
COMMUN. MATH. SCI. c© 2016 International Press

Vol. 14, No. 1, pp. 209–232

GLOBAL CLASSICAL SOLUTIONS OF THE “ONE AND ONE-HALF”
DIMENSIONAL VLASOV–MAXWELL–FOKKER–PLANCK SYSTEM∗

STEPHEN PANKAVICH† AND JACK SCHAEFFER‡

Abstract. We study the “one and one-half” dimensional Vlasov–Maxwell–Fokker–Planck system
and obtain the first results concerning well-posedness of solutions. Specifically, we prove the global-in-
time existence and uniqueness in the large of classical solutions to the Cauchy problem and a gain in
regularity of the distribution function in its momentum argument.
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1. Introduction

From a mathematical perspective, the fundamental non-relativistic equations which
describe the time evolution of a collisionless plasma are given by the Vlasov–Maxwell
system:

(VM)

⎧⎪⎪⎪⎨
⎪⎪⎪⎩

∂tf + v · ∇xf + (E + v ×B) · ∇vf = 0

ρ(t, x) =

∫
f(t, x, v) dv, j(t, x) =

∫
vf(t, x, v) dv

∂tE = ∇×B − j, ∇ · E = ρ
∂tB = −∇× E, ∇ ·B = 0.

Here, f represents the distribution of (positively-charged) ions in the plasma, while ρ and
j are the charge and current density, and E and B represent electric and magnetic fields
generated by the charge and current. The independent variables, t ≥ 0 and x, v ∈ R

3

represent time, position, and momentum, respectively, and physical constants, such as
the charge and mass of particles, as well as the speed of light, have been normalized to
one.

In order to include collisions of particles with a background medium in the physi-
cal formulation, a diffusive term is added to the Vlasov equation in (VM). With this,
the equations are referred to as the Vlasov–Maxwell–Fokker–Planck system. Since ba-
sic questions of well-posedness remain unknown even in lower dimensions, we study a
dimensionally-reduced version of this model for which x ∈ R and v ∈ R

2, the so-called
“one and one-half dimensional” analogue, given by

(VMFP)

⎧⎪⎪⎪⎨
⎪⎪⎪⎩

∂tf + v1∂xf +K · ∇vf = Δvf
K1 = E1 + v2B, K2 = E2 − v1B

ρ(t, x) =

∫
f(t, x, v) dv − φ(x), j(t, x) =

∫
vf(t, x, v) dv

∂tE2 = −∂xB − j2, ∂tB = −∂xE2, ∂xE1 = ρ, ∂tE1 = −j1.
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This system is the lowest-dimensional analogue that one may study and include elec-
tromagnetic effects, as imposing v ∈ R changes the model into the one-dimensional
Vlasov–Poisson system. In (VMFP) we assume a single species of particles described
by f(t, x, v) in the presence of a given, fixed background φ ∈ C1(R) ∩ H1(R) ∩ L1(R)
that is neutralizing in the sense that∫

φ(x) dx =

∫∫
f(0, x, v) dv dx.

The electric and magnetic fields are given by E(t, x) = 〈E1(t, x), E2(t, x)〉 and B(t, x),
respectively. For initial data we take a nonnegative particle density f0 with bounded
moments vb0∂

k
xf

0 ∈ L2(R3), along with fields E0
2 , B

0 ∈ H1(R). Additionally, we specify
data for E1, namely

(E1DAT ) E1(0, x) =

∫ x

−∞

(∫
f0(y, w) dw − φ(y)

)
dy.

In fact, this particular choice of data for E1 is the only one which leads to a solution
possessing finite energy (see [5] and [12]). The inclusion of the neutralizing density φ
is also necessary in order to arrive at finite energy solutions for (VMFP) with a single
species of ion.

The analysis of (VM) has seen some progress in recent decades. For instance, the
global existence of weak solutions, which also holds for the relativistic system (RVM),
was shown in [3]. Unlike its relativistic analogue, however, no results currently exist that
ensure global existence of classical solutions. Hence, the current work is focused in this
direction. Alternatively, a wide array of results have been obtained for the electrostatic
simplification of (VM) – the Vlasov–Poisson system, obtained by taking B ≡ 0 within
the model. The Vlasov–Poisson system does not include magnetic effects, and the
electric field is given by an elliptic equation rather than a system of hyperbolic PDEs.
This simplification has led to a great deal of progress concerning the electrostatic system,
including theorems regarding the well-posedness of solutions [10, 11, 14, 15]. The book
[6] can provide a general reference to information concerning kinetic equations of plasma
dynamics, including (VM) and (VMFP).

Independent of these advances, many of the most basic existence and regularity
questions remain unsolved for (VMFP). For much of the existence theory for collision-
less models, one is mainly focused on bounding the velocity support of the distribution
function f , assuming that f0 possesses compact momentum support, as this condition
has been shown to imply global existence [7]. Hence, one of the main difficulties which
arises for (VMFP) is the introduction of particles that are propagated with arbitrarily
large momenta, stemming from the inclusion of the diffusive Fokker–Planck operator.
Thus, the momentum support is necessarily unbounded and many known tools are un-
available. Though the v-support of the distribution function is not bounded, we are
able to overcome this issue by controlling large enough moments of the distribution
to guarantee sufficient decay of f in its momentum argument. This also allows us to
control nonlinear terms that arise within derivative estimates. As an additional differ-
ence arising from the Fokker–Planck operator, we note that when studying collisionless
systems, in which Δvf is omitted, L∞ is typically the proper space in which to estimate
both the particle distribution and the fields. With the addition of the diffusion operator,
though, the natural space in which to estimate f is now L2. Thus, to take advantage
of the gain in regularity that should result from the Fokker–Planck term, we iterate
in a weighted L2 setting. Other crucial features which appear include conservation of
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mass, and the symmetry of the diffusive operator. The main advantage of the diffusion
operator is that it allows one to estimate spatial derivatives of the density in L2(R3)
independent of the momentum derivatives. This is not true for the Vlasov–Maxwell sys-
tem, which is conservative rather than dissipative. Additionally, the appearance of the
Laplacian allows the particle distribution to gain regularity in its momentum argument
in comparison to its initial data. Finally, we note that our methods utilize an extra con-
servation law arising from the structure of the one-and-one-half dimensional system in
order to bound the electric and magnetic fields. Hence, they do not immediately apply
to higher-dimensional analogues of (VMFP), though many of the other ideas presented
below will likely be useful in the two, two-and-one-half, and three dimensional settings.

Though this is the first investigation of the well-posedness of (VMFP) in the large,
others have studied Vlasov–Maxwell models incorporating a Fokker–Planck term for
small initial data. Both Yu and Yang [17] and Chae [1] constructed global classical
solutions to the three-dimensional Vlasov–Maxwell–Fokker–Planck system for initial
data sufficiently close to Maxwellian using Kawashima estimates and the well-known
energy method. Additionally, Lai [8, 9] arrived at a similar result for a one and one-
half dimensional “relativistic” Vlasov–Maxwell–Fokker–Planck system using classical
estimates. The system in this work features a relativistic transport term, but still
utilizes the Laplacian Δv as the Fokker–Planck term. We note that the relativistic
transport operator yields an extremely beneficial result, known as the cone estimate
(see [5]), whereas the non-relativistic transport within (VMFP) does not. Thus, one
essential component of the current paper is to overcome the lack of bounds on energy
inside the light cone. Finally, we mention [12], which arrived at similar results to
our own but studied the relativistic Vlasov–Maxwell system with a Lorentz-invariant
diffusion operator. While we utilize some of the tools introduced within [12], and related
articles [4, 13], we also introduce a number of new methods to overcome the loss of the
cone estimate, finite speed of propagation, and a priori field bounds in order to arrive
at the first large data global classical solutions to (VMFP) set in any dimension, see
Theorem 1.2 below. First we state a local existence theorem:

Theorem 1.1. Let a > 8 and ε > 0 and denote

v0 =
√
1 + |v|2.

Assume that φ ∈ C1(R) ∩H1(R) ∩ L1(R). Assume that f0 is continuous, nonnegative,
and bounded and possesses a partial derivative with respect to x such that∫∫

va+2+ε
0 (f0)2 dv dx+

∫∫
va−2+ε
0 (∂xf

0)2 dv dx

is finite. Assume that E0
2 , B

0 ∈ C1(R)∩H1(R). Then there is T > 0 depending only on∫∫ [
va+2+ε
0 (f0)2 + va−2+ε

0 (∂xf
0)2
]
dv dx+ ‖E0

2‖2H1 + ‖B0‖2H1
,

f ∈ C([0, T ]×R
3)∩C1((0, T ]×R

3) with second order partial derivatives with respect to
v1, v2 that are continuous on (0, T ]×R

3, and (E,B) ∈ C1([0, T ]×R) for which (VMFP)
holds, (E1DAT ) holds, and

(f,E2, B)|t=0 = (f0, E0
2 , B

0).

Moreover, f is nonnegative and bounded, and∫∫ [
va+2+ε
0 f2 + va−2+ε

0 (∂xf)
2
]
dv dx+ ‖E(t)‖H1 + ‖B(t)‖H1
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is bounded on [0, T ]. Lastly, the above solution is unique.

Note that f0 is not assumed to be smooth in v. Now we may state the main result:

Theorem 1.2. In addition to the hypotheses of Theorem 1.1, assume that E0
2 , B

0 ∈
L1(R) and vδ0f

0 ∈ L∞(R3) for some δ > a+ 2+ ε, and v20f
0 ∈ L1(R3). Then, the local

solution of Theorem 1.1 may be extended to [0,∞)× R
3.

We note that Theorems 1.1 and 1.2 can be altered to accommodate a friction term.
In the model with friction, the Vlasov equation is changed to

∂tf + v1∂x + k · ∇vf = ∇v · (∇vf + vf).

The new term is lower order and does not change either of the results.

As additional evidence of the gain in regularity in v we also state:

Proposition 1.3. Assume the hypotheses of Theorem 1.2 hold. Then for all t > 0

∫∫ (
f2 + t |∇vf |2 + 1

2
t2
∣∣∇2

vf
∣∣2) dv dx ≤ Ct.

This paper proceeds as follows. The proof of Theorem 1.1 is postponed to Section 4
and Sections 2 and 3 assume the result of this theorem. In Section 2 we state six
lemmas and show how Theorem 1.2 follows from them. The proofs of these lemmas and
Proposition 1.3 are contained within Section 3.

Throughout the paper C denotes a positive generic constant that may change from
line to line. When necessary, we will specifically identify the quantities upon which
C may depend. Regarding norms, we will abuse notation and allow the reader to
differentiate certain norms via context. For instance ‖f(t)‖∞ = sup

x∈R,v∈R2

|f(t, x, v)|
whereas ‖B(t)‖∞ = sup

x∈R

|B(t, x)|, with analogous statements for ‖ ·‖2 and < ·, · > which

denote the L2 norm and inner product, respectively.

2. Global existence

Throughout this section we assume the hypotheses of Theorem 1.1 hold. Let T be
the maximal time of existence and, in order to prove Theorem 1.2 by contradiction,
assume T is finite.

To begin, we will first prove a result that will allow us to estimate the particle
density and its moments. When studying collisionless kinetic equations, one often wishes
to integrate along the Vlasov characteristics in order to derive estimates. However, the
appearance of the Fokker–Planck term changes the structure of the operator in (VMFP),
and the values of the distribution function are not conserved along such curves. Hence,
the following lemma (similar to that of [2]) will be utilized to estimate the particle
distribution in such situations.

Lemma 2.1. Let g ∈ L1((0, T ), L∞(R3)) and h0 ∈ L∞(R3) ∩ L2(R3) be given. Let
F (t, x, v) = F(t, x, v) + B(t, x)〈v2,−v1〉 be given with F ∈ W 1,∞((0, T ) × R

3;R2) and
B ∈W 1,∞((0, T )× R;R). Assume h(t, x, v) is a weak solution of

{ Lh = ∂th+ v1∂xh+ F (t, x, v) · ∇vh−Δvh = g(t, x, v)
h(0, x, v) = h0(x, v)

(2.1)
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so that h ∈ L2((0, T )× R;H1(R2)) satisfies

∫ T

0

∫∫ [
h (−∂tφ− v1∂xφ) +∇vh · (Fφ+∇vφ)− gφ

]
dvdxdt

−
∫∫

h0(x, v)φ(0, x, v)dvdx = 0

for every φ ∈ D([0, T )× R
3). Then, for every t ∈ [0, T ]

‖h(t)‖∞ ≤ ‖h0‖∞ +

∫ t

0

‖g(s)‖∞ ds.

Another useful tool will be the conservation of mass and energy growth identities,
which we establish in the next result.

Lemma 2.2 (Conservation Laws). Assume v20f
0 ∈ L1(R3). Then, for every t ∈ [0, T ),

‖f(t)‖1 = ‖f0‖1
and ∫∫

|v|2f(t, x, v) dv dx+

∫
(|E|2 +B2)dx ≤ C(1 + t).

Next, we state a lemma that will allow us to control v2 moments of the particle
distribution.

Lemma 2.3 (Propagation of v2-moments). Let p ∈ [0,∞) be given and assume the
hypotheses of Lemma 2.2 with E0

2 , B
0 ∈ L1(R). Let R(s) =

√
1 + s2. If ‖R(v2)

pf0‖∞ <
∞, then for any t ∈ [0, T )

‖R(v2)
pf(t)‖∞ < CT .

With control of velocities in the v2 direction, we are able to control the induced
electric and magnetic fields. Bounds on moments of the particle density then follow
from this result.

Lemma 2.4 (Control of fields and moments). Assume there is δ > 4 such that vδ0f
0 ∈

L∞(R3), v20f
0 ∈ L1(R3), and B0 ∈ L1(R). Then, for any t ∈ [0, T )

‖vδ0f(t)‖∞ ≤ CT , (2.2)

‖E(t)‖∞ + ‖B(t)‖∞ ≤ CT , (2.3)

and ∥∥∥∥
∫

vβ−2
0 f(t) dv

∥∥∥∥
∞
≤ CT (2.4)

for any β ∈ [0, δ).

Thus, once control of the fields is obtained, any higher moment of the particle
distribution function can be controlled as well, assuming that the initial distribution
possesses the same property. Next, we utilize energy estimates to bound the density
and its derivatives in L2(R3).
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Lemma 2.5. Assume the hypotheses of Lemma 2.4 hold, then for every t ∈ (0, T ]

d

dt
‖f(t)‖22 = −2‖∇vf(t)‖22

and thus

‖f(t)‖2 ≤ ‖f0‖2.

If additionally, vγ0 f
0 ∈ L2(R3) for some γ > 0, then

d

dt
‖vγ0 f(t)‖22 ≤ CT ‖vγ0 f(t)‖22 − 2‖vγ0∇vf(t)‖22

and thus

‖vγ0 f(t)‖2 ≤ CT

for every t ∈ [0, T ).

Lemma 2.6. Assume the hypotheses of Lemma 2.4 hold with δ > 8. Then for every

γ ∈
(
2,

δ − 4

2

)
∩
(
2,

a− 2 + ε

2

]
and t ∈ [0, T ) we have

‖vγ0∂xf(t)‖L2 + ‖∂xE(t)‖L2 + ‖∂xB(t)‖L2 ≤ CT .

Proof. Now we may prove Theorem 1.2. Applying Lemma 2.5 with γ =
a+ 2 + ε

2
yields ∫∫

va+2+ε
0 f2 dv dx ≤ CT .

Applying Lemma 2.6 with γ =
a− 2 + ε

2
yields

∫∫
va−2+ε
0 (∂xf)

2 dv dx+

∫
(|∂xE|2 + (∂xB)2) dx ≤ CT .

Also by Lemma 2.2 ∫
(|E|2 +B2) dx ≤ CT .

Taking (f(t), E2(t), B(t)) as an initial condition and applying Theorem 1.1 we find the
solution may be extended to [0, t+ τ ] with τ > CT . This contradicts the maximality of
T and completes the proof.

3. Proofs of lemmas and estimates
The first result (Lemma 2.1) is very close to a previous lemma [12], in which this

property was shown for the relativistic Fokker–Planck operator. One alteration neces-
sary in the proof of [12, Lemma 1] is to change the relativistic velocity v̂1 to v1, which
does not affect the conclusion. Also, here F is not in L∞, but ∇v · F = ∇v · F and the
proof of [12, Lemma 1] still applies. Hence, we omit any additional details.
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Proof. (Lemma 2.2.) We begin with conservation of mass. Integrating the Vlasov
equation over all (x, v) we find

d

dt

∫∫
f(t, x, v) dv dx = 0.

Thus, using the decay of f0 we find for every t ∈ [0, T )∫∫
f(t, x, v) dvdx =

∫∫
f0(x, v) dv dx <∞. (3.1)

To arrive at the estimate of the total energy, we multiply the Vlasov equation by
|v|2 and integrate in v. The Fokker–Planck term becomes∫

|v|2Δvf dv = −
∫

2v · ∇vf dv = 4

∫
f dv

after two integrations by parts. Hence, using the divergence structure of the Vlasov
equation, we arrive at the local energy identity

∂te+ ∂xm = 4

∫
f(t, x, v) dv (3.2)

where

e(t, x) =

∫
|v|2f(t, x, v) dv + (|E(t, x)|2 + |B(t, x)|2)

and

m(t, x) =

∫
v1|v|2f(t, x, v)dv + 2E2(t, x)B(t, x).

We integrate (3.2) over all space to deduce the global energy identity

d

dt

∫
e(t, x)dx = 4

∫∫
f0(x, v) dx dv

whence we find ∫
e(t, x) dx ≤ C(1 + t)

for all t ∈ [0, T ).

Now we utilize the conservation laws to prove Lemma 2.3.

Proof. (Lemma 2.3) We begin by bounding the potential associated to the electric
and magnetic fields. By Lemma 2.2 we have∫

|j2(t, x)| dx ≤ C(1 + t)

and hence∣∣∣∣
∫ ∫ t

0

j2(τ, y ± (t− τ)) dτdy

∣∣∣∣ ≤
∫ t

0

∫
|j2(τ, y ± (t− τ))| dydτ ≤ C(1 + t)2.
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Since B0, E0
2 ∈ L1(R), it follows that∫

|B(t, x)| dx ≤ C(1 + t)2

and we may define

A(t, x) =

∫ x

−∞
B(t, y) dy.

Note that ∂xA = B and ∂tA = −E2. Moreover, using Maxwell’s equations, we find

(∂2
t − ∂2

x)A = j2

and thus

A(t, x) =
1

2
(A(0, x− t) +A(0, x+ t)) +

1

2

∫ t

0

∫ x+t−s

x−t+s

∫
v2f(s, y, v) dvdyds. (3.3)

The (x, v)-integral can be bounded using Cauchy–Schwarz and Lemma 2.2 as

∫ x+t−s

x−t+s

∫
v2f(s, y, v) dvdy ≤

(∫∫
f(x, y, v) dvdy

)1/2(∫∫
v22f(x, y, v) dvdy

)1/2

≤‖f0‖1/21

(∫∫
|v|2f(s, y, v) dvdy

)1/2

≤C(1 + s)1/2.

Hence, using the assumptions on initial data and integrating, we find

‖A(t)‖∞ ≤ C(1 + t)3/2 ≤ CT .

Next, we utilize the identity

∂tA+ v1∂xA = −E2 + v1B = −K2

within the Vlasov–Fokker–Planck equation. In particular, let ψ ∈ C2(R) be given and
multiply this equation by ψ(v2 +A(t, x)). Denoting the VFP operator by

Vh := ∂th+ v1∂xh+K · ∇vh−Δvh,

we find

V(ψ(v2 +A)f) = −2ψ′(v2 +A)∂v2f − ψ′′(v2 +A)f. (3.4)

Next, define the function R(x) =
√
1 + x2. To prove the first assertion, we use

ψ(x) = Rp(x) within (3.4) and derive the equation

V(Rp(v2+A)f) = −2p(v2+A)Rp−2(v2+A)∂v2f −pRp−4(v2+A)[1+(p−1)|v2+A|2]f.

Using the identity

∂v2f = R−p(v2 +A)∂v2(R
p(v2 +A)f)− p(v2 +A)R−2(v2 +A)f
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the right side becomes

−2p(v2 +A)R−2(v2 +A)∂v2(R
p(v2 +A)f) + pRp−4(v2 +A)[−1 + (p+ 1)|v2 +A|2]f.

Hence, if this first term is included within the VFP operator by defining

K = K +

〈
0, 2p

v2 +A

1 + |v2 +A|2
〉

to form the new operator V, we find

V(Rp(v2 +A)f) = pRp−4(v2 +A)[−1 + (p+ 1)|v2 +A|2]f.

We note that the term on the right side satisfies

|pRp−4(v2 +A)[−1 + (p+ 1)|v2 +A|2]f | ≤ CRp−2(v2 +A)f ≤ CRp(v2 +A)f.

We invoke Lemma 2.1 with h = Rp(v2 +A)f and L = V so that

‖Rp(v2 +A(t))f(t)‖∞ ≤ ‖Rp(v2 +A(0))f0‖∞ + C

∫ t

0

‖CRp(v2 +A(s))f(s)‖∞ ds.

By Gronwall’s inequality we find

‖Rp(v2 +A(t))f(t)‖∞ ≤ CT

for t ∈ [0, T ). Finally, the previously established control of ‖A(t)‖∞ yields the first
result as for p ≥ 0

Rp(v2)f(t, x, v) = (1 + |v2 +A(t, x)−A(t, x)|2)p/2f(t, x, v)
≤ C(Rp(v2 +A(t, x)) + |A(t, x)|p)f(t, x, v)
≤ C‖Rp(v2 +A(t))f(t)‖∞ + ‖A(t)‖p∞‖f(t)‖∞
≤ CT .

Hence, taking supremums we find

‖Rp(v2)f(t)‖∞ ≤ CT .

Using this result, we may bound the fields and moments of the distribution function.

Proof. (Lemma 2.4.) We first bound E1 using conservation of mass so that

‖E1(t)‖∞ = sup
x∈R

∣∣∣∣
∫ x

−∞

(∫
f(t, x, v) dv − φ(x)

)
dx

∣∣∣∣ ≤
∫∫

f(t, x, v) dvdx+ ‖φ‖1 ≤ C.

Next, we estimate the other field components. Using the transported field equations,
we find

(E2 ±B)(t, x) = (E2 ±B)(0, x∓ t)−
∫ t

0

∫
v2f(s, x∓ (t− s), v) dvds. (3.5)

Note that E0
2 , B

0 ∈ L∞(R) by the Sobolev embedding theorem. Thus, for any ε1, ε2 > 0
we have



218 THE LOW DIMENSIONAL VLASOV–MAXWELL–FOKKER–PLANCK SYSTEM

|(E2 ±B)(t, x)| ≤C
(
1 +

∫ t

0

∫
R−(1+ε1)(v1)

[
R1+ε1(v1)f

1+ε1
γ (s, x∓ (t− s), v)

]
|v2|R−(2+ε2)(v2)

[
R2+ε2(v2)f

1− 1+ε1
γ (s, x∓ (t− s), v)

]
dvds

)
≤C

(
1 +

∫ t

0

‖Rγ(v1)f(s)‖
1+ε1

γ∞ ‖Rq(v2)f(s)‖
γ−(1+ε1)

γ∞ ds

)

where q =
(2 + ε2)γ

γ − (1 + ε1)
. We choose γ > 1 + ε1 and note that δ > 4 ensures that we

may also choose q ≤ γ ≤ δ. Define the function

F (t) := sup
s∈[0,t]

‖vγ0 f(s)‖∞.

Invoking Lemma 2.3 with p = q we find

‖(E2 ±B)(t)‖∞ ≤ CT

⎛
⎝1 +

[
sup

s∈[0,t]

‖Rγ(v1)f(s)‖∞
] 1+ε1

γ

⎞
⎠

≤ CT

(
1 + F (t)

1+ε1
γ

)
. (3.6)

Using the identity

E2(t, x) =
1

2
([E2(t, x) +B(t, x)] + [E2(t, x)−B(t, x)])

we see that the same bound holds for ‖E2(t)‖∞.
Next, we multiply VFP by vγ0 and use the same method as in the proof of Lemma 2.3

to derive the equation

V(vγ0 f) = γvγ−2
0 (v · E)f − 2γv−2

0 v · ∇v(v
γ
0 f) + γ(γ|v|2 − 2)vγ−4

0 f. (3.7)

If the second term on the right side is included within the VFP operator, we define

K = K + 2γ
v

1 + |v|2

to form a new operator, V. We find

V(vγ0 f) = γvγ−2
0 (v · E)f + γ(γ|v|2 − 2)vγ−4

0 f

=: I + II.

Clearly,

II ≤ C‖vγ−2
0 f(t)‖∞ ≤ C‖vγ0 f(t)‖∞ ≤ CF (t).

Estimating I requires the field estimates, which yield

I ≤ Cvγ−2
0 (|v1|+ |v2| · ‖E2(t)‖∞)f

≤ C

(
‖vγ−1

0 f(t)‖∞ + CT ‖|v2|
γ
2 f(t)‖

2
γ∞‖vγ0 f(t)‖

1− 2
γ∞
(
1 + F (t)

1+ε1
γ

))

≤ CT

(
F (t) + F (t)

γ−2
γ + F (t)

γ−1+ε1
γ

)
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since γ/2 ≤ δ. We combine these estimates and invoke Lemma 2.1 with h = vγ0 f and
L = V so that

‖vγ0 f(t)‖∞ ≤ ‖vγ0 f0‖∞ + CT

∫ t

0

(
F (s) + F (s)

γ−2
γ + F (s)

γ−1+ε1
γ

)
ds.

Taking the supremum in t and choosing ε1 ≤ 1

F (t) ≤ F (0)+CT

∫ t

0

(
F (s) + F (s)

γ−2
γ + F (s)

γ−1+ε1
γ

)
ds ≤ F (0)+CT

∫ t

0

(1+F (s)) ds.

Gronwall’s inequality then yields the bound F (t) ≤ CT for any t ∈ [0, T ) and 1 ≤ γ ≤ δ.
The bound on moments of the distribution function follows immediately and the field
bound

‖E2(t)‖∞ + ‖B(t)‖∞ ≤ CT

then follows from (3). Finally, using the bound on moments of the density, control of
the v-integral follows since we have∫

vγ−2
0 f(t, x, v) dv ≤ ‖vδ0f(t)‖∞ ·

∫
v
−2−(δ−γ)
0 dv ≤ CT

for γ < δ and taking the supremum in x yields (2.4).

Proof. (Lemma 2.5) We proceed by using dissipative estimates. First, we compute:

1

2

d

dt
‖f(t)‖22 = 〈−v1∂xf −K · ∇vf +Δvf, f〉

= −〈v1∂xf, f〉 − 〈K · ∇vf, f〉+ 〈Δvf, f〉.

Notice that the first two terms are pure derivatives in x and v, respectively. Thus,

〈v1∂xf, f〉 = 1

2

∫∫
∂x(v1f

2) dvdx = 0

and

〈K · ∇vf, f〉 = 1

2

∫∫
∇v · (Kf2) dvdx = 0.

Finally, 〈Δvf, f〉 = −‖∇vf(t)‖22. Hence,

d

dt
‖f(t)‖22 = −2‖∇vf(t)‖22 ≤ 0

and the first conclusion follows.
Similarly, we may multiply by v2γ0 and proceed in the same manner. Within this

estimate we will use v0 ≥ 1 in order to increase moments of the estimates where necessary
so as to match the results of the lemma. Computing the time derivative

1

2

d

dt
‖vγ0 f(t)‖22 =

∫∫
v2γ0 f [−v1∂xf −K · ∇vf +Δvf ] dvdx

= I + II + III.
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The first term vanishes as it is a pure x-derivative. For II, we integrate by parts and
use the field bounds of Lemma 2.4 so that

II = −1

2

∫∫
v2γ0 ∇v · (Kf2) dvdx

= γ

∫∫
v2γ−2
0 v · Ef2 dvdx

≤ CT ‖vγ0 f(t)‖22.
To estimate III, we integrate by parts twice in the first term and once in the second
term to find

III = −
∫∫

∇v(v
2γ
0 f) · ∇vf dvdx

= −
∫∫

(2γv2γ−2
0 vf + v2γ0 ∇vf) · ∇vf dvdx

≤ C‖vγ0 f(t)‖22 − ‖vγ0∇vf(t)‖22.
Combining the estimates, we find

d

dt
‖vγ0 f(t)‖22 ≤ CT ‖vγ0 f(t)‖22 − 2‖vγ0∇vf(t)‖22

as in the statement of the lemma. Additionally, because the second term on the right
side of the inequality is nonpositive, we invoke Gronwall’s inequality and find

‖vγ0 f(t)‖22 ≤ CT ‖vγ0 f0‖22 ≤ CT ,

for every γ ≥ 0 for which the norm of the initial data ‖vγ0 f0‖2 is finite.

Proof. (Lemma 2.6.) If f were C3 we could compute

d

dt

∫∫
v2γ0 (∂xf)

2 dvdx

=

∫∫
2v2γ0 ∂xf(Δv∂xf − v1∂

2
xf −K · ∇v∂xf − ∂xK · ∇vf) dvdx

=− 2

∫∫
v2γ0 |∇v∂xf |2 dvdx+

∫∫
(∂xf)

2(Δvv
2γ
0 +K · ∇vv

2γ
0 ) dvdx

+ 2

∫∫
f∂xK · (v2γ0 ∇v∂xf + ∂xf∇vv

2γ
0 ) dvdx

≤− 2

∫∫
v2γ0 |∇v∂xf |2 dvdx+ C

∫∫
(∂xf)

2v2γ0 (1 + |E|) dvdx

+ C

√∫∫
f2|∂xK|2v2γ0 dvdx

(√∫∫
v2γ0 |∇v∂xf |2 dvdx +

√∫∫
v2γ0 (∂xf)

2 dvdx

)
.

Using the inequalities −x2 +Ax ≤ 1

4
A2 and 2xy ≤ x2 + y2 yields

d

dt

∫∫
v2γ0 (∂xf)

2 dvdx ≤C
∫∫

(∂xf)
2v2γ0 (1 + |E|) dvdx

+ C

∫∫
f2|∂xK|2v2γ0 dvdx,
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and hence ∫∫
v2γ0 (∂xf)

2 dvdx ≤C + C

∫ t

0

∫∫
v2γ0 (∂xf)

2(1 + |E|) dvdxdτ

+ C

∫ t

0

∫∫
v2γ0 f2|∂xK|2 dvdxdτ. (3.8)

By a standard regularization argument, it follows that (3.8) holds for the solution
(f,E,B) with the regularity stated in Theorem 1.1. Applying (2.3) and (2.4) with
β = 2γ + 4 yields∫∫

v2γ0 (∂xf)
2 dvdx ≤C + CT

∫ t

0

∫∫
v2γ0 (∂xf)

2 dvdxdτ

+ C

∫ t

0

∫
(|∂xE|2 + (∂xB)2)‖f(t)‖L∞

∫
fv2γ+2

0 dvdxdτ

≤C + CT

∫ t

0

∫∫
v2γ0 (∂xf)

2 dvdxdτ

+ CT

∫ t

0

∫
(|∂xE|2 + (∂xB)2) dxdτ. (3.9)

Similarly, if E and B were C2 we could compute

d

dt

∫
[|∂xE|2 + (∂xB)2] dx =− 2

∫
∂xE · ∂xj dx

≤2
√∫

|∂xE|2 dx
√∫

|∂xj|2 dx

so

∫
[|∂xE|2 + (∂xB)2] dx ≤C + 2

∫ t

0

√∫
|∂xE|2 dx

√∫
|∂xj|2 dx dτ

≤C +

∫ t

0

∫
(|∂xE|2 + |∂xj|2) dxdτ. (3.10)

By a standard regularization argument it follows that (3.10) holds for E and B ∈ C1.
Since γ > 2, we have

|∂xj|2 ≤
(∫

|∂xf |v0dv
)2

≤
∫
|∂xf |2v2γ0 dv

∫
v2−2γ
0 dv ≤ C

∫
|∂xf |2v2γ0 dv.

Thus adding (3.9) and (3.10) yields∫∫
v2γ0 (∂xf)

2 dvdx+

∫
(|∂xE|2 + (∂xB)2) dx

≤C + CT

∫ t

0

(∫
|∂xE|2 dxdτ +

∫∫
v2γ0 (∂xf)

2 dvdx

)
dτ.
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An application of Gronwall’s inequality completes the proof.

Proof. (Proposition 1.3.) If f were C4 we could compute the following:

d

dt

∫∫
f2 dvdx =− 2

∫∫
|∇vf |2 dvdx,

d

dt

∫∫
|∇vf |2 dvdx =− 2

∫∫
(|∇2

vf |2 + ∂v1
f∂xf) dvdx,

d

dt

∫∫
|∇2

vf |2 dvdx =− 2

∫∫
|∇3

vf |2 dvdx− 4

∫∫
∇v∂v1f · ∇v∂xf dvdx

=− 2

∫∫
|∇3

vf |2 dvdx+ 4

∫∫
∂xfΔv∂v1f dvdx,

so

d

dt

∫∫
(f2 + t|∇vf |2 + 1

2
t2|∇2

vf |2) dvdx

=−
∫∫

|∇vf |2 dvdx− t

∫∫
|∇2

vf |2 dvdx− 2t

∫∫
∂v1f∂xf dvdx

+
1

2
t2
∫∫

(−2|∇3
vf |2 + 4∂xfΔv∂v1f) dvdx

≤−
∫∫

|∇vf |2 dvdx+ 2t

√∫∫
(∂xf)

2 dvdx

√∫∫
(∂v1f)

2 dvdx

+ t2

(
−
∫∫

|∇3
vf |2 dvdx+ 2

√∫∫
(∂xf)

2 dvdx

√∫∫
(Δv∂v1f)

2 dvdx

)
.

Using the inequality −x2 +Ax ≤ 1

4
A2 twice yields

d

dt

∫∫
(f2 + t|∇vf |2 + 1

2
t2|∇2

vf |2) dvdx ≤ Ct2
∫∫

(∂xf)
2 dvdx

and ∫∫
(f2 + t|∇vf |2 + 1

2
t2|∇2

vf |2) dvdx

≤
∫∫

(f0)2 dvdx+ C

∫ t

0

τ2
∫∫

(∂xf)
2 dvdxdτ. (3.11)

Again by a standard regularization argument, it follows that (3.11) holds for the solution
constructed in Theorem 1.1. By Lemma 2.6,∫∫

(∂xf)
2 dvdx ≤ Ct

so the proposition follows from (3.11).

4. Local existence
Define b = a− 4,

F =

{
f : R3 → [0,∞)

∣∣∣∣ v a
2
0 f, v

b
2
0 ∂xf ∈ L2(R3)

}
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and

‖f‖F = ‖v a
2
0 f‖L2 + ‖v b

2
0 ∂xf‖L2 .

For the time being we consider smooth initial data (f0, E0
2 , B

0).
Let T ∈ (0, 1), R > 1, ψ : R → [0, 1] be smooth with s ≤ −1 ⇒ ψ(s) = 1 and

s ≥ 0 ⇒ ψ(s) = 0. Define ψR(v) = ψ(|v| − R). For (E,B) ∈ C([0, T ]; H1(R)) smooth
define

LR(E,B) = (f̃ , Ẽ, B̃)

by

K = E + ψR(v)B(v2,−v1), (4.1)

∂tf̃ + v1∂xf̃ +K · ∇v f̃ = Δv f̃ , f̃(0, ·, ·) = f0, (4.2)

ρ̃ =

∫
f̃dv − φ, j̃ =

∫
vf̃ dv, (4.3)

Ẽ1 =

∫ x

−∞
ρ̃ dy, (4.4)

∂tẼ2 + ∂xB̃ = −j̃2, ∂tB̃ + ∂xẼ2 = 0, (4.5)

(Ẽ2, B̃)(0, ·) = (E0
2 , B

0). (4.6)

Note that K is bounded and hence by Proposition A.1 of [2], (4.2) has a solution
f̃ ∈ L2([0, T ]× R;H1(R2)). The reference, [16], may also be used for this.

Let α = a+ 2 + ε, β = b+ 2 + ε, and

C0 > ‖E0
2‖H1 + ‖B0‖H1 + ‖v α

2
0 f0‖L2 + ‖v

β
2
0 ∂xf

0‖L2 .

We assume that

‖(E,B)(t)‖H1 ≤ 10C0 (4.7)

on [0, T ]. Within the remainder of this section constants may depend on α, T and C0

but not on R or ∇vf
0.

First, using (4.7) and the Sobolev embedding theorem,

d

dt

∫∫
vα0 f̃

2 dvdx =− 2

∫∫
vα0 |∇v f̃ |2 dvdx

+

∫∫
f̃2(Δvv

α
0 + E · ∇vv

α
0 ) dvdx

≤C
∫∫

f̃2vα0 dvdx. (4.8)

Hence, by Gronwall’s inequality ∫∫
vα0 f̃

2 dvdx ≤ C. (4.9)
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Similarly, and by using the Cauchy–Schwarz inequality,

d

dt

∫∫
vβ0 (∂xf̃)

2 dvdx

=− 2

∫∫
vβ0 |∇v∂xf̃ |2 dvdx+

∫∫
(∂xf̃)

2(Δvv
β
0 + E · ∇vv

β
0 ) dvdx

+ 2

∫∫
f̃∂xK · (vβ0∇v∂xf̃ + ∂xf̃∇vv

β
0 ) dvdx

≤− 2

∫∫
vβ0 |∇v∂xf̃ |2 dvdx+ C

∫∫
(∂xf̃)

2vβ0 dvdx

+ C

∫∫
f̃(|∂xE|+ |∂xB|)(vβ+1

0 |∇v∂xf̃ |+ |∂xf̃ |vβ0 ) dvdx

≤− 2

∫∫
vβ0 |∇v∂xf̃ |2 dvdx+ C

∫∫
(∂xf̃)

2vβ0 dvdx

+ C

√∫∫
f̃2vβ+2

0 (|∂xE|2 + (∂xB)2) dvdx

[√∫∫
vβ0 |∇v∂xf̃ |2 dvdx

+

√∫∫
vβ0 (∂xf̃)

2 dvdx

]
. (4.10)

Using −x2 +Ax ≤ 1

4
A2 and 2xy ≤ x2 + y2 yields

d

dt

∫∫
vβ0 (∂xf̃)

2 dvdx ≤C
∫∫

vβ0 (∂xf̃)
2 dvdx

+ C

∫∫
f̃2vβ+2

0 dv(|∂xE|2 + (∂xB)2) dx. (4.11)

Also by (4.9) ∫
f̃2vβ+2

0 dv =

∫
f̃2v

α+β
2

0 dv =

∫ x

−∞

∫
2f̃∂xf̃v

α+β
2

0 dvdy

≤2‖f̃(t)v α
2
0 ‖L2‖∂xf̃(t)v

β
2 ‖L2

≤C +

∫∫
vβ0 (∂xf̃)

2 dvdx (4.12)

so using (4.7) and (4.11) yields

d

dt

∫∫
vβ0 (∂xf̃)

2 dvdx ≤ C + C

∫∫
vβ0 (∂xf̃)

2 dvdx.

Hence ∫∫
vβ0 (∂xf̃)

2 dvdx ≤ C. (4.13)

Next consider (E ,B) ∈ C([0, T ];H1(R)) smooth for which (4.7) holds and define
(F̃ , Ẽ , B̃) = LR(E ,B) where R ≤ R and K, F̃ , P̃ , J̃ , Ẽ , and B̃ are defined as in
equations (4.1)–(4.6).

Let G = (E,B)− (E ,B) and note that

|K −K| ≤v0|G|+ v0|B| |ψR(v)− ψR(v)|
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≤v0|G|+ v1+
ε
2 |B|R− ε

2 (4.14)

and similarly

|∂xK − ∂xK| ≤ v0|∂xG|+ v
1+ ε

2
0 |∂xB|R− ε

2 . (4.15)

Let g̃ = f̃ − F̃ . Proceeding as before in (4.10) and (4.11) we have

d

dt

∫∫
va0 g̃

2 dvdx =− 2

∫∫
va0 |∇v g̃|2 dvdx

+

∫∫
g̃2(Δvv

a
0 + E · ∇vv

a
0 ) dvdx

+ 2

∫∫
F̃ (K −K) · (va0∇v g̃ + g̃∇vv

a
0 ) dvdx

≤C
∫∫

g̃2va0 dvdx+ C

∫∫
F̃ 2|K −K|2va0 dvdx. (4.16)

By (4.14), the Sobolev embedding theorem, and (4.9) we have∫∫
F̃ 2|K −K|2va0 dvdx ≤

∫∫
F̃ 2(G2 + B2R−ε)vα0 dvdx

≤C(‖G(t)‖2L∞ + ‖B(t)‖2L∞R−ε) ≤ C(‖G(t)‖2H1 +R−ε).

Substitution into (4.16) and using Gronwall’s inequality yields∫∫
va0 g̃

2 dvdx ≤ C

∫ t

0

‖G(τ)‖2H1dτ + CR−εt. (4.17)

Again proceeding as in (4.10) and (4.11) we have

d

dt

∫∫
vb0(∂xg̃)

2 dvdx

=− 2

∫∫
vb0|∇v∂xg̃| dvdx+

∫∫
(∂xg̃)

2(Δvv
b
0 +K · ∇vv

b
0) dvdx

+ 2

∫∫
(∂xF̃ (K −K) + g̃ ∂xK + F̃ ∂x(K −K)) · (vb0∇v∂x g̃ + ∂xg̃∇vv

b
0) dvdx

≤C
∫∫

vb0(∂xg̃)
2 dvdx+ C

∫∫
(∂xF̃ )2|K −K|2vb0 dvdx

+ C

∫∫
g̃2|∂xK|2vb0 dvdx+ C

∫∫
F̃ 2|∂x(K −K)|2vb0 dvdx. (4.18)

By (4.14), (4.13), and the Sobolev embedding theorem we have∫∫
(∂xF̃ )2|K −K|2vb0 dvdx

≤C
∫∫

(∂xF̃ )2(|G|2 + |B|2R−ε)vβ0 dvdx

≤C(‖G(t)‖2H1 + ‖B(t)‖2H1R−ε) ≤ C(‖G(t)‖2H1 +R−ε). (4.19)

Note that (using (4.17))∫
g̃2vb+2

0 dv ≤2
∫∫

|g̃||∂xg̃|v
a+b
2

0 dvdx
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≤2
(∫∫

g̃2va0 dvdx

) 1
2
(∫∫

(∂xg̃)
2vb0 dvdx

) 1
2

≤C
∫ t

0

‖G(τ)‖2H1dτ + CR−εt+

∫∫
(∂xg̃)

2vb0 dvdx (4.20)

so by (4.20), (4.7), and the Sobolev embedding theorem∫∫
g̃2|∂xK|2vb0 dvdx ≤

∫∫
g̃2(|∂xE|2 + (∂xB)2)vb+2

0 dvdx

≤C
∫ t

0

‖G(τ)‖2H1dτ + CR−εt+ C

∫∫
(∂xg̃)

2vb0 dvdx. (4.21)

Using (4.15), (4.12), (4.13), and (4.7) we have∫∫
F̃ 2|∂x(K −K)|2vb0 dvdx

≤
∫∫

F̃ 2(|∂xG|2 + (∂xB)2R−ε)vβ0 dvdx

≤C
∫
(|∂xG|2 + (∂xB)2R−ε) dx

≤C‖G(t)‖2H1 + CR−ε. (4.22)

Substitution of (4.19), (4.21), and (4.22) into (4.18) yields

d

dt

∫∫
vb0(∂xg̃)

2 dvdx

≤ C

∫∫
vb0(∂xg̃)

2 dvdx+ C‖G(t)‖2H1 + CR−ε + C

∫ t

0

‖G(τ)‖2H1 dτ.

By Gronwall’s inequality we have

∫∫
vb0(∂xg̃)

2 dvdx ≤ C

∫ t

0

‖G(τ)‖2H1 dτ + CR−εt. (4.23)

Next we consider the fields. We have

d

dt

∫
(|Ẽ|2 + B̃2)dx = −2

∫
Ẽ · j̃dx.

By (4.9) ∫
|j̃|2dx ≤

∫ (∫
f̃vα0 dv

)(∫
v−α
0 |v|2 dv

)
dx ≤ C

so

d

dt

∫ (
|Ẽ|2 + B̃2

)
dx ≤ C

(∫
|Ẽ|2dx

) 1
2

and ∫ (
|Ẽ|2 + B̃2

)
dx ≤ C0 + Ct (4.24)
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follows. Similarly, by (4.13)∫
|∂xj̃|2 dx ≤

∫ (∫
(∂xf̃)

2vβ0 dv

)(∫
v2−β
0 dv

)
dx ≤ C

so

d

dt

∫ (
|∂xẼ|2 +

(
∂xB̃

)2)
dx ≤2‖∂xẼ(t)‖L2‖∂xj̃(t)‖L2

≤C‖∂xẼ(t)‖L2

and ∫ (
|∂xẼ|2 + (∂xB̃)2

)
dx ≤ C0 + Ct (4.25)

follows. In the same manner (4.17) yields∫
|j̃ − J̃ |2dx ≤

∫ (∫
g̃2va0 dv

)(∫
v−a
0 |v|2 dv

)
dx

≤C
∫ t

0

‖G(τ)‖2H1dτ + CR−εt

and, letting G̃ = (Ẽ, B̃)− (Ẽ , B̃),∫
|G̃|2dx ≤ C

∫ t

0

‖G(τ)‖2H1 + CR−εt

follows. Lastly (4.23) yields∫
|∂x(j̃ − J̃)|2 dx ≤C

∫ (∫
(∂xg̃)

2vb0 dv

)(∫
v2−b
0 dv

)
dx

≤C
∫ t

0

‖G(τ)‖2H1 dτ + CR−εt

and ∫
|∂xG̃|2 dx ≤ C

∫ t

0

‖G(τ)‖2H1dτ + CR−εt

follows.
From (4.24) and (4.25) we have

‖(Ẽ, B̃)(t)‖2H1 ≤ 2C0 + CT ≤ 10C0

for T suitably restricted. Also,

‖(f̃ − F̃ )(t)‖2F + ‖(Ẽ, B̃)(t)− (Ẽ , B̃)(t)‖2H1

≤C
∫ t

0

‖(E,B)(τ)− (E ,B)(τ)‖2H1dτ + CR−εt. (4.26)

Define (fn+1, En+1, Bn+1) = L2n(En, Bn) for n ≥ 0 where f0, E0, B0 are determined
by the initial conditions. By (4.26) we have

‖(fn+1 − fn)(t)‖2F + ‖(En+1, Bn+1)(t)− (En, Bn)(t)‖2H1
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≤C
∫ t

0

‖(En, Bn)(τ)− (En−1, Bn−1)(τ)‖2H1 dτ + C2−nεt. (4.27)

Suppose A > 1 and

0 ≤ xn+1(t) ≤ C

(∫ t

0

xn(τ)dτ +A−nt

)

for n ≥ 0. Then by induction

xn(t) ≤ (‖x0‖L∞ + 1
) (Ct)n

n!
+A−n

n−1∑
�=1

(CAt)�

�!

≤ (‖x0‖L∞ + 1
) (CT )n

n!
+A−neCAT .

Since this bound is summable, it follows from (4.27) that (En, Bn) is Cauchy in
C([0, T ];H1) and fn is Cauchy in C([0, T ];F). Let (f,E,B) = limn→∞(fn, En, Bn).

We will now use the explicitly known fundamental solution for the linear equation

∂tf + v1∂xf = Δvf,

namely, for 0 ≤ τ < t, x, y ∈ R, v, w ∈ R
2

G(t, x, v, τ, y, w)

=[4π(t− τ)]−1e
−|v−w|2
4(t−τ)

[π
3
(t− τ)3

]− 1
2

exp

(
−3(x− y − 1

2 (t− τ)(v1 + w1))
2

(t− τ)3

)
.

This may be derived from line (2.5) of [16] by letting β → 0+ (with N = 2) then
integrating in y2. It may also be derived directly by Fourier transform. Since{

∂tf
n+1 + v1∂xf

n+1 = Δvf
n+1 −Kn · ∇vf

n+1

fn+1(0, ·, ·) = f0

it follows by theorems II.2 and II.3 of [16] that

fn+1 = H +

∫ t

0

∫∫
G(t, x, v, τ, y, w)(−Kn · ∇wf

n+1)

∣∣∣∣
(τ,y,w)

dwdydτ

where

H(t, x, v) =

∫∫
G(t, x, v, 0, y, w)f0(y, w) dwdy.

It is easy to check that∫∫
|∇wG(t, x, v, τ, y, w)| dwdy ≤ C(t− τ)−

1
2

and it follows that

fn+1 = H +

∫ t

0

∫∫
∇wG(t, x, v, τ, y, w) · (Knfn+1)

∣∣∣∣
(τ,y,w)

dwdydτ.
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Now by (4.14) and the Sobolev embedding theorem∫∫
|Kf −Knfn+1|2 dvdx ≤ C

∫∫ (|K −Kn|2f2 + |Kn|2|f − fn+1|2) dvdx
≤C

∫ (|(E,B)− (E0, Bn)|2 +B2(2n)−
ε
2

) ∫
f2v2+ε

0 dvdx

+ C

∫
|(En, Bn)|2

∫
|f − fn+1|2v20 dvdx

≤C (‖(E,B)(t)− (En, Bn)(t)‖2H1 + 2−
nε
2

) ∫∫
f2v2+ε

0 dvdx

+ C

∫∫
(f − fn+1)2v20 dvdx→ 0 as n→∞.

Also,

(∫∫
|∇wG(t, x, v, τ, y, w)|2 dwdy

) 1
2

≤ C(t− τ)−
1
2

so it follows that

f = H +

∫ t

0

∫∫
∇wG(t, x, v, τ, y, w) · (Kf)

∣∣∣∣
(τ,y,w)

dwdydτ. (4.28)

By Lemma 2.1

0 ≤ fn ≤ sup f0

so

0 ≤ f ≤ sup f0 (4.29)

follows.
Thus far we have assumed (f0, E0

2 , B
0) to be smooth. Now consider (f0, E0

2 , B
0) as

in Theorem 1.1. Consider a sequence (f0k, E0k
2 , B0k) of smooth initial conditions with

‖v α
2
0 (f0k − f0)‖L2 + ‖v

β
2
0 ∂x(f

0k − f0)‖L2 + ‖(E0k
0 , B0k)− (E0

2 , B
0)‖H1 → 0.

By a limiting procedure like the above we conclude that (4.28) and (4.29) hold for
(f0, E0

2 , B
0) as in Theorem 1.1.

By Theorem II.3 of [16] H ∈ C([0,∞) × R
3) ∩ C1((0,∞) × R

3) with ∂vi∂vjH
continuous on t > 0 and {

∂tH + v1∂xH = ΔvH
H(0, ·, ·) = f0.

We claim that f is differentiable in v. First we show that f is Hölder continuous in
v. For example, if v1 < v1 then∣∣∇wG(t, x, v1, v2, τ, y, w)−∇wG(t, x, v1, v2, τ, y, w)

∣∣2
=

∣∣∣∣∣
∫ v1

v1

∇w∂v1G(t, x, v, τ, y, w) dv1
∣∣∣∣∣
2
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≤ ∣∣v1 − v1
∣∣ ∫ v1

v1

|∇w∂v1
G|2 dv1

and ∫∫ ∣∣∇wG(t, x, v1, v2, τ, y, w)−∇wG(t, x, v1, v2, τ, y, w)
∣∣2 dwdy

≤ ∣∣v1 − v1
∣∣ ∫ v1

v1

∫∫
|∇w∂v1G|2 dwdydv1

≤C (v1 − v1
)2

(t− τ)−2

so ∫∫ ∣∣∣(∇wG|v1

v1

)
(fK)

∣∣∣
(τ,y,w)

∣∣∣∣ dwdy
≤
√

C(v1 − v1)2(t− τ)−2

√∫∫
|fK|2 dwdy ≤ C

∣∣v1 − v1
∣∣ (t− τ)−1.

But we also have ∫∫
|∇wG(t, x, v, τ, y, w) · (fK)(τ, y, w)| dwdy

≤
√∫∫

|∇wG|2 dwdy

√∫∫
|fK|2 dwdy ≤ C(t− τ)−

1
2

so by (4.28)

∣∣∣ (f −H)|v1

v1

∣∣∣ ≤ C

∫ t

0

min
(∣∣v1 − v1

∣∣ (t− τ)−1, (t− τ)−
1
2

)
dτ.

It follows that f is Hölder continuous in v1 with exponent θ for all θ ∈ (0, 1). The
Hölder continuity in v2 may be shown similarly. By (4.28) we may write

f = H +

∫ t

0

∫∫
∇wG(t, x, v, τ, y, w) ·

(
fK

∣∣
(τ,y,w) − fK

∣∣
(τ,x,v)

)
dwdydτ.

Now it follows that f is differentiable in v and

∂vif = ∂viH +

∫ t

0

∫∫
∇w∂viG ·

(
fK

∣∣
(τ,y,w) − fK

∣∣
(τ,x,v)

)
dwdydτ.

We now may integrate by parts in (4.28) and obtain

f = H −
∫ t

0

∫∫
G(t, x, v, τ, y, w)(K · ∇wf)(τ, y, w) dwdydτ.

Note that by (4.12), (4.13), and the Sobolev embedding theorem.∫∫
|∂x(fK)|2 dvdx

≤C
∫∫ (

f2|∂xK|2 + |K|2(∂xf)2
)
dvdx
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≤C
∫ (|∂xE|2 + (∂xB)2

) ∫
f2v20 dvdx+ C

∫
(|E|2 + |B|2)

∫
(∂xf)

2v20 dvdx

≤C
∫ (|∂xE|2 + (∂xB)2

)
dx+ C

∫∫
(∂xf)

2v20 dvdx ≤ C.

Now it follows from (4.28) that

∂xf = ∂xH +

∫ t

0

∫∫
∇wG(t, x, v, τ, y, w) · ∂y(fK)

∣∣∣∣
(τ,y,x)

dwdydτ.

In particular, f is Hölder continuous in x with exponent θ for each θ ∈ (0, 1). Hence,
Theorem II.1 of [16] applies and shows that f has the regularity stated in Theorem 1.1.
The regularity of E and B follows from this.

Finally, suppose that (F, E ,B) is another solution with the same initial value as
(f,E,B). Then, by (4.12), (4.13), and (4.16),

d

dt

∫∫
vb0(f − F )2 dvdx

≤C
∫∫

vb0(f − F )2 dvdx+ C

∫ (|E − E|2 + (B − B)2) ∫ F 2vb+2
0 dvdx

≤C
∫∫

vb0(f − F )2dvdx+ C

∫ (|E − E|2 + (B − B)2) dx. (4.30)

Also

d

dt

∫ (|E − E|2 + (B − B)2) dx = −2
∫
(E − E) ·

∫
(f − F ) v dvdx.

Since (∫
|f − F |v0 dv

)2

≤
∫
(f − F )2vb0dv

∫
v2−b
0 dv

≤C
∫
(f − F )2vb0dv,

we have

d

dt

∫ (|E − E|2 − |B − B|2) dx ≤C
√∫

|E − E|2 dx
√∫∫

(f − F )2vb0 dvdx

≤C
∫
|E − E|2dx+ C

∫∫
(f − F )2vb0 dvdx. (4.31)

Uniqueness follows from (4.30) and (4.31) and the proof is complete.
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2 space dimensions, Ann. Sci. Êcole Norm. Sup., 4(19), 519–542, 1986.
[3] R.J. DiPerna and P.-L. Lions, Global weak solutions of Vlasov–Maxwell systems, Commun. Pure

Appl. Math., 42(6), 729–757, 1989.



232 THE LOW DIMENSIONAL VLASOV–MAXWELL–FOKKER–PLANCK SYSTEM

[4] J. Felix, S. Calogero, and S. Pankavich, Spatially homogeneous solutions of the Vlasov–
Nordstrom–Fokker–Planck System, J. Diff. Eqs., 257, 3700–3729, 2014.

[5] R. Glassey and J. Schaeffer, On the “one and one-half dimensional” relativistic Vlasov–Maxwell
system, Math. Meth. Appl. Sci., 13(2), 169–179, 1990.

[6] R.T. Glassey, The Cauchy Problem in Kinetic Theory, Society for Industrial and Applied Math-
ematics (SIAM), Philadelphia, PA, 1996.

[7] R.T. Glassey and W.A. Strauss, Singularity formation in a collisionless plasma could occur only
at high velocities, Arch. Rat. Mech. Anal., 92(1), 59–90, 1986.

[8] R. Lai, On the one- and one-half dimensional relativistic Vlasov–Fokker–Planck–Maxwell system,
Math. Meth. Appl. Sci., 18(13), 1013–1040, 1995.

[9] R. Lai, One the one-and-one-half-dimensional relativistic Vlasov–Maxwell–Fokker–Planck syste
with non-vanishing viscosity, Math. Meth. Appl. Sci., 21(14), 1287–1296, 1998.

[10] P.-L. Lions and B. Perthame, Propagation of moments and regularity for the 3-dimensional
Vlasov–Poisson system, Invent. Math., 105(2), 415–430, 1991.

[11] S. Pankavich, Global existence for the Vlasov–Poisson system with steady spatial asymptotics,
Commun. Part. Diff. Eqs., 31(1-3), 349–370, 2006.

[12] S. Pankavich and N. Michalowski, Global classical solutions of the one and one-half dimensional
relativistic Vlasov–Maxwell–Fokker–Planck system, Kinetic and Related Models 8: 169–199,
2015.

[13] S. Pankavich and N. Michalowski, A short proof of increased parabolic regularity, Electronic
Journal of Differential Equations 2015(205): 1–9, 2015.

[14] K. Pfaffelmoser, Global classical solutions of the Vlasov–Poisson system in three dimensions for
general initial data, J. Diff. Eqs., 95(2), 281–303, 1992.

[15] J. Schaeffer, Global existence of smooth solutions to the Vlasov–Poisson system in three dimen-
sions, Commun. Part. Diff. Eqs., 16(8-9), 1313–1335, 1991.

[16] H.D. Victory and B.P. O’Dwyer, On classical solutions of Vlasov–Poisson–Fokker–Planck sys-
tems, Indiana Univ. Math. J., 39(1), 105–155, 1990.

[17] T. Yang and H. Yu, Global classical solutions for the Vlasov–Maxwell–Fokker–Planck system,
SIAM J. Math. Anal., 42(1), 459–488, 2010.



<<
  /ASCII85EncodePages false
  /AllowTransparency false
  /AutoPositionEPSFiles true
  /AutoRotatePages /None
  /Binding /Left
  /CalGrayProfile (Dot Gain 20%)
  /CalRGBProfile (sRGB IEC61966-2.1)
  /CalCMYKProfile (U.S. Web Coated \050SWOP\051 v2)
  /sRGBProfile (sRGB IEC61966-2.1)
  /CannotEmbedFontPolicy /Error
  /CompatibilityLevel 1.4
  /CompressObjects /Tags
  /CompressPages true
  /ConvertImagesToIndexed true
  /PassThroughJPEGImages true
  /CreateJobTicket false
  /DefaultRenderingIntent /Default
  /DetectBlends true
  /DetectCurves 0.0000
  /ColorConversionStrategy /CMYK
  /DoThumbnails false
  /EmbedAllFonts true
  /EmbedOpenType false
  /ParseICCProfilesInComments true
  /EmbedJobOptions true
  /DSCReportingLevel 0
  /EmitDSCWarnings false
  /EndPage -1
  /ImageMemory 1048576
  /LockDistillerParams false
  /MaxSubsetPct 100
  /Optimize true
  /OPM 1
  /ParseDSCComments true
  /ParseDSCCommentsForDocInfo true
  /PreserveCopyPage true
  /PreserveDICMYKValues true
  /PreserveEPSInfo true
  /PreserveFlatness true
  /PreserveHalftoneInfo false
  /PreserveOPIComments true
  /PreserveOverprintSettings true
  /StartPage 1
  /SubsetFonts true
  /TransferFunctionInfo /Apply
  /UCRandBGInfo /Preserve
  /UsePrologue false
  /ColorSettingsFile ()
  /AlwaysEmbed [ true
  ]
  /NeverEmbed [ true
  ]
  /AntiAliasColorImages false
  /CropColorImages true
  /ColorImageMinResolution 300
  /ColorImageMinResolutionPolicy /OK
  /DownsampleColorImages true
  /ColorImageDownsampleType /Bicubic
  /ColorImageResolution 300
  /ColorImageDepth -1
  /ColorImageMinDownsampleDepth 1
  /ColorImageDownsampleThreshold 1.50000
  /EncodeColorImages true
  /ColorImageFilter /DCTEncode
  /AutoFilterColorImages true
  /ColorImageAutoFilterStrategy /JPEG
  /ColorACSImageDict <<
    /QFactor 0.15
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /ColorImageDict <<
    /QFactor 0.15
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /JPEG2000ColorACSImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /JPEG2000ColorImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /AntiAliasGrayImages false
  /CropGrayImages true
  /GrayImageMinResolution 300
  /GrayImageMinResolutionPolicy /OK
  /DownsampleGrayImages true
  /GrayImageDownsampleType /Bicubic
  /GrayImageResolution 300
  /GrayImageDepth -1
  /GrayImageMinDownsampleDepth 2
  /GrayImageDownsampleThreshold 1.50000
  /EncodeGrayImages true
  /GrayImageFilter /DCTEncode
  /AutoFilterGrayImages true
  /GrayImageAutoFilterStrategy /JPEG
  /GrayACSImageDict <<
    /QFactor 0.15
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /GrayImageDict <<
    /QFactor 0.15
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /JPEG2000GrayACSImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /JPEG2000GrayImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /AntiAliasMonoImages false
  /CropMonoImages true
  /MonoImageMinResolution 1200
  /MonoImageMinResolutionPolicy /OK
  /DownsampleMonoImages true
  /MonoImageDownsampleType /Bicubic
  /MonoImageResolution 1200
  /MonoImageDepth -1
  /MonoImageDownsampleThreshold 1.50000
  /EncodeMonoImages true
  /MonoImageFilter /CCITTFaxEncode
  /MonoImageDict <<
    /K -1
  >>
  /AllowPSXObjects false
  /CheckCompliance [
    /None
  ]
  /PDFX1aCheck false
  /PDFX3Check false
  /PDFXCompliantPDFOnly false
  /PDFXNoTrimBoxError true
  /PDFXTrimBoxToMediaBoxOffset [
    0.00000
    0.00000
    0.00000
    0.00000
  ]
  /PDFXSetBleedBoxToMediaBox true
  /PDFXBleedBoxToTrimBoxOffset [
    0.00000
    0.00000
    0.00000
    0.00000
  ]
  /PDFXOutputIntentProfile ()
  /PDFXOutputConditionIdentifier ()
  /PDFXOutputCondition ()
  /PDFXRegistryName ()
  /PDFXTrapped /False

  /CreateJDFFile false
  /Description <<

    /BGR <>
    /CHS <FEFF4f7f75288fd94e9b8bbe5b9a521b5efa7684002000410064006f006200650020005000440046002065876863900275284e8e9ad88d2891cf76845370524d53705237300260a853ef4ee54f7f75280020004100630072006f0062006100740020548c002000410064006f00620065002000520065006100640065007200200035002e003000204ee553ca66f49ad87248672c676562535f00521b5efa768400200050004400460020658768633002>
    /CHT <FEFF4f7f752890194e9b8a2d7f6e5efa7acb7684002000410064006f006200650020005000440046002065874ef69069752865bc9ad854c18cea76845370524d5370523786557406300260a853ef4ee54f7f75280020004100630072006f0062006100740020548c002000410064006f00620065002000520065006100640065007200200035002e003000204ee553ca66f49ad87248672c4f86958b555f5df25efa7acb76840020005000440046002065874ef63002>
    /CZE <>
    /DAN <>
    /DEU <>
    /ESP <>
    /ETI <>
    /FRA <>
    /GRE <>

    /HRV (Za stvaranje Adobe PDF dokumenata najpogodnijih za visokokvalitetni ispis prije tiskanja koristite ove postavke.  Stvoreni PDF dokumenti mogu se otvoriti Acrobat i Adobe Reader 5.0 i kasnijim verzijama.)
    /HUN <>
    /ITA <>
    /JPN <FEFF9ad854c18cea306a30d730ea30d730ec30b951fa529b7528002000410064006f0062006500200050004400460020658766f8306e4f5c6210306b4f7f75283057307e305930023053306e8a2d5b9a30674f5c62103055308c305f0020005000440046002030d530a130a430eb306f3001004100630072006f0062006100740020304a30883073002000410064006f00620065002000520065006100640065007200200035002e003000204ee5964d3067958b304f30533068304c3067304d307e305930023053306e8a2d5b9a306b306f30d530a930f330c8306e57cb30818fbc307f304c5fc59808306730593002>
    /KOR <FEFFc7740020c124c815c7440020c0acc6a9d558c5ec0020ace0d488c9c80020c2dcd5d80020c778c1c4c5d00020ac00c7a50020c801d569d55c002000410064006f0062006500200050004400460020bb38c11cb97c0020c791c131d569b2c8b2e4002e0020c774b807ac8c0020c791c131b41c00200050004400460020bb38c11cb2940020004100630072006f0062006100740020bc0f002000410064006f00620065002000520065006100640065007200200035002e00300020c774c0c1c5d0c11c0020c5f40020c2180020c788c2b5b2c8b2e4002e>
    /LTH <>
    /LVI <>
    /NLD (Gebruik deze instellingen om Adobe PDF-documenten te maken die zijn geoptimaliseerd voor prepress-afdrukken van hoge kwaliteit. De gemaakte PDF-documenten kunnen worden geopend met Acrobat en Adobe Reader 5.0 en hoger.)
    /NOR <>
    /POL <>
    /PTB <>
    /RUM <>
    /RUS <>
    /SKY <>
    /SLV <>
    /SUO <>
    /SVE <>
    /TUR <>
    /UKR <>
    /ENU (Use these settings to create Adobe PDF documents best suited for high-quality prepress printing.  Created PDF documents can be opened with Acrobat and Adobe Reader 5.0 and later.)
  >>
  /Namespace [
    (Adobe)
    (Common)
    (1.0)
  ]
  /OtherNamespaces [
    <<
      /AsReaderSpreads false
      /CropImagesToFrames true
      /ErrorControl /WarnAndContinue
      /FlattenerIgnoreSpreadOverrides false
      /IncludeGuidesGrids false
      /IncludeNonPrinting false
      /IncludeSlug false
      /Namespace [
        (Adobe)
        (InDesign)
        (4.0)
      ]
      /OmitPlacedBitmaps false
      /OmitPlacedEPS false
      /OmitPlacedPDF false
      /SimulateOverprint /Legacy
    >>
    <<
      /AddBleedMarks false
      /AddColorBars false
      /AddCropMarks false
      /AddPageInfo false
      /AddRegMarks false
      /ConvertColors /ConvertToCMYK
      /DestinationProfileName ()
      /DestinationProfileSelector /DocumentCMYK
      /Downsample16BitImages true
      /FlattenerPreset <<
        /PresetSelector /MediumResolution
      >>
      /FormElements false
      /GenerateStructure false
      /IncludeBookmarks false
      /IncludeHyperlinks false
      /IncludeInteractive false
      /IncludeLayers false
      /IncludeProfiles false
      /MultimediaHandling /UseObjectSettings
      /Namespace [
        (Adobe)
        (CreativeSuite)
        (2.0)
      ]
      /PDFXOutputIntentProfileSelector /DocumentCMYK
      /PreserveEditing true
      /UntaggedCMYKHandling /LeaveUntagged
      /UntaggedRGBHandling /UseDocumentProfile
      /UseDocumentBleed false
    >>
  ]
>> setdistillerparams
<<
  /HWResolution [2400 2400]
  /PageSize [612.000 792.000]
>> setpagedevice


