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ATTRACTOR OF THE QUANTUM ZAKHAROV SYSTEM ON AN
UNBOUNDED DOMAIN*

YANFENG GUOY, JINGJUN ZHANG?, AND CHUNXIAO GUOS

Abstract. In this paper, we study the attractor of the quantum Zakharov system on unbounded
domain R? (d=1,2,3). We first prove the existence and uniqueness of the solution by the standard
energy method. Then, by making use of the particular characters of the quantum Zakharov system
and the special decomposition of the solution operator, we obtain the existence of an attractor for this
system.
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1. Introduction

As is well known, one of the most important models in plasma physics is given by the
classical Zakharov system [31] which describes the interaction between high-frequency
Langmuir waves and low-frequency ion-acoustic waves. Recently, when taking quantum
effects into account, a generation of the Zakharov system was derived in [19, 20], which
is named the modified Zakharov system or quantum Zakharov system. Indeed, in recent
years, many physicists have been increasingly interested in the application for a model
taking both collective charged particle effects and quantum phenomena into account.
The subject of the present work is to investigate the dynamical properties of the quan-
tum Zakharov system. For the sake of convenience, we only study the scalar form for
the system in this paper. In a dimensionless form, the quantum Zakharov system can
be written as

iB +iyE+AFE—~h?A’E=nE+f, (1.1)
Nyt +ang+Bn—An+h*A*n=A|E|* 4 ¢, (1.2)

where E:R xR?—C denotes the envelope of the high-frequency electric field, n:R x
R? - R denotes the plasma density measured from its equilibrium value, and a3,y >
0. In (1.1)=(1.2), f and g are the external forces, and the coefficient h measures the
influence of quantum effects. Usually, h is an extremely small quantity, see [19].

It is well known that the classical Zakharov system has been quite extensively
studied theoretically and numerically by many mathematicians and physicists in the
past decades. We refer to references [1, 5, 10, 11, 13, 24, 28, 30] for the local or global
well-posedness results and [4, 7, 9, 14, 23] for the existence of attractors for the classical
and dissipative Zakharov system.

System (1.1)—(1.2) describes the nonlinear interaction between the quantum Lang-
muir and quantum ion-acoustic waves. The quantum Zakharov system plays an espe-
cially important role in intense laser plasmas and in dense astrophysical plasmas, mainly
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due to the importance of the quantum effects in these subjects. For more comprehen-
sive work on the dynamics of (1.1)—(1.2), see [15, 16, 17, 19, 25, 26, 27, 29] and the
references cited therein. Recently, we have obtained the attractor on a bounded domain
in R? with d=1,2,3 for the quantum Zakharov system in [15]. But the results about
an attractor on an unbounded domain such as R? in case of d=1,2,3 for the quantum
Zakharov system have not been obtained at present. Since the imbedding theorem is
not compact on an unbounded domain, it is very difficult to obtain the compactness of
an attractor by using the usual techniques. To fill this gap, the subject of this work is
to investigate dynamical behaviors of the quantum Zakharov system in R? (d=1,2,3)
complemented with initial data

E(0,2) = Eo(x),n(0,2) =no(x),n:(0,2) =ny (z), zcR™ (1.3)

The method used here is different from [15].

First, we introduce some standard notation which will be used throughout the
paper. We denote the spaces of complex valued functions and real valued functions
by the same symbols. For s>0, 1<p<oo, we denote H*P(R?) (when p=2, we write
H*(R?) for short) or H*(R%) the usual inhomogeneous or homogeneous Sobolev spaces
of order s. The notation (-,-) is the inner product in L?(R?), and |||, is the norm of
LP(R%), especially ||-||=|-||2. Moreover, we often write [,,-dv= [-dz. Also, as in [16]
we define the product space Vj as

Vii=(H* Y RN A Y(RY)) x H*+H(RY) x H*FF2(RY), k=0,1,2

and endow Vj, with the natural norm, namely,

|(ursugsus) v = lusll gan—sm -1 + 1wzl mzses + lus ]| goeee.

We note that the imbedding of H*(R?) into H* (R%) (s> ') is not compact. In order to
overcome this difficulty, we apply the methods in [22] and in [6] to show the asymptotic
smoothness of the semigroup S(¢) by using the Kuratowskii a-measure of noncompact-
ness. Then applying the theory of [21], we can prove that the quantum Zakharov system
has a maximal attractor in the space V; which attracts bounded sets in the topology of
Va.,

In this paper, we shall repeatedly use the Gagliardo—Nirenberg inequality [8]

1D ully < Cllullg™ D™ ull}, we LINH™" (RY),
where %zé—i—A(%—%)—&—%Jﬁq,rSoo, j is an integer, and 0<j<m, %g)\gl. If
m—j— % is a nonnegative integer, then the inequality holds for # <A<1.

In the next section, by establishing some uniform estimates in the spaces V, V1, V5,
we show the existence and uniqueness of solution for system (1.1)—(1.2). In order to get
the compactness of the attractor, we study the decomposition of the solution operator
in the third section. In Section 4, the main results of this paper are obtained by the
preparation of former sections. The last section gives some further remarks on the
attractor for this system. Throughout the paper, C is a generic constant, and the value
of C' may be different from line to line. In Section 5, some remarks are given for some
work in the future.

2. Existence of bounded absorbing sets
Let m=n;+en. Then system (1.1)—(1.2) can be written as

iB +iyE+AFE—~h?*A’E=nE+f, (2.1)
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ng+en=m, (2.2)
mi+(a—e)m+(B—e(a—e))n—An+h*A’n=A|E|* +g¢, (2.3)

where (6 —e(a—¢))I — A is a positive self-adjoint and elliptic operator of order 2 which
is a homeomorphism from H*(R?) into H*~2(R?), where f and g are known functions
only depending on the spatial variables. The initial data of (m,n,FE) is

(m,n,E)(0,2) = (n1 +eng,no, Eo)(x) = (mo,no, Eo)(x), x€ R, (2.4)

LEMMA 2.1. Let f€ H*(R%), g€ H3(R?). Then
(1) for any (mo,no, Eo)(x) € V1, the solution of (2.1)-(2.4) belongs to L>=(R*;V4);
(2) for any (mo,no, Eo)(x) € Va, the solution of (2.1)~(2.4) belongs to L (RT;V5).

Proof.
(1) Taking the inner product of (2.1) with 2E in R? and choosing the imaginary part,
we have

d _
GBI+ 25 I =2im [ 1Bdo <4 B +C 1|2,

Thus we see

t
|E[2 =~ Eol> + CII|1 / =9 ds < M, (2.5)

where M is a positive constant independent of t.
Taking the inner product of (2.1) with 2(yE + E;) in R¢, we can obtain

d _ _
G VEIP + B |A|P+2Re [ Edo) + 2(IVEIP + BIAE| + e [ fEdo)
+/n(|E|2)tdx+2'y/n|E|2dx:0. (2.6)

Taking inner product of (2.3) with 2(—A)~!m in R? and noticing that 2 [mndz=
4 |In||>+2¢||n|?> and —2 [ mAndz = 4| Vn||>+2¢||Vn||?, we have

%(IImIIZ+(6—6(oz—8))l\nll2_1+||nH2JthIIWIF)+2<€(ﬂ—8(oz—6))||n||2_1+2€||n|\2
+2((a—s)||m||%1+eh2||Vn||2+/(nt\E|2+sn|E\2—g(—A)*lm)dz:o. (2.7)
Now, we set

Hy(t) :2||VEH2+2h2||AE||2+4Re/fEdm+2/n\E|2dx+Hm||2_1+\|n||2
+(B—ela—e))|n[2, +h*[Vn|® (2.8)
and

Io(t) :47(||VE||2+h2||AE||2+Re/fde)+4w/n\E|2dx+2(a—s)||mH2,1+25Hn||2

+2¢(B—e(a—e))|n|*, —|—25h2||Vn||2+25/n|E|2dx—/2g(—A)_1mdx, (2.9)
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then it follows from (2.6) x 2+ (2.7) that

dHy(t
o) +Io(t)=0. (2.10)
dt
Therefore, there exist a small cvg >0 and a positive constant K satisfying
dH,
;( ) a oHo(t) < Ko. (2.11)
According to Gronwall’s lemma, it can be inferred that
K K
Ho(t) < e " Hy(0)+ =2 (1—e =) < e~ Hy(0) + —2 < Mo, (2.12)
() @Q

where M is a positive constant independent of time. Then (m,n,E) € L>(R*;1}).
On the other hand, taking the inner product of (2.1) by 2A2E; +2vyA2%E in R? and
choosing the real part, we can obtain

%(HVAEW+h2||A2E||2+2Re/(fA2E+nEA2E)dx)+27(||VAE||2—|—h2HA2EH2)
+2v(Re / (fA2E+nEA’E)dz) —2Re / (i EA%E +nE,A*E)dx =0. (2.13)
Moreover, multiplying (2.3) by 2m in R? yields
%Hm||2+2(a e)|[m|*+2(8—e(a—e)) /mndm
—2/mAndw+2h2/mA2ndx—/mA|E|2dx—|—2/mgd:v=0.

Noticing that 2 [mndz= %|

2h? [ mA?ndx = h* 4L || An||? +2eh?|| An||?, we have

In||? +eln)?, —2[mAndz=2%

LIVn||*+2¢]|Vn|?  and

jt(HmIIQ (ﬁ—e(a—e))llnll2+IIVn||2+h2HAn||2—2/ngdx)+2e(ﬁ e(a—e))|n|?
+2(a—e)|\m\|2+25\|Vn||2+26h2HAn||2—25/ngdac—2/mA|E\2dx:0. (2.14)
Also, multiplying (2.3) by 2Am, we can get
%(IIWIIQ+(ﬁ—a(oz—6))||Vn||2+IIAnII2+h2HVMH2+2/9And:v)+2(a—8)IIVm||2
+2e((ﬁ—s(a—g))\|w||2+||An||2+h2HVAn||2+/gAndx)+2/mA2|E|2dx=o.
Then we have
%(Ilml\“||le|2+(ff—s(oz—e)ﬂlnll%r(1+(ﬂ—e(a—e)))l\WIIQ+(hQ+1)||Anll2

+h2||VAn||2+2/ (An—n)dz) +2(a—e)(|lml|* +[|Vml|*) +2¢(8 — e(a—e)) [ n]*

+25(1—|—(ﬁ—s(a—a)))||Vn||2—|—25(h2+1)||AnH2+25h2||VAn||2+25/g(An—n)dw)
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—2/mA|E|2dx+2/mA2\E|2dx:O. (2.15)
Note that
2/ntA2|E\2d:E:4Re/ntEA2Ed:r+4/m|AE\2dm+8Re/mVAEVde
—45/n\AE|2dx—8Re/(EnVAEVEdac—i—VmAEVE—EVnAEVE)dx. (2.16)

Therefore, from (2.13) x2+4(2.15), we obtain

d
S +1(1)=0, (2.17)
where

Hy(t) =2||VAE|? + 21 [ A2 B> + [ml* + [ V| + (8 —e(a—e)) [n]|* +1*||V An]|?
+(1+(ﬁ—s(a—s)))||Vn||2+(h2+1)||AnH2+4Re/(nE+f)A2de
+2/g(An—n)dw, (2.18)

and

I (1) :47(HVAEH2+h2||A2E||2+Re/fA2de+Re/nEA2Edm)+2sh2||VAn||2
+2(a—e)([lm|* +[|Vm|?) +2¢(8 —e(a—e))||n* +2e(1+ (8 —e(a—e)))[|Vn]?
—|—2€(h2+1)|\An||2—25/gndx+26/gAndx—2/mA|E\2daz—|—4/m|AE|2dm
+8Re/mVAEVEda:f4€/n\AE\2dz+2€/nA2|E|2dx74Re/nEtA2Ed:c
—8(Re/(anAEVE—I—VmAEVE+€VnAEVE)dx. (2.19)

Hence, there exist a; > 0 sufficiently small and K7 > 0 satisfying

dH (1)

By Gronwall’s lemma, we have

K K
Hy(t)<e *''Hy(0)+ —(1—e ) <e ™' Hy (0)+ — < M, (2.21)
aq a1

where M is a positive constant independent of time. Then (m,n,E) € L= (R*;V;).

(2) On the other hand, taking inner product of (2.1) with 2A*E; +2yA*E in R?, we
can obtain

d _
%(\|VA2E||2+h2\|A3EH2+2Re/(nE+f)A4de)+27\|VA2E||2

+2’y(h2||A3E||2+Re/(nE—+—f)A4de)—2Re/(nEt+ntE)A4Edm:O. (2.22)



632 ATTRACTOR OF THE QUANTUM ZAKHAROV SYSTEM ON UNBOUNDED DOMAIN
Meanwhile, we multiply (2.3) by 2A2m in R? and get
d
%HAmHZ—|—2(a—€)HAm||2+2(6—5(a—€))/nA2mdm—Z/AzmAndx
+2h2/A2mA2ndx—2/A2mA|E|2dx—2/9A2mdx=o. (2.23)
Note that
2 d 2 2
2 [ A mndxzaﬂAnH +2¢||An]|*,

d
72/A2mAndz: %||VAH||2+2€||VAnH2,

2h2/AQmAQndx:h2%HA2n||2+23h2||An||2
so we have
G (1AmI?+ (3= Al + [T Anl+ 12 A% - 2 [ ganda)
+2((a—5)||Am||2—l—E(B—E(a—e))HAnHz—|—€HVAnH2+€h2||A2n||2—/EgAzndx)
—2/AmA2\E|2dx=0. (2.24)
Taking inner product of (2.3) with 2A%m in R? and noting
Q/Asmndfc:%HVAMP+25||VAn||2,2/A3mAndx:%\|A2nH2+2sHA2nH2
and
—2h2/A3mA2ndx:hQ%HVAQnHQ+25h2||VAn||2,
we can obtain
%(HVAmHQJr(ﬁfs(ozfe))HVAnH%r||A2n||2+h2||VA2n||2+2/gA3ndx)
+2(a—e)||[VAm|* +2¢(B—e(a—e))||[VAR||* +2¢||A%n||* +2eh? || VA%n |2
+25/gA3ndx+2/A3mA|E|2dx:O. (2.25)
Since
2/A\E|2A3md:r:4Re/(ntE’A4E+4ntA3EAE)d:E+12/nt|A2E|2dx7 (2.26)
we have

d
%(HVAmHQ—i— (B—e(a—e))||[VAR|*+ ||A2n||2—|—h2||VA2n||2+2/gA3ndx)

+2(a—¢)|[[VAM||2 +2¢(8—e(a—e¢))||VAR|* +2¢||A2%n||2 +2eh?|| VA?n||?
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+25/9A3ndx+4Re/(ntE'A4E+4ntA3EAE+3nt|A2E|2)d:p:O. (2.27)

Therefore, from ((2.25)+ (2.27)) x 24 (2.22), we obtain
d
() + (1) =0, (2.28)
where
Hg(t):2||VA2EH2—|—2h2||A3E||2+4Re/nEA4Edm+4Re/fA4de
HIAm[? +[|VAm|* + (8 —e(a—e) | An|* + (1+ (B —e(a—e)) [ VAn|
—&-(1—}-h2)||A2n||2—&-h2||VA2nH2—Z/gAzndav—i—Z/gA?’ndgc7 (2.29)
and
_ 270112 1 12 A3 )12 4F 4AF
L(t)=4v(|VA E|*+h*||A°E]| +Re/nEA de+Re/fA Edz)
f4Re/nEtA4de+2(a75—:)(||Am||2+HVAm||2)+25(575(a76))||An||2
+2€(1+(B—s(a—s)))||VAn||2+25(1+h2)||A2n||2+25h2|\VA2n||2+25/9A3ndm
—25/9A2ndx—2/AmA2|E|2dx+16Re/ntA3EAde+12/nt\A2E|2dx.

With the same techniques as above, we know that there exist a small positive constant
as and a positive constant K5 such that

dH(t
th( ) FagHy(t) <Ky, (2.30)
which, by Gronwall’s lemma, implies that
K K
Hy(t) <e “2'Hy(0)+ a—g (2—e™2t) <e 2 [, (0) + 072 < M, (2.31)
2 2

where M is a positive constant independent of time. Then (m,n,F) € L™ (R*;V3). O

From Lemma 2.1, it is not hard to prove the existence and uniqueness of the solu-
tions and the bounded absorbing sets, which are stated as follows.

LEMMA 2.2. Let f€ H*(R?), g€ H*(R?). Then, for any (mo,no,Eo)(z) € V1, there
exists a unique solution (m,n,E) € Cy(R*;V7) for (2.1)-(2.4).

Moreover, if S(t) is the solution operator, that is, (m(t),n(t),E(t))=
S(t)(mo,no, Eo) is the solution of (2.1)~(2.4) with the initial condition (mg,ng, Ey) € Vi,
then S(t) is a semigroup in Vi, uniformly continuous on any compact interval [0,T), and
has a bounded absorbing set By CVi. In addition, S(t) is also a continuous semigroup
in Vo and has a bounded absorbing set By C V5.

3. The decomposition of solution operators
Let xr(x) € C§°(R) satistying 0 <y <1 and

_J L e[ L
XL(m){o, 2| > 1+ L. (3.1)
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Then, for any o € (0,1], there exists an L(o) >0 (sufficiently large) such that

||f7fa||zjl'-]2 SJ, where fUZfXL(O')? (32)
lg— 9o} <o, where g-=gXr(0),
IAIEP(1=XLo)|5: <o.

Now, we denote by (my,ns, Ey) = S15(mo,n0,Ep) the solution of the problem:

iEy+AE, —h?*A’E, +iyE, —nE, —icAE,+ich’A*E,

=f—f,—icAE+ich’A*E, (3.5)
Ngt +ENG =My, (3.6)
m0t+(a—5)mg+(ﬁ—5(a—5))ng—Ang+h2A2ng:(A\E|2+g)(1—XL(,,)), (3.7)
(Myyno, Ey)(0,2) = (mo,no, Eo) (2), zeR?. (3.8)

Then
(’LUU,’UU,’U,O-)ZSgg(t)(mo,no,Eo)
:S(t)(m()vnOaEO)_Sla(t)(m07n07E0):(m_mo'vn_na'aE_EU)
satisfies
gt + Aty —h2A%uy + iy, —icAuy +ich? A% u, —nuy = f,, (3.9)
We =Vgt +EVg, (3.10)
Wt + (=) wo + (B —e(a—€))vy — Avy +h*A%vy = (A|E* + 9)X L(0)» (3.11)
(We,Ve 516 )(0,2) = (0,0,0), xR (3.12)

LEMMA 3.1. There exist a constant C' >0 and an increasing function w(0)=0 such that
the solution of (3.5)—(3.8) satisfies

| Ex|l s l|1no |l g3, Mo llgr < Cy for all 0<o <1 and t>0,
| Eo |l a1, |06 || 23, [|mo llgr <w(o), for all 0<o <1 and t>t, (Jt.>0).

Proof. Multiplying (3.5) by 2E, and integrating the imaginary part, we see
d
S| Eoll* +2v] Bo |* + 20|V E, ||* + 2007 | AE, ||*
=Im / 26, (f — fo —icAE+ich?A*E)dx
NE? +0lIVEs|* +oh?|AE, | + 0| VE|* + ol | AE|* + CII f = fo|. (3.13)
Hence, it is easy to see
d
Bl 9B |* <ol VE|* +C|f = fo|* + oh*|AB]* < Co. (3.14)
By Gronwall’s inequality, we obtain

C
I\Ea||2§IIEo||2e’”+TU(1—e*”). (3.15)
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Hence, for all ¢>0 and 0 <o <1, there holds

| E,|? <C. (3.16)
Moreover, there exists a t; >0 such that e =71 ||Ep|? <o and for all t>t;,

| E,||? < Co. (3.17)

Multiplying (3.14) by 2E,; and integrating the real part, then we get
Re / 2F,1(iEy +AEy; —h?A’E, +ivE, —ic AE, +ioch’A’E,)
=Re / 2F,i(nEy+ f — fs —ic AE +ioch? A’E)dzx. (3.18)

Substituting the identity
—iBy =—AFE,+h?>A’E, +ivEy;+nE, —icAE,
+ioh?A2E, +ioc AE —ioch®?A’E+ f — f,,

into (3.18), and using Holder’s inequality, Young’s inequality, and the Gagliardo—
Nirenberg inequality, we can obtain

%ﬁo (t)+~vHy(t) < Co, (3.19)

where Hy(t) =||VE,|?+h?|AE,|?>+ [n|E,|?dz+2 [ E;(f — fy)dz. Thus it follows
from Gronwall’s inequality that

Ho(t) <e " Ho(0)+Co(1—e™ ). (3.20)
Note that
[ niEads 2 [ Bo(F = fo)dn < Ollnllum |Eol+ 1B P+ 1~ Fol?),
Therefore, there holds
IVE,|?+h?|AE,|><C (3.21)
for all 0<o <1 and ¢t >0. Also, there exists a to >t >0 such that
IVE,||? +h?|AE,|* < Co (3.22)

forall 0 <o <1 and t>t,. Similarly, with the same arguments as above, it is not difficult
to obtain

|Eo|lzs <C, for all 0<o <1 and ¢ >0,
|1Es|| g+ <w(o), for all 0<o <1 and ¢t >t3 (3t >te >t >0).

In addition, we multiply (3.7) by 2Am, and integrate in R?, to obtain the following:

/2Amg (Mgt +(a—e)my+(B—e(a—¢))ng — Ang +h*A%n, )dx
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:/2AmU(A|E|2+g)(1—XL(U))dx. (3.23)
So we can obtain
d
%(Ilvmol\%(Bfe(afs))llvna\lﬂ |An, >+ 1|V Ang 1)
+2(a—e)||[Vme > +2¢(8 —e(a—¢)) || Vg ||> 4 2¢|| Ang || 4+ 26h? ||V Ang ||

_ / 2AmH(A|E[2 +g)(1— xp(oy)de, (3.24)
which implies

d
7 (IVmel? +(B—c(a=2))[[Vno|* + [ Ang[|* + (| V Ang )

+2(a—e)||[Vmeg > +2¢(8 —e(a—e)) || Vg || 4 2¢|| Ang || 4 26h? ||V Ang ||
o
2

Define

13
<2 Vm, |+ Co.

Ho () = [V |* + (8 —e(a—e)) | Vo |* + | Ang || + 12|V Ang |2,

by choosing a small positive constant €<min{%,§} such that « —e>¢ and f—e(a—
€)>0. Then we have

%Hg (t)+2H, (1) < Co, (3.25)
and by Gronwall’s inequality, there holds
H,(t)<e ®'H,(0)+Co(1—e =) <C, Vt>0. (3.26)
Moreover, there exists a t4 >t3>0 such that
H,(t)<Co (3.27)
for all t>t4 and 0 <o <1. Therefore, it is easy to obtain

el e, ||me g <C, for all 0<o<1 and t>0,
Inollms, [[me|| g <w(o), for all 0<o <1 and t>14,

where w(0)=0. Finally, Lemma 3.1 follows if we choose t* =max{ts,t4}. O

LEMMA 3.2. There exist constants C1(c),C2(0) such that

lzuell, leVuell, leAugll, |2V Aug|l, [|oA%u || < Ci(0),
[zvs [, [lVvoll, [[eAvell, 2V Avsl; [zws |, [l2Vws || < Ca(a).

Proof. Taking the inner product with 2|z|?u, for (3.9) and taking the imaginary
part, we have

Im/2|x\2aa (itlot + Aty — W2 AUy + iy —io Auy +ioh? A%uy )dx
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:Im/2|x\260(nug—|—fa)dx. (3.28)
Note that
Im/2|x\21]UAugdx = —4Im/xﬂgVugdw,
—Im/2h2|x|2ﬂ0A2ugdaj = —4h21m/2mVﬂgAugdx,
—Im/2i0|x\260Augdz = 20||xVuJH2+40Re/zﬁgVuad:17,
Im/2iah2|x|2ﬁ0A2ugd;ﬂ = 20h?||zAuyl?

+80h?Re / Vi, Augdr —4oh?||Vu, 2.
Then, through the standard estimates for (3.28), we obtain

d
%HIEUUHQ+2’}/HZIJUU||2+20'||J?VUU||2+20’h2HfEAUJ||2
wuo || +ol|2Vue |* + 0b? |2 Auq |+ C (o) (luo I” + [ Vuo > + |2 f5 1),
which can be estimated as
d
@IIMUH?JWIIMUH2 <C(0)(uol® + [ Vus >+ |25 |I*) < C (o).
Then applying Gronwall’s inequality yields
t
C
qug||2§C(U)/ e—7<t—s)ds=ﬂ(1—e—w)SC(U).
0

v

As before, we can further deal with the higher-order norm as follows. Taking the inner
product with 2|x|?uy; for (3.9), we have

Re/2|:1:|2ﬂot (itgt + Aty — h2 A% Uy +iyue —iocAug +ich? A*u,)ds
:Re/2|z|2ﬂat(nug+fg)dx. (3.29)
Notice that
Re/2|x|271(,,5Au(,dac=—%chVuUHQ—Re/él:zsﬂatVu(,dav7
Re/72|x|2ﬂath2A2ugdm:fh2%||xAugH2+4h2Re/ﬂgtAugdx
+8h2Re/xﬂgtVAugdx,
Re/2|9:|zﬂ(,t(nug+fc,)d:r:%(/|z|2|u0|2ndx+2Re/|x|2uc,fadx)

- Re/ |22 |ug |*(m —en)dz,
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and
Re/2i’y|m|2ugﬂgtda€:—2’yIm/|x\2uJﬂUtdaz,
Re/—2ia\x|2ﬂgtAuadx:201m/\x|2ﬂatAugdx,
Re/2iah2|x|2ﬂotA2ugdx: —20h21m/AuU (20t +42V g + |7)* Aty ) dox.

In addition, in view of the identity
ligt =1 fy —iAly +ih? AUy — Yy + iniiy + 0 Aliy — ch? A2,
we can obtain

SGolt)+1Go(t) <C(o), (3.30)

where Gy(t)=|zVu,||* +h2||zAus|]? + [|z]?|us|?*ndz +2Re [ |2|*uy fydz. In the esti-
mate (3.30), we have used the fact u, € H?(R?), which can be easily obtained by inves-
tigating problem (3.9)—(3.12) through the standard method. Therefore, by Gronwall’s
inequality, it is easy to obtain ||zVu, || +h?||zAu, || <C(0).

Moreover, using similar approach as above, one can also obtain ||zVAu,|?+
h?||zA%u, |2 < C(o) under the condition f€ H*(RY). Therefore, we have shown that
there exists a constant Cy (o) satisfying

lzuell; lxVuell, lzAuql, 2V Aue, eAu ]| < Ci(0).

Now, we use a similar argument to deal with the terms including w, and v,. Taking
the inner product with 2|z|?w,,; for (3.11), we have

/2|x\2wgt(wgt +(a—e)wy + (B—e(a—e))vy — Avy +h2A%0, )dx
:/2|w\2wgt(A|E\2+g)xL(g)dac,
from which we can get
%G?,(t) +eG3(t) <C(o), (3.31)
where G3(t) = ||zw, ||? + (B —e(a—¢))||zve||? + ||z Vv, ||? + k2|2 Avg||%. If we choose & >

0 sufficiently small to satisfy e < g and e <(B—e(a—¢)), then there exists a constant
C(o) such that

lzwe I, lzve ||, |2V, 2Ave|* <C(o).

Differentiating (3.11) and taking the inner product with 2|z|>Vw,; for the resulting
equation, we see

/2|x|2Vw,,t(Vwc,t +(a—¢&)Vwy + (B8 —e(a—¢€)) Vv, — VAV, + h?VA%v, )dx

:/2|gc|2Vwm5V(A|E|2 +9)XL(o)dT.
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Repeating the above process, we can obtain

%G4(t) +2Ga(t) (o), (3.32)

where G4(t) = ||zVw,||? + (B—e(a—¢)) |2V, ||? + || zAv, |2 + h2 ||V Av,||?. Again, we
select a sufficiently small € >0 that 5<§ and e <(f—e(a—¢)), then there exists a
constant C(o) satisfying ||[zVw,||?, ||V Av,||? <C(c). Hence, we can take a common
Cs(0) such that ||zvs|], [|zVue||, [[zAvs||, [[tVAv ||, [[zwe]], [[tVwes] <C2(c). This
completes the proof of Lemma 3.2. a

4. The existence of the attractor

Let S(¢) be the semigroup generated by (2.1)—(2.4). According to the previous
sections, we know that S(¢) has a bounded absorbing set in V; and V. In Section
3, decomposition of S(t) is used in order to make use of the so-called Kuratowskii a-
measure of noncompactness to prove the asymptotic smoothness of S(¢) and construct
the maximal attractor. Recall that the a-measure of a set A in a Banach space X is
defined by

a(A) =inf{d| there is a finite covering of A of diameter < d},
where d represents distance. «(A) has the following properties (see e.g., [2, 21]):

a(AUB) <a(A)+a(B),
a(A)=0, A is compact in X.

To prove the main result, we need to give the following compact imbedding lemma.

LEMMA 4.1. Let s>s; be an integer, then the imbedding of H*(R%)NH* (R? (1+
|z|2)dx) into H*' (R?) is compact.

The proof of Lemma 4.1 can be found in [3, 12]. Now we present the main result
of the paper.
THEOREM 4.2.  Assume f € H*(R?), g€ H*(RY) (d=1,2,3), and S(t) be the semigroup
generated by (2.1)—(2.4). Then there exists a set ACVy satisfying
(1) S(H)A=A, Vt>0,
(2) 75lim disty, (S(¢)B,A) = lim supdisty, (S(t)y,A)=0, VB C Vs bounded,
bde el

t—)OOyeB

(3) A is compact in V.

That is to say, A is a mazximal compact attractor in Vi which attracts bounded sets of
V45 in the topology of Vi.

Proof. From lemmas 3.2 and 4.1, we see that Sy, defined by (3.9)—(3.12) is compact
from V5 into V. Then, for any bounded B C V5, we have

Oé(Sgg(t)B) = 0, Vit Z 0.
From Lemma 3.1, for any 1> 0, there exist o and ¢ such that

[[S16 () (m0,m0, Eo)|| <n
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for all t >tg and (mg,no,Ep) € B.
Hence, there holds a(S1,(t)B) <27 for all ¢t >ty. Therefore, we can obtain

a(S(t)B) <a(S1s(t)B) +a(S2 () B) = a(S1,(t) B) <2n, ¥ t > to.
Namely, for any bounded set B C V5, we have

tlggoa(S(t)B) =0,
which implies that S(¢) is asymptotically smooth. Therefore, Theorem 4.2 follows easily
by applying Theorem 3.4 in [21]. This ends the proof of the theorem. ]

5. Further remarks

In this section, we present two remarks on the attractor which will be investigated
in our forthcoming work.

An interesting question is the dimensional estimate for the attractor. In the case
of the periodic boundary condition, by studying the estimates of Lyapunov exponents,
we obtained the finite dimension estimates of the Hausdorff dimension and the fractal
dimension of the attractor for system (1.1)—(1.2) in [18]. However, the Poincaré inequal-
ity and corresponding compact operator do not hold on unbounded domain in general,
which have been used for dimensional estimates in periodic boundary condition [18].
So, we must further investigate dimensional estimates in our case.

Another problem is to study the limit behavior of the attractor when A — 0%. This
problem is meaningful from the view of physics, as h is an extremely small quantity in
physics [19]. The classical limit of the quantum Zakharov system was shown in [16].
However, the limit of the attractor for this system has not been studied yet. In fact,
concerning the limit behavior of the attractor, one has to show the existence of solutions,
uniformly estimate solutions independent of h, and estimate the precompactness of
union of attractors depending on h. All these properties are not obvious for this system,
especially in the case of unbounded domain and higher spatial dimensions. Therefore,
we need to investigate the dynamics of the attractor more deeply in the future.
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