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DERIVATION OF THE BURGERS’ EQUATION FROM
THE GAS DYNAMICS*

LIAN YANG! AND XUEKE PU*

Abstract. We establish in this paper that under long-wavelength small-amplitude approximation,
the solution to the gas dynamics system converges globally in time to the solution of the Burgers’
equation for well prepared initial data.
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1. Introduction
In this paper, we study the long-wavelength, small amplitude limit of the gas dy-
namics system to the Burgers’ equation. Consider the following gas dynamics system

{ntJr(nu)acO (1.1)

(nu)¢ + (nu? +p)e = piza,

where n(t,x), u(t,z) are the density and velocity of the gas at time ¢ >0 and position x €
R, respectively. The pressure p=p(n)=An" for v >1 is the ratio of specific heats. When
v=1, it describes an isothermal process, while when v>1, it describes an adiabatic
process. The constant p >0 is the viscosity coefficient. The system (1.1) is also known
as the compressible Navier—Stokes equations.

The Burgers’ equation [1]

Ut + Uy = UUgy

is one of the simplest yet most important nonlinear PDEs, and has received a great deal
of attention due to the fact that it models a number of physically important phenomena
such as shock waves and acoustic transmissions. Due to its important features, it is also
frequently used as a test equation in numerical schemes.

It was shown formally that under the weak nonlinearity and long-wavelength ap-
proximation, the Burgers’ equation can be derived under the Gardner—Morikawa trans-
formation (see [6]). However, to the best knowledge of the authors there are no rigorous
mathematical justifications. In this paper, we justify this limit with mathematical rigor.

In the next section, we give the formal derivation and the main results (Theorem
2.2). In the third section, we prove Theorem 2.2 by uniform energy estimates for the
remainder terms in Sobolev spaces. An appendix is given to derive the key remainder
equation (2.15).

2. Formal expansion and the main result
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672 DERIVATION OF THE BURGERS’ EQUATION

2.1. Formal expansion. To study the dynamics of the small but finite ampli-
tude of the gas dynamics, we transform the independent space-time coordinates to the
stretching coordinate (Gardner—Morikawa transformation, see [6])

E=c(x—cot), T=¢, (2.1)

where € denotes the amplitude of the initial perturbation and is assumed to be small
compared with unity. The parameter ¢q is the wave phase parameter to be determined
to balance the time variation of a state variable and dissipative effects. Using (2.1) in
(1.1), we obtain (after denoting (£,7) as (z,t))

{ eng — Ny + (nu) , =0, (2.2a)

6utfcoueruuerA’yn”*znz:eﬁum, (2.2b)
n

where p= An" is explicitly used.
We consider the formal expansion as series in powers of € about an equilibrium state
(TL, U) = (170)

n=1+en® +2n® 4 ...

To determine the coefficients of (n(?,u(?), we plug the formal expansion (2.3) into the
rescaled equation (2.2). Now, we equate the coefficients on both sides of the resulting
equation in front of different powers of the parameter ¢.

At the first order, we have

—conM +u) =0, (2.4a)
(%0) (1) (1)
Ayny’ —couy ) =0. (2.4b)

To get a nontrivial solution of n(*) and u"), we require the determinant of the matrix
of coefficients to vanish to obtain

C%:A’y’ (2.5)

which will be assumed throughout this paper. There are two solutions of (2.5), i.e.,
co =1/ A7, representing the right-going and the left-going waves respectively. From
(2.4), we assume

uM =conM, (2.6)

which make (2.4) valid with n(*) to be determined.
At the second order, we have

oW —cgd,n® +0,u® 4+ 0, (nMuM)=0; (2.7a)
(S1) ™ — o u® +uMa,u
+Av9,n D 4+ Ay (v —2)nM 8,0 = pdyu. (2.7b)

Multiplying (2.7a) with ¢y and adding the resultant to (2.7b), after rearranging we
obtain the Burgers’ equation

Btn(l) + wn(l)amn(l) = gazzn(l)v (28)
Co
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where we have used (2.6) explicitly. Here we have used (2.5) explicitly to cancel the
coefficients in front of n(®) and u(?). From (2.7a), we can write

u® =con® 1M =con® —/ o 40, (nWuMW)de, (2.9)

where (1) depends only on (n"),u(1)). Proceeding as above, we have the coefficients of
3.

e
an® —c8,n® +0,u® + 0, (nWu?) + 9, (nPuV) =0; (2.10a)

5 0P =0 ® - 4000 +0,(WDuD) + A9 (3~ 20, (V)
Ay(y=2)(v—=3)

: (n(l))Zawn(l) :Maa:wu(2) _Mn(l)aawu(l)_ (2.10b)

+

Multiplying (2.10a) with ¢p, and adding the resultant to (2.10b), we obtain a linearized
(2)

Burgers’ equation for n'?/:
Ay(v+1)

9,n?
e + 260

B(nMn®) = gammﬂ +GO), (2.11)

where the nonhomogeneous term G involves only n") and «). Since explicit form
of G plays no role in this paper, we don’t work it out explicitly.

Inductively, we can formally derive the equation to any order of e, we are interested
in. Let k>2 be an integer. From the system (S;,_1) for the coefficients of £, we obtain

u® = con®) 41, (2.12)

where r*~1 depends only on (n¥),u()) for 1<j<k—1. Then in the evolution system
(Sk) for the coefficients of e¥*1, by the same procedure that leads to (2.8), we obtain
the linearized Burgers’ equation for n(*):

o™ 4 w&c (nn®) = K een® GO, (2.13)
0

where G**~1) only depends on (n¥),u)) for 1<j<k—1, which are “known” from the
(k—1)"" step. If we define G(*) =0, the Burgers’ equation (2.8) can be unified in the
form of (2.13). Note that the system (2.12) and (2.13) is self contained, which does not
depend on (n(),u)) for j<k+1.

For the solvability of (n(’“),u(’“)), we recall the following classical result for the
existence of sufficiently smooth solutions in a small time interval.
PROPOSITION 2.1. Let £1>0 and s>2. Then for any (né”mé”)eHs satisfying
(2.12) at time t=0, there exists a mazimal time of existence T >0 such that the initial
value problem (2.13) has a unique solution (n))(t),u™ (t)) on 0 <t <T with initial data

(néi),n(()i)), such that we L>=([0,T"]; H*(R)) for every T' <T.
The proof can be modified from classical results of Kato [3].

2.2. Remainder equation. However, to show that as ¢ —0, n{!) converges to
a solution of the Burgers’ equation, we must make the above procedure rigorous. We
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need to cut off and consider the remainder terms. To do so, we consider the following
expansions with remainder terms (n%,u%):

{n =1+en® 4+e2n@ 4 3n0) 4 e2ng, (2.14)

u =eu +e2u? 4346) +e2u,
where (n%,u5,) are the remainder terms that may depend on e. Here (n() u(®) for
1< <3 satisfy (2.6), (2.8), (2.9), (2.11), (2.12), and (2.13) with k=3, whose existence

and regularity is guaranteed by Proposition 2.1. To further simplify the notations in
what follows, we denote

a=nM +en® 1@ a=u® +eu® 4243,

Plugging the expansion (2.14) into the gas dynamics equation (1.1), and then sub-
tracting £2x (2.7) and £3x(2.10), we have the remainder equation for (n%,u%):

1
O — Lm0+ 0, (R eni ] + 0, g +eR1 =0, (2150)
OuE o € Ay € ~ € € e €
uf — zaqu + ?anR + (a4eufy)0,ufk +az1(enfk)0:n% (2.15b)
+age(enfy)ny + O tuy = Hamu§ —eubnyk —eRa (2.15¢)
n

where as1,a20 depend on nM, n(2) () their spatial derivatives and eng, and

1
b=—(0ppuM +8,,u? —edpuMn)),
n
Ry =0,n® + 0, ( Z Ei+j—4n(i)u(j))7
1<i,j<3;i+j>4
Ro :atu(?ﬁ) + Z €i+j—4u(i)awu(j) +a23(n(1),n(2),n(3))+ag4(en§).
1<i,j<3;i45>4

(2.16)

The derivation of such a remainder system is detailed in Appendix A.

This system is an hyperbolic system with singular perturbation, whose uniform (in
€) estimate is not straightforward. To rigorously justify the limit from gas dynamics to
the Burgers’ equation, we need uniform in ¢ estimate for this system.

2.3. Main results. We state the main result of this paper in the following

THEOREM 2.2. Let 1>0, v>1 and s>2 in Proposition 2.1 be sufficiently large.
Let (n® u®)e H® be a solution on [0,T) constructed in Proposition 2.1 for (2.13)
with initial data (nél),uéz)) € H* satisfying (2.12). Assume (n%,,u%,) € H? and has the
expansion

ng=1 +51n(()1) +52n(()2) +53n(()3) +52n§%0,

Uy = z—:lu(()l) +s2u62) +53u(()3) +2uy,
then for any T'<T, there exists er >0 such that if 0<e<ep:, the solution of the
system (2.2) with initial data (no,uo) can be expressed as
n=1+e'n® +2n® £ 30 4 2ns,

u=e'u® +e2u®@ 4340 425,
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such that

sup [[nR (0|32 + [ uk (8)[|72 < Crv
te]0,77]

forall0<e<erp:.

We see that if by some chance T =0, then T” can be made arbitrary large.

This theorem applies when ©>0. In the long-wavelength limit, when p >0, the
Burgers’ equation governs the dynamics, while when =0, the inviscid Burgers’ equa-
tion does. The result also works in the spatial periodic case x € T, which is not developed
here. To prove Theorem (2.2), we have to prove that (n%,u%) is bounded in H? uni-
formly in e. This is given in Section 2 by delicate energy estimate. In Appendix A, we
give a detailed derivation of the remainder system (2.15).

We also remark that under a different Gardner—-Morikawa transformation

E=e(x—cot), =¢34,

KdV equation can be derived [6] and justified by the method in this paper. See also
the derivation of the KdV equation and the two dimensional Kadomtsev—Petviashvili
IT (KP-II) equation and the three dimensional Zakharov—Kuznetsov equation in higher
dimensions from the Euler—Poisson systems in [2,5] and the references therein.

3. Uniform estimates

Since the viscous term p0,,u% plays a beneficial role in the estimate, we only
consider the inviscid case of =0 in the following. The case pu >0 is easier and can
be proved in the same way. Furthermore, we renormalize the equation by setting the
coefficients Ay=cp=1. Then the remainder equations can be written in the following
form (p1=0)

1—
Oy~ — 4 9ens, + gamu; +Opiug + 0, UnG +eR1 =0, (3.1a)
1- 1 5
Doy — L 0y 4 LEE2 MR g e (en Iy + Dy = —Ra, (3.1D)
g S

where Rg, as1, and agy are defined in (2.16). The system is hyperbolic and symmetriz-
able [4]. The local existence of smooth solutions is then standard from Kato’s theory [3],
which is stated in the following

ProroOSITION 3.1. Let s>%+1, >0 be fizred, and the initial data (n%g,n%ko) € H.
Then there exists a mazimal existence time T, and a solution (n%,n%) of (3.1) such
that

(n%,n%) € C((0,T];H)NCH([0,T]; H* ™),

for every T <T..

We want to prove that T. >T as € =0 for some 7 >0. To slightly simplify the
presentation, we let C' be constant, which will be fixed later, much larger than the
bound of the initial data (n%,u%)|—o in H?, ie.,

|(n5 i) ()2 <G, Ve 0,72, (3.2)
As a consequence of the expansion (2.14), there exists €g > 0 such that

1/2<n<3/2, |u|<1/2, Ve<ey. (3.3)
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Furthermore, from Lemma A.1 in Appendix A, when ¢ <e(, we have
las: || 22, llaz| 2 < C1(C).

LEMMA 3.2. Let a=0,1 and (n%,u%) be a solution to the equation (3.1), then there
exist some constant C' such that

ledinllzre <CA+ (g1 +[luflFrase)-

Proof.  We first consider a=0. Multiplying (3.1a) by ¢ and taking L?-norm yield
||€<9tn%z||2<||(1—U)8 ng|* + ndyufg || +€2||0ptng||* + %[ unug |* +* | R |
<O(|10:n7 ] +10:uk]|?) +Ce (14 [ng|* + [[uk]*)
SO +[Ing |7 +IlugllF ). (34)

thanks to (3.3).
When a=1, we take 9, of (3.1a), and then take L?>-norm to yield

ledran]|* < C(1+ InGl3e + lukllFe)- (3.5)

Adding (3.4) and (3.5) together, we complete the proof. d

PROPOSITION 3.3.  Let 0=0,1,2 and (n%,u%) be a solution to the equation (3.1).
Then the following inequality holds

1d [14eag(en)
24 R)a0,.c (2
r4+-— [ ——————219 d
3 lt/l ug|*d B lt/ |07 n|dx

<Ci(1+e|ngllue +ellugllu) (InklFe +luklz.). (3.6)

Proof.  Taking 07 of (3.1b), and then taking inner product of the resultant and
0Ju%,, we have by integrating by parts

o - o L+eazi(en -
s [lozui= [or = ons)ozus,— [0 R E R g s or,
—/3g(a22(5n%)n%)3gu%—/3;(3331111%)3;1@—6/3;’R26§UER. (3.7)

We denote the first to the fifth terms on the LHS as I;, for i=1,...,5.
For the term I, we have by integrating by parts

/ 07 M ug07u / 07 uROTuG — Y cﬁ/aﬂ i+eug)0] P ug07ug

1<B<o
22/8 (U4 euR)|0Tug|* — Z C’B/aﬁ U+eus)0s P u%00us,
1<B<o
<ClluzllZ- + Ccl|Osugll L= llugl--

When o =0, there is no such summation term.
For the second term I, we have by chain rule

Iy=— /1+5a21(€n3)8a+1 680‘ € Z /a a21 ent )80' B+1 Eaa %

€
1<B<co



L. YANG AND X. PU 677
::B+121. (38)
When o =0, I5; =0. When =1, by Sobolev embedding and Lemma A.1, we have

Loy <O,z | 1= 107 n |07 s |
<C(ellnll =) (I l3re + s le)-

Similarly, when =2 and 0 =2, we have

I <C||0zza21 | L2 (10207 ]| L~ |07 uF||

<Ci(elnglla)(InRlFe +lukll)-
Therefore, we have
I <Ci(ellngll a2) (0% 70 + lukllie) + B, (3.9)

where B defined in (3.8) will be estimated together with J5 in (3.10) in the following.
The estimate of I3 is similar to that of Is; in (3.8). We have

I3 <C(e|0ungl Lo ) Ingll o llugl a2
The term I, is bounded similarly,
L <Cl|ugl--
For I5, by Lemma A.2, we have

I5 <C(e0unpllm2)ukl ne
<C(edenfllm=) 1+ ufF)-
To cope with the term B and to get an estimate for n%, we resort to the

equation (3.la). By taking 97 of (3.1a), and then taking inner product with
n~(1+eaz(en%))0In%, we obtain

/1+8a21(€nR)8t o %807’),}% /60<

_"_/HLl(EnR)ag+l = 07n5 + Z /8[3 30 B+1 5% Sdw
€ n

1<B<o

1+eas(eng N 14ea01(eng -
+ [ g 0 oz + [ oz 0, g oz

1+€&21(8ﬂ )
O R) — R ey

7
1+6a21(5n5 ) o o
—&—/TRsale@xn;::ZJi:O. (3.10)

i=1

In the following, we estimate them term by term.
For the term J;, we have by integrating by parts w.r.t. time ¢

1d [1 1 1 g
h=3% 7+5“21<5”R>| R\de—5/6t(7+5a21(8nR))|8§n§:{\2d:v. (3.11)
n
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By direct computation,

1—|—ga21(5nR) (6tn( 8n<i)a21 +58tn§%8n§%a21)
o n )= n
(1 +eag1 (en%)) (€0 +£20in%)
n? ’

which yields from Remark A.1 that

14+casi(en%)

19:( Mo <eCellngllLe)(1+el| 0l Le)-

By Lemma 3.2, Holder’s inequality, and the Sobolev embedding theorem, the second
term on the RHS of (3.11) can be bounded by

1 1+cag;(eng -
5 e ) o ] <O, L)1+ elleOumil e
<Ci(1+ellngllme +elluzl m2)lIng %,
where C1 = C1(¢[|On, || 2). We therefore have from (3.11) that

1d [1+eaz(en . - R
nzys | 1021 gt ke — o (14 el e + e inil e (312)

For .J; in (3.10), we have

J2:_/((1—U)(1+6(121(€7’LR)))angln%agn%

En
_ Z Cﬂ/aﬂ Rwagn%
1<g<o n
=:Jo1+ Joo. (313)

For Js1, by integrating by parts, we have
1 1—wu)(1 g
Jle_i/az(( u)( +Ea’21(€nR>>)|aone |2.

2 en v R

By (3.3), there exists €g such that when € <&

(1—u)(14€az(eny))
en

This yields from Lemma A.1 that

10:( Nz <Cl0pan L= +e(|0zngl L + [ OrufllL=)-

Jo1 <C([|0paz1 || + e[| an ]| L + el Oaull L) 0% 710
<C(el|Oengll=)InF e + Cellduufll L In%l 7o (3.14)

Similarly estimates yield
Jo2 <C(el|0xnl| =) (In% |70 + luGlFre) + CcllOzuf o (In% 7o + ukllFe).  (3:15)
Therefore

J2 <C(el|0znllz=)(IngIH- + ugllie) + Celdaugll o (In% 7o +Iluklze)-
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For the last four terms, we have by Holder’s inequality and Lemma A.1 that
J1 <C(elngllm2) (1 +el|0ongllLe +ellOugl ) (IRl - + luglEe)
<C1(1+ellngll 2 +ellug |l m2) (Ing 1o + luklZ-),

and
Js+Js+J7 <Ci(eng | g2) 1+ %15 + lug )7 ),

where C1 =C(e]|n% || g2).
Adding (3.7) and (3.10) together, and using the above estimates for I; and .J;, we

have
1d . 1d [1+ca2(enR), 0

<C1(1+ellngll = +ellug |l m2) (Ing e + 1kl o) + B~ Js, (3.16)

where B is given in (3.8) and J3 is given in (3.10). Therefore, we need only to estimate
the following term

1 €
g::B—ng—/““%Wam(agn%agu%). (3.17)

By integration by parts, we have

61 ] [ @znsoz)
<Clelnallme)(InallZo + o),

thanks to Lemma A.1 in Appendix A. Plugging this into (3.16), we get the Gronwall’s
inequality (3.6). Completing the proof. 0

Now, we prove Theorem 2.2. From Lemma A.1 and (3.2), there exists ¢y such that
a1 (eny)| <1/2 when € <eg. This together with (3.3) implies that

1+4cag(en%)

1< <3
3 n '

From Proposition 3.3, by adding the inequalities (3.6) for 0 =0,1,2 together, and then
integrating in time over (0,t), we obtain

lug ()12 + 7% (1) 12 <3(luk(0)l[72 + 7570 172)

t
+/0 Colellngllzz ellugllm2) (k7 + lugllE2)dr,

for some Cy = Cy(e||n% || u2,el|u% || m2) depends on e||n%| gz and el|uf || g2

Let Co =8upg<, s<1 Co(r,s) and Ca > 3sup, 1 ([|[nz(0)[ g2 + [[uk(0)||z2). Recall that
T is the maximal existence time in Proposition 2.1. Let 7’ <T be arbitrary and C be
sufficiently large such that C> CQBCUT'. Then there exists 7 such that eC <1 for all
e <epr, and we have

sup ([[nR(0)] g2+ lugk (1) g2) < Cae®™ < C.
0<t<T"
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It is then standard to obtain uniform estimates independent of € by the continuity
method. Thus completing the proof of Theorem 2.2.

Appendix A. In this section, we derive the remainder system (2.15) for (n%,u5%).

We first collect the equations that (n®),u())(k=1,2,3) satisfy:
(nW,uM) satisfies (2.6) and (2.8)
(n® u®) satisfies (2.9) and (2.11)
(n®,u®) satisfies (2.12) and (2.13).

We only consider the derivation of the remainder equation of (2.2b). Inserting the
expansion (2.14) into the equation and subtracting (2.7) multiplied by €2 and (2.10)
multiplied by €3, we will have the remainder equation (2.15). For clarity, we consider
Taylor expansion of the pressure term Ayn?~2n,,

P:=Ay(14en+e*n%) 2 (en+e*n%R).

= (cﬂ +cya(en+e°n%) +cys(en+e?n%)? +cya(ei+ EQn%)?’) (en+e2n%).

1
+ </ cys(1+0(ei+e2n%)) (1 —0)3(5ﬁ+52n§%)4d9) (en+e*n%)z, (A1)
0

where ¢, = Ay and ¢, :Awnfﬂ(v—i)/(k— 1)! for k=2,3,4,5. In a power series of ¢,
we have

P=¢t (cwlﬁxn(l)) +e? (cy10:n% +- )43 (cvgn(l)&cn%—kcvgaxn(l)nf%—km)
et ({ean® -+ 15) + cra(nD}uny + {er2n® + 2 () -
oA TR(21%) (€0,70) + TR(e®n3) (62 0,15%), (A.2)

where Ir(£2n%) denotes the integral term in (A.1). Here, we only write out the terms
involving n% and 9,n%, since these terms do not cancel each other out. Similarly, we can
write out the other terms in a power series of €. Adding them together, we get a power
series of €, whose coefficients depend on 7, 4, ng, and u%. This series is nothing but a
rearrangement of (2.2b). Subtracting (2.7b) multiplied by £ and (2.10b) multiplied by
3 from the power series of (2.2b), and then dividing the resultant by €3, we obtain the
remainder

1
g{cﬂaﬂﬂn%} + {6727‘(1)81”% + 20,0 ng} +e{(cy2 (n® +n%) t¢y3 (n)?)d,n%

1 1
+(cy2n® 4 ey s ()25} + - + ?IR(€ZR%)(€6$ﬁ) + ;3[1?(62”%) (£20,n%),
(A.3)

where /--/ only consists of finitely many terms. In particular, ' (cﬂaml)) in (A.2)
cancels with the term —e&'(cod,u?)) from —cod,u in (2.2b). Rearranging, we obtain the
remainder equation (2.15¢) for (2.2b)
A
Ortty = LD,y + Doy + (W £uf) Dy + 0z (nf) Doy
(A.4)
+ Qg2 (05 )15 + Oy = 2 Oyptus, — epibn;, — R,
n
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where ag;,a2 depend on n("), n(2 1) their spatial derivatives, and en3,; and

1
b==(Dppu't) +0,,u® — 0y, uM V),
n

o A5
Ro=0u®+ Y 00,00 Las(n® n® n®) + ag(engy). (A-5)

1<4,j<3;i+j>4

We also remark that the remainder of % Ig(c?n%)(€0,7) in (A.3) goes into the term
az(eng)ng and azi(ens) in (A.5) and 5 Ig(e?n%)(e20,n%) goes into az(eng)dyns.
After dividing by €3, the term I (e?n%,)(£0,7) depends on n5, in the form of ass(en%;)n%,
and Ir(£?n%;)(e20,n%) depends on n% in the form of ag; (en%)n%. The dependence of
as; and agg on en, is important to get global in time estimates of (u%,n%) uniformly
in e.

The derivation of (2.15a) is simpler and hence omitted.

REMARK A.l. From the derivation of the remainder equation (A.4), we know that
for any integers «, 8 >0, there exists constant C' such that

195 e aze [l o= < P Oellnfl| =)

LeMMA A.1. Let n™™ n® and n® be given and smooth and n5 € H?. Then there exist
some €9 >0 and constant Cy =C1(g||n% || g2) such that

llaz1 | m2, llagz || gz < Ci(elngl m2),

for every e <eg.

Here, the constant C; also depends on n(? for i=1,2,3, which is omitted in the
parentheses to stress the dependence on n%.

Proof. By the Sobolev embedding theorem, we have ||n% ||z <C||n%||g:. There-
fore, there exists constant o >0 such that e[|71]| L +£2||n% || L= < 1/2, for any 0 <& < &.
Hence 1/2<n<3/2 for every 0 <e <e&y.

When =0, from the definition of as, (r=1,2), we have

jaz,| < C(|n®] +|eng]),

where C' depends on n?) and en%, for i=1,2,3. By Sobolev embedding, since H' is an
algebra, we have

lazellze <Ol @z ellngll =) (0]l 2 +llenkl 22)
<C(ellngllm)- (A.6)

When a=1, we have
‘ama2r| § ‘an(i) a2r| |azn(l) | + |an%a2r ‘ |5amn§%|a
where 0,y az, and &L% az, depend on en%. By computing its L?-norm, we have

|10z a2r || L2 <180 aze || oo 00| L2 + ]| Ons, 20| o< [|€0m | 2
<C(ellngl ), (A.7)



682 DERIVATION OF THE BURGERS’ EQUATION

thanks to Remark A.1 and the fact that H! is an algebra.
When =2, we have similarly

10z asr|| L2 < Clellng] #2)- (A.8)

Combining (A.6), (A.7), and (A.8) completes the proof of Lemma A.1. o

LEMMA A.2.  Let n(Mi, n® and n® be given and smooth with ny € H?. There exist
g0>0 and constant Cy = Oy (||nD || ys,e||n% || m2) such that

IRal e <Clellnila2),

for every e <eq.

Proof. The proof is similar to that of Lemma A.1, and hence is omitted. a0
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