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MEAN-FIELD THEORY AND COMPUTATION OF ELECTROSTATICS
WITH IONIC CONCENTRATION DEPENDENT DIELECTRICS*

BO LI, JIAYI WEN?, AND SHENGGAO ZHOU?

Abstract. We construct a mean-field variational model to study how the dependence of dielectric
coefficient (i.e., relative permittivity) on local ionic concentrations affects the electrostatic interaction in
an ionic solution near a charged surface. The electrostatic free-energy functional of ionic concentrations,
which is the key object in our model, consists mainly of the electrostatic potential energy and the
ionic ideal-gas entropy. The electrostatic potential is determined by Poisson’s equation in which the
dielectric coefficient depends on the sum of concentrations of individual ionic species. This dependence
is assumed to be qualitatively the same as that on the salt concentration for which experimental data
are available and analytical forms can be obtained by the data fitting. We derive the first and second
variations of the free-energy functional, obtain the generalized Boltzmann distributions, and show
that the free-energy functional is in general non-convex. To validate our mathematical analysis, we
numerically minimize our electrostatic free-energy functional for a radially symmetric charged system.
Our extensive computations reveal several features that are significantly different from a system modeled
with a dielectric coefficient independent of ionic concentration. These include the non-monotonicity of
ionic concentrations, the ionic depletion near a charged surface that has been previously predicted by
a one-dimensional model, and the enhancement of such depletion due to the increase of surface charges
or bulk ionic concentrations.
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variational analysis, numerical computation.
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1. Introduction

Electrostatic interactions among charged solutes, mobile ions, and polarized solvent
play an important role in the stability and dynamics of biological molecules in aqueous
solution [4,13,16,28,29,42-44,53,54]. Poisson’s equation and Poisson-Boltzmann (PB)
equations are efficient mathematical descriptions of such interactions [3,11,13,14,19,21,
24,25,36,45,53]. A basic hypothesis in such descriptions is that an underlying charged
molecular system can be treated as a dielectric medium characterized by its dielectric
coefficient that can vary spatially. Under normal conditions, the dielectric coefficient
for water is close to 80, while that for proteins can be as low as 1-4 [26,27]. Experiment
and molecular dynamics (MD) simulations have indicated that the dielectric coefficient
can depend on the local ionic concentrations [9,10,17,26,27,31,33,40,47,50-52,57,58].
In this work, we use a mean-field variational approach to study how such dependence
affects the equilibrium properties of electrostatic interactions in an ionic solution.
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Fia. 1.1. The dielectric coefficient for NaCl solution. The experimental data 1 and 2 are taken
from [27] and [40], respectively. The fitted form is e(¢) =T70e~°22¢ +10. The mazimum relative error
at data points is 2%.

Consider an ionic solution near a charged surface. Assume there are M ionic species
in the solution (typically 1 < M <4.) Denote by ¢; = ¢;(z) the local ionic concentration of
the i-th species at a spatial point . Our key modeling assumption is that the dielectric
coefficient £ depends on the sum of local ionic concentrations of all individual ionic
(either cationic or anionic) species: € =&(¢(x)), where Ezzi]\il ¢;. This dependence is
qualitatively the same as that on the salt concentration. The latter can be constructed
by fitting experimental or MD simulations data. Figure 1.1 shows the dependence of the
dielectric coefficient on the concentration of NaCl [27,40] and the fitted analytic form
of such dependence. In general, we assume that the function e =&(¢) is monotonically
decreasing, convex, and is bounded below by a positive constant. FExamples of such a
function e =¢(¢) are

e(e) = O‘lngacl Yar  and  e(@)=(ap—a1)e Ctan,

where all g, a1, and £ are constant parameters fitting experimental or MD simulations
data with ag >y >0. Note that £(0) =g and e(co) = ;. We remark that the choice
of ¢ instead of salt concentration reflects our attempt in understanding the contribution
of each individual ionic species through its concentration to the dielectric environment,
as biological properties are often ion specific (e.g., the ion selectivity in ion channels).
Using c= Zf\ilq allows us to input the concentration of each individual ionic species,
and also to determine the variation of the free energy with respect to such individual
ionic species.

The dielectric coefficient measures the polarizability of a material exposed to an
external electric field. Due to their asymmetric structures, water molecules form per-
manent dipoles. They orient randomly in the bulk due to thermal fluctuations. Such
orientational polarization makes the bulk water a strong dielectric medium. In the prox-
imity of charged particles such as ions (cations or anions), however, water molecules are
attracted by the charges, forming a hydration shell. These dipolar water molecules in
the shell are aligned to the local electric field. Such saturation of local orientational
polarizability leads to a weaker dielectric response of water near charges to the ex-
ternal electric field. Consequently, the dielectric coefficient in a region of high ionic
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concentrations is expected to be smaller than that in a region of lower ionic concen-
trations [7,15,22,27,57]. This dielectric decrement is one of the main properties of
electrostatic interactions that we study here.

Fia. 1.2. A schematic view of an ionic solution. The solvent occupies the grey region 2. Small
circles with plus and minus signs represent cations (positively charged ions) and anions (negatively
charged ions), respectively.

We now let the ionic solution occupy a bounded domain € in R? with a smooth
boundary 9. We assume that the boundary 02 of € is divided into two nonempty
disjoint smooth parts I'p (D for Dirichlet) and I'y (N for Neumann); cf. Figure 1.2.
(The case that I'p =0, i.e., '=Ty, can be treated similarly.) We also assume that we
are given a fixed charged density pr:Q— R, a surface charge density o:I'y =R, and
a boundary value of the electrostatic potential ¥ :I'p —R. We consider minimizing
the following mean-field electrostatic free-energy functional of the ionic concentrations
c=(c1,...,cnr) [12,20,36,48,49]:

1 1 e
F[c]:/QQp(c)w(c)dV—i-/FN iaw(c)dS—I—ﬂ 1;/901- [log(ABCi)—l] dV

M
—Zui/QCZ‘dV (1.1)
i=1

Here, the first two terms together represent the electrostatic potential energy. In
these terms, p(c) is the total charge density, defined by

M
p(e)=pi+>_aici, (1.2)
=1

where ¢; = Z;e with Z; the valence of the i-th ionic species and e the elementary charge,
and 1) =1(c) is the electrostatic potential determined as the solution to the boundary-
value problem of Poisson’s equation [7, 30, 32]

V-e(@)eoVip=—p(c) in Q,
@050 = r (1.3
eg(c)eg on =0 on 1, ’

w:woo OHFD,
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where g¢ is the vacuum permittivity and 9¢/9n denotes the normal derivative at I' with
n the exterior unit normal. The third term in (1.1) represents the ionic ideal-gas entropy,
where 87! =kpT with kg the Boltzmann constant and 7" the absolute temperature, log
denotes the natural logarithm, and A is the thermal de Broglie wavelength. The last
term in (1.1), in which p; is the chemical potential for the i-th ionic species, represents
the chemical potential of the system that results from the constraint of total number of
ions in each species.
Our main contributions are as follows:

(1) We derive the first and second variations of the electrostatic free-energy func-
tional (1.1). Setting the first variation to zero, we obtain the following gen-
eralized Boltzmann distributions that relate the equilibrium concentrations
c1,...,cp to the corresponding electrostatic potential 1) :

c,-:c;”exp{—ﬁ{qiw;e/(c)sowwﬂ}, =L M, (14)

where ¢;° is the bulk concentration of the i-th ionic species that is determined
by the parameters A and ;. Here we assume 1o, =0. A more general formula is
given in Subsection 2.2. This formula was obtained in [7] for a one-dimensional
system and a linear e =¢(¢). Note that if € does not depend on the concen-
trations then €’(¢) =0, and we recover the classical Boltzmann distributions. If
e =¢(¢) is linear in ¢ as assumed in [7,27], then £'(¢) does not depend on ¢ and
the equilibrium concentrations are uniquely determined by the potential . In
the general case, where € =¢(¢) is nonlinear in ¢, the equilibrium concentrations
are only defined implicitly by (1.4) through the potential .

(2) We show by numerical calculations that there are possibly multiple values of
concentrations ¢=(cy,...,cpr) that can depend on the same potential ¢ through
the generalized Boltzmann distributions. We also construct some examples to
prove that the free-energy functional can be indeed non-convex.

(3) We minimize numerically our electrostatic free-energy functional for a radially
symmetric system of both counterions and coions. By our extensive numer-
ical computations, we find several interesting properties of the electrostatic
interactions attributed to the dependence of dielectric on ionic concentrations.
These include the depletion of ions near a charged surface that has been pre-
viously described by a one-dimensional model with a linear e=¢(¢) [7], the
non-monotonicity of ionic concentrations near such a surface, and the shift of
peaks of the ionic concentration profiles due to the increase of surface charges
or bulk concentrations.

Our free-energy functional (1.1) extends those in [12,20, 36, 49], where the dielec-
tric coefficient is independent of concentrations, and that in [7], where the dielectric
coefficient depends linearly on the concentrations. A nonlinear dependence of dielectric
coefficient on concentrations is significant, as it can lead to the existence of multiple
equilibrium concentrations. Our numerical results show interesting phenomena, ex-
tending those found in [5,7,22,31,34]. We notice that several authors have studied the
dielectric decrement and related issues through the polarization of solvent molecules
and ions [1,5,6,22,46].

We organize the rest of the paper as follows: In Section 2, we derive the first
variations of the free-energy functional and the generalized Boltzmann distributions. In
Section 3, we derive the second variations of the free-energy functional. In Section 4, we
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show by numerical calculations that the generalized Boltzmann distributions can lead
to multiple values of concentrations. We also show by examples that the free-energy
functional is in general non-convex. In Section 5, we minimize numerically the mean-
field electrostatic free-energy functional for a radially symmetric system. Finally, in
Section 6, we draw our conclusions.

2. First variations and generalized Boltzmann distributions
Unless otherwise stated, we assume the following throughout the rest of the paper:

(A1) The dielectric coefficient function € C1([0,00)). It decreases monotonically
and is convex. Moreover, there are two positive numbers en,;, and enqax such
that

Emin S&Z(E)SEmaX VEZO; (21)

(A2) The set 2 CR3 is bounded, open, and connected with a smooth boundary I' =
9Q (e.g., T'is in the class C?). The boundary 952 is divided into two disjoint,
nonempty, and smooth (e.g., in the class of C?) parts I'p and I'y;

(A3) The functions ps:Q—=R, 0: Ty =R, and ¢, :I'p =R are all given. Moreover,
pr € L%°(2), o is the restriction of a W1°°(Q)-function (also denoted by o) on
I'n, and 94 is the restriction of a W2°°(Q)-function (also denoted by 1)4,) on
I'p.

Note that we use standard notion for Sobolev spaces [2,18,23].
We denote

Hpo(Q)={¢cH' (Q):¢=00nTp},
HL(Q)={¢peH" () :¢=1ps on I'p}.
Let uwe L'(Q). Suppose

[Ju|| := sup updV < oo.

ozser=@)nup @) 10lla @) /Q
Since L>(Q) ﬂH}lO(Q) is dense in H}lo(Q), we can identify u as an element in H]S’lo(Q),
the dual space of H}, , and write u € H]S}J(Q). We denote

M
X= {62(617...701\/[) e LY QRM): ;>0 ace. Q,izl,...,M;ZqicieHD’lo(Q)}.
i=1

Let ce X. It follows from the Lax—Milgram lemma and the Poincaré inequality for
functions in Hp (2) [18,23] that the boundary-value problem of Poisson’s equation
(1.3) has a unique weak solution 1) =1(c), defined by ¢ € H} () and

/g(a)gow-wdv:/p(c)¢>dv+/ opdS Ve Hb (). (2.2)
Q Q N

N

Similarly, we define 1p =1p(c) € H}(2) to be the unique weak solution to

V-e(€)eoViyp =0 in €,
B
()0 g)nD =0 on I'y, (2.3)

YD =Yoo on I'p,
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defined by ¢p € H},(Q) and
/ @V VédV=0  Voe Hb o(Q). (2.4)
Q

2.1. First variations. Let c=(c1,...,cpr) €X and d=(dy,...,dy) € X. We
define

SF[eld] = lim LTt = Fle]

t—0 t ’ (2'5)

if c+tde X for |t| < 1 and the limit exists, and call it the first variation of F[-] at c€ X
in the direction d.

THEOREM 2.1. Let ¢=(cy,...,cpr) €X.  Assume there exist positive numbers oy
and 02 such that 61 <c;i(x)<dy for a.e. z€Q and i=1,....M. Assume also that
d=(dy,...,dyr) € L(Q,RM). Then

M
SFId[d] :,; /Q d: 5P dV,
where for each i (1<i< M) the function 6;F[c]:QQ—R is given by
3iF I =g [4(6) - 3 (0)| - 5/ @761 T Ib(0) ~ (o)

2
+57 og (AN¢;) — - (2.6)

We shall identify 6;F|c] defined in (2.6) as the first variation of F' at ¢ in the i-
th coordinate direction. We note that our assumptions on ¢;(z) (i=1,...,M,z €Q) are
expected to hold true for a local minimizer ¢=(¢y,...,car). This can be argued using the
same analysis in [35,36], where perturbed, lower energy concentrations are constructed
for the usual PB free-energy functional, based on the observation that the entropic
change is larger than the potential change. To prove the theorem, we first prove the
following:

LEMMA 2.2. Under the assumption of Theorem 2.1, we have

[d(c+td) =p(e) gy =0 and  [[Yp(ct+td) =vp(c)llgi =0  ast—=0.

Proof. Denote d= Zf\il d;. By the weak formulations for ¢ (c+td) and ¥(c) (cf.
(2:2)), and the definition of p(c) (cf. (1.2)), we have for ¢ € Hp, 4(§2) that

/Q[E(EHJ)—E(E)} 50V1/J(c+td)~V¢dV+/Q&:(E)€0V[¢(c+td)—w(c)]~V¢>dV
_ / c(e+td)egVib(c+td) - VodV — / £(6)20Vib(c) - VdV
Q Q

= [ Iotetd) = plegav

M
=ty / qidipdV.
=179
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Setting ¢ = ¢ =1 (c+td) —1p(c) € H ;(2), we then have by (2.1) that

6mini':O\/ |V¢t|2dv
Q

§/§15(5)50\V¢t|2dV
M —
= idi o dV — Ettd) —e(d)] eaVw PR
t;/ﬂq fon /Q[e(c+t ) a(c)]so Y(cttd)- Ve
M
= idip dV — citd)—e(E Vo 124V
t;/ﬂq o /Q[&?(C-‘rt ) g(c)]50| ¢t|

- /Q [e(c+td) —e(2)] e0 VU (c) - Ve dV

i=1

+eolle(e+td) —e(@)| Lo )|V () L2 Vel L2

M
<lt| <Z|Qi|”di||L2(Q)> 166l 2 (@) +€olle(@+td) — (@) || Lo (@) VSt I 2 (0

Since [|£(¢+td) —£(€)|| (o) — 0 as t—0, we conclude by the Poincaré inequality ap-
plied to ¢; that there exists a constant C' >0 independent of ¢ with |¢| <1 such that

B¢l 1 () SO(|t]+-eolle(e4td) —e(E)|| Lo () =0 as t—0.

This proves that [[¢(c+td) —1(c)| 1) —0 as t—0. The proof of the convergence
[¥p(c+td) =p(c) || g1 () —0 as t =0 is similar and simpler. o

Proof. (Proof of Theorem 2.1.) Let us write F'[c] = Fpot[c] + Fong[c], where

Footld] = / 5@V + [ Sou(c)as (2.7)
ent /{ﬁ 10g A Cz) ] ﬂlcz}dV (28)

By routine calculations (cf. [12,35,36]), we have

5Fem[c][d]:hmFe“t[c+td Fent[c Z / B~ og (A3e;) — ;] dV. (2.9)

t—0

Now we have by (1.2) that for |t| <1

Fpot [C+td} — Fpot [C]

t
1 [ plettdypletd)—plple) 1 [ blettd)—w(o)
75/0 . dv+ 5 [ o ; ds

_1 [ [p(c+td) —p(c)]¢(c+td) 1 . Y(c+td) —p(c)
/Q avg /Q p(o) Lt Z9E) 4y,

2 t t
2 Jry t
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M
:;Z/qudiw(c—i—td)d\/—k;/Qp(c)w(c—i_td)_w(c)dV—i—1 Yl td) =¥(e) ;o

t 2 Jry t
(2.10)
By Lemma 2.2, we have
1 M 1 M
2;/qudi1/)(c+td)d‘/%Q;A}qidﬂl)(c)dv as t— 0. (2.11)

For the remaining two terms in (2.10), we have by the weak formulation (2.2) for
¥ (c) and (2.4) for yp(c) with ¢ = [p(c+td) —1(c)]/t that

1/p<c>wdv+1 Jdlettd) —u(e) oo
Q

2 2 I t
:%/QE(E)EQVW)(C)—MJD(C)]-V {W} av. (2.12)

It now follows from the weak formulations for ¢ (c+td) and ¥(c) (cf. (2.2)) with ¢=
¥(c)—1p(c), and Lemma 2.2 that

1

3 [ e@=T (O - vp(a)]- ¥ |

1

“2t J, [e(¢) —e(c+td)] eV [¢(c) —¥p(c)]- Vi (c+td)dV

vlest) V)] g
t

+% QE E-FtJ)EoV[l/J(C) —z/JD(C)] 'V¢<C+td)dv

1
% 95 e)eoV [ p(c)]- Vi (c)aV

1 [ e(c+td)—e(e)
_§/Qf

+p [ et (@) —n()av -5 / P06 ()] dV

oV () =¢p(c)]- Vi (cttd)dV

(C+td 50 st ¥(e)—p(e)]-Vi(c+td)dV

3 [ e @20V [0(e) ~ Yo ()] Vib e+ td)dV + > Z/dlqz ()] dV
ﬁ—fZ/de )eoV [¥(c) —¥p(c)]- Vab(c)dV

+5i; [dalo@—vn@lav a0

This and (2.10)—(2.12) lead to
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0 Fpot[c][d] = lim Fpot[c+td] — Fpot|c]

t—0 t
M 1 LM
=3 [ i 010~ gun @] v =33 [ @07 (0)—un (0] Vu(e)av
=178 2 25 )a
(2.13)
We finally combine (2.9) and (2.13) to obtain the desired first variation. O
2.2. Generalized Boltzmann distributions.  We call ¢=(cy,...,cpr) €X an

equilibrium if the first variation § F'[¢][d] defined by (2.5) exists and is equal to 0 for any
de L= (Q,RM). If c=(cy,...,cpr) € X satisfies the assumption in Theorem 2.1 and is an
equilibrium, then §; F[c]=0 (i=1,...,M) by Theorem 2.1. Straightforward calculations
then lead to

cimcitep{ {010 - 3o (0)| - 32/ @7 Vi@ -} ). (210

where ¢° = A—3ePhi (1<i< M). We call these the generalized Boltzmann distributions,
as they generalize the classical Boltzmann distributions ¢; =c®e %% (i=1,...,M) if
¢ does not depend on ¢, and ¥, =0 which implies ¥)p =0. The effect of the boundary
data was noted in [35,36]. Note that in general ¢’(¢) #0 and hence (2.14) does not
explicitly determine how the concentrations ¢; (i=1,...,M) depend on the potential .

3. Second variations
Let a,b,ce X. We define

0F[c+tal[b] — 0 F[c][b]

P )
if the quotient is defined when [¢| < 1 and the limit exists, and call it the second variation
of the free-energy functional F' at ¢ in the directions a and b.

For ce X and a=(ay,...,ap) € X, let us denote by ¥(c,a) the unique weak solution
to the boundary-value problem

2 T
) F[c][a,b]—th_r%

—V-£(6)e0V¥(c,a) Zaz qi+V - (©)eoVip(c)] in Q,
. 0V(ca) 6’(5)
(@) om0 o on I'y,
U(c,a)=0 on I'p,

defined by ¥(c,a) € Hp () and

/QE(E)EOV‘II(Caa)'V(édVZZ/Qai[Qi¢_€/(é)€0vw(c)'v¢] AV Ve Hp ().

(3.1)
Similarly, let us denote by ¥p(c,a) the unique weak solution of the boundary-value
problem

—V-e(€)egVIp(c,a) Zalv g’ (€)eoViip(c) in €,
o¥p(c,a
5(6)50% = on I'y,

Up(e,a)=0 on I'p,
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defined by ¥p(c,a) € Hf ;() and

M
/E(E)&OV\I/D(c7a)-V¢dV:—Z/aial(é)aova(c)~V¢dV Vo e Hp ,(Q). (3.2)
Q P

The existence and uniqueness of each of these weak solutions is guaranteed by the
Lax—Milgram lemma. Note that ¥(c,a) and Up(c,a) are linear in a.

THEOREM 3.1. Lete € C?([0,00)). Letc=(c,...,car) € X. Assume there exist positive
numbers 01 and dy such that 61 <c;(x) <y for a.e. x€Q and i=1,....M. Let a=
(ai,...,anr), b= (b1,...,bar) € L®(Q,RM). We have

52 F[c][a,b]

_ 1 1
/Q{E(c)so [V\I/(c, b)-VU(c,a)— ivlll(c, b)-VUp(c,a)— §V\I/D(c,b) . V\I/(c,a)}

1 (U M M b,
—2<Zbi> Zaj 6"(5)€0V¢(C)'VW(C)—?//D(C)H'ZBZC: }dV

Note that 62 F[c][a,b] is symmetric and bilinear in (a,b). To prove this theorem, let
us denote for |t| <1

Yp(c+ta) —¢p(c)
t b

Berart) — Lt =60

. and Up(c,a;t)=

(3.3)

where ¥(c+ta) € HA () and ¢p(c+ta) are defined by (2.2) and (2.4), respectively, with
c replaced by c+ta. We first prove the following:

LEMMA 3.2.  Under the assumption of Theorem 3.1, we have V(c,a;t) — ¥(c,a) and
Up(c,a;t) = Vp(c,a) in H () as t—0.

Proof.  Consider |t| < 1. By the weak formulations for ¢)(c+ta) and 9 (c) (cf. (2.2))
and the definition of p(c+ta) and p(c) (cf. (1.2)), we have for any ¢ € Hf ;(Q) that

M
/Qe(c—&—ta)aovw(c—i—ta)~V¢dV—/Qs(c)50Vz/J(c)-V(;SdV:ti_Zl/quaiquV.

With our notation ¥(c,a) and ¥(c,a;t), and the weak formulation for ¥(c,a) (cf. (3.1)),
this leads to

/wgovw(chta)Vqﬁvar/s(E)EOV[\II(c,a;t)—\II(c,a)]~V¢dV
Q o

M
:Z/Qaia’(é)sovw(c)-v¢d‘/.

Setting ¢ = f1:=V(c,a;t) —¥(c,a) € Hlljyo(ﬂ), we then obtain

M
[ =@elvaPay =Y [ ac @iV hav
Q /0
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_ / e(ctta) —e(@) )50V¢(c+ta) V fdV
Q t

M
:Z / aie ()20 [Vb(c) — Vib(c+ta)]- V f1dV

!

Since ¢’(¢) is bounded in  and &(¢) > epin in 2, we thus have by the assumption on
e =¢(c), the Cauchy-Schwarz inequality, and Lemma 2.2 that

E)h (et ta) —£(@)

. eoV(c+ta) -V fr dV.

M

Emin€o |V fillL2(0) < <Z az‘||L°°(Q)> l€"(0)]eo |V (c) = Vip(c+ta)| L2 (o)

i=1

Zas e(c+ta)—e(c)

P EoHV’l/J(C-f—ta)”Lz(Q)

Lo ()

—0 as t—0.

This and the Poincaré inequality for functions in H113,0<Q) imply the convergence
U(c,a;t) = V(c,a) in H(Q) as t—0. The convergence ¥p(c,a;t) = ¥p(c,a) in H(Q)
as t —0 can be proved similarly. o

Proof. (Proof of Theorem 3.1.) We first consider Fyy[c] defined in (2.8). By the

boundedness of all a, b, and ¢, and Lebesgue’s dominated convergence theorem, we have
by (2.9) that

82 Fons[c[a,b] := lim M%¢+MM%ﬂ&mHm

t—0
1 3 1 3.
:HmZ/ B8~ log A cz+ta7)) B~ log(A cl) IV
t—0 t

:Z/biﬂ_l%log(@%-tai) %

t=0

= Z /Q %, (3.4)

We now consider Fj,o[c] defined in (2.7). By (2.13) and using our notation ¥(c,a;t)
and Up(c,a;t) (cf. (3.3)), we have

L Pyt 5o}

M M
:Z/biQi\Ij(C,aﬁ)dV*%Z/biQi\PD(cﬂa;t)dV

_72/ [ c+ta ()]50v¢(c+m) V[¢(c+ta) —p(c+ta)] dV

—72 (©)eoVp(c+ta) -V[T(c,a;t) —Up(c,a;t)] dV
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M
1
53 [ b @V Eeat): Vi) - vn(e)] v
2 =179
Consequently, since
e
WL_}Z% in L>°(Q),

we have by Lemma 2.2 and Lemma 3.2, and by rearranging terms, that
52 Fyot[d][a,b]
1
= lim - {5Fp0t [c+ta][b] = Fpot[c] ]}

_Z/bz% a dV—*Z bzqz\IID c,a)dV
3, (Zb) (Z> AeVH(e)- VI (e) ~vp(A] dV
1 M
2;/Qbis/(é)éovw(c).[V\Il(c,a)V\I/D(C,a)] dV

M
_2i_zl/ﬂbiéf/(c)zsoV\If(c,a)~V[1/;(c)_¢D(C)] av

1 M
-3, (Z‘%) (Z) Be0V() -V ()~ ()] AV
M . ) o
+iz_;/gbiQi\IJ(C,a)dV—2iz_;/ﬂbiQi\IID(C,a)dV—;/ﬂbi€ (©)eoV(c)-VU(c,a)dV
M M
+%Z/ﬂbi5/(5)5ovw(c)"I’D(Cva)dv+%Z/Qbifl(é)afovwn(@'\II(C,a)dV
1 Jyar .
-5/ (sz) > a | &@=0vu(e) V(o) = vn(e)] 4V
2 \i=1
M
+Z/Qbi [0 (c,a) — ' (€)eoVib(c) - VU(c,a)] AV
T
) Z/ﬂbi [¢:¥D(c,a) —€'(€)eo VY (c) - VU (c,a)] dV

1 M
+ 2;/ﬂbﬁ’(é)éovwn(c)-V\If(c,a)dv,

By the weak formulation for ¥(c,b) (cf. (3.1) with b replacing a) with ¢=U(c,a),
the weak formulation for ¥(c,b) (cf. (3.1) with b replacing a) with ¢ =¥p(c,a), and the
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weak formulation for Up(e,b) (cf. (3.2) with b replacing a) with ¢ =¥ (¢,a), we therefore
obtain

52Fp0t[ |[a,b] = / (Zb> Za] (€)eoVp(c) -V [ih(c) —¢p(c)] dV
—|—/Q£(E)EOV\II(c,b)-V\I/(c7a)dV—%/QE(E)&)V\I!(C,I))-V\IJD(c,a)dV
—%/QE(E)E()V\I/D(C,I))-V\IJ(C,(L)dV

This and (3.4) imply the desired second variation. O

4. Non-convexity of the free-energy functional

By Theorem 3.1, the second variation §%F|[c] is not necessarily positive definite,
i.e., 02F[c|[a,a] may not be positive, as ¢”(¢) >0 by our assumption that is based on
experimental data. This indicates that the free-energy functional (1.1) may be non-
convex. We investigate this non-convexity by examining the generalized Boltzmann
distributions. If we assume 1o, =0 on I'p, then ¢p =0 in Q, cf. (2.4), and hence the
generalized Boltzmann distributions (2.14) become

¢; = e P B (D=0l VUl*/2 i=1,...,M, (4.1)

where ¥ =1(c). Summing over all ¢ and using the notation ¢= Z?iwh we obtain

M
= (Z C?Oe—ﬁQﬂZ’) B’ (@e0l VY /2
i=1

Based on these considerations, we define for any given s€R and v >0

M
G(0) = G (0) = (z 6) SO e,
i=1

Notice that if ¢=(cq,...,cpr) satisfies the generalized Boltzmann distributions (4.1),
s=1(c), and v=|V(c)|, then G(¢)=0 with Ezzljil Ci.

We now consider an ionic solution occupying the annulus region 10 <r=|z| <60
(in A) with the charge density o = —0.02 e/A2 on r=10. We assume there are two ionic
species in the solution with Z; =1, Zy=—1, ¢{*=0.1M, and ¢5°=0.1M. We choose
() =70e722¢ 110 which we used to fit experimental data, cf. Figure 1.1. From our
numerical computational results (cf. Section 5 for details), we fix a few selected values
of ¢ and |V1)| near the charged surface »=10, and then plot in Figure 4.1 (Left) the
graph of function G(¢) =G ,(¢) =Gy |vy|(€), where we use ¢ instead of ¢ and ¢ = ey
instead of ©¥. We observe that there are multiple solutions to the equation G(c¢)=0
for some values of ¢ and |V¢|, indicating that the generalized Boltzmann distributions
may not determine uniquely the concentrations through the electrostatic potential. In
Figure 4.1 (Right), we plot zeros of G(c)=0 vs. ¢. We sce that there are three zeros
when the electrostatic potential is large in magnitude.

We now construct two examples to show that the free-energy functional (1.1) is in
general non-convex. For simplicity, we take ¢ to be the unity.
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Zeros of G(c)

—0
—3H —e—¢ = —5.0; |[Vp| =1.35/4"!
—0— ¢ = —5.0; [V¢| = 1.30/A"
t ¢ =—5.0; |Vo| =1.20/A""
——p = —4.9; |[V¢| = 1.35/A"
—¢ =-49; |[V¢| =1.29/A! ) g
0 5 10 15 n 0

c Vol

Fi1c. 4.1. Left: G(c) vs. ¢ for different values of ¢ and |V¢|. Right: Zeros of G(c) vs. ¢ and |V¢|.
The three dots on the vertical line indicate the three zeros of G(c).

Example 1. Let 0,8, A\, p € R with >0 and A>0. We consider the functional

1 1 1
Flc] :/ §cwdm‘—|—§mj)(0)—|—/ [ﬁ_lclog()\c) — el dz (4.2)

0 0
for functions c=c(x) >0 with z € (0,1), where the potential ¢ = () is determined by

(e(c(@))y' (2)) = —c(=), ze(0,1).
¥(1 0,

)=
e(c(0))¢'(0) =

Here, £(c) ="70e7%22¢+10, which was used to fit experimental data in Figure 1.1. This
model can be viewed as reduced from a three-dimensional model with the ionic concen-
tration and electrostatic potential only varying in the z-coordinate direction.

If ¢ is a constant function, then we have by simple calculations that

CIQ axr C g

’(ﬁ((b):—?(c)—@—f'f(c)“rm, E(O,l),
% +3co+ 302 ¢
F[c]:_*_zgi(c—;ngﬂflclog (c?)’ c>0, (4.3)

where ¢> = \"1ef#, The function F[c], with 0 =—0.04, 37! =1, and ¢> =0.1, is plotted
in Figure 4.2. We find that it has two local minima at ¢=0 and ¢~ 48.4, and that it is
non-convex. Hence, the functional F[c| defined in (4.2) is non-convex in general.

Example 2. We consider the free-energy functional

1
1
F[c]:/ (20w+clogc—2c> dx (4.4)
0
for functions c=c(x) >0 with x € (0,1), where the potential ¢ = (z) is determined by

(e(e(@))y'(x))" = —c(x), ze€(0,1).
$(0)=9(1) =0,
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1000

0 20 40 60 80 100
¢ (M)

Fic. 4.2.  Graph of the function, F|c], defined in (4.3).

The function e =¢(c) is defined by

1025 50

b if 0<
36 9c if 0<e<A,
25 9 25 .
=< —(c— — f4< 4.5
e(c) 18(0 6)+36 if4<c<6, (4.5)
2
£ if 6<e< .

It can be verified that this is a C'-function, monotonically decreasing, convex, and
bounded above and below by positive constants. See Figure 4.3 (Left) for a plot of this
function.

20 T T - 5
15F 0
T 40l = gl
< 10 K 5
5 -10
0 ‘ ‘ ‘ _15 ‘ ‘ ‘
0 5 10 15 20 0 5 10 15 20
¢ (M) ¢ (M)

Fic. 4.3. Left: Graph of the function e =£(c) defined in (4.5). Right: Graph of the function F|[c]
defined in (4.6).

For constant functions ¢, we have

4 ):_2(:20) 256260)’ z€(0.1),
2
[c] = m—l—clog(c) —2¢, c¢>0. (4.6)
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Figure 4.3 (Right) is a plot of the function, F[c], defined in (4.6). We see clearly that this
function, F[c], is non-convex. Hence the functional, F'[c], defined in (4.4) is non-convex.

5. Numerical study of a model system
We minimize numerically the free-energy functional (1.1) and (1.3) with

Q={zcR®:Ry<|z|<Rp}, Tn={rcR3:|z|=Rx}, Tp={zcR?:|z|=Rp},

where Rp and Ry are two given positive numbers such that Rp < Ry. We assume that
pe=ps(r) is a function of r=|z|, 1) is a constant, and o is also a constant. By the
radial symmetry, we assume the concentrations and potential are functions of r = |z| and
write c=c¢(r) and ¥ =1(r). The free-energy functional (1.1) and the boundary-value
problem of Poisson’s equation (1.3) now become

Rp 1 M M .
Fc] :47T/R {2 (pf—FZqici) ¢+Zﬁ—1ci |:10g (Coo> _1] }Ter
N i=1 i=1 i

+2n0RZY(Ry), (5.1)

M
E(E)w”(r)+5’(E)E’(r)1//(r)+§e(é)w'(r)z—% pr(r)+ Y iei(r) | if oy <r < R,

—&(c¢(Rn))eot’ (Rn) =0,

w(RD) =Yoo
(5.2)

Here we use ¢ instead of u; (i=1,...,M) as input parameters. We have u;=
B~ tog(A3¢®) (i=1,...,M). With our radially symmetric setting, we can easily ob-
serve and verify that the solution ¢p to the boundary-value problem (2.3) is ¢¥p =,
a constant. By Theorem 2.1, the first variations of the free-energy functional (5.1) in
the coordinate directions are then given by

I = [907) G|~ 5 et () [0/ () = ]

+5—110g(ci(o:)>, Rn<r<Rp,i=1,...,M. (5.3)
G
We employ a steepest descent method to minimize the free-energy functional (5.1).

After initializing the concentrations ¢=(cy,...,car), we follow these steps:
(1) Solve Poisson’s equation (5.2) to update the potential .
(2) Compute the first variations §; F[c] (i=1,...,M) by (5.3).
(3) Update the concentrations: c¢;<c¢;—~vd; (i=1,...,M), where v>0 is a pre-
chosen parameter.

(4) Check if max;<i<ns [|0; F[c]|| Lo (ry,Rp) < Etol With a pre-chosen tolerance e¢o1. If
not, go back to (1).

We choose the parameter v in Step (3) to be very small to ensure that all ¢; in each
iteration are positive. In case ¢; <0 for some i, we can change v to a smaller value to
update ¢;. Note that we only find numerically local minimizers that are sometimes more
interesting in terms of physical properties than global minimizers.

We now fix Ry=10A and Rp=60A, and vary the surface charge density o from
—0.005 to —0.025 e/AQ. As surface charges generally represent the main part of fixed
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charges, we set pr=0. Moreover, since we are mainly interested in the counterion
concentrations and electrostatic potentials near the charged surface, we set oo =0. We
use kT as units of energy. We consider two systems:

System I: M =2, Z1=1, Zy=—1, ¢°=0.1M, and ¢5°=0.1 M.
System II: M =3, Z1=2, Zy=1, Zg=—-2, ¢ =0.1M, ¢5°=0.1M, ¢§°=0.15M.
In each of our numerical computations, we observe the decay of the free energy and

the convergence of concentrations in our iterations. This indicates that our numerical
method is reliable.

5.1. Comparison of different dielectric relations: counterion depletion.
We compare equilibrium concentrations and electrostatic potentials corresponding to
the following four different dielectric coefficient functions e =¢;(¢) (¢>0):

80

£1(2) =80;  £3(0) =80-206;  &3(e) = {5

£4(¢) =T0e%-22¢ 1 10. (5.4)
Note that all these functions are convex and monotonically decreasing with the maxi-
mum value 80 at ¢=0. In addition e3(c0) =0 and £4(c0) =10. The linear dependence
g2(€) is used in [7]. The form e5(¢) is proposed in [31]. We used £4(¢) to fit the experi-
ment data in Figure 1.1.

—a0
—e—:5(0) 85
1| ===
. —— () 80
2
< ot g” /r_/
8 © 0
=z 06
L—j 65
g
= 04f 0 15 20 25 30
Q Distance to the charged surface (A)
@)
0.2}
0
10 15 20 25 30
Distance to the charged surface (A)
Fic. 5.1.  The concentrations vs. radial distance to the charged surface for System I with the
. 2 . . . .
surface charge density o =—0.005 e//i . The four curves with indicated symbols are the counterion

concentration profiles. The four coion concentration profiles nearly overlap and become one curve
which is the lowest curve. Inset: the graph of function €;(¢(r)) fori=1,...,4.

We consider System I with the surface charge density o= —0.005 e/A2. In Fig-
ure 5.1, we plot profiles of the equilibrium concentrations for both counterion and coion
species for the four different dielectric coefficient defined in (5.4). The four concentra-
tion profiles for the species of coions nearly overlap and become one. It is the curve
below all the other four profiles for the counterion concentrations. The inset shows the
graph of €;(¢(r)) (1<i<4) as a function of the radial variable r. We observe differences
of the counterion concentrations in the vicinity of the charged surface, even at such
a relatively low surface charge density. The counterion concentrations corresponding
to €2(¢), €3(¢), and €4(¢) are smaller than that predicted by the classical PB theory
that corresponds to £1(¢). Such counterion depletion is expected as explained in the
introduction and as found in [7].

We now still consider System I but increase the surface charge density to o=

—0.012 e/AQ. In Figure 5.2, we plot concentrations and potential similar to those in
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Figure 5.1. We see clearly that the counterion depletion near the charged surface is en-
hanced for the concentration-dependent dielectric coefficient e =¢;(¢) (i=2,3,4). This
is because the increase of the surface charge leads to the increase of the electric field,
which in turn further decreases the concentration by a factor of P/ @0l VEI*/2 i the
generalized Boltzmann distributions, since €’(¢) < 0 and |V is larger. We find that, for
the case of linear dependence £ =¢5(¢), our numerical solution is quite sensitive. As the
concentration becomes large, the dielectric coefficient can be very close to zero and even

negative, leading to an unphysical situation that corresponds to the loss of ellipticity in
a mathematical sense.

55
10 15 20 25 30

Distance to the charged surface (A) ]

Concentration (M)

15 20 25 30
Distance to the charged surface (A)

Fic. 5.2. The concentrations vs. radial distance to the charged surface for System I with the
surface charge density o =—0.012 5/142. The four curves with indicated symbols are the counterion
concentration profiles. The four coion concentration profiles nearly overlap and become one curve
which is the lowest curve. Inset: the graph of function €;(¢(r)) fori=1,...,4.

T 0
3.5 =—#—0=-0.01c/A?
—w— = —0.015¢/A2
—— = —0.02¢/ 47 -2}

s 3 ——o0=—0.025¢/2%| go =

= e

= 250 75 5 vys

o 70 *57

=] I 2, —— 0 =-0.0l¢/A?
'4(.»"'3‘ 2F = 68 o ely —w— = —0.015¢/ A2
< o = —— = —0.02¢/ A%
£ 0025/
=a = — = —0.025¢/ A
3} 55 2 8r

z :

[SEE 0o 15 20 2 30 <
© Distance to the charged surface (A) = -10r

0.5
-12
0 ’ .
10 ] 15 20 25 30 10 15 20 25 30
Distance to the charged surface (A) Distance to the charged surface (A)

FiG. 5.3. System I with e=e4(c). Left: The ionic concentrations vs. the radial distance to the
charged surface. The four counterion concentration profiles for the four different values of the surface
charge density are indicated by the symbols. The four corresponding coion concentrations overlap and
become one curve which is the lowest one. Right: The electrostatic potentials vs. the radial distance
to the charged surface for different values of the surface charge density.

5.2. Effect of surface charges and bulk concentrations: non-monotonicity
of counterion concentrations. = We now consider System I with ¢ =¢4(¢) defined
in (5.4). We compute the equilibrium concentration and electrostatic potential with
the surface charge densities o =—0.01 e/A27 —0.015 e/A27 —0.02 e/AQ, and —0.025 e/AZ,
respectively, and plot our numerical results in Figure 5.3. We observe that the counterion
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—— Surface Concentration (PB) Surface Concentration (PB)
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Fia. 5.4. Left: The Counterion concentration at the charged surface and the mazximum value
of counterion concentration vs. the surface charge density. Right: The electrostatic potential at the
charged surface vs. the surface charge density.
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Fia. 5.5. Left: Concentrations vs. radial distance to the charged surface with different ionic
concentrations. Right: The counterion concentration at the charged surface and the mazimal value of
counterion concentration vs. bulk tonic concentration.

concentration is non-monotonic for a large surface charge density. The dielectric function
e(¢(r)) is also non-monotonic. Moreover, for large surface charge densities, as the surface
charge increases, the counterion concentration at the surface (i.e., at r=Ryx=10 A)
decreases, and the peak of the counterion concentration profile gets higher and moves
further away from the surface. All these result from the competition between the surface-
counterion attraction and the counterion depletion near the surface.

In Figure 5.4, we plot the counterion concentration at the charged surface and the
maximum value of counterion concentration as functions of the surface charge density.
For comparison, we also plot the results predicted by the classical PB theory. We
observe that the differences are significant for large surface charges: the counterion
concentration at the charged surface predicted using € =¢4(¢) decreases, although it is
predicted to increase by the PB equation. Moreover, the maximum value of counterion
concentration predicted with e =¢4(¢) increases as the surface charge density increases.
We also plot the electrostatic potential at the charged surface in Figure 5.4 (Right). As
the surface charge density increases, the electrostatic potentials at the charged surface
predicted by the classical PB are weaker than those predicted with e =g4(¢). This is
because the screening effect with the ionic decrement is weaker.

We now fix the surface charge density o =—0.012 e/ A% and vary the bulk concen-
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F1a. 5.6. Ionic concentrations vs. radial distance to the charge surface with different values of
surface charge density o. Upper left: 0':—0.0056/142. Upper right: cr:—O.Ole/A2. Lower left:
o= —0.0156/142. Lower right: o= —0.026/142.

trations ¢5° (i=1,2). From Figure 5.5 (Left), we observe that larger bulk concentrations
lead to the stronger depletion effect. From Figure 5.5 (Right), we see that the counte-
rion distribution is monotonic for low bulk concentrations and is non-monotonic after
bulk concentrations exceed 0.2 M. Their differences increase as the bulk concentrations
increase.

We now consider System II in which there are two species of counterions and one
species of coions. In Figure 5.6, we plot concentration profiles for different values of
surface charge density. We can again observe the ionic depletion for high surface charges.

6. Conclusions

We have studied a variational problem of minimizing a mean-field electrostatic
free-energy functional to investigate how the ionic concentration dependent dielectric
response can affect the equilibrium properties of electrostatic interactions of an ionic
solution near a charged surface. Our basic modeling assumption is that the dependence
of the dielectric coeflicient on the sum of individual ionic concentrations is qualitatively
the same as that on the salt concentrations for which experimental data are available.
Such dependence is expressed mathematically as a continuous monotonically decreasing
convex function.

We have rigorously derived the first and second variations of the free-energy func-
tional. Analytic formulas of such variations are useful in understanding the behavior of
such a functional and in numerical computations. From the generalized Boltzmann dis-
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tributions, we see that the ionic depletion can occur due to the high concentration low
permittivity relation. The formula of the second variation of the functional indicates
the functional can be non-convex. We indeed show that it is so for some model systems.

We have also developed a numerical method and performed computations with a
three-dimensional, radially symmetric geometry for a system with a single counterion
species or a system with two multi-valence counterion species. Our computational re-
sults show the ionic depletion near a charged surface with both low and high surface
charges. Moreover, we have demonstrated that the increase of the surface charge den-
sity will lead to the non-monotonicity of concentration profiles. These results confirm
experimental findings and also indicate that the classical PB theory does not capture
the ionic depletion and other properties. One of the key points is that the counterions
are attracted to the charged surface but in the meantime crowded counterions decreases
the permittivity of the solution. With our efficient mean-field variational model, we
have confirmed this.

It should be noted that a linear dependence € =¢e5(¢) (cf. (5.4)) leads to the ill-
posedness of Poisson’s equation (cf. (1.3)). The nonlinear dependence of the dielectric
coefficient on the ionic concentrations, however, leads to the lack of compactness needed
in proving the existence of a minimizer by the usual argument of direct methods in the
calculus of variations. To prove the existence, we will then need to construct carefully
a free-energy-minimizing sequence that is weakly compact. The non-convexity of the
functional is different from that for the classical PB functional. It will be interesting
to understand if such non-convexity can be used to model the transition from weak to
strong interactions in an ionic solution.

Our numerical algorithm is fairly general. The key of our algorithm is the self-
consistency: In each step of relaxing the free-energy functional, we solve Poisson’s
equation with the concentration dependent dielectric coefficient. We update the con-
centrations and electrostatic potential alternatively. If one simply uses the classical
Boltzmann distributions for ¢;’s in e =¢(¢), one may not be able to capture the ionic
depletion as shown in the recent work [38].

One of the ion-specific properties is the ionic size effect. In recent years, the PB-
like mean-field models that account for ionic size effects have been developed [5, 7,8,
22,35-37,39,55,59,61]. Our experience is that a large (in terms of magnitude) surface
charge density is needed to capture the ionic size effect in such models, while only a
small charge density is needed to capture the ionic decrement near a charged surface.
It will be therefore interesting to see the transition characterized by the surface charge
density. Another important issue that we have not addressed here is the Born solvation
energy of ions [41,56,60]. Additional equations may be needed to describe such energy.
It is interesting to understand whether the inclusion of the Born solvation energy will
also lead to the correction term in the generalized Boltzmann distributions. Finally, in
terms of applications, how to apply our results to modeling charged macromolecules,
such as proteins, in an aqueous environment is of great interest.
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