} [ IVelfederCr sup {[Vele} [ 1AMl
o<t<T 0 o<t<T 0
T T
+Cr swp {(IVelln} [ I9olpdi+Cr sup {I9elEe} [ [Velfede
o<t<T 0 o<t<T 0
T T
LOr sup {IIVol4) / (IVell2: +lleel2:) dt+Cr sup {Jleel2:} / lon]|2dt
o<t<T 0 o<t<T 0

T T
1or sup {lledl3e) / (leclZs + [ VollZ2) de+Cr sup {[Vollta} / o022 dt
o<t<T 0 o<t<T 0
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T
+C7 sup {||VQ||%{1}/ (||Adivv||2Lz—&-HVth%z)dt
o<t<T 0
T
+Orl ol +C [ falla
2 0

T
<Cythy+CsThS + CsT (/ ||fQ||§pdt+||fQ||§V;,1> . (3.67)
0
In view of (3.63) and (3.67), it is easy to get

sup / (IV0P+ Vol + Do+ + 62+ [Vor 2
o<t<T JQ

+|Vdivo? +|VAg|* +|Av|?) (z,t)dz

T
+/ /(v?—&—|Vvt|2—|—\divvt|2—|—gf+|Vgt|2+|Agt|2)(x,t)dmdt
0o Jo
T
—|—/ /(|Vv|2—|—\divv|2—|—\AU|2+|Vdiv1}|2—|—|Adivv|2+|CurlAv|2)(J:,t)dxdt
0o Jo
T
+ / / (Vo + A0+ VAl +|AAg?) (w,t)ddt
o Jo
T
ve [ ] (V0180 + (VAP +1AA0P) (a,t)dude
0o Jo
R X R T
<Curhl+ Corh+ Cor ( | (alizg +1allys )i+ fﬂ|§Vl,1> |
0 ? 2

Note that [(¢,0)]lzs <CIIV(,0)lz2. Then, when ho and [ (Ifall” , + |l falld ) de+

I fQ||‘2/V21,1 are suitably small, we eventually obtain
T
2 2 2
IlCe; )] +€/O (IVoellzn +1VAolF) dt

T
R . N 1
<Ci7hy+ Coth§+ CsT (/ (HfQHig + fﬂ|%{1)dt+||fn||‘2,vzl,1> < 57137
0

which implies that (3.62) holds.
Step 2. Since H((p,u),0)=0, then
deg(I —H(-,1),Bn,(0),0) =deg(I —H(-,0),Bp,(0),0) =deg(I,Bn,(0),0)=1.
Thus, by Lemma 2.5 and Lemma 3.3, we conclude that the problem (2.2) has a solution
(0,v) with |||(0,v)||| <ho. This finishes the proof of Proposition 2.1.

4. Existence in R?
This last section is devoted to proving Theorem 1.1 by passing to the limit in the
regularized problem (2.2).

Proof. (Proof of Theorem 1.1.)  Let (0q,vq) be the time periodic solution con-
structed in previous section. Due to t-anisotropic Sobolev imbedding theorem (cf. The-
orem 1.4.1 in [25]), we have gq,vq € C**/2(Qr) and

[QQ7UQ](1,O¢/2 SCEO
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Note that hy is independent of L and . Let € —0, and then let L — oo, for any fixed
Qr=(—L,L). There exists a subsequence {(0,,v,)}°; and (g,v) GX,%L such that

(0n,vn) — (0,v), uniformly in Q;

(0n>vn) = (0,v), strongly in L*(0,7;L5(Qz));
(Von,Vu,) = (Vo,Vv), weakly-* in (L>(0,T;H*(Q)),L>(0,T;H (1))
(0nt,Unt) = (01,v¢), weakly-# in (LOO(O,T;Hl(QL)),LOO(O,T;LQ(QL)));
(Von,Vu,) = (Vo,Vv), weakly in (L*(0,T;H*(Qy.)),L*(0,T;H*(Qy)));
(0nt,vnt) = (01,v¢), weakly in (L*(0,T;H?(Qr)),L*(0,T;H (Q1))) .

Furthermore, coming back to (3.64)—(3.66), for any small constant £, we have

/OT\/Q(Vv|2+|V@|2+|Ag|2+v?+g?+|wtl2+Vdivv|2+|mg|2
+|AU|2)($7t+f)d$_/Q(|VU|2+|VQ|2+‘AQ|2+U§+Q§+|VQ15|2
+|Vdivv|2+|VAQ|2+\Au|2)(m,t)dm‘dtg0|g|,

where C' is independent of L. Therefore, we conclude that

(Ontsvnt) = (01,v¢), strongly in L2(0,T;L2(QL));
(Von,Vv,) = (Vo,Vv), strongly in (L*(0,T;H*(Qy)),L*(0,T;H' (1)) .

Hence, taking a sequence L, with L, — +00 as n— oo, let {(0¥,vF)} be the conver-
gent function sequence in €7, given in the above sense. And let {(o%*! v5*+1)} be a
subsequence of {(0%,v%)}, which converges in Qr,., (k=1,2,...,n,...). We repeat the
argument as follows:

(Q%avi) (Q%aU%) (Q,lL,U,ll) converges in Qp,
(03,v7) (03,v3) - (02,v%) convergesin Qy,
(o1,v7)  (03,vy) (on,vy) converges in O,

We obtain a Cantor diagonal subsequence {(o,v/")}, which converges to (o,v) in Q, for
any L>0. Since L >0 is arbitrary, we see that the limit function (p,v) € X}, is indeed
a time periodic solution of (2.1) in R3. The proof of the theorem is thus completed. O
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