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ZERO MACH NUMBER LIMIT OF THE COMPRESSIBLE
NAVIER-STOKES-KORTEWEG EQUATIONS*

YEPING LI AND WEN-AN YONGH#

Abstract. In this paper, we investigate the zero Mach number limit for the three-dimensional
compressible Navier—Stokes—Korteweg equations in the regime of smooth solutions. Based on the local
existence theory of the compressible Navier-Stokes-Korteweg equations, we establish a convergence-
stability principle. Then we show that, when the Mach number is sufficiently small, the initial value
problem of the compressible Navier—Stokes—Korteweg equations has a unique smooth solution in the
time interval where the corresponding incompressible Navier—Stokes equations have a smooth solution.
It is important to remark that when the incompressible Navier—Stokes equations have a global smooth
solution, the existence time of the solution for the compressible Navier—Stokes—Korteweg equations
tends to infinity as the Mach number goes to zero. Moreover, we obtain the convergence of smooth
solutions for the compressible Navier—Stokes—Korteweg equations towards those for the incompressible
Navier—Stokes equations with a convergence rate. As we know, it is the first result about zero Mach
number limit of the compressible Navier—Stokes—Korteweg equations.
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1. Introduction
In this paper, we are concerned with the three-dimensional compressible Navier—
Stokes—Korteweg system

Opp+div (pu) =0, (1.1)
O(pu) +div (pu@u) +Vp(p) = pAu+ (u+v)Vdivu+ kpVAp '

for (z,t)€Qx[0,+00). Throughout this paper, { is assumed to be R?® or the 3-
dimensional torus. Here the unknown functions are the density p and the velocity u € R?,
p(p) is a given pressure function, p and v are viscosity coefficients satisfying p >0 and
2u43v >0, and k is the Weber number. This compressible Navier-Stokes-Korteweg
system can be used to model the capillarity effect of materials, see the pioneering works
by Dunn and Serrin in [6] and also in [2, 5]. Note that, when k=0, (1.1) reduces to the
compressible Navier—Stokes equations.

It is well known that the incompressible limit of compressible fluid dynamical equa-
tions is an important and challenging mathematical problem. Klainerman and Majda
[18] firstly studied the incompressible limit of the compressible Euler equations. Lions
and Masmoudi [20] investigated the incompressible limit of the compressible isentropic
Navier-Stokes equations for the whole space R and the periodic domain. These results
have been extended or improved by many others, i.e., the authors of the references
[1,3,7,8,9, 10, 11, 12, 13, 16, 19, 21, 24] and so on.
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In this paper, we analyze the incompressible limit of smooth solutions for the com-
pressible Navier—Stokes—Korteweg equation (1.1). To have some intuition, we introduce
the scaling

plx,t)=p(z,et), u(z,t)=cu(z,et)
and assume that the viscosity coefficients 1 and v are small and scaled like
pu=cu', v=cv' rk=cK

with £€(0,1) a small parameter. With such scalings, the compressible Navier—Stokes—
Korteweg equation (1.1) take the form

{5‘tp +div (pu®) =0, (12)

O(pfus) +div (p*uf @uf) + % = Auf + (' +v)Vdivus + ﬁ’@.
Formally, letting € — 0 we obtain from the momentum equation (1.2)s that p° converges
to some function p*(t) depending only on ¢t. Here, we expect it to be the positive
constant p*. Without loss of generality, let us assume that p*=1. Then passing to
the limit in the mass conservation equation of (1.2), we get divu®=0. Therefore by
denoting the formal limits of w and u® by VpY and u?, respectively, we
can formally obtain the incompressible Navier—Stokes equations:

{ Ou® +u’ - Vul +Vp° =1/ Au?,

divu® =0. (1.3)

The goal of this paper is to justify the above formal procedure and the main result
can be stated as follows.

THEOREM 1.1.  Suppose p(p°) is smooth function with p'(p®)>0 for p® >0, up(x)€
HS(Q) is divergence-free. Denote by To >0 the life-span of the unique classical solu-
tion u®(t,x) € C([0,Tp],H®(Q)) to the incompressible Navier—Stokes equation (1.3) with
initial data ug(x). If To<oo, then, for e sufficiently small, the compressible Navier—
Stokes—Korteweg equation (1.2) with initial data

p°(x,0)=1, u®(x,0) =up(z)
has a unique solution (p®,u®)(t,x) satisfying
p°=1€C(0,To] H (), u®eC((0,To], H* ().

Moreover, there exists a constant K >0, independent of ¢ but dependent on Ty, such
that

sup (1CD = 3 026" - D)l )l S KE (L)
t€|0,To |o|=5

In case Ty =00, the mazimal existence time T of (p°,u®)(t,x) tends to infinity as € goes
to zero.

REMARK 1.2. The initial data

p°(2,0)=1, u°(2,0)=wug(x)
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can be relaxed as
pg(x70):1+0(62)’ UE(.’b,O):Uo(x)-i-O(E)

without changing our arguments.

REMARK 1.3. If the unique classical solution u°(t,z) to the incompressible Navier—
Stokes equation (1.3) has more regularity, i.e., u°(t,xz) € C([0,Tp], H*(Q)) with initial
data ug(z) € H8(Q), we can obtain

p°—1e€C([0,Tp), HS(Q)),  u®eC([0,Ty], H>(Q)),

and

° '7t -1 af € 5
sup (120D 7L ST a2 (0 — D)+ (0 — ) ) ) < Ke.
t€[0,To] € |oo|=5

Indeed, using a bootstrapping idea [15], the energy method, and uniform stability [18],
we can show this result.

Moreover, we do not know if the convergence rate in (1.4) is optimal, in particular,
the velocity convergence rate. Regard this topic, we thank the anonymous referees for
telling us the paper [4], and we will try to address it in the future study.

REMARK 1.4. We believe that the methods developed in [12, 13, 18, 19] etc. for
studying the zero-Mach number limit of compressible Navier—Stokes equations, can also
be applied to that of the compressible Navier—Stokes—Korteweg systems. However, with
the method here, we can obtain the sharp convergence rate (1.4), and no smallness
condition on the initial data is required.

REMARK 1.5. Here we only consider the zero-Mach limit of the smooth solutions for
the compressible Navier—Stokes—Korteweg equations with well-prepared initial data. It
is more interesting to consider the similar problem of the compressible Navier—Stokes—
Korteweg equations for general initial data (ill-prepared initial data). That is, we should
take account of acoustic waves which propagate with the high speed é in the space
domain, as in [7, 8, 9, 20, 21, 22]. Moreover, we also hope that similar results are right
for the limit of the compressible Navier—Stokes—Korteweg equations in critical space.
These are what our effort should aim at in the forthcoming future.

Let us outlined the idea of proof as follows. We first reformulate the original equa-
tions in terms of the pressure variable p° and the velocity u® (see, for example, [27]).
Next, on the basis of a local-in-time existence theory due to Hattori-Li [14, 15] for (1.2)
we establish a convergence-stability principle, which are similar to those developed in
[25, 26] for singular limit problems of symmetrizable hyperbolic systems. Thus, instead
of deriving e-uniform a priori estimates, we only need to make the error estimate (1.4)
in the common time interval [0,min{Ty,T.}), where both solutions (p°,u¢) and (p°,u°)
are regular. Due to the third-order term in (1.1) or (1.2), deriving the error estimate
requires some elaborated treatments thereof. See Section 4 for the treatments of terms
I5 and H4.

The rest of this paper is organized as follows. In Section 2 we recall a local-in-
time existence theory for (1.2) and reformulate the original equations in terms of the
pressure variable p° and the velocity u. Then, we present our main ideas in Section 3.
All required (error) estimates are obtained in Section 4.
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NOTATION. |U| denotes some norm of a vector or matrix U. For a nonnegative integer
k, H* = H*(Q) denotes the usual L?-type Sobolev space of order k. We write ||- || for
the standard norm of H* and || -|| for || -|jo. When U is a function of another variable ¢ as
well as z € 2, we write ||U(+,t)|| to recall that the norm is taken with respect to « while ¢
is viewed as a parameter. In addition, we denote by C([0,77],X) (resp. L*([0,7],X)) the
space of continuous (resp. square integrable) functions on [0,7] with values in a Banach
space X.

2. Preliminaries

In this section we recall a local-in-time existence theory due to Hattori-Li [14, 15]
for (1.2) and reformulate the original equations in terms of the pressure variable p and
the velocity u. We start with the local-in-time existence of the classical solution to the
compressible Navier—Stokes—Korteweg equation (1.2).

LEMMA 2.1. Let p(p®) be a smooth function with p'(p®)>0 for p°>0. Assume that
u(z) € H* and p(x)—1€ H® with infp(x) >0. Then there exists a positive constant T
such that equation (1.2) with initial data (p,u)(x) have a unique solution (p®,uf)=
(p%,u®)(x,t), satisfying p(t,z) >0 for all (x,t) €Qx[0,T] and

,05 -1 GC([O,T],HE])ﬂL2([0,T],H6),
u® € C([0,T), H*)N L*([0,T], H®).

Next, we follow [27] and reformulate the compressible Navier-Stokes—Korteweg
equation (1.2) in terms of the pressure variable p®=p(p®) and the velocity u®. Since

p(p°) is strictly increasing, it has an inverse p® =p(p°). Set q(p°) = [p(p*)p'(p(p°))] .
Then the compressible Navier—Stokes—Korteweg equation (1.2) for smooth solution can
be rewritten as

q(p°) (pi +u - Vp) +divus =0, 2.1)
p(p)(u§ +us - Vue) +e 2Vp® = p/ Aus + (i +v/)Vdivus +e 1w/ p(p?) VAp(p©).™

Further, we introduce
P = "—po)/e, W =u
with pg=p(1) >0. Then (2.1) can be rewritten as

q(po+ep®) (p5 + 0 - V) +e~ Hdivas =0,
p(po+ep®) (a5 +a - Vi) +e~ 'V = p/ Aa® + (i +v') Vdiv a® (2.2)
+e7 & p(po+ep®)VAp(po +ep°).

For this system, we see immediately from Lemma 2.1 that

COROLLARY 2.2.  Under the assumptions of Lemma 2. 1, there exists a positive constant
T. >0 such that the equation (2.2) with initial data (p(p)%p(’,ﬂ) have a unique classical
solution (p°,a) = (p°,a%)(t,x), satisfying ep®(x,t)+po >0 for all (z,t) €2 x[0,T-] and
P°(t,x) € C([0,T.], H)NL*([0,T-],H®),
@ (t,x) € C([0,TL], HYYN L*([0,T.], H®).

Thus, Theorem 1.1 can be stated as follows.
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THEOREM 2.3.  Under the assumptions of Theorem 1.1, for e sufficiently small the
equation (2.2) with initial data

p°(x,0)=0, a°(x,0) =ug
have a unique solution (p®,u®)(t,z) satisfying
P°(t.x) €C([0,Tp], H?),  @(t,x)€C([0,Tp],H?).

Moreover, there exists a constant K >0, independent of € but dependent on Ty, such
that

~ 1 X ~E ~E
sup (157 —ep’lla+ Y [le205 (5" —ep”) ||+ |a° —u’[la) < Ke. (2.3)
t€[0,To) lal=5

In case Ty = oo, the mazimal existence time T, of (p°,0°)(¢t,x) tends to infinity as & goes
to zero. Here (p°,u’)(t,x) is given in Lemma 3.1 and satisfies (3.3).

In Sections 3 and 4 we focus on the proof of Theorem 2.3.

3. Main ideas

Our proof of Theorem 2.3 is guided by the spirit of the convergence-stability princi-
ple developed in [25, 26] for singular limit problems of symmetrizable hyperbolic systems.
Fix €>0 in (2.2). According to Corollary 2.2, there is a time interval [0,7] such that
the equation (2.2) with initial data (p,u)(x,e) have a unique solution (p°,u°) satisfying
ep® +po >0 for all (z,t) € Qx[0,T] and

P (t,x)eC((0,T),H), @ (t,x)€C([0,T],H").
Define

T. :sup{T>O:155(t,a:) e O([0,T], H),@ (t,z) € C([0,T], HY);

) (3.1
~ o <F (@) <20, V(@) eQx[0,T]}.
(Here the 2 can be replaced with any positive number larger than 1.) Namely, [0,7%) is
the maximal time interval of H® x H*-existence. Note that T, may tend to 0 as e goes
to 0.

In order to show that lim._,o7. >0, we follow the convergence-stability principle
[25] and seek a formal approximation of (p°,u®)(t,z). To this end, we consider the
initial-value problem of the incompressible Navier—Stokes equations:

0. ,0.7,0 0_ 0
{@u +u® - Vul +Vp? = pAu?, (3.2)

divu® =0, u®(z,0) =ug(z).

Since ug(z) € H° and divug =0, we know from [17, 23] that

LEMMA 3.1.  There exists To € (0,400) such that the initial-value problem (3.2) has a
unique smooth solution (u®,p°)(t,z) € C([0,Ty], H®) x C([0,To], H") satisfying

Mo =: sup. (lu®@)lls + [10pu® ()]s + 1" ()l + 10° () ]5) < oo (3:3)

Here p® in the torus Q is unique up to a shift constant.
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In the next section we will prove the following theorem.

THEOREM 3.2.  Under the conditions of Theorem 1.1, there exist constants K = K (Tp)
and g9 =¢eo(Tp) such that for all e <eq,

- 10~ -
15" —ep”) (D) la+ Y Nle2 05 (5° —ep) ()l + 1@ —u®) (1) [l < Ke
|a|=5
for t€[0,min{7p,7:}).
Having this theorem, we slightly modify the arguments in [26] to prove

THEOREM 3.3. Under the conditions of Theorem 1.1, there exists a constant 9=
eo(To) such that for all e <e,

T:>1Tp.

Proof. Otherwise, there is a sequence {e }x>1 such that limj_, e, =0 and T}, <
To. Thanks to the error estimate in Theorem 3.2, there exists a k such that 4p+ (z,t) €
(—3po,bpo) for all z and ¢t. Next we deduce from

157 (515 + 115 () lla < 157 (1) = exp® (- )lls + llewp® (- 1)lls
@ (,8) = u® Gt lla+ a5 0) 4,

and Theorem 3.2 that ||p%*(-,t)||s+||a*(-,¢)||s is bounded uniformly with respect to
t€[0,7%,). Now we could apply Corollary 2.2, beginning at a time ¢ less than 7%, (k is
fixed here), to continue this solution beyond T, . This contradicts the definition of Ty,
in (3.1).

Finally, Theorem 2.3 is proved by combining Theorems 3.2 and 3.3. ]

We conclude this section with the following interesting remark, which is a by-
product of our approach.

REMARK 3.4. The proof of Theorem 3.2 requires that Ty < oco. However, when the
initial-value problem (3.2) of the incompressible Navier—Stokes equations has a global-
in-time regular solution, Ty can be any positive number. Hence we have an almost
global-in-time existence result for (2.2):

lim 7, = +o0.
e—0

4. Error estimate
In this section we prove the error estimate in Theorem 3.2. For this purpose, we
need the following classical calculus inequalities in Sobolev spaces [22].

LEMMA 4.1.
(i) For s>2, H®=H?*(Q) is an algebra. Namely, for all multi-indices o with |a|<s
and f,g€ H*(Q), it holds that 02(fg) € L*(Q) and

105 (fI < Csll fllslglls-

(ii) For s>3, let f € H*(Q) and g€ H*~Y(Q). Then for all multi-indices o with || <s,
it holds that the commutator [0%, flg € L*(Q) and

110z, Alall Cs IV flls—allglls—1-
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(i4i) Assume g(u) is a smooth function on G, u(z) is a continuous function with u(z) €
G1,G1 CCG, and u(z) € L*°NH®. Then for s>1,

dg o
ID* ()l < Csl 5 |16 ez [1D*ul).

Here ||, g, is the C"-norm on the set G1 and Cj is a generic constant depending only
on s.

Next we notice that, with u° and p° constructed in Lemma 3.1,
(pa,ue) = (5p07u0)
satisfies

Q(p0+5pa)(pat+us'vps)'i'a_ldiqu:gRlv (4 1)
p(po+ep:) (et +us-Vu) +e 1 Vp. = p/ Au. + (1 +v")Vdivue + Ry :

with

Ry=q(po+e*p°)(pf +u’-Vp°),
Ry = (p(po+€*p°) — p(po)) (uf +u® - V).
Note that Lemma 3.1 and Sobolev inequality imply —%po <ep.(=e?p®) <pp for e< 1,

which yields £p° <po+ep. <2p°. Further, if p(po+ep;) is strictly increasing, then we
have

1

p(5P0) < p(po+epe) < p(2po). (4.2)

From the definition of q(pg+epe), we also have
1 2

) <q(po+epe) < eSS (4.3)
Set
P=p°—pe, U=1u°—u,.
Then we deduce from (2.2) and (4.1) that
P, +4°-VP+U-Vp.+e g (po+ep®)divU = f1, (4.4)
and
Ui +a-VU+U -Vu.+e L p~(pg+ep®) VP (4.5)

—p Hpo+ep?) (W AU + (i +")\VdivU) =e k' VA + fo.
Here we have used divu.=0 and p° = p(pg +ep°), and
fr=—q""(po+ep:)eRy,
fa=—p(po+epe)Ro — (p’l(po%ﬁs) —p"H(po +6p5)>(Vp° — 1/ Au’).
From Lemmas 3.1 and 4.1 it follows that, for t € [0,7T}],

Ifila<C(Mo)e,  |If2ll <C(Mo)(e* + || PII3). (4.6)
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Here and in the subsequent, C'>0 is the generic constant and C(-) >0 stands for the
generic constant depending on “-”.

Let « be a multi-index with |a| <4. Differentiating the two sides of the equations
in (4.4) and (4.5) with 9% and setting

Pa:agp? Ua:a;:XUv ﬁ(i:agﬁau
we obtain
0y Py +1°-VPy+e g (po+ep®)divU,
= —[02,4°)VP—0%(U-Vp.) —e 0%, ¢ Hpo +ep)|divU + 9% f1, (4.7)

and

QU +05 - VU4 1 p o +ep° )V Py — p Y (po+ep°) (1 AU + (1 + /) Vdiv Uy,)
= -0, @) VU =93 (U-Vu.)—e'[07,p~  (po+p°)| VP
+[02, 0™ (po +ep%)| (W AU + (i +1/")VdivU) +e L' VARG, + 02 fo. (4.8)

Taking the inner product of (4.7) and (4.8) with g(po+¢ep®) P, and p(po +ep°)Us,
respectively, and summing up the two resultant equalities gives

ld
2 dt
_ 1 £ p2 1 € 2_ € €. _ =€ €,
= 2thoé—i—th|Ua| G°Po(u® - V) Py — p°Uq (u® - V)U, ) dx:
Q

/(q5P§+p~E|UQ\2>daz+/ (W V0P + ()i U )
Q Q

+/ (—([55,715]VP+83(U-Vpe))qua_(ag(U.Vue)Hag’aa]v[])pg(]a)dx
Q
_5_1/ (qua[agﬂ_l@o +Eﬁ5)]divU+p5Ua[8§‘,p‘1(po+sﬁ€)]VP)dx
Q
+/ﬁsUa[(?;‘,p_l(po+5]55)](M’AU+(u’+y’)VdiVU)dm
Q

+€_1ﬁ’/ﬁ€UaVAﬁada:+/ (qsagflpa—i-ﬁsagfz[]a)dx
=1 +I2+?3+I4+I5+16. ! (4.9)
Here and below, we often use
pF=ppo+ep), ¢ =qlpo+ep®).

To estimate the I;’s, we first have the bound of p'(py+ep®) and ¢'(po+ep®) as
follows.

LEMMA 4.2. It holds that
a1 <p'(po+ep’) <ca, e3<q (po+ep) <c,
where and in the subsequent, ¢;(i=1,2,3,4) are positive constants independent of €.
Proof.  From the smoothness of p and $p® <po+ep® <2p", it is easy to get

Lo

P (5p") <o (po+ep) <p'(2p").
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Moreover, from the definition of ¢, similarly, we have

3 <q'(po+ep) <ca
This completes the proof. 0

Next, we follow [25, 26] and formulate the following lemma.

LEMMA 4.3.  Set

D=Dt)=|P()la+ > €202 PCO)|+ U (1)l
|B]=5

for t€[0,min{Ty,T.}). Then for multi-indices v satisfying |y| <2 it holds that

1025% (| Lo +[]0307|| e <C(Mo)(1+ D).

Proof. 1t is obvious from Lemma 3.1 and the Sobolev inequality that
1078 || o < (10 (@ —ue)[| L + (1076’ L < C(Mo)(1+ D).

The other estimates can be showed similarly. This completes the proof.
Now we turn to estimate the I;’s in (4.9). Using integration by parts, and Lemmas
4.2 and 4.3, we deduce that

1 N s~ | ~E €
11:5/ (q’(p0+5p€)5pf+q5d1vu +a°-Vq )Psd:z:
Q

+%/Q(Pl(poJrs[)E)sﬁf+ﬁ5divﬂ5+ﬂ5oVﬁE)|Ua|2dx
< O(||div a®|| o + a7 || oo VB || oo ) (|| Pall* + | Ual?)
< C(Mo)(1+D?)(||Pa]l* +[1Ual®),
with the help of (2.2);.
Thanks to Lemma 4.1, I can be simply treated as
I <CIPL[([103 (U - Vpe) ||+ |03, 2]V P)
+O| U (102(U - Vue )| + [0z, a5 VU|)
SClPal(IVpellallUlla+ V(s V Plls)
FONU(VuellallUlla+ Va5 VU|ls)
<C(Mo)(1+D) (U +IIP]13)-

For I3 and I, from Lemma 4.3, we first compute that
IV~ (po+25) s, [V~ (po+25°)lls < C(Mo)e(1+ D). (4.10)
Then we have
1 _ - . o - - -
1< = (024 (po+5°)1div Ul lg° Pal |+ 1056 (o + <39IV P 17U )

c — ~£ : — ~e
S;(HV(] 1(P0+5P Mzl div Ul[s]| Pall+ IV 1(P0+€p MslIVP[[3|Uall)
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(Mo)(1+ D) (||div Ul|s]| Pall + |V Pl|s]|Uall)

C
C(Mo)(1+ DY (U5 +1P15),

IA A

and

L<C|[Vp~ po+ep”)|lsllu AU + (4’ +v)Vdiv U||3]| Ul
<O|[VUI[F+C(Mo)e(1+D%)||Ualf?,

here and in the subsequent § is a proper positive constant, which is determined.
In order to estimate I5, we firstly use integration by parts to obtain

Iy = 7671%3//QA/32 (5P/(p0+€;5€)UaVﬁ€+ﬁadiv Ua)dx
<COM)(1+ D)IAF NVl ~e7' [ F A7 divUnds.  (411)
As
pediv U, = p°div 020 = — (0,55, 4+ 02 (@ - V5°) +[02, 5°]div @),
the second term in the right-hand side of (4.11) can be estimated as
-k / P° AR div Uy de
/ APEO e dr+et /A oy (u®-Vp©)+ [ag,ﬁa]divﬂa)dx

e AR eRea N ALY M

- 2 dt
Since
V= =ep(po+ep°) V" =ep(po+ep”) (VP +Vpe),
and
Apg=ep'(po+ep”) AP, +¢[d7 o' (po +£p°)]AP +e07 (p' (po +ep°) Ap:)
+£205 (p" (po+ep°) (VE°)?), (4.12)
we have
IVl < C(Mo) (= D IIVPall+2(1+ D[V Pl3+22),
lor|=4
and

185511 < C(Mo) (<l APall+2(1+ DY [ AP +2(14+ D) Plla+e2).  (4.13)
Moreover, due to

Ve, =05 (p'(po+ep”)Vi©)
=ep/(po+ep° )V Po+¢[05, p' (po +p°) [V P+ (0" (po +€p°) V),
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a straightforward calculation yields

-4 [ v
= [ 1 oo+ ) T PaPda =222 [ (055 (on+27)9.) #1058/ (o 77|V P
7 (po+257) VP ) 03 (' (po -+ 25°) Ve + 2" (o + 2575 Ve ) d
=222 [ ({025 (o0 <0 )V P+ (0 -+60°)V Pa 02 0 o+ 27°) V)
(1020 00+ TP+ 102 20" (o )] VP ) da =22 |
2" (po-+ )5V P ) - (102, (po+ <))V P+ 02 (4 (po+ ) V) )

(p’ (po+ep°)V Pay

d ~g
::—52%/ | (po+ep )VPa|2dx+I51+I52+I53.
Q

Using Lemma 3.1, and Lemmas 4.1-4.3, it is easy to get
Iy < C(Mo)(1+ D) (| PlI3 + lle* VPu > +|U3) + C(Mo)e>

Moreover, with the help of (4.1);, and using Lemma 3.1, and Lemmas 4.1-4.3, we also
have

Isp <C(Mo)(1+D)(| P+ |2 VP> + U [13) + 6 VU |3 4+ C(Mo )<
Similarly, using (4.4), Lemma 3.1, and Lemmas 4.1-4.3, we can obtain
I53 < C(Mo)(1+ D) (| P[5 +1|e VP2 + |U13) + S| VU 1§ + 6l 2 AP > + C(Mp)e

Therefore, substitution the above inequalities into (4.11) yields

e I S AR EIN N

+C(Mo)(1+D')(|| P13 +lle2 V Pal|* +|U13) +C(Mo)e?
Finally, from (4.6) we deduce that
Is < C(Mo)e® + C(Mo) (1 + D)(|I P+ 1Uall?).
Hence, putting the estimates of I;(i=1,2,...,6) into (4.9), we have
Ld
2dt Jq,
<SC(Mp)(e+(1+ D) (|2 VP |+ [ PIF+UID) +30 VU3 +0]e2 AP [?.  (4.14)

(4° P2+ 5 [Ual>+ Welp/ (o +5°) V Pal? ) da-+ ' [V U|12 + (1 + ') i U |

In order to control the term with §, we multiply (4.8) by ep(po+¢ep®)V P, and
integrate the resultant equality by parts over Q to obtain

7 £p*UsV Podz + / |VP,|*dx
L Jo Q
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= (s/ ﬁEUaVPatdx—l—&?/ ﬁfUaVPadx) +5/ (W AU, + (1 + ') Vdiv U, )V Pyda
Q Q Q
—e/ VP, (ff-VUQ+6§(U~VUE)+[ag,af]VUﬂ*l[ag,p*l(po+eﬁf)]VP
Q

*[6g,p71(p0+€]36)](pfAU+(ﬂ/+VI)VdiVU)>dZE+I€//ﬁEVAﬁZVPad.TC
)

+E/ ﬁeangVPadﬂC:IHl+H2+H3+H4+H5. (415)
Q

We estimate the H;’s as follows. By using integration by parts, it follows from (4.7),
(2.2)1, Lemmas 4.1-4.3 that

Hy—c / (p(po +£5°)div U + ' (po+£p° ) ViU ) (i -V Pa+ [0, 55V P
Q
+03(U - Vpe)+£71[05,q~  (po+ep°)|divU — 85 f1)dz
75/p’(poJrsﬁE)(eﬂEVﬁerq*l(po +ep®)diva®)U,V Py dx
Q

<Ce([|divUall+el| VP Ual) (7Y Pul[+ |07, @]V Pl + |07 (U - Ve ) |
+e (05,7 (po +ep7)div U ||+ 103 f11)

< Ce(||div Ua [+l VP® [ Lo [|Ual)([[a° || oo [V Pa [l + VA ||| VP|s + [ U]4] Ve lla
+e 7 [Vg ™ (po +ep°)llsldiv Ulls + 1195 f1])

< C(Mp)|[div Ua||* + C(Mo)e® +C(Mo) (14 D) (| P13 + |2 VP> + U 3),

and
Hy= —5/ (W'VUs+ (W +0)divUa ) APy da
Q
0, 1 .
< 5 leF AP P +C([[div Ual* + [ VU ).
Next, same as I, I3, Iy, and Ig, it is easy to compute
Hy < C||VU|[;+C(Mo)(1+D¥)(| PI3+ |2 VPul P+ U3,
and
H5 < C(Mp)e®+C(Mp)||e2 VP, ||
Finally, noting (4.12) and (4.13), we have
H,= 711'/ (p(po+sﬁ€)Aﬁ3APa+sp'(po +5ﬁ€)AﬁZVﬁEVPa)dx
Q
:*H’E/ p(po+ep°)p' (po +€ﬁ€)(APa)2dx*n/€/ p(po +€ﬁE)APa([8§‘,p’(po +ep?)|AP
Q Q
+ 02 (0 (o +5°) Ap2) +202 (o (po +25°) (ViF)?) ) da
'z [ (00425 ) VIV Pa (9 (00 + 57 AP + (020 (o + 257) AP
Q

02 (po +25°) Ap.) + 202 (¢ (po + 25°) (Vi*)?) ) da
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1)
< —%’6/ p(po+ep®)p (po+ep°) (AP,)*dx + §||E%APO¢H2
Q
+C(Mo)(1+ D) (||P||3 + |2 V P||2) +C(Mo)e>.

Hence, inserting the above estimates on the H;’s into (4.15) yields

d ~c ~c ~c
7 | eplpo+ep )UaVPadw+/ (IVPa|* +K'ep(po+ep®)p (po+ep°) (AP, )?)da
Q Q

<C||[VUL |2 +6]le2 AP, |12
+CO(Mo)(1+ D) (|P|3+ (€2 VP2 + |U|3) + C(Mo)e?. (4.16)

Finally, choose proper constant A >0, which satisfies A\C < %u’ and
1 1
5 (P°|Ual* +elp' (po +D°) V Pal*) + Aep(po + €57 ) Ua V Po > 4 ([Ual* + K€V Pal?).

Further, let us take §>0 with 36 <1/ and §(A+1)<3x'c;. Therefore, combining
(4.14) and A(>0)(4.16), we obtain

d 1 1
@(I|P||i+||U\|i+ > 202 PIP)+ (IVUIF+ VPl + > lle> Ad] PII?)
[8]=5 |y|=4
<C(Mo)A+DO)(IPI3+ U3+ D e202 PI|?) +C(Mp)e?. (4.17)
|B]=5

Then we integrate (4.17) from 0 to T with [0,7] C [0,min{7.,Ty}) to obtain
2 2 L a8 p)2 ’ 2 2 1 v 12
IPIF+IUIE+ D ez P> + | (IVUIGHIVPIG+ Y lle= A7 P|*)dt
1B]=5 [v|=4

T
SC(Mo)T€2+C(Mo)/O (LD PIZ+IUNE+ D 20l P)?)dt. (4.18)
18|=5

Here we have used the fact the initial data are in equilibrium. Furthermore, we apply
Gronwall’s lemma to (4.18) to get

T
1P+ UG+ D lle? 0l P> < C(Mo)Toe® exp [C(Mo)/ (1+D1°)dt]- (4.19)
18=5 0
Since || P|3+ || U3+ 32 55 l£292 P||* = D2, it follows that

D(T)? < C(My)Tye*exp {C(Mo)/OT(HDlO)dt} =Q(T). (4.20)

Thus, it holds that
Q'(t)=C(Mo)(1+ D')Q(t) < C(Mo)Q(t) +C(Mo)Q°(1).
Applying the nonlinear Gronwall-type inequality in [25] to the last inequality yields

Q(t) < C(Mo)To
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for t € [0,min{Tp,T.}) if we choose € small enough that

Q(0)= C(Mo)T0€2 < e~ C(Mo)To

Because of (4.20), there exists a constant ¢, independent of €, such that

D(T) <ce. (4.21)

for T € [0,min{7},7:}). Finally, Theorem 3.2 is concluded from (4.21). This completes
the proof. 0
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