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GLOBAL CLASSICAL SOLUTIONS OF THE “ONE AND ONE-HALF”
DIMENSIONAL VLASOV-MAXWELL-FOKKER-PLANCK SYSTEM*

STEPHEN PANKAVICHT AND JACK SCHAEFFER!

Abstract. We study the “one and one-half’ dimensional Vlasov-Maxwell-Fokker—Planck system
and obtain the first results concerning well-posedness of solutions. Specifically, we prove the global-in-
time existence and uniqueness in the large of classical solutions to the Cauchy problem and a gain in
regularity of the distribution function in its momentum argument.
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1. Introduction

From a mathematical perspective, the fundamental non-relativistic equations which
describe the time evolution of a collisionless plasma are given by the Vlasov—Maxwell
system:

Of+v-Vof +(E+vxB)-V,f=0

(VM) p(t,z):/f(t,:v,v) dv, j(t,x)= [ vf(t,z,v)dv

BE=VxB—j, V-E=p
atB:—VXE, V- -B=

Here, f represents the distribution of (positively-charged) ions in the plasma, while p and
j are the charge and current density, and E and B represent electric and magnetic fields
generated by the charge and current. The independent variables, ¢ > 0 and x,v € R?
represent time, position, and momentum, respectively, and physical constants, such as
the charge and mass of particles, as well as the speed of light, have been normalized to
one.

In order to include collisions of particles with a background medium in the physi-
cal formulation, a diffusive term is added to the Vlasov equation in (VM). With this,
the equations are referred to as the Vlasov-Maxwell-Fokker—Planck system. Since ba-
sic questions of well-posedness remain unknown even in lower dimensions, we study a
dimensionally-reduced version of this model for which = € R and v € R?, the so-called
“one and one-half dimensional” analogue, given by

Of +010.f + K-Vof =Auf
Ky =F14+vB, Ky;=Fy,—uB

plt, ) = / Flta,0)do — d(a), j(t,a) = / of (t,,v) dv
OtFo = —0,B — jo, OB = —0,F2, 0.F1=p, 0:F1=—j.

(VMFP)
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This system is the lowest-dimensional analogue that one may study and include elec-
tromagnetic effects, as imposing v € R changes the model into the one-dimensional
Vlasov—Poisson system. In (VMFP) we assume a single species of particles described
by f(t,x,v) in the presence of a given, fixed background ¢ € C*(R) N H'(R) N L'(R)
that is neutralizing in the sense that

/qb(x)dx://f(o,m,u) dv dz.

The electric and magnetic fields are given by E(t,x) = (Fy(t, ), F2(t,x)) and B(t, ),
respectively. For initial data we take a nonnegative particle density f° with bounded
moments v30% f0 € L?(R?), along with fields EY, B® € H*(R). Additionally, we specify
data for Eq, namely

(E\DAT) o) = [ ( [ rwwdu- <z><y>) dy.

In fact, this particular choice of data for F; is the only one which leads to a solution
possessing finite energy (see [5] and [12]). The inclusion of the neutralizing density ¢
is also necessary in order to arrive at finite energy solutions for (VMFP) with a single
species of ion.

The analysis of (VM) has seen some progress in recent decades. For instance, the
global existence of weak solutions, which also holds for the relativistic system (RVM),
was shown in [3]. Unlike its relativistic analogue, however, no results currently exist that
ensure global existence of classical solutions. Hence, the current work is focused in this
direction. Alternatively, a wide array of results have been obtained for the electrostatic
simplification of (VM) — the Vlasov—Poisson system, obtained by taking B = 0 within
the model. The Vlasov—Poisson system does not include magnetic effects, and the
electric field is given by an elliptic equation rather than a system of hyperbolic PDEs.
This simplification has led to a great deal of progress concerning the electrostatic system,
including theorems regarding the well-posedness of solutions [10, 11, 14, 15]. The book
[6] can provide a general reference to information concerning kinetic equations of plasma
dynamics, including (VM) and (VMFP).

Independent of these advances, many of the most basic existence and regularity
questions remain unsolved for (VMFP). For much of the existence theory for collision-
less models, one is mainly focused on bounding the velocity support of the distribution
function f, assuming that f° possesses compact momentum support, as this condition
has been shown to imply global existence [7]. Hence, one of the main difficulties which
arises for (VMFP) is the introduction of particles that are propagated with arbitrarily
large momenta, stemming from the inclusion of the diffusive Fokker—Planck operator.
Thus, the momentum support is necessarily unbounded and many known tools are un-
available. Though the v-support of the distribution function is not bounded, we are
able to overcome this issue by controlling large enough moments of the distribution
to guarantee sufficient decay of f in its momentum argument. This also allows us to
control nonlinear terms that arise within derivative estimates. As an additional differ-
ence arising from the Fokker—Planck operator, we note that when studying collisionless
systems, in which A, f is omitted, L is typically the proper space in which to estimate
both the particle distribution and the fields. With the addition of the diffusion operator,
though, the natural space in which to estimate f is now L?. Thus, to take advantage
of the gain in regularity that should result from the Fokker—Planck term, we iterate
in a weighted L? setting. Other crucial features which appear include conservation of
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mass, and the symmetry of the diffusive operator. The main advantage of the diffusion
operator is that it allows one to estimate spatial derivatives of the density in L?(R?)
independent of the momentum derivatives. This is not true for the Vlasov—Maxwell sys-
tem, which is conservative rather than dissipative. Additionally, the appearance of the
Laplacian allows the particle distribution to gain regularity in its momentum argument
in comparison to its initial data. Finally, we note that our methods utilize an extra con-
servation law arising from the structure of the one-and-one-half dimensional system in
order to bound the electric and magnetic fields. Hence, they do not immediately apply
to higher-dimensional analogues of (VMFP), though many of the other ideas presented
below will likely be useful in the two, two-and-one-half, and three dimensional settings.

Though this is the first investigation of the well-posedness of (VMFP) in the large,
others have studied Vlasov—-Maxwell models incorporating a Fokker-Planck term for
small initial data. Both Yu and Yang [17] and Chae [1] constructed global classical
solutions to the three-dimensional Vlasov—Maxwell-Fokker—Planck system for initial
data sufficiently close to Maxwellian using Kawashima estimates and the well-known
energy method. Additionally, Lai [8, 9] arrived at a similar result for a one and one-
half dimensional “relativistic” Vlasov—Maxwell-Fokker—Planck system using classical
estimates. The system in this work features a relativistic transport term, but still
utilizes the Laplacian A, as the Fokker—Planck term. We note that the relativistic
transport operator yields an extremely beneficial result, known as the cone estimate
(see [5]), whereas the non-relativistic transport within (VMFP) does not. Thus, one
essential component of the current paper is to overcome the lack of bounds on energy
inside the light cone. Finally, we mention [12], which arrived at similar results to
our own but studied the relativistic Vlasov-Maxwell system with a Lorentz-invariant
diffusion operator. While we utilize some of the tools introduced within [12], and related
articles [4, 13], we also introduce a number of new methods to overcome the loss of the
cone estimate, finite speed of propagation, and a priori field bounds in order to arrive
at the first large data global classical solutions to (VMFP) set in any dimension, see
Theorem 1.2 below. First we state a local existence theorem:

THEOREM 1.1. Let a > 8 and € > 0 and denote

vo = /14 |v]%.

Assume that ¢ € CY(R) N HY(R) N LY(R). Assume that f° is continuous, nonnegative,
and bounded and possesses a partial derivative with respect to x such that

/ / W82 (FO)2 gy da + / / V82, )2 dv da

is finite. Assume that ES, B € CLY(R)NH!(R). Then there is T > 0 depending only on
J[ 20 @) oo+ B + 15

feC(0, T xR3)NCL((0,T] x R3) with second order partial derivatives with respect to
v1,va that are continuous on (0,T] xR3, and (E, B) € C*([0,T] xR) for which (VMFP)
holds, (E1DAT) holds, and

(f, E27B)|t:O = (fovEg>BO)'

Moreover, f is nonnegative and bounded, and

J] 22 250 dods + |E@ s + 1B
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is bounded on [0,T). Lastly, the above solution is unique.

Note that f° is not assumed to be smooth in v. Now we may state the main result:

THEOREM 1.2. In addition to the hypotheses of Theorem 1.1, assume that EY, B €
LY(R) and v3f° € L>=(R3) for some § > a+2+¢, and v3f° € L'(R®). Then, the local
solution of Theorem 1.1 may be extended to [0,00) x R3.

We note that Theorems 1.1 and 1.2 can be altered to accommodate a friction term.
In the model with friction, the Vlasov equation is changed to

atf+vlax+k'vvf:vv ' (vvf+vf)'

The new term is lower order and does not change either of the results.
As additional evidence of the gain in regularity in v we also state:

PROPOSITION 1.3.  Assume the hypotheses of Theorem 1.2 hold. Then for allt >0

// <f2 +t|Vof]? + %tQ }Vﬁf\2> dvdz < C,.

This paper proceeds as follows. The proof of Theorem 1.1 is postponed to Section 4
and Sections 2 and 3 assume the result of this theorem. In Section 2 we state six
lemmas and show how Theorem 1.2 follows from them. The proofs of these lemmas and
Proposition 1.3 are contained within Section 3.

Throughout the paper C' denotes a positive generic constant that may change from
line to line. When necessary, we will specifically identify the quantities upon which
C may depend. Regarding norms, we will abuse notation and allow the reader to

differentiate certain norms via context. For instance ||f(t)||cc = sup |f(t,x,v)]
TER,vER?

whereas || B(t)|| oo = sup |B(t, x)|, with analogous statements for || ||z and < -, - > which
R
denote the L? norm and inner product, respectively.

2. Global existence

Throughout this section we assume the hypotheses of Theorem 1.1 hold. Let T be
the maximal time of existence and, in order to prove Theorem 1.2 by contradiction,
assume 7' is finite.

To begin, we will first prove a result that will allow us to estimate the particle
density and its moments. When studying collisionless kinetic equations, one often wishes
to integrate along the Vlasov characteristics in order to derive estimates. However, the
appearance of the Fokker—Planck term changes the structure of the operator in (VMFP),
and the values of the distribution function are not conserved along such curves. Hence,
the following lemma (similar to that of [2]) will be utilized to estimate the particle
distribution in such situations.

LEMMA 2.1.  Let g € L'((0,T), L>°(R3)) and hg € L>=(R3) N L*(R3) be given. Let
F(t,x,v) = F(t,x,v) + B(t,z){va, —v1) be given with F € WH°°((0,T) x R3;R?) and
B e Wh((0,T) x R;R). Assume h(t,z,v) is a weak solution of

{ Lh = 0Oth+v0:h+ F(t,x,v) - V,h — Ayh = g(t, z,0)

(0, z,v) = ho(z,v) (2.1)
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so that h € L?((0,T) x R; H'(R?)) satisfies

T
/ // {h (=01 — v10:0) + Vyoh - (Fp+ V,0) — gd | dvdadt
0
- // ho(z,v)¢(0, 2, v)dvdx = 0

for every ¢ € D([0,T) x R3). Then, for every t € [0,T)

t
1A(0) oo < Iholloe + / 19(8)lloo ds.

Another useful tool will be the conservation of mass and energy growth identities,
which we establish in the next result.

LEMMA 2.2 (Conservation Laws). Assume v3 f° € L*(R3). Then, for every t € [0,T),

1F @ = 11l

and

/ |v|2f(t,1',v) dvdz + /(|E|2 + Bz)dx < C(1+1).

Next, we state a lemma that will allow us to control vo moments of the particle
distribution.

LEmMA 2.3 (Propagation of vg-moments). Let p € [0,00) be given and assume the
hypotheses of Lemma 2.2 with ES, B® € L'(R). Let R(s) = V1 + s2. If | R(v2)P f°]|0o <
oo, then for any t € [0,T)

[R(v2)? f(t)]|oc < Cr.

With control of velocities in the vy direction, we are able to control the induced
electric and magnetic fields. Bounds on moments of the particle density then follow
from this result.

LEMMA 2.4 (Control of fields and moments). Assume there is 6 > 4 such that v3f° €
L>®(R3), v¢f° € L'(R?), and B® € L'(R). Then, for any t € [0,T)

v f(t)]loe < Crr, (2.2)
[E@) oo + [I1B(#)ll < Cr, (2.3)

and
H/vng(t) dv|| <Cr (2.4)

for any 8 € [0,9).

Thus, once control of the fields is obtained, any higher moment of the particle
distribution function can be controlled as well, assuming that the initial distribution
possesses the same property. Next, we utilize energy estimates to bound the density
and its derivatives in L?(R3).
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LEMMA 2.5.  Assume the hypotheses of Lemma 2.4 hold, then for everyt € (0,T]

d
@llf(t)llg = =2V, f(t)Il5
and thus

£ 2 < 112

If additionally, v f° € L?(R?) for some v > 0, then
d 2 2 2
i1 fOlz < Crllvg f(O)lz = 2llvg Vo f()]I2
and thus
lvg f(t)]l2 < Cr

for every t € [0,T).

LEMMA 2.6.  Assume the hypotheses of Lemma 2.4 hold with § > 8. Then for every

—4 -2
v E (2, 62> N (2, a2+s] and t € [0,T) we have

10602 f ()| 22 + 102 E ()| 22 + 102 B(t)l| 22 < Cr-

2
Proof. Now we may prove Theorem 1.2. Applying Lemma 2.5 with v = #
yields
/ / ve T2t 2 dvde < Cr.
) . a—2+4+¢ .
Applying Lemma 2.6 with v = —s yields

// v 2 (0, f)? dv d + /(|8$E|2 + (8, B)?) dx < Cr.
Also by Lemma 2.2
/(IEl2 + B?) dz < Cr.

Taking (f(t), E2(t), B(t)) as an initial condition and applying Theorem 1.1 we find the
solution may be extended to [0, ¢+ 7] with 7 > Cp. This contradicts the maximality of
T and completes the proof. ]

3. Proofs of lemmas and estimates

The first result (Lemma 2.1) is very close to a previous lemma [12], in which this
property was shown for the relativistic Fokker—Planck operator. One alteration neces-
sary in the proof of [12, Lemma 1] is to change the relativistic velocity 01 to vy, which
does not affect the conclusion. Also, here F'is not in L*°, but V,, - F' =V, - F and the
proof of [12, Lemma 1] still applies. Hence, we omit any additional details.
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Proof. (Lemma 2.2.) We begin with conservation of mass. Integrating the Vlasov
equation over all (z,v) we find

%//f(ux,v)dvdx:&

Thus, using the decay of f° we find for every t € [0,T)

//f(t,x,v) dvdz = // £z, v) dvdz < oo. (3.1)

To arrive at the estimate of the total energy, we multiply the Vlasov equation by
|v|? and integrate in v. The Fokker-Planck term becomes

/|v|2Adev:—/2v~vadv:4/fdv

after two integrations by parts. Hence, using the divergence structure of the Vlasov
equation, we arrive at the local energy identity

Dy + Dym — 4/f(t,x,v) dv (3.2)
where
(t, ) :/|v|2f(t,ac,v)dv+(\E(t,x)\Q+|B(t,x)|2)
and
m(t, z) = /v1|v|2f(t,x,v)dv+2E2(t,m)B(t,x).

We integrate (3.2) over all space to deduce the global energy identity

%/e(t,x)dx:4//f0(x,v)dxdv

/e(t,x) de < C(1+1t)

whence we find

for all t € [0,T). O
Now we utilize the conservation laws to prove Lemma 2.3.

Proof. (Lemma 2.3) We begin by bounding the potential associated to the electric
and magnetic fields. By Lemma 2.2 we have

/|j2(t,$)| dr < C’(l + t)

and hence

‘//Otjz(T,yj:(tT))dey‘ §/Ot/|j2(7,yi(tT))|dyd¢§0(1+t)2.
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Since BY, E9 € L*(R), it follows that
/|B(t,x)| dz < C(1+1)?

and we may define

Alt,z) = /m B(t,y) dy.

— 00

Note that d,A = B and 0;A = —F5. Moreover, using Maxwell’s equations, we find
(07 = 92)A = j

and thus

T+t—s

Alt,z) = %(A(O, x—1)+ A0,z +1) + % /0 / /vgf(s, y,v) dvdyds.  (3.3)

—t+s

The (x,v)-integral can be bounded using Cauchy—Schwarz and Lemma 2.2 as

T+t—s 1/2 1o
- /vzf(S,y,U) dvdy < (// flz,y,v) dvdy) (// v3f(z,y,) dvdy)
/2

1
<UPI ([ 2G50 doay
<C(1+ )2
Hence, using the assumptions on initial data and integrating, we find
|A{#) ]| < C(1+1)*2 < Cr.
Next, we utilize the identity
OtA + 110, A =—Fs+v1B=—-Ky

within the Vlasov—Fokker—Planck equation. In particular, let 1) € C?(R) be given and
multiply this equation by ¥ (vs + A(t, 2)). Denoting the VFP operator by

Vh := 0ih + v10,h + K -V, h — Ayh,
we find
V(v + A)f) = =20 (va + A)Dy, f — ¢ (va + A) f. (3.4)

Next, define the function R(x) = v/1+4 22. To prove the first assertion, we use
Y(x) = RP(x) within (3.4) and derive the equation

V(R (v2+A)f) = =2p(v2 + A)RP ™2 (02 + A)8y, f —pRP ™ (02 + A)[1+ (p— D|v2 + AP’] f.
Using the identity

Doy f = R7P(v2 + A)Dy, (RP (v2 + A)f) = p(va + A)R™2(v2 + A)
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the right side becomes
—2p(vy + A)R™?(vz + A)u, (R (v2 + A) f) + pRP ™ (v2 + A)[=1 + (p+ 1)Jvz + AP]f.
Hence, if this first term is included within the VFP operator by defining

vo + A >

K=K+{(0,2p— 272
< P s + AP

to form the new operator V, we find
V(RP(va + A)f) = pRP~*(va + A)[=1+ (p + D|v2 + AP*] .
We note that the term on the right side satisfies
PRP ™ (vz + A)[=1 + (p+ 1)|v2 + AP)f| < ORP™*(v2 + A)f < CRP(v2 + A)f.

We invoke Lemma 2.1 with h = RP(vy + A)f and £ =V so that

IRP (v2 + A)) f (1)l < 1R (2 + A(0) o + C/O |CRP (03 + A(8)) f ()| oo ds-

By Gronwall’s inequality we find
[R?(v2 + A(1)) f(t)lloo < Cr

for t € [0,T). Finally, the previously established control of ||A(t)|e yields the first
result as for p > 0
Rp(”?)f(tv x, U) = (1 + |U2 + A(t? .CL') - A(t7 x)‘z)p/2f<t7 z, U)
< C(RP(va+ A(t,x)) + |A(t, 2)P) f(t, x,v)
< CJ[RP(v2 + A() f()]loo + [IA@IE N F ()]0
<Cr.

Hence, taking supremums we find

[1R? (v2)f(t)]|oc < C1.
O
Using this result, we may bound the fields and moments of the distribution function.

Proof. (Lemma 2.4.) We first bound E; using conservation of mass so that

/oo (/ f(t ) dv = ¢<x>) dz

Next, we estimate the other field components. Using the transported field equations,
we find

[E1(t)]loc = sup
zeR

< //f(t,x,v) dvdz + ||6]x < C.

(B + B)(t,7) = (F» + B)(0,2 F 1) — /0 /Ugf(s,a: T (t—s)v)dvds.  (35)

Note that EY, BY € L*(R) by the Sobolev embedding theorem. Thus, for any &1,e5 > 0
we have
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(B2 £ B)(t,z)| <C (l—i—/ot/R—(l-i-m)(vl) [le(vl)f”%(s,xq:(t—s)m)]

[ug| R™(3F22) (15) {R2+52 (’Ug)fl_H% (s,zF (t —s), v)] dvds)
t 1+eq y—(+eq)
<c (1+ [ i@l e sl ds)

(2+e2)y
7= (1+e1)
may also choose g < v < 4. Define the function

F(t) = sup |lvg f(s)lloc-
s€[0,t]

where ¢ = We choose v > 1 4 ¢; and note that 6 > 4 ensures that we

Invoking Lemma 2.3 with p = ¢ we find
EEY

(B2 £ B)(t)[oc < Cr | 1+

sup |R7(v1)f(s)||oo]
s€0,t]

<Cr (1 + F(t) *”) . (3.6)
Using the identity
Bo(t,x) = %([Eﬂt ) + B(t, )] + [Ea(t, x) — B(t, 2)])
we see that the same bound holds for ||E(t)||eo-

Next, we multiply VFP by v] and use the same method as in the proof of Lemma 2.3
to derive the equation

V(i f) =g 2 (v BE)f — 2905 %0 - V(v £) +y(yo> = 2)0 T f. (3.7)

If the second term on the right side is included within the VFP operator, we define

to form a new operator, V. We find

V(g f) =70 2 (v E)f +~(yv|* — 2)v] " f
T4 IL

Clearly,
< Cllog 2 f()lloo < Cllog f()]|oo < CF(2).
Estimating I requires the field estimates, which yield
1< Cog(Jua| + w2 - | E2(t)l|oo) f
<0 (I~ 5O + Crllealt FOILG S (14 (0

<or(F+ PO + P17 )

e ))
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since 7/2 < §. We combine these estimates and invoke Lemma 2.1 with h = vy f and
L =7V so that

143 £l < 63 £l + Cr [ (PG + PS4 F(9)™52) s

Taking the supremum in ¢ and choosing 1 <1

F(t) <F(O)+CT/Ot (F(s)+ F(s)5" + F(s)7 ) ds < (0 )+CT/Ot(1+F(s))ds.

Gronwall’s inequality then yields the bound F(t) < Cr for any t € [0,7) and 1 < v < 4.
The bound on moments of the distribution function follows immediately and the field
bound

[1E2(t)[[oc + [1B(t)lloc < Cr

then follows from (3). Finally, using the bound on moments of the density, control of
the v-integral follows since we have

[t do < 1Ol [ 052 do < O

for v < ¢ and taking the supremum in z yields (2.4). o

Proof. (Lemma 2.5) We proceed by using dissipative estimates. First, we compute:

th”f( )”% = <_Ulamf_K'va+Avfuf>
_<Ulaxf7f>_ <vaf7f>+<Avf7f>

Notice that the first two terms are pure derivatives in x and v, respectively. Thus,
1
(V10 f, f) = 5/ Oz (v1f?) dvdz =0
and
1
(K -V,f, ) = 5/ Vo - (Kf?)dvdz = 0.
Finally, <Avf7 f> = —||va(t)||% Hence,
d 2 2
IOz = =2V, f(B)ll2 < 0
and the first conclusion follows.
Similarly, we may multiply by vg and proceed in the same manner. Within this

estimate we will use vg > 1 in order to increase moments of the estimates where necessary
so as to match the results of the lemma. Computing the time derivative

v

th vy f(t ||2 // [—v10.f — K -V, f + Ay f] dvdx
=1+ 114 III.



220 THE LOW DIMENSIONAL VLASOV-MAXWELL-FOKKER-PLANCK SYSTEM

The first term vanishes as it is a pure z-derivative. For II, we integrate by parts and
use the field bounds of Lemma 2.4 so that

:_7// (K f?) dvda
—’y// 272 Bf? dvde

< Crllog f(#)]]3-

To estimate III, we integrate by parts twice in the first term and once in the second
term to find

I = — / Vo (0d f) - Vo f dvdz

// 27@27 of + Uovvq)f) V. f dvdz
< Cllog fFO)II3 = log Vo F(@B)]13-
Combining the estimates, we find
d
%vaf(t)ﬂg < Orllvg FO)13 = 2llvg Vo f @)]13

as in the statement of the lemma. Additionally, because the second term on the right
side of the inequality is nonpositive, we invoke Gronwall’s inequality and find

log f(O)3 < Crllvg fOII5 < Cr,

for every - > 0 for which the norm of the initial data ||v] 9|2 is finite. o

Proof. (Lemma 2.6.) If f were C® we could compute
d
7 v (D, f)? dvda:
://200”8 f(AOf — 0102 f — K V0, f — 0. K -V, f) dvdz
:_2// 21v,0 f\gdvd:r—i—//(amf)g(Avvg”+K.Vvvg”*)dvdm
2 // FOK - (Vo 0uf + 0p f V00" ) duda:

_—2// SV, 8f\2dvdx+0//8f2 2(1 + |E|) dvdz

+C\// 0. K 20} dvdz <\/// 2V 0, f]? dvda +\/// dvdm).

1
Using the inequalities —22 4+ Az < ZAQ and 2zy < 22 + 12 yields

dt// 02 (0uf)? dvdm<C//3f2 (1 + |E|) dvdx

+C//f2|8 K203 dvdz,
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// (0, f)? dvda <C+C/ // 2(1 + |E|) dvdxdr
+C /0 / / v 210, K |2 dvdzdr. (3.8)

By a standard regularization argument, it follows that (3.8) holds for the solution
(f,E, B) with the regularity stated in Theorem 1.1. Applying (2.3) and (2.4) with
B = 2~ + 4 yields

// (Og f dvdx <C + C’T/ // 2 dvdxdr
0

+C/O /(|5xE|2+(8xB)2)Hf(t)||Loo/fvngdvdxch

t
<C+Cr / / / v (0 f)? dvdadr
0

+ Cr /Ot/(|8mE2 + (0, B)?) dzxdr. (3.9)

and hence

Similarly, if £ and B were C? we could compute

%/[I%E\% (02B)*) dx =—2/81E-8zjda;

SZ\//|8IE2da: \//|8$j|2dx
t
/[|amE|2+(amB)2] dx §c+2/ \//|axE|2dx \//|8mj|2d:cd7
0

t
§C+/ /(|8IE|2+|0wj|2)dxd7. (3.10)
0

SO

By a standard regularization argument it follows that (3.10) holds for E and B € C*.
Since v > 2, we have

9,41 < ( / |arf|vodv)2
g/|amf\2v§7du/v§—2wv < C/|6$f|2v§7 dv.
Thus adding (3.9) and (3.10) yields
// V2 (D, f)? dvda + /(\81E|2 +(0.B)?) da
<C+Cr /Ot (/8xE|2dxdT+//v§7(8zf)2dvdx) dr.
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An application of Gronwall’s inequality completes the proof. ]

Proof. (Proposition 1.3.) If f were C* we could compute the following:

%//fzdvdxz—Q/ |V, f|? dvdz,

%// Vo f|? dvdz = — 2//(|V3f\2 + Oy, fO f) dvde,

%//|V3f|2dudx:—2//|V3f|2dvdx—4//Vvavlf.vvaxfdvdx
:—2//|ng|2dvdx+4/ Oz fALOy, f dudz,

SO

d 1
G [ 9P 4 SRR dda

:—//|va\2dvdx—t//|V12}f\2dvdx—2t/ Oy, [Or f dvdx

bt [[2AVEP + 40,8000, ) v

< —//|va2dvdw+2t\///(8xf)2dvdx \///(8vlf)2dvdx
+ ¢ (— //V§f|2dvdx+2\///(8$f)2dvdx \///(Avavlf)deda:>.

1
Using the inequality —22 4+ Az < ZAQ twice yields

d 1
7 //(f2 + Vo fI> + §t2\V3f|2)dvdx < Ct? //(8xf)2dvdx
and

1
J[ @ 191 4 5210 dvdo

g//(f0)2 dvdw—i—C/Ot 72 //(3mf)2dvdwdr. (3.11)

Again by a standard regularization argument, it follows that (3.11) holds for the solution
constructed in Theorem 1.1. By Lemma 2.6,

/ / (0f)2 dvdz < C,

so the proposition follows from (3.11). O

4. Local existence
Define b = a — 4,

]-"{f:R3%[0,oo)

% % 2123
v f, v§0.f € L*(R )}
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and

a b
Ifll7 = llvg fllz> + llvg Oz fl L2

For the time being we consider smooth initial data (f°, ES, BY).

Let T € (0,1),R > 1,% : R — [0,1] be smooth with s < —1 = 9(s) = 1 and
s >0 = 1(s) = 0. Define ¥%(v) = ¢(Jv| — R). For (E,B) € C([0,T); H'(R)) smooth
define

L®E,B) = (f,E,B)

by
K = FE +¢%v)B(va, —1v1), (4.1)
Wf+vdf+K-Vof=A,f,  f(0,,) = f°, (4.2)
o= [fav-0. = [vfa. (4.3)
B = / pdy, (4.4)
0, Fy 4+ 0,B = —jo, 0B+ 0,E, =0, (4.5)

Note that K is bounded and hence by Proposition A.1 of [2], (4.2) has a solution
f € L?([0,T] x R; HY(R?)). The reference, [16], may also be used for this.
Leta=a+2+¢, =b+2+¢, and

Co > I1BSllms + 1B ms + 1o £°llz2 + g 02 1] 2
We assume that
I(E, B)()|[ < 10C0 (4.7)
on [0,7]. Within the remainder of this section constants may depend on «, T' and Cp

but not on R or V, f°.
First, using (4.7) and the Sobolev embedding theorem,

%//vﬁ‘f2 dvdr = — 2//@8‘|va\2dvdx
+ // FHAWS + E - V) dvde
SC// 28 dvdz. (4.8)
Hence, by Gronwall’s inequality

// v 2 dvde < C. (4.9)
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Similarly, and by using the Cauchy-Schwarz inequality,

%//vg(&gffdvdx

:—2//v€|vva$f\2dvdx+/ (8$f)2(Avvg+E-Vvvg)dvda:

+ 2/ f&xK- (ugvvaxf+ avavv{f) dvdx

< —2//vg|vvamf\2dvd1’+C//(amf)zvg dvdz

+ c// F(10E| + 0. B|) (e Vo0, f| + |0 Fl0d) dvda

<— 2//vg|vvaxf\2dvdx+ C//(@If)zvg dvdz

+0\// Pl (0, B + (8, B)?) dvder [\///vgmaxﬂ?dvdx

+\///’ug(5zf)2 dvdx

1
Using —2% + Az < ZAQ and 22y < 22 4 y? yields

%//vg(asz dvdx §C//Ug(8xf)2 dvdzx

+c// Pl 2dv(|0, B2 + (9, B)?) da

Also by (4.9)

/fzvg“dv:/f%;%ﬁdv:/ /2fazfv§%ﬂ dvdy

<2|| F(t)og 21102 F (10 % || 2

<C’—|—//U08f dvdz

so using (4.7) and (4.11) yields

//UO (8. f) dvdx<C+C’//v0 (8, f)? dvda.
// v (0, f)? dvdx < C.

Hence

(4.10)

(4.11)

(4.12)

(4.13)

_ Next consider (£,B) € C([0,T]; H'(R)) smooth for which (4.7) holds and define
(F,E,B) = LR(E,B) where R < R and K, F, P, J, £, and B are defined as in

equations (4.1)—(4.6).
Let G = (E, B) — (€, B) and note that

K — K| <vo|Gl +vo|B| [ (v) — ™ (v)]
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<vo|G| + v E|BIR™2 (4.14)

and similarly
0. K — 0,K| < v0]0.G| + vo %0, BIR™%. (4.15)

Let § = f — F. Proceeding as before in (4.10) and (4.11) we have
%// v5§* dvdr = — 2//1}8|Vv§\2dvdx
+ / G (A + E - V,0d) dvda
+ 2/ F(K —K) - (0gV,§ + gV ,08) dvda
<C // G2v¢ dvdx + C // F?K — K|*0¢ dvdz. (4.16)

By (4.14), the Sobolev embedding theorem, and (4.9) we have

//F2|K K|?v dvda < //F2 (G? + B*R™ ) dvdx
<C(IGW)~ + IBM)[1=R™) < CIG®) |72 + R7).
Substitution into (4.16) and using Gronwall’s inequality yields

t
// vy §* dvdr < C’/ |G (7)||3:dT + CR™“t. (4.17)
0

Again proceeding as in (4.10) and (4.11) we have

i// v5(0,9)? dvdx

dt o

- 2// 05|V 0, | dvda + //(3x§)2(Avvg + K -V, 08) dvdx

+ 2/ (0, F(K —K) 4+ §0,K + FO,(K — K)) - (v4V0, § + 0.9V ,08) dvdz
<C // v8(9,9)? dvdx + C //(89513‘)2\.?( — K|?vf dvda

+C // 29, K Pob dvdee + C // F2(0,(K — K)[2! duda. (4.18)
By (4.14)

), (4.13), and the Sobolev embedding theorem we have
/ (0. F)} K — K|*v} dvdz

<c/ (0. F)2(|G)? + |BI2R™)v} dvdzx

<CUIGOIF + I1BOFR™=) < CIGW) 7 + R7).
Note that (using (4.17))

atb
/§208+2dv §2/ 1G]10:g|ve? dvdx

(4.19)
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<2 (//g Vg dvdx)é (//(axg)%g dvdx)é
<c /0 G Bdr + CR 1 + / / (0,5)2 dvdz (4.20)

so by (4.20), (4.7), and the Sobolev embedding theorem

//§2|8$K|2U8 dvdx < //gz(wwE'Q + (awB)Z)USJrQ dvda

gc/ot |G(T)||%dr + CR™5t + c//(axg)%g dvdz. (4.21)
Using (4.15), (4.12), (4.13), and (4.7) we have
// F20,(K — K) >0 dvdx
< // F2(10,GP? + (9.B)*R~*)of dvder

<c/(|amc:|2 + (0.B)*R™¢) dx
<CI|G@®)|3: + CR™=. (4.22)

Substitution of (4.19), (4.21), and (4.22) into (4.18) yields

//vo 9)? dvdx

t
gc//vo .9) dvd:c+0||a(t>||§p+cz-z—f+c/ G ()| dr.
0

By Gronwall’s inequality we have

t
// vg(amf])Q dvdx < C/ HG(T)H%H dr + CR™¢t. (4.23)
0
Next we consider the fields. We have
o (|E? + B?)dx = /E.jdz.
By (4.9)
/|§|2d1} < / (/ f’l}g dU> (/ UO_O[‘U‘Q d’[}) dzx < C
SO
i/ (|E\2+Bz) dz < C /\E|2d:c :
dt -
and

/ (\EP n 32) dz < Cy + Ct (4.24)
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follows. Similarly, by (4.13)

/|6x5|2dx < / (/(aJ)%ﬁm) (/vg—ﬂdv) de < C

& [ (082 + (0.5)") as <21, B O 0.5 0

<Cl0:E(t)] 12

SO

and
/ (\azEF + (313)2) dz < Cy + Ct (4.25)

follows. In the same manner (4.17) yields

/Ii—JIde S/ (/g%gdv) (/vo"v|2dv> d

t
gc/ |G(7)||3:dT + CR™t
0
and, letting G = (E, B) — (€, B),

t
/|é|2dm < c/o IG(7)||% + CR™=t

follows. Lastly (4.23) yields

/|az(3 ) dz gc/ (/(axg)%g dv) (/ugbdv> do

t
gc/ |G(7)||%: dT + CR™5t
0
and
t
/\6xé|2dac§ 0/ |G(T)||%:dm + CR™5t
0

follows.
From (4.24) and (4.25) we have

I(E, B)(t)||% < 2Co + CT < 10C,
for T" suitably restricted. Also,
I(f = B)O)5 + I(E, B)(t) — (£, B)(t)|I}n

gc/o (B, B)(r) — (€, B)()|%dr + CR<t. (4.26)

Define (fm*!, Ertl Brtl) = £2"(E", B") for n > 0 where f°, E°, B are determined
by the initial conditions. By (4.26) we have

It = M OIF + (B B (@) — (B, B™) (1)
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t
gc/ [(E™, B")(1) — (E" ', B" ")(7) |3 d7 + C27 "t (4.27)
0
Suppose A > 1 and

0<a2"t(t)<C (/Ot 2" (7)dr + A—"t)

for n > 0. Then by induction

2 () < (a2~ +1) -

n!

(CO" |~ (CAY)!
+A ZZ :
=1

cnr

—n CAT
+ A "e .
n!

< ([a”llp +1)

Since this bound is summable, it follows from (4.27) that (E™, B™) is Cauchy in
C([0,T]; H') and f is Cauchy in C([0,T]; F). Let (f, E, B) = lim,_oo (f", E", B").
We will now use the explicitly known fundamental solution for the linear equation

atf + vlaxf = Ava
namely, for 0 < 7 <t, z,y € R,v,w € R?
g(taxa%ﬂ%w)
1

=[4n(t — T)}—le]‘(’j;fﬁ‘f {g(t B 7)3}_% exp (_3(32 -y — 5(77: — 7';51/1 —|—w1))2> |

This may be derived from line (2.5) of [16] by letting 8 — 01 (with N = 2) then
integrating in y». It may also be derived directly by Fourier transform. Since

atfn—&-l + ,Ulawfn—&-l — Avfn'H —_ K. van—i-l
fn+1(07 ] ) = fO

it follows by theorems I1.2 and II.3 of [16] that

t
=4 +/ //g(t’l“’ v, Ty, w) (K" Vi fr) dwdydr
0

(Ty,w)

where

H(t,z,v) = //Q(t,x,v,O,y,w)fo(y,w) dwdy.
It is easy to check that

// VG (t,x,v,7,y,w)| dwdy < C(t — T)_%
and it follows that

t
ftt=H +/ / VoGt z,v, 7y w) - (K" dwdydr.
0

(Ty,w)
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Now by (4.14) and the Sobolev embedding theorem
/ |Kf — K" "2 dude < c/ (|K = K™ f2 + | K" |f — f**?) dvdz
gc/(|(E,B) — (EO7B”)|2+B2(2")_%)/f2v§+5 dvda
v [ BP 15 - P duds
C(IE B - (E"BYO +27%) [[ #2067 duda
+C// — 202 dvdr — 0 as n — oo.

Also,

-

( / / VoGt 2,07,y ) dwdy) f<ot-nt

so it follows that

f=H+ /Ot/ VoGt z,v,7,y,w) - (Kf) dwdydr. (4.28)
(Ty,w)
By Lemma 2.1
0< f" <sup f°
6]
0<f<supf’ (4.29)
follows.

Thus far we have assumed (f°, E9, B%) to be smooth. Now consider (f°, EY, B?) as
in Theorem 1.1. Consider a sequence (f°%, ES¥ BY%) of smooth initial conditions with

a B
log (F% = )2 + llog 9 (f%F = fO) 2 + I(EQ*, B*) — (B3, BY)| g — 0.

By a limiting procedure like the above we conclude that (4.28) and (4.29) hold for
(f°, EY, BY) as in Theorem 1.1.
By Theorem IL3 of [16] H € C([0,00) x R?*) 0 C'((0,00) x R?) with 8,,0,, H

continuous on ¢t > 0 and

8,5H + UlamH = A,UH
H(O7'7') :fo'
We claim that f is differentiable in v. First we show that f is Holder continuous in
v. For example, if 7; < v; then

= _ 2
|ng(t>x7vl7v277—7y7w) - vwg(t7xavlvv277—7y7w)|
= 2

— / Vw0y, G(t, v, 7, y, w) dvy
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< ﬁl —@1| i 1 IV w80, GI” duy

U1

and
// VWG (t, @, 01,02, 7,y,w) — ng(t,x,@hvgﬁ,y,w)f dwdy
<’v1—v1’/ //|V 8v1g| dwdyduv,
ot
<C (Ul —vl) (t—7)"
S0
//‘ wgh)l ) (Ty,w) dwdy

<\/C'v17v1) (t—7)" 1///|fK\2dwdy<C|v1—v1|t—'r -1

But we also have

/ VWGt 2, 0,7y, w) - (F)(r,y, w)| dwdy

<\///|vwg|2 dwdy \///|fK|2dwdy < Clto )t

so by (4.28)

[Tl

t 1
< C’/ min (ﬁl —oy|(t—7)" (t— 7')75) dr.
0

It follows that f is Holder continuous in v, with exponent 6 for all 6 € (0,1).

Holder continuity in vy may be shown similarly. By (4.28) we may write

f=H+ /Ot // VG (t,x,v,7,y,w) - (fK | royw) — fK}(mw)) dwdydr.
Now it follows that f is differentiable in v and
t
B f = Oy, H + /0 / V80,6 - ( FE | (rg) — fK|(T7w,v)) dwdydr.
We now may integrate by parts in (4.28) and obtain
f=H- At //g(t,:v,v,r,y,w)(K V) (T, y,w) dwdydr.
Note that by (4.12), (4.13), and the Sobolev embedding theorem.
[[ 10570 dvds
<C [[ (P10, + 1K @,1)?) doda

The
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gC/(|8xE\2+(8xB)2)/f2v§ dvd:c+C/(|E|2+ |B|2)/(8xf)2v§ dvdx
gc/ (|0-E> + (8, B)?) dx + c//(axf)%g dvdz < C.

Now it follows from (4.28) that

dwdydr.

(T.y,2)

t
Ouf = O, H + / / VoGt 20,7y, w) - 0,(f )
0

In particular, f is Holder continuous in x with exponent 6 for each 6 € (0,1). Hence,
Theorem II.1 of [16] applies and shows that f has the regularity stated in Theorem 1.1.
The regularity of E and B follows from this.

Finally, suppose that (F,&,B) is another solution with the same initial value as
(f,E,B). Then, by (4.12), (4.13), and (4.16),

%//vg(f—F)2dvdx

SC//vg(f—F)dedx+0/(|E—5|2+(B—B)2)/F2v8+2 dvdz

<o [[ (s - pravaa s [ (B -6+ B-B) a (4:30)
Also
%/(IE—SI2+(B—B)2)dx: —2/(E—€)~/(f—F)vdvdx.
Since
(/ |f = Flvo dv)2 S/(f - F)%gdv/vgfbdv
SO/(f — F)*0ldv,
we have

%/(|E—5|2 —|B - B|?) dx <C\//|E—5|2dx \///(f—F)%gdudx
gc/ |E — &|*dx + C//(f — )2y dvdz.  (4.31)
Uniqueness follows from (4.30) and (4.31) and the proof is complete.
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