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DYNAMICS OF THE 3D FRACTIONAL GINZBURG-LANDAU
EQUATION WITH MULTIPLICATIVE NOISE ON
AN UNBOUNDED DOMAIN*

HONG LU', PETER W. BATES}, SHUJUAN LU$, AND MINGJI ZHANGY

Abstract. We study a stochastic fractional complex Ginzburg—Landau equation with multiplica-
tive noise in three spatial dimensions with particular interest in the asymptotic behavior of its solutions.
We first transform our equation into a random equation whose solutions generate a random dynamical
system. A priori estimates are derived when the nonlinearity satisfies certain growth conditions. Ap-
plying the estimates for far-field values of solutions and a cut-off technique, asymptotic compactness is
proved. Furthermore, the existence of a random attractor in H'(R?) of the random dynamical system
is established.
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1. Introduction

A fractional differential equation is an equation that contains fractional derivatives
or fractional integrals. The fractional derivative and the fractional integral have a
wide range of applications in physics, biology, chemistry, and other fields of science,
such as kinetic theories of systems with chaotic dynamics (see [34, 41]), pseudochaotic
dynamics (see [42]), dynamics in a complex or porous medium (see [13, 26, 35]), random
walks with a memory and flights (see [24, 33, 40]), obstacle problems (see [6, 31]).
Recently, some of the classical equations of mathematical physics have been postulated
with fractional derivatives to better describe complex phenomena. Of particular interest
are the fractional Schrodinger equation (see [12, 16, 17]), the fractional Landau-Lifshitz
equation (see [19]), the fractional Landau-Lifshitz—Maxwell equation (see [28]) and the
fractional Ginzburg-Landau equation (see [37]).

Small perturbations (such as molecular collisions in gases and liquids and electric
fluctuations in resistors [15]) may be neglected during the derivation of these ideal
models. However, the perturbations should be included to obtain a more realistic model
and to better understand the dynamical behavior of the model.

One may represent the micro-effects by random perturbations in the dynamics of
the macro observable through additive or multiplicative noise in the governing equation.

To study a stochastic partial differential equation, a key step is to examine the
asymptotic behavior of the random dynamical systems generated by its solutions. Some
nice works along these lines are, for example, by Crauel and Flandoli (see [7, 8]), who
developed the theory of random attractors which closely parallels the deterministic case
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274 DYNAMICS OF 3D FRACTIONAL GL-EQUATION WITH MULTIPLICATIVE NOISE

(see [36]), and by Debussche (see [11]) who proved that the Hausdorff dimension of the
random attractor could be estimated by using global Lyapunov exponents.

The well-posedness of solutions of fractional partial differential equations has been
studied to some extent (see [17, 19, 21, 28]). However, there are not many results
for stochastic fractional partial differential equations. In this paper, we examine the
asymptotic behavior of solutions of the fractional Ginzburg-Landau equation with mul-
tiplicative noise on an unbounded domain.

The fractional Ginzburg—Landau equation arises, for example, from the variational
Euler-Lagrange equation for fractal media, which can be used to describe dynamical
processes in a medium with fractal dispersion in [37]. In [29], the authors analyzed a
one-dimensional fractional complex Ginzburg-Landau equation

w4+ (14iv) (= A)u+ (1 +ip)|u* u= pu.

The well-posedness of solutions was obtained by applying the semigroup method under
the condition

1
VitpZ-1

The existence of a global attractor in L? was also proved when o=1. In [23], the
dynamics of a two-dimensional fractional complex Ginzburg-Landau equations is stud-
ied. A fractional Ginzburg—Landau equation on the line with special nonlinearity and
multiplicative noise was analyzed in [22].

In this paper, we consider a general three-dimensional stochastic fractional
Ginzburg-Landau equation with multiplicative noise of Stratonovich form defined in
the entire space R? given by

g
2_ =

du+ ((1+1iv)(=A)%u+pu)dt = f(x,u)dt + SuodW (t), zeR? t>0 (1.1)
with the initial condition
u(z,0) =up(x), rcR3, (1.2)

where u(z,t) is a complex-valued function on R3 x [0,+00). In (1.1), i is the imaginary
unit, v is a real constants, p>0, a€(1/2,1), and f(x,u) is a nonlinear function, for
instance, f(x,u)=—(1+ip)[u|?*?u with g €R and o >0. For convenience, we sometimes
write it as f = f(x,u,a) or f=f(u), and in the various lemmas that follow we assume
f satisfies some of the following conditions:

Ref(z,u)u < —B|ul* >+ (2), (1.3)

Refu| V2 +Refa (V)2 < =By [ul* V2 + [u* 2 (Ao (uV)? + Ao (@V)?), (1.4)
max{] ful, | fal} < 2. (1.5)
201 <o) (16)

for ue C and V € C™, where o, §; (i =1,2) are positive constants, 3, is a positive constant
depending on o, \, is a complex constant depending on o, and (V)?=V-V=3"" V2
(which is not an inner product on C"), and v, (z) € L*(R3), v2(x) € L2(R3). The white
noise described by a two-sided Wiener process W (t) on a complete probability space
results from the fact that small irregularity has to be taken into account in some cir-
cumstances.
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Most of the research with respect to random attractors is restricted to L?. In this
work, we obtain the existence of a pullback attractor in H' (actually, one can choose the
space to be H* a € (0,1], but we prefer the stronger regularity of the random attractor
in H').

The concept of pullback random attractor, which is an extension of global attractor
in deterministic systems (see [2, 20, 30, 32, 36]) was introduced in [8, 14]. In the case of
bounded domains, the existence of random attractors for stochastic partial differential
equations has been investigated by many authors (see [1, 7, 8, 10, 14] and the references
therein). However, the problem is more challenging in the case of unbounded domains.
Recently, the existence of random attractors for systems on unbounded domains was
studied in [3, 5, 38, 39], which provides guidance for this work.

It is well known that asymptotic compactness and the existence of a bounded ab-
sorbing set are sufficient to guarantee the existence of a random attractor for a contin-
uous random dynamical system. However, Sobolev embeddings are not compact on an
unbounded domain. In this paper, we employ a tail-estimates approach to prove the
existence of a compact random attractor.

The paper is organized as follows. In Section 2, some preliminaries, notation, and
random attractor theory for random dynamical systems are introduced. In Section 3,
we define a continuous random dynamical system for the stochastic fractional complex
Ginzburg—Landau equation. In Section 4, we derive uniform estimates for solutions,
which include uniform estimates on far field values of solutions. In Section 5, we establish
the asymptotic compactness of the solution operator, and then prove the existence of a
pullback random attractor.

2. Preliminaries and notations

We first recall some basic concepts related to random attractors for stochastic dy-
namical systems (see [4, 8, 10] for more details).

Let (X,||-||x) be a separable Hilbert space with Borel o-algebra B(X), and let
(Q,F,P) be a probability space.

DEFINITION 2.1. (Q,F,P,(0:)1cr) is called a measurable dynamical systems, if 0:
RxQ—Q is (B(R) x F,F)-measurable, 0y =1, 0;1s=0,00, for allt,s€R, and ;A=A
for all teR and A€ F.

DEFINITION 2.2. A stochastic process ¢(t,w) is called a continuous random dynamical
system (RDS) over (Q,F,P,(0:)ier) if ¢ is (B(RT) x F x B(X),B(X))-measurable, and
for all we)

o the mapping ¢:RT x QA x X — X is continuous;
e $(0,w)=T on X;
o O(t+s,w,x)=0o(t,0w,d(s,w,x)) for all t,s>0 and x € X (cocycle property).

DEFINITION 2.3. A random bounded set {B(w)}uca CX is called tempered with
respect to (0t)ier if for P-a.e. w€Q and all >0

lim e~ “'d(B(_4w))=0.

t—o0
where d(B) =sup, cp /x| x-

Consider a continuous random dynamical system ¢(t,w) over (Q,F,P,(0;):er) and
let D be the collection of all tempered random set of X.
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DEFINITION 2.4. D is called inclusion-closed if D={D(w)}weq €D and D={D(w)C
X :weQ} with D(w) C D(w) for allwe, then DeD.

DEFINITION 2.5.  Let D be a collection of random subsets of X and {K(w)}weq€D.
Then {K (w)}weqis called an absorbing set of ¢ in D if for all BED and P-a.e. we)
there exist tp(w) >0 such that

o(t,0_1w,B(0_1w)) C K(w), t>tp(w).

DEFINITION 2.6. Let D be a collection of random subsets of X. Then ¢ is said to be
D-pullback asymptotically compact in X if for P-a.e. w €, {@(tn,0_¢, w,Xn)}22, has a
convergent subsequence in X whenever t, — 0o, and X, € B(0_y,w) with {B(w)}wea €
D.

DEFINITION 2.7.  Let D be a collection of random subsets of X and {A(w)}weq€D.
Then {A(w)}wea ts called a D-random attractor (or D-pullback attractor) for ¢ if the
following conditions are satisfied, for P-a.e. w€(Q,

o A(w) is compact, and w— d(x,A(w)) is measurable for every x € X;
o {A
o {A(

w)}weq attracts all sets in D, i.e., for all BED and a.e. we ) we have

tlggo d(¢p(t,0_+w,B(0_1w)), A(w)) =0,

where d is the Hausdorff semi-metric given by d(Y,Z) =sup,cy inf.cz ||y —z|x, for any
Y. ZCX.

According to [9], we can infer the following result.

PROPOSITION 2.8. Let D be an inclusion-closed collection of random subsets of X and
¢ a continuous RDS on X over (Q,F,P,(0:)ter). Suppose that {K(w)}lwea €D is a
closed absorbing set of ¢ and ¢ is D-pullback asymptotically compact in X. Then ¢ has
a unique D-random attractor which is given by {A(w)},eq with

Aw) = ﬂ U o(t,0_w, K (0_w)).

kK>0t>K

For convenience, we recall some notation related to the fractional derivative and

fractional Sobolev spaces. First, we present the definition and some properties of (—A)®
_8

z),

through Fourier transforms (see [18]). The negative powers (—A)g (that is, (=4A)
Ref >0, can be represented by Riesz potentials

1 _
T =5 [ la=s el
where v(5) :7r3/22f81“(§)/1"(% - g) We consider the Fourier transform
O(&)= | o)™z,
R3

S0 (—A)g can be defined as

F{(-0)5 o) = k"9,

w)}weq is strictly invariant, i.e., ¢(t,w,A(w))=A(biw), for allt>0 and for a.e.

we;
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1 .
(=AY o= F1{|k|PD) = 3/ [P ek g,
(271') R3

where A =02/023 + 02 /023 + 0% /0x3.
Let H2*(R3) denote the complete Sobolev space of order o under the norm:

[l = [+ k) P

By virtue of the definition of (—A)%, we have the following formula for integration by
parts.

LEMMA 2.9. If f,g€ H?*(R"), then the following equation holds.

[ o pegin= [ (o) s (a2 (21)

where oy, are nonnegative constant and satisfy aq + oo = .

Proof. By the definition of (—A)* and Parseval’s formula, we have

| orrote= | FOREygde= [ FOURE ) e

1 / 2a0 o~ 1 / 20 f 2an
=— k -gdk = —— k= f - |k|“*2 gdk
i [ = i [ g
= [y gy de= [ (-2 gds

0
In addition, the following Gagliardo—Nirenberg inequality (see [27]) is also frequently
used.

LEMMA 2.10. Let u belong to LY(R™) and its derivatives of order m, D™u, belong to
L"(R"), 1< q,r<oo. For the derivatives Diu, 0<j <m, the following inequalities hold

1D ul| e < el| D™ ul| g |ull 74 (2.2)
where
1 g 1 m
—=Z40(-—— 1-6)—,
= L0 =T+ 1-0)
for all 0 in the interval
L o<,
m

(the constant ¢ depending only on n,m,j,q,r,0), with the following exceptional case

1. If j=0, rm <n, g=o00, then we make the additional assumption that either
u tends to zero at infinite or w € L2 for some finite §>0.

2. If 1<r<oo, and m—j—n/r is a nonnegative integer, then (2.2) holds only
for 0 satisfying j/m <0 <1.

In the forthcoming discussions, we denote by ||-|| and (-,-) the norm and the inner
product in L?(R3) and use |||, to denote the norm in LP(R?). Otherwise, the letters
¢,¢; (=1,2,...) are generic positive constants which may change their values from line
to line or even in the same line.
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3. Stochastic fractional complex Ginzburg—Landau equation
In the sequel, we consider the probability space (2, F,P) where

Q={weC(R,R):w(0)=0},

F is the Borel g-algebra induced by the compact-open topology of 2, and P the corre-
sponding Wiener measure on (£2,F). Define a shift on w by

() =w(-+t)—w(t), we, teR.

Then (Q,F,(0¢)ier) is a metric dynamical system.

In this section, we discuss the existence of a continuous random dynamical sys-
tem for the stochastic fractional complex Ginzburg-Landau equation perturbed by a
multiplicative white noise in the Stratonovich sense. Thanks to the special linear mul-
tiplicative noise, the stochastic fractional Ginzburg—Landau equation can be reduced to
an equation with random coefficients by a suitable change of variable. To this end, we
consider the stationary process

0
z(t):z(t,w):z(ﬁtw):—/ e’ (Oww)(T)dr, teR,

—0o0
satisfies the stochastic differential equation:
dz+ zdt=dW (t).
Moreover, for any t,s,

2(t,0,w)=2(t+s,w), P-as..

Here the exceptional set may depend a priori on ¢ and s. In fact, we suppose that z
has a continuous modification. Once this modification is chosen, the exceptional set is
independent of ¢. It is known that the random variable z(w) is tempered (see [1, 7, 14]),
there exists a 0;-invariant set Q C Q of full P measure such that for every w e Q, z(0rw)
is continuous in ¢ and

lim M:o, for all we ), (3.1)
t—+oo |t|
and
1 [t ~
lim 7/ z(0iw)dt=0, for all we . (3.2)
t—+oco t 0

We rewrite the unknown v(t) as v(t) = e~ #*(%:“)y(t) to obtain the following random
differential equation

vy =—(1+iv)(=A) v+ e F20e) £ (B0 L (B2(0,w) — p)v (3.3)
with the initial data
v(z,0) =vo(z) = e Py (z), r€R3. (3.4)

Next, we construct a random dynamical system modeling the stochastic fractional
Ginzburg—Landau equation.
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By the Galerkin method, one can show that if f satisfies (1.3)—(1.6), then in the case
of a bounded domain with Dirichlet boundary conditions, for P-a.e. w €2, and for all
vp € H', equation (3.3) has a unique solution v(-,w,vg) € C([0,00), HY)NL?((0,T); H'*<)
with v(0,w,vg) =vg for every T > 0. This is similar to [21]. Then, following the approach
in [25], we take the domain to be a sequence of balls with radius approaching oo to
deduce the existence of a weak solution of equation (3.3) on R3. Furthermore, we
obtain that v(t,w,vg) is unique and continuous with respect to vy in H'(R3) for all
t>0. Let u(t,w,ug) =e?*<)y(t,w,e P*“yg)). Then the process u is the solution of
problem (1.1)—(1.2). We now define a mapping ¢:R* x Q x H'(R?) — H(R3) by

o(t,w,ug) =u(t,w,up) = eﬁz(g‘w)v(t,w,e_ﬁz(“’)uo),

for up € H(R?), t>0 and for all we Q. It is easy to check that ¢ satisfies the three
conditions in Definition 2.2. Therefore, ¢ is a continuous random dynamical system
associated with problem (3.3) on H*(R?).

Let

o(t,w,vo) =v(t,w,vp) for vy H'(R?), t>0 and for all weQ.

Then ¢ is a continuous random dynamical system associated with problem (1.1) on
H'(R3). Tt is worth noticing that, the two random dynamical systems are equivalent. It
is easy to check that ¢ has a random attractor provided ¢ possesses a random attractor.
Then, we only need to consider the random dynamical system ¢.

4. Uniform estimates of solutions

In this section, we deduce uniform estimates on the solutions of the stochastic frac-
tional complex Ginzburg-Landau equation on R?® when ¢t —o0o. These estimates are
necessary for proving the existence of bounded absorbing sets and the asymptotic com-
pactness of the random dynamical system associated with the equation. In particular,
we will show that the solutions for large space variables are uniformly small when time
is sufficiently large.

From now on, we always suppose that D is the collection of all tempered random
subsets of H!(R?). First, we derive the following uniform on v in D.

LEMMA 4.1.  Suppose that (1.3) holds. Let B={B(w)} €D and vo(w) € B(w), and let
00>0 be fized and 0<d <2p. Then for P-a.e. weQ, there exists Ty, (w)>0 such that
for any t>Ty, (w), one has

0 ' 2B [ (0 w)dT+(2p—0)s (54,0 10w,00(0_¢w)) |2 ds +||v(t,0_sw,vo (0_w)) ||* < 03
B (4.1)
Proof.  Taking the inner product in L? of (3.3) with v and taking the real part,

we obtain
Ld

5710+ (=2)E ol e PO Re [ (0ot (82(00) = p) [0l (4.2

By condition (1.3), we have

e~ B2(01w)Re f(eﬁz(etw)v)@dx < _316—2/32(«%@ Heﬂzwtw)w ggig + e~ 2P2(0w) ||71 (3:) ||L1 )
R3
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Then (4.2) can be rewritten as
%”vﬂz+2||(*A)%U||2+251672ﬁz(9t“)||eﬁz(6t“)v||§§i§
<2(Bz(0:w) — p)0l|* +2¢7 202 |y () 1. (4.3)
Therefore,
Hv||2+5||v||2 (282(6iw) —2p+6) [[v]| 42672720 |l (2) 1. (4.4)
Here, p>0, so there exists >0 such that 2p>¢>0. Multiplying (4.4) by
_Qﬁfo #(05w)ds+(20=0)t " and integrating over (0,t), we infer that
||v(t,w,v0(w))||2+6/tewfstZ(9TW)dT+(2P—5)(3_t)||v(3,w,v0(w))||2d8
0
<28 J5 2(0.)ds+(3—2p)t |v0(w)||2+2/1t eQﬁf;Z(9rw)d7+(20*5)(S*t)*QBZ(Gsw)||71(1;)H1d5
0
SeQBfJZ(GSw)ds-l-(é—Qp)tH,Uo(w)||2+2cl /t62[31‘;Z(G.rw)dT—‘r(Qp—é)(s—t)—26z(93w)ds' (4.5)
0
Substituting w by _,w, then we deduce from (4.5),
) / te%fiZ<9HW>d7+<2ﬂ*5><S*t>||v(s,9_tw,vo(e_tw))||2ds+ |0(t,0_sw,v0(0_w))||?
0
§e2[3f0f‘z(05tw)ds+(6—2p)tvo(9tw)||2+2cl/t€25f;z(9.rtw)d7+(2p—6)(s—t)—2ﬂz(05tw)ds.
0
Applying the transformation of variables, one has

0
§ | e2B)sz0-w)dr+(20-0)s ||11(s—|—t 0_ 1w, v0(0_¢w))||2ds +||v(t,0_sw,v0(0_w))||

—t

SeQﬁfftz(Gsw)ds—i-(é—Qp)t||Uo(e_tw)H2_|_201/ QBf (Orw)dT+(2p—8)s—2Bz(0. w)ds (46)
t

{B(w)} €D is tempered, so for any vy(0_;w) € B(6_w),

lim e2,8f z(0sw)ds+(6— Qp)tH'UO(e—tw)HQ: lim e?ﬂfgtz(Gsw)ds+(6—2p)t—2ﬁz(9tw):O

t—+oo t—+o0

(4.7)

Therefore, there exists Ty, (w) >0 such that for any ¢t >Tp, (w),

0
o282, 2(0sw)ds+ (6~ 2”)t||v0(9_tw)||2—|—261/ 62/3f5°Z(9rw)d7+(2p—6)s—2ﬂ2(0sw)dsS9(2)’
—t

(4.8)

which along with (4.6) shows that, for any ¢ > Ty, (w),

0 26] (O-w)dr+(2p— 6)5||11(s+t,9_tw,v0(0_tw))|\2ds+ llo(t,0_sw,v0(0_ ) ||* < 9(2).
¢
(4.9)
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Thus completing the proof. ]

LEMMA 4.2.  Suppose (1.4) and Bs <2|\s|. Let B={B(w)} €D and vyo(w) € B(w),
let 01 >0 be fizred. Then for P-a.e. w€Q, there exists T, (w)>0 such that for any
t>Ti,(w), we have

+1

0
/ ezﬁffz(eﬁw)dT+(2p_5)s||(—A)QT’U(S+t,9,tw7v()(9,tw))”2ds
—t

§ [0 ,
+ 5/ eQBf:)Z(QS‘”)dT+(2”_6)5||Vv(s+t,9,tw,v0(07tw))||2ds
—t
+[|Vo(t,0_1w,v0(0_w))||* < 03 (4.10)
Proof. Taking the inner product in L? of (3.3) with —Awv and taking the real part,
we obtain
d a1
ZlIVolP+2] (=2) = ol
—_ 9~ 2P2(0:w) Rg (f(e’gz(e‘“’)v),A(eﬁz(e‘“’)v))+2(Bz(9tw)—p)||Vv||2, (4.11)
Now, we will estimate the first term on the right-hand side of (4.11). For convenience,
we set p=e ?(%@)y  Integrating by parts and using (1.4) and (1.6), then applying

Young’s inequality, we find
—Re(f(eﬁz(gt‘”)v),A(eﬁz(et‘”)vo
=—Re(f(v)),A¢)
“Re [ (Fo)IV0P+ f0) VI dotRe | [
< / (= Bo W7 IV w2 + 2D (A (UV )2 4+ X, (Y 9)?) ) da
R3
+ [ hel@)|[Vele? ) do
]RS
< [ IR (BAUPRIV R A (05 + o (7)) da
+§\\Vv|\2+cze252<9t“)
:/ |¢\2(”_1)tr(YMYH)dx+ZHVUHQ—FCQeQﬁZ(G‘“), (4.12)
R3
where
_(ov\T (B,
v=(iwe) = (58 25 )

and Y is the conjugate transpose of the matrix Y. We observe that the condition
B <2|\s| implies that the matrix M is nonpositive definite. One can rewrite (4.11) as

a+1

d 1
ZIVulP+20(=2) 7 0+ SIIVo|” <(282(6iw) —2p+30)[|V0||* 4 202?P2(). (4.13)
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Multiplying (4.13) by e~28Js 2(0:)ds+(2p=0)t and integrating over (0,t), we infer that

t
IVoltta@)l+ [ 20201 GomD-0 - 2) o (5,0,00(w)) s
0

)
+5/ 28 [t 2(0,w)dr+(2p—0)(s— t)HV’U(SW'Uo( ))||2d5
0

t
SO} O G 0) 242y |29 10N 25000 g (414)
0
Substituting 6_;w for w, we then deduce from (4.13) that,
t t a+1
et o0 ) o0 (60
0

5 [ g
b [ OO Ty (5,0, (6-1)) s
0

+ [V (t,0_w,v0(0_sw))||?
<2815 #Oo—e)dst (5-20)t || 7400 (B_ ) |2

t
+202/ eQﬁf:Z(OT,tw)dT-l-(Qp—é)(s—t)+2,@z(03,tw)ds.
0
Changing the variables in the integrals, one has
0 28 [0 2(0,w)dT+(2p—08)s etl
e" a2 PN (=L) T v(s+ 0w, vo(0-w)) | ds
—t

5 0
+§/ 28220 )dTH(20=0)8 |7 (5 41,00, 00 (0_yw)) ||2ds
—t

+[|[Vo(t,0_ 1w, v0(0_w))||?
<e2ﬁf z(0sw)ds+(6—2p)t ||Vv (9 )”2

L2, / 26 [0 2(07w)dT+(2p—8)s+2B2(0.w) g g (4.15)
—t

{B(w)} €D is tempered, so for any vy(0_;w) € B(0_w),
tlj?m625fo  2(0sw)ds+(5—2p)t HVUO( tw)||2 :tlj?meQﬁf ;2(0sw)ds+(6—2p)t4+282(0rw) _ —0.

(4.16)

Therefore, there exists 77, (w) >0 such that for any ¢t > T}, (w),

0
€2ﬂf3tZ(esw)ds+(672p)t||V’Uo(9,tw)H2 +262/ eZﬁfsoz(wa)dr+(2p—6)s+26z(05w)ds < Q?,
—t

(4.17)

which along with (4.15) shows that, for any ¢t >T} , (w),

0
/ 282 2(0rw)dr+(2p=0)s | (_ AVUT y(s 4,04, 00 (0_w)) || 2ds
—t
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5 0
+§/ ewfsoz(‘gfw)dTHQ”_é)sHVU(S+t,9,tw,v0(9,tw))|\2ds
—t
+ Vo (t,0_w,v0(0_1w))||* < 03

Thus completing the proof. ]

LEMMA 4.3.  Suppose that (1.5) holds. Let B={B(w)} €D and vo(w) € B(w). Then
for P-a.e. weQ, there exists Ty, (w) >0 such that for any t>T; ,(w), one has

lta
1(=2) "= w(t+ 1,0 10,00 (0——1w))||* < 0f +15 +7{ +75 = 05 (4.18)
Proof. Taking the inner product of (3.3) with (—A)!*®y and taking the real part,

we obtain

d lta atl
(=2 0] 2] (- o) 2l
—2(p=B2(01)) (= 2) F 0]+ 26 AR (f(FCDv) (~A)Fow) . (4.19)

We estimate the second term of the right-hand side of (4.19). For convenience, we set
Y =eP#0@)y Integrating by parts, applying (1.5) and (1.6), and using the Hélder and
Young’s inequalities, we obtain

26~ OIRe ((f(eTO ), (— 1) o)
=2¢ 2820w Re (f(eﬁz(et“)v)7 (=) (eﬂz(ef‘“)v)>
=2e7 20 IRe (f(y), (=0) )
<2620 (£, (V)VY+ [ (W) VP + fo, (— D)2 F0)|
< 4fpe2P(0n) / VYI(=8)FF el + 2¢O / fell(=2)Fv|de
<4Bpe PO | (—A) 2ty |V + 267 PO (—A) 2wl |ya(2)|

=48] (—2) 2 H | [ Vo] +2e 82O (—A) EH || 72 () |
<|[(=A)2 T2 + 882 || V|2 4 cge2P#(0), (4.20)

Substituting (4.20) into (4.19), we deduce that

d lta lta 1.,
@H(—A) =0l 24+2(p— B2(0:)) I(=2) = 0P+ [ (=) 20|
<8F3[|Vv||* + cze™ 2P0, (4.21)

This implies that

d lta lta 1iq
(=87 0P +(2p=0-282(0 )| (=2) F olP+H|(=2) 2 0]
<8B2||Vv||2+cze 2P (0r), (4.22)

Taking ¢>T}, (w) and s€ (t,t+1), multiplying (4.22) by e~28/s2(0:w)ds+(2p=0)t " 4nq
integrating (4.21) over (s,t+1), we get

14+

H(—A)Tv(t—i-l,w,vo(w))HQ
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o 28 [HT1 2(0,, w)dTi +(6—2p) (t+1—7) Iia 2
+/ el T PI(=A)2" (7w, v0(w))[[7dT
s
<AL OG0 | (— ) o 5,00,00 ()
t+1
—‘rSﬁg/ eQﬁf:"’lZ(Qle)dT1+(6—2p)(t+1—T) HV’U(T,UJ,?)()(UJ))HQdT
s

t+1
+63/ 62ﬁf:+1 z(6.,.1w)dn+(672p)(t+17‘r)725z(97w)d7_' (423)

Integrating (4.23) with respect to s over (¢,t+1), then applying Gagliardo—Nirenberg
inequality, we obtain

(=)= o(t+1,w,v0(w))||?

t+1
+/ eZ,BfTH-lZ(enw)dn+(6—2p)(t+1—7) ||(—A)%+O‘U(T,w,v0(w))||2d7'
t
t+1 t4+1 1
<[ G ) o500 ) s
t

t+1 :
L83 / 2B [ 2(0+, w)dri+(5—2p) (t+1-7) Vo (T,w,vo(w))||?dr
t

t+1 1
+C3/ 626[7' z(071w)dﬁ+(6—2p)(t+1—‘r)—262(97w)d7_
t

1 t+1 .
<§/ (28 [ 2(0-)dr+(E=20) (1) || (LAY 35,00, 0o (w)) | 2
t
t+1
+C4/ (28I 2(0r )T HE=20)(t+1=9) |1y (5,0, 00 (w) ) | 2ds
t
t+1 .
+8ﬂg/ e2ﬁf,r Z<971w)d71+(672p)(t+177)HV’U(T,W,’U()((U))H2dT
t
t+1
—‘,—03/ 62[3]:+12(9"'1w)dT1+(5_2P)(t+1_T)_25Z(97“’)d7-. (424)
t

It follows that

H(—A)prTav(t—l—1,w,vo(w))H2

’(*A)%Jrav('r,w,vo(w))Hgd’r

1 t+1
+7/ 62,Bf,:+1z(@,lw)d‘rl+(672p)(t+177)
t
t+1 1
SC4/ e2ﬁfs Z(GTW)dT+(5_2p)(t+1_S)H’U(S,w,’l}o(a}))”2d8
t

t+1 )
852 / 2B L 20 )T+ G=20) (1717 (7. 1, () | 2
t

t+1
+63/ 62,3f_:+1 z(G.,.lw)dTl+(§72p)(t+lfr)72ﬁz(07-w)d7_' (425)
t

Replacing w by 0_;_jw, we infer

(=) = 0(t+1,6_,—1w,00(6—1—10)) >
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t+1
+%/ 2B ST 2 (0r e @)dni (0 =2p) (HL=7)| | (_ A) 50y (7,01, 00 (0 1w)) | 2dT
t
t+1 i1
§C4/ 62st z(efftflw)d'rJr(épr)(t+1fs)”,U(S’Q_t_lw’vo(a_t_lw))||2ds
t
t+1 41
+86§/ 2L 20—t a@)dn (=20 (H1=7) || 7y (7,04 _y0,00(0_s—1w)) || 2dr
t

t+1
+CB/ 62Bf:+1 z(O.rl,t,lw)drl+(6—2p)(t+1—r)—2ﬁz(077t71w)d,]_. (426)
t

Now, we estimate the three terms on the right-hand side of (4.24). For the first term,
by Lemma 4.1, for any ¢t >7Tj . (w), one has

t+1 t+1
64/ e2ﬁfs+ 2(0r—t—1w)dT+(6—2p) (t+1—5) ||v(8,9,t,1w,vo(9,t,1w))||2ds
t
0 )
<cs0f / 2B J7 2(Osw)ds+(2p=0)7 g 2.2 (4.27)
-1
For the second term, by Lemma 4.2, for any ¢t >T; . (w), one has
t+1 -
83 / 2B/ 2 Or—emr At G220 1T Ty (70w, v0(0——1w)) | 2dr
t
0
SS,@%Q%/ ezﬁjfz(as“’)der(z”*‘;)TdTér%. (4.28)
-1
For the third term, we have
t+1
63/ €2Bj:+1z(G.,.l_t_lw)d7‘1+(572p)(t+177)7262(9.,._t_1w)d7_
t
0
SCS/ e2[3ff2(95w)ds+(2p—5)‘r—2,ﬁz(97w)dTéT%' (429)
-1

Substituting (4.27), (4.28) and (4.29) into (4.24) gives

lta
(=)= 0t +1,0— 10,00 (01— 10))||* < 0F +75 +17 +73 = 03, (4.30)
which completes the proof. ]

LEMMA 4.4. Let B={B(w)} €D and vo(w) € B(w). Then for P-a.e. w €, there exist
T* =T} (w)>0 and R*=R*(w,e) such that for any t>T5%(w), one has

/| ‘ [o(t,0_4w,v0(0_sw))|[*da <e. (4.31)
z|>R*

Proof. Take a smooth function x such that 0<x(s) <1 for all s>0 and

_J o if 0<s<1,
X(5)=1 4, if 5> 2.

There exists a positive constant ¢ such that |x/(s)| <c for all s>0. Taking the real part

(4.32)

of the inner product of (3.3) with X(;‘g—i)u we obtain
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1d x’ 2 x? 2
24t Jo X (k2> v dm+(ﬂ—ﬁz(9tw))/R$X (k2) 0|2 da

2 2
:—Re(1+iy)/ (=) <k2>vdx+e #z(0:w)Re f( Bz(6:) ) (iz) vdx.
R3
(4.33)

We estimate each term on the right-hand side of (4.32). For the first term, integrating
by parts and applying the Holder, Gagliardo—Nirenberg, and Young’s inequalities, we
have

—Re(1+iu)/ (—A)ouy (”;) vdz

s|1+iu|43|<—ﬂz>a—%v|(x( =) wel (5 )“'| )i
<ii+ivl(-5) kol ol + | I S v (5 )\Q'IH iz
<t (1-5 )“_“””V“'”/Mm" bl (5 ) |lvlee)

(-8 ololas)

&
<c(lolP+1Vel?) + = (1Voll® +llo]%) (4.34)

<t (1o tolivel +5 [
k

<] <V2k

For the second term, applying (1.3), one has
z? z?
e ) Re ARG F0y)x Bz S 70 / n(@)x( 5 | de
k2 RS k2
_B —2B2( Gtw)/ |e,6’z Gtw)v|20+2 <k2> dx

2
§€_2,@Z(9tw)/ |’71 (1’)‘){ <k’2) dx. (435)
R3

Using (4.34) and (4.35), (4.32) can be rewritten as

o () war o-s-25:0wn) [ x5 ) wla
dt Jpa X\ 2 ) 1P TEP ) X gz ) e

& —9282(0,w .132
<e(lolP+19o1?) 4§ (90l +10l2) #7250 [ oy (55 ) e (430

Multiplying (4.36) by e~ 28 Jg 2(0:w)ds+(20=0)t apq integrating over (77,t), we have

/]RBX (22> [o(t,w,v0(w))|*dz

! 2(0sw)ds — — z?
SeQBle (Osw)ds+(0—2p)(t T1)/ X<k2> |U(T1,W,U0(W))|2dl'

t 2
+/ 28 [ 2(0-w)dT+(6—2p) (t—s)— 252(0w/ |v1(z (2;2) dzds
Ty
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t t
+C/ eQﬁfS 2(0,rw)dT+(6—2p)(t—s) (HU(S,W,UO(OJ))Hz—l— ||Vv(s,w,vo(w))\|2) ds
T

t
+%/ 2B [ 2(0-w)dr+(6—2p) (t—5) (HVU(S,W,UO(w))||2+ ||U(570J,U0(w))H2) ds. (4.37)
Ty

Replacing w by 0_;w, in (4.37), we deduce that for all t >T7,

2
/ X (2:2> v(t,0—¢w,vo(0_sw))[da
R3

. 2
Se2f3fT1 2(0s—rw)ds+(6—2p)(t—T1) /3 Y (;) \v(Tl,G_tw,vo(G_tw))Fdx
R
t s 2
+/ 028/ Z(GT,tw)dT—&-(é—Zp)(t—s)—Qﬁz(Gs,tw)/ Iy ()] x (1‘2) dads
T1 R3 k

t
—|—C/ e2ﬁf;z((h_tw)d7+(672p)(tfs)W(S)dS
T

t
+ % / 2B [ #(Or—)dT+(3-20)(t=5) ) 5) s, (4.38)
T

where
W(z) = [[v(2, 0w, v0(0—1w))[|* +[| Vo (e, 0w, v (0_w))|1%.

In what follows, we estimate each term on the right-hand side of (4.38). For the
first term, replacing ¢ by T and w by 6_;w in (4.5), we have

. 2
28 S, #(0s—0w)ds+(5—20) (t=T1) /3 X (2"2) [0(T1,0_w,v0(0_4w))|*dx
R

SeQﬂf;l z(957:w)ds+(6—20)(t—T1)/ |v(T1,9_tw,vo(9_tw))|2dx
R3
2 Py O 52 1T 28 7320, 02)T [ (5|
ZGQﬂfJz(@s,tw)ds+(5—2p)t||,UO(97tw)H2
:€2,Bf8tz(@sw)ds+(572p)t||v0(07tw)”2. (439)

We find that, given e >0, there exists To =T5(B,w,e) >T; such that for all t > Ty,

2804 z(@s,tw)ds+(5—zp)(t—:r1)/ (4.40)

R3

x? ) 5
% = [0(T,0 1w, v9(0_1w))] dmﬁz.

For the second term, note that v, (x) € L'(R3), so there exists Ry = R;(¢) such that for
all k> Ry, we have

/z|>k|%($)|x<zz> du s ce. (4.41)

Given g >0, there exists T3 =T3(w) >0 such that for s <—T3, we have

t
/ eQﬁf:z(GT_tw)dT+(6—2p)(t—s)—252(95_tw)d8
T
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0
_/ e2,8fsoz(9,-w)d7—+(2p—6)s—262(95w)ds
T, —t
0 . Ty —Ts
S/ 62[3[5 z(0,w)d7’+(2p75)572ﬁz(05w)dS+/ es(2p75+sg)ds
T, —Ts T —t
<c(w)+c (w). (4.42)

So there exists Ry = Ry (e,w) such that for all t >T3 and k> Ry,

t 2
2B [ 2(07—1w)dT+(6—2p) (t—s)—2B2(05—1w) T\ deds < £ 4.43
Ix [ (5 )<

T

For the third term, by (4.6) and (4.15), one has

t
C/ 2B S #(Or—w)dT+(3=20)(t=) )y (5) ds
T

0
Sc/ ezﬂffz(eTw)dT+(2p—6)sW<s_,’_t)ds
Ty —t
Soe = ORI a0 00) |2+ [ Voo (B-w)[[2). (444)
Since {B(w)} € D is tempered, for any vo(0_iw) € B(0_;w),
Jim 2SO () |2 4| Do 0 ) ) =0, (445)

Therefore, there exists Ty =Ty (B,w,e) > T such that for any ¢ > Ty,

t
C/ 28 J{ #(6-—1)dr+(3=20)(t=) Yy (5)ds

Ty
§62ﬁfT01—tZ(‘gs“’)d5+(5_2p)(Tl_t)(||v0(0,tw)H2+ |\VU0(940J)||2) < Z (446)
Similarly, there exists Ry = Ra(w,e) such that for all ¢t >Ty and k> Ry,
c [t ¢ €
= [ 2P0 dr @20ty (g)ds < (4.47)
k) 4

Let T*=T*(B,w,e) =max{T1,1,75,7y}. Then by (4.40), (4.46) and (4.47), for all
t>T* and k> R* =max{R;, Ry}, one has

2
[ (5 ) bt Par<e (1.48)
R

This implies that for all £>T"* and k> R*, we have

2

/ v(tﬁtww()(ﬁtw))|2dx</3x<gk62> [o(t,0_4w,vo(0_sw))|Pdx <e. (4.49)
2| >k R

Thus completing the proof. 0

LEMMA 4.5.  Let B={B(w)} €D and vo(w) € B(w). Then for P-a.e. weS, there
exists T** =TF" (w) >0 such that for any t>T5 (w), one has

/| |V (t,0_w,v0(0_w))|*dr <e. (4.50)
x| >k
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Proof.  Differentiating (3.3) with respect to = (x1,22,23), then taking the real
part of the inner product with X(%;)Vv gives

1d x? 2 x? )
Sdt RSX(kQ> [Vl dz+(ﬂ—52(9tw))ASX<m> |Vo|“dx

:—Re(lJriu)/ ((A)a(vv))x(zz> Voda

R3

+ e*BZ(Q*“)Re/

R3

2
V f(ePO)y)y <Ii2> Viodz. (4.51)

Now, we estimate the right-hand side of (4.51). For the first term, we have

“Re(1+iv) /

R3

(=0 (@o)x (5 ) Vod <L+l -0) ol 9]
<c(I=2)> o2+ |vo)?).  (4.52)

For the second term, one has

2
e P20 Re Vf( #(0rw) V)X (;) Vodx

820w x?
SQBQ/ |Vo|%x (I@) dx + e 00 )/ [v2 ()| Vv|x <k2> dx
R3

2
<0 DIV + 3670 [ i (£ ) o (453
R3
Substituting (4.52) and (4.53) into (4.51), we deduce that
d x? 9 x? 9
- il 20—5—2 il
7 R3X<k2>IVUI dz+(2p—0 BZ(Otw))/RSx<k2>IW dx
at+i 2 2 1 282(0,0) o2 (T
<c(I=2) Fol2 4 Vol]?) +5e720C) | Jpp(@)P? (75 )de.  (454)
2 - k

Multiplying (4.54) by e~ 283 #(0sw)ds+(20=0)t 4 integrating over (T}t ) gives for all
t>1y,

/]RSX (ﬁ) Vo (t,w,vo(w))[*dz

S6231‘;1z(%w)ds-ﬁ-(é—h))(75—T1)/ X<z2>|v1}(T1,w,Uo(w))2d$
te / 2017 20r)r G200 (| (= A) (s, (w)) |2+ [ Vo (5,0, 00 (w)) 1) ds
Th

+}/ 2B [1 2(07w)dT+(6—2p)(t—5)— 2ﬁz9w)/ o (z | |X ( 2)d1;d5 (4.55)
2 )y k

Replacing w by 0_;w and applying (4.37), for all ¢ > T}, one has

22
/3X <132> |Vo(t, 0w, vo(0—w))|*dx
"



290 DYNAMICS OF 3D FRACTIONAL GL-EQUATION WITH MULTIPLICATIVE NOISE

<20y 2O me)dst(0=20)=T0) [ 1y 0 00 (6 w)) | 2dae
RS

t
+c/ eQﬂfS‘z(@.rftw)dT-‘r((s—Qp)(t—s)H(_ )"‘+2v(s 0 W, UO( ))” ds
Ty
t
+c/ 28} Z(Gf—tw)dw(é—?p)(t—S)va(s’g_tw,vo(g_tw))||2d8
Ty

2
+%/ 2Bf 2(0r —tw)dT+(6—2p) (t—s)—2Bz(0s— tw/ ‘72 |2X2(k2)dxds (456)
T

We estimate each term on the right-hand side of (4.56). For the first term, replacing ¢
by T} and w by 6_sw in (4.14), we have

(28 [, (85 —ew)ds+(5~20) (t=T1) |Vo(Ty, 0w, vo(0_w))|2dx
R3

Sewﬁl Z(‘gs’tw)dﬁ(‘;d")(FTI)eQBfUT1 #(0a—rew)ds+(0=2p)Th Voo (0_sw)]2

:e2ﬁf(f 2(05—tw)ds+(5—2p)t ||V’U0 (e_tw) H2

=20 22Ot (0200 |7y () 2. (4.57)
Since {B(w)} €D is tempered, for any vo(0_iw) € B(0_;w),

lim 20J220)dst (52000 |70 (9, )2 =0. (4.58)

t—+o00

Therefore, given e >0, there exists Ts =T5(B,w,e) >T; such that for all ¢ >T5,

201y 20ee)ds+ G=20)=T0) [ 170,y 000, 00(0_yw))[dz < i. (4.59)
R3

For the second term, one has
t
c/ e??l. Z(QT_M)dTHL%)(t_S)||(_A)OH_%U(Sﬁ—twwo(e—tw))||2d3
T
0 0 1
SC/ 625.[5 Z<97w)d7+(2p76)s”(—A)a+év($+t,07tw,’00(07tw>)HQdS
T —t
0
< / (2810 2(07)ar+20=8)s | (L A+ by (541,040, 00 (0_10)) 2. (4.60)
—t

Replacing w by 6_;_jw in (4.23), dropping the first term on the left-hand side, and
integrating with respect to s over (T1,t+1), we obtain

t+1 N )
[ o G ), 00 -100) Py
T
t+1 t+1 14«
< [T () (s, 010 (0-1-100)
T

t+1
+ 8B§ / e?,@f;*l 2(0r—t—1w)dT+(6—2p) (t+1—3) IVo(s,0_ ¢ 1w,v0(0_y—1w)) ||2ds
T

0
:/ 2P0 o) || (L AV (s 141,04 qw,v0(0_1_1w)) || *ds
Ty —t—1
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0 0
+8B§/ 2P 15 #(07)dT+20=0)s| 7 (s 4t 41,0y _yw,00(0_¢_1w))||*ds
Ty —t—1
0
S/ ezﬁfsoz(efw)dr+(2p76)8||(—A)HTQU(S—Ft—F1,9_,5_1(.0,110(0_,5_160))||2d8
—t—1
0 0
+8B§/ 625f5 Z(e"w)d7+(2p76)s||VU(S+t+1,0_,5_1&),’1}0(9_25_1&]))szs. (461)
—t—1

By (4.15), for all ¢ >T1, (w)—1, we have

0
/ eQﬁfsoz(Osw)d'r—&-(Qp—é)s||(_A) "‘2*' U(S-i—t—i—179_t_1w,110(9_t—1w))||2d3
—t—1

0
+4 eQﬁjsoz(esw)dTHpr&)s||VU(S—|—t+ 1,04 1w,v0(0——1w))||*ds
—t—1

0 —
<2821 2(0sw)ds+(3=2p)(¢+1) (Vv (0—i—1w)|?. (4.62)

Substituting (4.62) into (4.61), one has

t+1
/ 625f7‘“ 201 (0-20) (=) [(=2) %JFQU(T,9—t—1w,v0(9—t—1w)) ||2d7’
T

2
< <1+ %?2) ezﬁfﬂfflz<95w)d8+(672p)(t+1)||VU0(9,15,1W)||2. (463)

Again, since {B(w)}€D is tempered, by a similar argument, there exists Ts=
T6(B,w,e) >Ti,(w) such that for any ¢ >Tg,

2
1—|—% 28 )7, -1 #(0:)dst(5-20)(Ty —1) 0o (0 w)||? + || Vo (0 sw) gf. 4.64
) 4
So, we infer that
t
¢ / €202 2(0r—)dr+(0=20)(1=5)| | (_ A) 2+ 34y, 0_yw, 00 (0_w)) || Pds < Z (4.65)
T

For the third term, by (4.46), there exists Ty =Ty (B,w,c)>T; such that for any
t>1Ty,

¢
c/ 2P Js 2O —ew)dr+(0=20)(t=5) || 7 (5,0, 00 (0_4w)) || 2ds < (4.66)
Ty

3
1

For the last term, note that y2(z) € L?(R?). In a manner similar to the argument
for (4.43), there exists R} = Rj(e) such that for all ¢t >T3 and k > Rj,

t . 2
/ e2ﬁfs z(GT_tw)dT+(572p)(tfs)726z(65_tw)/ |72(33)|2X2 (i) drds < E (467)
- s K 4

Let T** =T**(B,w,e) =max{T3,Ty4,T5,Ts}. Then by (4.59), (4.65) and (4.66), for
all t>T1"* and k> R}, one has

2
/ X (;) IV (t, 0w, v0(0_w))|2dz <e. (4.68)
.
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This implies that for all ¢t >7"** and k> R7,

2

/ |Vv(t,9,tw,vo(9,tw))|2dxS/ X(;>|Vv(t,9tw,vo(Gtw))|2dﬂc§€. (4.69)
|z| >k R3

This completes the proof. ]
By Lemmas 4.4 and 4.5, we have

COROLLARY 4.6. Let B={B(w)} €D and vg(w) € B(w). Then for P-a.e. w€e ), there

exists T = max{T}(w),T5 (w)} and R* = R*(w,e) such that for any t>T%(w), one has

Hv(t,@,tw,vo(e,tw))||%11(|m‘23*)SE. (470)

5. Random attractor

In this section, we prove the existence of a random attractor for the random dy-
namical system generated by (3.3) on R®. From Lemma 4.2, ¢ has a closed random
absorbing set in D. The D-pullback asymptotic compactness of ¢ is demonstrated below
using the uniform estimates obtained in the previous sections.

LEMMA 5.1.  Assume (1.3)~(1.5) and By <2|\,|. Then the random dynamical system

¢ is D-pullback asymptotically compact in H'(R3); that is, for P-a.e. w € Q, the sequence
O(tn,0—1,w,v0,n(0_s,w)) has a convergent subsequence in H'(R?) provided t,, — oo, B=
{B(w)} €D and v, (0_;,w) € B(0_;,w).

Proof. Let t, »00, B={B(w)}€D and vy, (0_,w) € B(0_;,w). Applying Lem-
mas 4.1 and 4.2, for P-a.e. w € (), we have

{o(tn,0_1,w,v0,(0_t,w)) oz, is bounded in H'(R?).

Therefore, there exists n(w) € H'(R?) and a subsequence, for convenience, still denoted
by {@(tn,0—1,w,v0,,(0_1,w))}, such that

O(tn,0_¢, w,v0n(0_¢,w))—n weakly in H'(R?). (5.1)

Given € >0, by Corollary 4.6, there is Tf = max{T}(w),T5* (w)} and R* = R*(w,e) such
that for any ¢ >T7(w),

o (t,0—1w,v0(0—1)) | F1 (a5 ey S&- (5.2)

Since t,, — 00, there exists N1 = N;(B,w,e) such that ¢, >T} for all n> N;y. Then, by
(5.2), we have for all n> Ny,

1@(tns0—1,9,00,n(0—1,9)) [ 11 (2> ey <& (5.3)
and hence,

H77||?'11(|m\23*)§€- (5.4)

Applying Lemmas 4.1 and 4.3, there exists Tz, =max{Ty, (w),T1,(w)} such that for all
t>Ts,,

(01,00 (0—1w)) | F14a msy < 05+ 03 = 03- (5.5)
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Let Ny = N5 (B,w) be large enough such that ¢, >Ts, for n> Ny. It follows from (5.5)
that, for all n> N,

[(tns0—t,9,00,n (0—1,@)) [ Fri+a ey < 03 (5.6)

Let Br-={z€R3: |z|<R*} be a ball. By the compactness of the embedding
H'Y*(Bg+)— HY(Bg~), from (5.6), we deduce that, up to a subsequence depending
on R*, ¢(ty,0 1, w,v0n(0_,w)) —n strongly in H'(Bg-), which implies that there ex-
ists N3 = N3(B,w,e) > Ny such that for all n> N,

[o(tn,0—t,w,v0,n(0-1,w)) — 77”%11(33*) <e.

Let N*=max{Ni,N3}. Then, from (5.2), (5.3) and (5.4), we have for all n> N*,

1(tn,0—t,9,00n(0—1,w)) =1 Fr1 Rs)
<o tn, 010,000 (0—1,0)) =0l < re + 10 (Ens 01,0, 00,0 (01, ) [Fy5 - + 01725 R-
<b5¢,

which implies that
O(tn,0_¢, w,v0.n(0_¢,w))—n strongly in H'(R?).

This completes the proof. ]
By Proposition 2.8, we have

THEOREM 5.2. Assume (1.3)~(1.5) and B, <2|\,|. Then the random dynamical
system @ associated with the fractional Ginzburg—Landau equation with multiplicative
noise (1.1) has a unique D-random attractor in H'(R?).
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