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CONVERGENCE TO THE EQUILIBRIUM STATE FOR A

BOSE–EINSTEIN 1D KAC GRAZING LIMIT MODEL∗

RADJESVARANE ALEXANDRE† , JIE LIAO‡ , AND CHUNJIN LIN§

Abstract. The convergence to the equilibrium of the solution of a quantum Kac grazing limit
model for Bose–Einstein identical particles is studied. Using the relative entropy method and a detailed
analysis of the entropy production, the exponential decay rate is obtained under suitable assumptions
on the mass and energy of the initial data. These theoretical results are further illustrated through
numerical simulations.
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1. Introduction

In this paper we study a model equation governing the time evolution of a gas
composed of Bose–Einstein identical particles which was introduced recently in [1].

Let f(t,v) be the velocity distribution function of these particles at time t> 0 with
the velocity v∈R. According to quantum physics, the presence of a particle in the veloc-
ity range dv increases the probability that a particle will enter that range: the presence
of f(v)dv particles per unit volume increases this probability by the ratio 1+f(v).
Following Chapman and Cowling [6], this fundamental assumption yields the so-called
Boltzmann–Bose–Einstein equation, that is the quantum Boltzmann equation for Bose–
Einstein particles. This equation is extensively detailed in physics books together with
numerical simulations (see [3, 16, 22] and references therein), with particular emphasis
on blow-up phenomena, which is related to the famous Bose condensation effect.

However, there are not many rigorous mathematical results. We mention here for
the spatially homogeneous isotropic case, a theory of weak solutions developed by Lu in
[19, 21, 20], and another class of locally defined in time classical solutions by Escobedo
et al. in [13, 14, 15]. We also refer to [2, 23] for more complete reviews on currently
available mathematical results. On the other hand, Allemand and Toscani in [1] derived
the following nonlinear Fokker–Planck equation (Kac grazing limit model, or Kac model)

∂tf =Af (t)∂vvf+Bf (t)∂v(vf(1+f)) (1.1)

with

Af (t)=

∫
v2f(1+f)dv, Bf (t)=

∫
f dv. (1.2)
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188 KAC GRAZING LIMIT MODEL

Note here and below the integration is taken over R without confusion. This model
is obtained as the grazing collision limit of a one-dimensional Boltzmann equation for
Bose–Einstein particles in the spirit of the Kac caricature of a Maxwell gas with a
singular kernel [1]. However, the existence of good solutions for the Boltzmann–Bose–
Kac model presented in [1] is still unknown, and is currently under investigation. We
will therefore specialize to the above Kac model (1.1), and study the convergence of the
solution to the Bose distribution by using the entropy method.

The rigorous study of the convergence to equilibrium is by now classical in kinetic
theory. For example, using the classical logarithmic-Sobolev inequality of Gross [17],
and the Csiszar–Kullback–Pinsker inequality [7, 18], the convergence to the equilibrium
with exponential decay rate can be derived by using the relative entropy method for lin-
ear Fokker–Planck type equations. For the nonlinear Fokker–Planck–Landau equation,
the trend to equilibrium has been obtained by Desvillettes and Villani in [9]. Toscani
and Villani in [26] studied the convergence to the equilibrium for the Boltzmann equa-
tion. In [11], Desvillettes and Villani studied the trend to equilibrium for the spacial
inhomogeneous linear Fokker–Planck equation. For more details about the trend to
equilibrium for classical kinetic equations, we refer to [12, 10, 8] and the references
therein.

In [5], Carrillo, Rosado and Salvarani studied the following model of a 1D quantum
Fokker–Planck equation

∂tf =∂vvf+∂v(vf(1+f)). (1.3)

Note the factor 1+f takes into account quantum effects. It is easy to see that the
mass,

∫
f(t,v)dv, is conserved along the time evolution associated with (1.3). By using

the relative entropy method, it was proved in [5] that the solutions of (1.3) converge
to the Bose equilibrium function with an exponential decay rate. However, the above
model (1.3), a simplified model of (1.1) with Af (t) and Bf (t) given by (1.2) replaced
by constant 1, does not conserve the kinetic energy, that is

∫
v2f dv. Moreover, the

nonlinearity in the Kac model (1.1) is stronger.

For later use, let M and E be the mass and the energy defined by the initial data
f0(v),

M =

∫
f0(v)dv, E=

∫
v2f0(v)dv,

where we assume that f0> 0, f0∈L1(R), and v2f0∈L1(R). The entropyH(f) is defined
as

H(f)(t)=

∫
γ(f)(t,v)dv, with γ(f)= f logf−(1+f)log(1+f).

Let us remark that the entropy used in [5] is the sum of the entropy defined above and
the kinetic energy which is conserved for the Kac grazing limit model (1.1).

We shall work with smooth enough solutions: we show in the next section that one
can get a priori weighted L2 bounds on solutions, and similar estimates also hold true
for higher derivatives as well.

The main result of this paper is given by Theorem 1.1 below. The constants Λ
and CN appearing in Assumption (1.4) are the constants appearing respectively in the
Gagliardo–Nirenberg and Nash inequalities, see the next section for further details.
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Theorem 1.1. Let f(t,v) be the solution of the Kac grazing limit model (1.1) with

initial data f0 which is positive and satisfies

∫
f0(v)dv=M,

∫
v2f0(v)dv=E

for some positive constants M and E. Assume moreover that there exists δ> 0 such

that

M

{
4M.

M3

C2
NE

.(1+
Λ2M3

9E
)−1

}
<−δ. (1.4)

Then there exists a constant C(f0) depending on f0, such that

‖f(t)−f∞‖L1 ≤C(f0)
e−δt/2

√
δ

, for all t≥ log2

2M(1+ Λ2M3

9E )
. (1.5)

Here f∞ is the Bose distribution with mass M and energy E defined by (3.5).

Remark 1.2.

1. The constant C(f0) appearing in (1.5) is in fact explicit as can be seen from
the proof below.

2. Since we are only interested in the large time behavior of the solution, the decay
estimate (1.5) is only stated for time away from the initial time. However, a
simple modification of the proof can be used to state a result valid for any time
t≥ 0.

3. If the mass M is fixed, then assumption (1.4) is true if M3

E is small enough,
that is if the energy E is large enough.

Comparing with the results obtained in [5] for the 1D quantum model (1.3), some
additional assumptions on the initial data are needed in Theorem 1.1 for our model
(1.1). In fact, a generalized logarithmic-Sobolev inequality developed in [4] for nonlin-
ear diffusion equations was used directly in [5] to control the entropy production from
below by the relative entropy. In the proof given in [5], an auxiliary nonlinear diffusion
equation which has the same entropy and the equilibrium was introduced. On the other
hand, for the Kac model (1.1), it is impossible to introduce such an auxiliary equation
with the same relative entropy or the equilibrium state, and a compatible entropy pro-
duction term. Instead of using the generalized logarithmic-Sobolev inequality, we follow
some ideas used in [4] to get the decay rate of entropy production, and then to prove
the convergence to equilibrium for the solution of the Kac grazing limit model. The
constraint (1.4) on the initial data stated in Theorem 1.1 will be used to get the decay
rate of the entropy production. Though it will be clear from the proofs below that this
constraint is far from being sharp, we note that in the numerical simulations performed
below, we don’t take into account this constraint.

The rest of the paper is organized as follows: In Section 2, we will give some
preliminary L2 estimates. Then the entropy and the entropy equality will be introduced
in Section 3. Based on a detailed study of the entropy production, we will get the
exponential decay rate. Finally these theoretical results will be illustrated by numerical
simulations in Section 4.
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2. Preliminaries

In this section we will show some a priori weighted L2 estimates on the solution,
together with some control on the specific quantity Af (t) defined by (1.2). These
estimates will be used in the next section in order to get the decay rate of the entropy
production.

Before starting our estimates, we note first that it is not difficult to assert the
positivity of the solution f using classical arguments, for example as in [5]: let ρε be a
Friedrich mollifier, and define the smoothed sign and absolute functions

φε=ρε ∗sign, Φε(x)=

∫ x

0

φε(y)dy.

Multiplying Kac equation by φε(f), and integrating it over R, we get

d

dt

∫
(Φε(f)−f)dv=

d

dt

∫
Φε(f)

=−Af(t)

∫
φ′
ε(f)|∂vf |2dv−Bf (t)

∫
vf(1+f)φ′

ε(f)∂vf dv. (2.1)

Note that

−
∫

vfφ′
ε(f)∂vf dv=−

∫
v∂v(fφε(f)−Φε(f))dv,

and

−∫
vf2φ′

ε(f)∂vf dv

= −∫
v∂v(f

2φε(f)−fΦε(f))dv−
∫
v∂v

(∫ f
ξ2φ′

ε(ξ)dξ
)
dv.

The first term on the right hand side of (2.1) is non positive since φ′
ε≥ 0. And the

second term on the right hand side of (2.1) vanishes as ε→0 from Lebesgue’s dominated
convergence theorem. Then, letting ε→0 on both side of (2.1), we have∥∥|f(t)|−f(t)

∥∥
L1

≤∥∥|f0|−f0
∥∥
L1
.

If the initial data f0∈L1 is non negative a.e. on R, then the solution f (if it exists)
belongs to L1 and is always non negative a.e. on R.

In conclusion, we have shown that if f , the smooth solution of Kac’s model with
initial data f0∈L1(R), is sufficiently decaying, there holds that the L1 norm of f is
non-increasing for t> 0. Furthermore if f0 is non-negative a.e. in R, the solution f(t,v)
also is non-negative in R for any t> 0.

2.1. Weighted L2 estimates of the solution. In this paragraph, we are
going to show the following uniform in time L2 estimates. The constants Λ and CN

which appear below are the constants appearing in the Gagliardo–Nirenberg and Nash
inequality respectively, see the proof hereafter (in fact optimal constants are known).

Proposition 2.1. The L2 norm of the solution f satisfies

‖f(t)‖2L2 ≤ e2C1t

1
‖f0‖2

L2

+ C2

C1

(
e2C1t−1

) for all t≥ 0,
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where

C1(M,E)=M(1+
Λ2M3

9E
) and C2(M,E)=

C2
NE

M4
=

1

M

C2
NE

M3
.

In particular, we have

‖f(t)‖2L2 ≤ 2
C1

C2
, for t≥ t0≡ log2

2C1
. (2.2)

Similarly, letting 〈v〉=(1+ |v|2)1/2, we have the weighted estimate

‖〈v〉f(t)‖2L2 ≤ e2
˜̃C1t

1
‖〈v〉f0‖2

L2

+
˜̃C2

˜̃C1

(
e2

˜̃C1t−1

) for t≥ 0,

where

˜̃C1(M,E)=2E+M+
M2Λ2(M+ E

2 )
2

9E
+2

(M+ E
2 )

4

EC2
N

, ˜̃C2(M,E)=
1

2

EC2
N

(M+ E
2 )

4
.

In particular, we have

‖〈v〉f(t)‖2L2 ≤ 2
˜̃C1

˜̃C2

for t≥ t1≡ log2

2 ˜̃C1

.

Proof. We multiply the equation by f and then integrate the resulting equality
with respect to v to get

1

2

d

dt
‖f(t)‖2L2 +Af (t)‖∂vf(t)‖2L2 =M

(
1

2
‖f(t)‖2L2 +

1

3
‖f(t)‖3L3

)
. (2.3)

Then, for any ε> 0, we use a Gagliardo–Nirenberg inequality (cf. (3.27) in [24]) to
estimate the L3 norm of f as

‖f(t)‖3L3 ≤‖f(t)‖L1‖f(t)‖2L∞ ≤Λ‖f(t)‖L1‖f(t)‖L2‖∂vf(t)‖L2

≤ε‖∂vf(t)‖2L2 +
Λ2M2

4ε
‖f(t)‖2L2,

where Λ denotes the constant arising in the Gagliardo–Nirenberg inequality. Recalling
that Af (t)=E+‖vf‖2L2, we choose ε= 3E

2M and finally we have

d

dt
‖f(t)‖2L2 +E‖∂vf(t)‖2L2 ≤

(
M+

Λ2M4

9E

)
‖f(t)‖2L2 . (2.4)

The Nash inequality (cf. (6) in [25]) in one dimensional case reads

‖∂vf‖L2 ≥CN
‖f‖3L2

‖f‖2L1

,

where CN is a numerical constant. Using this Nash inequality in (2.4) gives

d

dt
‖f(t)‖2L2 ≤−C2(M,E)‖f(t)‖6L2 +C1(M,E)‖f(t)‖2L2 ,
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with C1(M,E)=M+Λ2M4/(9E), C2(M,E)=C2
NE/M4. The above differential in-

equality can be solved explicitly in a standard way. For simplicity let us omit the depen-
dence of the constants on the mass M and the energy E and denote X(t)= ‖f(t)‖2L2.
Then we have

X ′(t)≤−C2X
3(t)+C1X(t),

which can be reduced to (
e2C1t

X(t)2

)′

≥ 2C2e
2C1t.

Integrating the above inequality over [0,t] gives the upper bound of X2 as

X2(t)≤ e2C1t

1
X(0)2 +

C2

C1

(
e2C1t−1

) ,

which is the uniform bound for the L2 norm as stated in Proposition 2.1.
Now, let us choose t0 such that e2C1t0 −1=1, that is

t0≡ log2

2C1
.

It follows from the previous bound that

X2(t)≤ e2C1t

C2

C1

(
e2C1t−1

) ≤ C1

C2

{
1+

1

e2C1t−1

}

and therefore

X2(t)≤ 2
C1

C2
for all t≥ t0.

The L2 estimation of 〈v〉f is similar. Set g= 〈v〉f . We multiply the Kac model (1.1)
by 〈v〉g, then integrate it with respect to v over R to get

1

2

d

dt
‖g(t)‖2L2 =Af (t)

∫
〈v〉g∂vvf dv+Bf (t)

∫
〈v〉g∂v(vf(1+f))dv

=Af (t)

(∫
v2

〈v〉4 g
2dv−‖∂vg‖2L2

)
dv

+
Bf(t)

2

∫
g2

〈v〉2 (1−v2)dv+
Bf (t)

3

∫
g3

〈v〉3 (1−3v2)dv.

Since 1/〈v〉≤ 1, |v|/〈v〉≤ 1, we have

1

2

d

dt
‖g(t)‖2L2 +Af (t)‖∂vg(t)‖2L2 ≤

(
Af (t)+

Bf (t)

2

)
‖g(t)‖2L2 +

Bf (t)

3
‖g(t)‖3L3.

We use the previous interpolation inequality and the Gagliardo–Nirenberg inequality to
estimate the L3 norm as
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‖g(t)‖3L3 ≤Λ‖g(t)‖L1‖g(t)‖L2‖∂vg(t)‖L2

≤ε‖∂vg(t)‖2L2 +
Λ2‖g(t)‖2L1

4ε
‖g(t)‖L2.

We take ε=3E/(2M) and use Nash inequality to get

d

dt
‖g(t)‖2L2 ≤

(
2Af(t)+Bf (t)+

M2Λ2‖g(t)‖2L1

9E

)
‖g(t)‖2L2 − EC2

N

‖g(t)‖4L1

‖g(t)‖6L2.

As 〈v〉≤ 1+v2/2, we have ‖g(t)‖L1 ≤M+ E
2 . Note that Af (t)≤E+‖g(t)‖2L2. Then we

have

d

dt
‖g(t)‖2L2 ≤ C̃1(M,E)‖g(t)‖2L2 +2‖g(t)‖4L2 − C̃2(M,E)‖g(t)‖6L2 ,

with

C̃1(M,E)=2E+M+
M2Λ2(M+ E

2 )
2

9E
,

C̃2(M,E)=
EC2

N

(M+ E
2 )

4
.

Letting Y (t)= ‖g(t)‖2L2, the differential inequality can be written as

Y ′(t)≤G(Y (t))= C̃1(M,E)Y (t)+2Y (t)2− C̃2(M,E)Y 3(t).

Note that G(Y ) has a unique positive zero point

Y∗(M,E)=
1+

√
1+ C̃1(M,E)C̃2(M,E)

C̃2(M,E)
> 0,

and G(Y ) is positive over ]0,Y∗[ and negative on ]Y∗,+∞[. Then we get the global exis-
tence of Y (t) which will take values between the initial value Y (0) and the equilibrium
point Y∗. In conclusion, we have

‖g(t)‖2L2 ≤max
{‖g0‖2L2,Y∗

}
,

with g0= 〈v〉f0.
However, we can get similar estimations as for X(t). To see this, having in mind

the differential inequality satisfied by Y (t), we use Young’s inequality as follows:

2Y (t)2=2
1√
ε
Y (t)1/2.

√
εY (t)3/2≤ 1

ε
Y (t)+εY (t)3

with ε= 1
2 C̃2(M,E), and then the differential inequality for Y (t) is of the same form as

for X(t), that is we have

Y ′(t)≤ ˜̃C1(M,E)Y (t)− ˜̃C2(M,E)Y 3(t), t≥ 0,

where

˜̃C1(M,E)= C̃1(M,E)+
2

C̃2(M,E)
, ˜̃C2(M,E)=

1

2
C̃2(M,E).

Then the same conclusions as for X(t) also hold true.
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Remark 2.2.

1. We have only shown weighted L2 estimations of f but similar estimates on
higher derivatives also hold true. It is important to note that smoothness is not
required for estimating convergence to equilibrium.

2. Note that we have the following interpolation inequality

‖f(t)‖2L2 ≥ M

27/2

(
M3

E

)1/2

,

which follows classically by optimizing w.r.t. R> 0 the following inequality

M =

∫
|v|≤R

f dv+

∫
|v|≥R

f dv≤‖f‖L2

√
2R+

E

R2
.

Therefore an L2 control on f implies automatically a control of
M5/2

E1/2
.

3. The point with the time values t0 or t1 is that for t≥max{t0,t1}, these L2 norms
are estimated only in terms of the mass M and the energy E: in particular,
for sufficiently large time, these upper bounds do not involve the L2 (weighted)
norm of the initial data.

4. Note that for a fixed M , if we assume that M3/E is small, then C1(M,E)M .
On the other hand, within the same range, C2 will be very large. In particular,
note that for t≥ t0, it will follow that ‖f‖L2 will be very small. The case of the

other constants ˜̃C1 and ˜̃C2 is more complicated.

5. In order to deduce the differential inequality (2.4), we use the simple bound
Af (t)≥E. However we can also make use of the other contribution of Af (t),
namely ‖vf‖2L2. Indeed, for any α> 0, we have, on one hand∫

|v|≥α

fdv=

∫
|v|≥α

|v|−1|v|fdv≤ 1√
α
‖vf‖L2,

and on the other hand

M =

∫
|v|≤α

fdv+

∫
|v|≥α

fdv≤√
α‖f‖L2 +

∫
|v|≥α

fdv.

Therefore, we have, for any α> 0

M ≤√
α‖f‖L2 +

1√
α
‖vf‖L2.

Optimizing w.r.t. α, we get

M ≤ 2‖f‖1/2L2 ‖vf‖1/2L2 ,

that is

‖vf‖2L2 ≥ 2−4M4‖f‖−2
L2 ,

and finally

Af (t)≥E+2−4M4‖f‖−2
L2 .

This lower bound can be used in the previous computations in order to slightly
improve the constraint (1.4).
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2.2. Estimate for the quantity Af (t). In this paragraph we study the time
derivative of the quantity Af (t)=E+‖vf‖2L2.

Proposition 2.3. It holds that

A′
f (t)

Af (t)
≤ 2‖f(t)‖2L2.

Proof. We note that g(t,v)= vf(t,v) satisfies

∂tg=Af (t)∂vvg−2Af(t)∂vf+Bf (t)∂v(vg+g2)−Bf (t)g(1+f).

Then multiply this equality by g and integrate it with respect to v to get

1

2

d

dt
‖g(t)‖2L2 +Af (t)‖∂vg‖2L2 +

Bf (t)

2
‖g(t)‖2L2

=Af(t)‖f(t)‖2L2 −Bt(f)

∫
f(t,v)g2(t,v)dv.

As Af (t)=E+‖g(t)‖2L2 , we have

A′
f (t)+Af (t)(Bf (t)−2‖f(t)‖2L2)≤Bf(t)E≤Bf(t) ·Af (t).

Using the definition of Af (t), the proof of Proposition 2.3 is completed.

3. Relative entropy method and decay to equilibrium

In this section, we will prove Theorem 1.1 by using the relative entropy method.
Firstly we will introduce the notions of entropy, entropy production and equilibrium
functions related to the Kac model (1.1). Secondly we will show the decay rate of the
entropy production. Finally the decay rate of the solution for the Kac model to the
equilibrium can be derived.

3.1. Entropy and equilibrium. Let γ(f)= f logf−(1+f)log(1+f). Note
that γ′(f)= log f

1+f . The entropy H(f) is defined by

H(f)=

∫
γ(f)dv

and satisfies the entropy equality

d

dt
H(f)=−

∫ (
Af (t)

|∂vf |2
f(1+f)

+Bf (t)v∂vf

)
:=−D(f). (3.1)

The entropy production D(f) can be given by different formulations. For example since
Bf (t)=

∫
v f =−∫

v v∂vf, D(f) can be written as

D(f)=

∫ (
Af (t)

|∂vf |2
f(1+f)

+2Bf (t)v∂vf

)
dv+Bf (t)

2

=
1

Af (t)

∫
f(1+f)

(
Af (t)

2 |∂vγ′(f)|2+2Bf(t)vAf (t)∂vγ
′(f)

)
dv (3.2)

+
1

Af (t)

∫
f(1+f)v2Bf (t)

2dv (3.3)
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=
1

Af (t)

∫
f(1+f)|Af (t)∂vγ

′(f)+Bf (t)v|2 dv. (3.4)

In particular, from (3.4) we get that D(f)(t)≥ 0.
Furthermore, we can use the expression of Af (t) into the entropy production D(f)

and write it in a more symmetric form as

D(f)=

∫
v

∫
v∗

(
v2∗f∗(1+f∗)

|∂vf |2
f(1+f)

−v∂vfv∗∂v∗f∗

)
dvdv∗

=
1

2

∫
v

∫
v∗

f(1+f)f∗(1+f∗)|v∂v∗γ′(f∗)−v∗∂vγ
′(f)|2 dvdv∗,

with f∗= f(v∗). From the equality

v∗∂vγ
′(f)= v∂v∗γ

′(f∗),

the equilibrium f∞ is given by

f∞(v)=
1

exp(λ1v2−λ2)−1
, (3.5)

where the constants λ1> 0 and λ2 will be determined by the initial data. Note that the
equilibrium f∞ defined above is the so-called Bose distribution function.

Remark 3.1. We can show that

λ1=
Bf∞

2Af∞

, (3.6)

keeping the same notations as in (1.2). In fact, we have

Bf∞ =
1√
λ1

∫
eλ2

ev2 −eλ2

dv

Af∞ =

∫
v2eλ1v

2

eλ2

(eλ1v2 −eλ2)2
dv=−∂λ1

∫
eλ2

eλ1v2 −eλ2

dv.

Using the expressions of Bf∞ , we have

Af∞ =−∂λ1
Bf∞ =

1

2λ
3/2
1

∫
eλ2

ev2 −eλ2

dv=
1

2λ1
Bf∞ .

Note that (3.6) can also be obtained from the entropy production in the form (3.4).

The next natural step is to prove the following lemma

Lemma 3.2. The equilibrium f∞ minimizes{
H(f) :f(v) is positive,

∫
f(v)dv=M,

∫
v2f(v)dv=E

}

with M and E fixed. As γ is convex, this minimizing function is unique. Moreover,

given any solution f(t,v) to the Kac model (1.1) with initial data f0 of mass M and

energy E, we have

H(f∞)≤H(f)(t)≤H(f0), t> 0,
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and

lim
t→∞

H(f)(t)=H(f∞). (3.7)

Let us immediately notice that the proof of the limit in (3.7) is nontrivial even if
it is very natural in both math and physics. We will give only some rough ideas for
proving (3.7) in the appendix1.

Before ending this paragraph, we introduce the relative entropy H(f |f∞) as

H(f |f∞)=H(f)−H(f∞)=

∫
[γ(f)−γ(f∞)−γ′(f∞)(f−f∞)] dv,

where we used the conservations of mass and energy to get the last equality.

3.2. Decay rate of the entropy production and the relative entropy.

To get the decay rate of the entropy production, we shall study the time derivative
of D(f). To simplify notations, we denote ξ=Af (t)∂vγ

′(f)+Bf (t)v. Hence the Kac
equation and the entropy production D(f) can be written as

∂tf =∂v[f(1+f)ξ], D(f)=
1

Af (t)

∫
f(1+f)ξ2.

Then we have

d

dt
D(f)=− A′

f (t)

A2
f (t)

∫
f(1+f)ξ2+

1

Af (t)

∫
(1+2f)ξ2∂tf+

2

Af (t)

∫
f(1+f)ξ∂tξ

:=I+II+III. (3.8)

Next, we will calculate these three integrals. Firstly the integral I can be written as

I=−A′
f(t)

Af(t)
D(f).

Then the second integral, II, can be calculated as

II=
1

Af (t)

∫
(1+2f)ξ2∂v[f(1+f)ξ]=− 2

Af(t)

∫ (
f3+

3

2
f2+f

)
ξ2∂vξdv.

We denote by φ(f)= f3+ 3
2f

2+f. Then using the expression of ξ=Af(t)∂vγ
′(f)+

Bf (t)v, we can rewrite II as

II=−Bf(t)

Af(t)

∫
φ(f)ξ2dv+2

∫ (
φ′(f)

f(1+f)
−2

φ(f)(1+2f)

f2(1+f)2

)
|ξ∂vf |2

+4

∫
φ(f)

f2(1+f)2
ξ∂vf∂v[f(1+f)ξ]. (3.9)

Finally, from the conservation of mass, Bf (t)=M , we get

III=2
A′

f (t)

Af (t)

∫
ξ∂vf+2

∫
f(1+f)ξ∂2

tvγ
′(f)

1We thank the referee for suggestions.



198 KAC GRAZING LIMIT MODEL

=2
A′

f (t)

Af (t)
D(f)−2

∫
1

f(1+f)
|∂v[f(1+f)ξ]|2.

In conclusion, we get the derivative of the entropy dissipation under the form

d

dt
D(f)=−Bf(t)

Af(t)

∫
φ(f)ξ2dv+

A′
f (t)

Af (t)
D(f)−{···},

where {···} denotes some positive term. As φ(f)>f(1+f), then we get the differential
inequality

d

dt
D(f)≤

(
A′

f (t)

Af (t)
−Bf(t)

)
D(f). (3.10)

Using Proposition 2.3 and then Proposition 2.1, we get

A′
f (t)

Af (t)
−Bf (t)≤ 2‖f(t)‖2L2−Bf (t)≤ 4

C1

C2
−M, for all t≥ t0≡ log2

2C1
.

Previous computations show that

4
C1

C2
=4M2 · M3

C2
NE

·(1+ Λ2M3

9E
)

and

t0=
log2

2M(1+ Λ2M3

9E )
.

Therefore, for all t≥ t0, we get

A′

f (t)

Af (t)
−Bf (t)≤ 4M2 · M3

C2

N
E
·(1+ Λ2M3

9E )−M

≤ M

{
4M · M3

C2

N
E
·(1+ Λ2M3

9E )−1

}
.

At this point, we can now use our Assumption (1.4) about the existence of a suitable
constant δ> 0, in order to derive the following decay rate about the entropy production

D(f)(t)≤D(ft0)e
−δt for all t≥ t0.

It remains to estimate D(ft0). This time we use Proposition 1 to get

‖f(t)‖L2 ≤ 2‖f0‖L2 , for all t≤ t0,

and therefore by Proposition 2 again, we have

A′
f (t)

Af (t)
−Bf (t)≤ 4‖f0‖L2 −M, for all t≤ t0.

Using the differential inequality (3.10) for the entropy production D, we get

D(f)(t)≤D(f0)e
(4‖f0‖L2−M)t, for all t≤ t0,
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and in particular, we have

D(f)(t)≤D(f0)e
(4‖f0‖L2−M)t0e−δt for all t≥ t0.

We introduce the notation

D̃(f0)≡D(f0)e
(4‖f0‖L2−M)t0 .

Then the above inequality can be written as

D(f)(t)≤ D̃(f0)e
−δt for all t≥ t0.

We use the decay rate of the entropy production D(f) in the entropy equality (3.1)
to get

d

dt
H(f |f∞)≥−D̃(f0)e

−δt for all t≥ t0.

Then integrating the above inequality over ]t1,t2[⊂]t0,+∞[ gives

H(f |f∞)(t2)−H(f |f∞)(t1)≥ D̃(f0)
e−δt2 −e−δt1

δ
.

Letting t2→+∞, and as limt→∞H(f |f∞)(t)=0, we get finally the decay rate of the
relative entropy

H(f |f∞)(t)≤ D̃(f0)
e−δt

δ
for all t≥ t0.

3.3. Decay rate of the L1 norm and proof of Theorem 1.1. We can finally
show the L1 decay rate of the solution of (1.1) to the equilibrium. For this purpose,
observe that there exists a function y(t,v) which takes values between f(t,v) and f∞(v)
and such that the relative entropy can be written as

H(f |f∞)=H(f)−H(f∞)=

∫
(γ(f)−γ(f∞)−γ′(f∞)(f −f∞))dv

=

∫
γ′′(y(t,v))(f −f∞)2dv,

where we used the property of mass and energy conservations together with Taylor’s
formula in the last two equalities.

As in [5], using Cauchy–Schwartz inequality, we have

‖f(t)−f∞‖2L1(f<f∞)≤
∫
{f<f∞}

1

γ′′(y(t,v))

∫
{f<f∞}

γ′′(y(t,v))(f−f∞)2

≤
∫

f∞(1+f∞)

∫
γ′′(y(t,v))(f−f∞)2

≤C H(f |f∞)≤C D̃(f0)
e−δt

δ
for all t≥ t0.

Hence using again the mass conservation, we get the following desired result

‖f(t)−f∞‖L1(R)=2‖f(t)−f∞‖L1(f<f∞)≤C(f0)
e−δ t/2

√
δ

for all t≥ t0.

The proof of Theorem 1.1 is completed.
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4. Convergence towards equilibria: numerical simulations

Under some conditions on the mass and energy, we have shown that the solution
goes exponentially fast to the Bose equilibrium distribution. We will now perform some
numerical simulations in this section, to show the equilibrium distributions for different
initial states, and the exponential decay of the entropies, in particular extending the
range of our main result.

Let us recall that the Bose distribution is given by

f∞=
1

exp(λ1v2−λ2)−1
.

The numerical simulations are carried out for different initial conditions. The first
example shows that if the initial data is concentrated near the center, then it will evolve
to Bose distribution, with an entropy decaying exponentially fast to some final state.

Example 1. Consider the initial data

f0=
0.1

e(v−π/2)2+0.1−1
. (4.1)

The equilibrium distribution and evolution of entropy are shown in Figure 4.1.
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Fig. 4.1. Initial data f0 in (4.1).

In Example 2, we take 10 times the initial data as in Example 1 and also observe
the exponential decay of the entropy, with a different time scale used in the simulation.
Example 2. Consider the initial data

f0=
1

e(v−π/2)2+0.1−1
. (4.2)

The equilibrium distribution and evolution of entropy are shown in Figure 4.2.
The Bose distribution behaves clearly like a Gaussian function when |v| is big. The

next example shows the evolution of a Gaussian function to a Bose distribution.

Example 3. Consider the initial data

f0=5∗e−v2/2. (4.3)

The equilibrium distribution and evolution of entropy are shown in Figure 4.3. The
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Fig. 4.2. Initial data f0 in (4.2).
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Fig. 4.3. Initial data f0 in (4.3).

comparison shows that the Bose distribution is more singular near |v|=0 , but behaves
like a Gaussian function for |v| big.
Example 4. Consider the initial data

f0=8∗ [e−(v+π/2)2 +e−(v−π/2)2 ]. (4.4)

The equilibrium distribution and evolution of entropy are shown in Figure 4.4.
The above example shows the evolution of the sum of two Gaussian functions. All

the previous examples assumed smooth initial conditions. In the next example, we
will consider more general cases with non smooth initial data, with a special focus on
a continues piecewise linear approximation of a characteristic functions. Note that in
order to prevent oscillation of numerical derivatives, the continuity of the initial data is
required.

Example 5. Consider the initial data

f0=

⎧⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎩

5

2
+

2

π
v for v∈ [−5π

4
,0],

5

2
− 2

π
v for v∈ [0,

5π

4
],

0 for others,

(4.5)
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Fig. 4.4. Initial data f0 in (4.4).
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Fig. 4.5. Initial data f0 in (4.5).
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Fig. 4.6. Initial data f0 in (4.6).

and

f0=

⎧⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎩

4(v+ 5
4π) for v∈ [− 5

4π,−π],

π for v∈ (−π,π),

−4(v− 5
4π) for v∈ [π, 54π],

0 for others,

(4.6)
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respectively.

The equilibrium distributions and evolution of entropy with initial data (4.5) and
(4.6) are shown in Figure 4.5 and Figure 4.6, respectively.

Note that this initial data does not belong to the space L logL, since f0=0 in some
interval thus the entropy is ∞ at first several time steps. This more general case also
shows the exponential decay of entropy.

All the above numerical results showed the quick convergence towards to equilibria,
especially, we can see the exponential evolution of entropy. The numerical results further
elaborate our main result stated in Theorem 1.1.

Appendix A. Sketch of the proof of (3.7) in Lemma 3.2. The proof of the
limit (3.7) consists several steps.

Step 1. The limit function g∞(v) of f(t,v) as t→∞ has the same energy as the
equilibrium f∞.

To prove this fact, it is enough to show the uniform decay of the energy tail, that is

sup
t≥0

∫
|v|>R

v2f(t,v)dv→0 as R→∞. (A.1)

Recalling the Kac model

∂tf =Af(t)∂vvf+Bf (t)∂v(vf(1+f)),

with

Af (t)=

∫
v2f(1+f)dv, Bf (t)=

∫
f dv,

then, for any test function ϕ(v)∈C2
c (R),

d

dt

∫
ϕ(v)f(t,v)dv=Af (t)

∫
ϕ(v)∂vvf+Bf(t)

∫
ϕ(v)∂v(vf(1+f))

=Af (t)

∫
ϕ′′(v)f−Bf (t)

∫
ϕ′(v)(vf(1+f)).

Now we take

φ(v)= e−1/v for x> 0, φ(v)=0 for x≤ 0,

it is easy to see that φ∈C∞(R) is positive and nondecreasing. Let

ϕ(v)=
φ(v2−1)

φ(v2−1)+φ(4−v2)
,

then ϕ(v)∈C∞(R) has the following properties:

• (a). ϕ(v) is even and 0≤ϕ(v)≤ 1 for all v∈R;

• (b). ϕ(v)=0 for all |v|≤ 1, and ϕ(v)=1 for all |v|≥ 2;

• (c). ϕ′(v)=0, ϕ′′(v)=0 for all |v|< 1 or |v|> 2;

• (d). vϕ′(v)≥ 0 for all |v| ∈R.
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For any R≥ 1, let ϕR(v)=ϕ( v
R ), we have ϕ′

R(v)=
1
Rϕ′( v

R ), ϕ′′
R(v)=

1
R2ϕ

′′( v
R ), and

ϕ′
R(v)=ϕ′′

R(v)=0 for |v|<R or |v|> 2R,

then

d

dt

∫
v2ϕR(v)f(t,v)dv = Af (t)

∫
(v2ϕR(v))

′′fdv−Bf (t)

∫
(v2ϕR(v))

′(vf(1+f))dv

= Af (t)

∫ (
2ϕ(

v

R
)(v)+4

v

R
ϕ′(

v

R
)+

v2

R2
ϕ′′(

v

R
)
)
fdv

−Bf (t)

∫
(2v2ϕ(

v

R
)+v2ϕ′(

v

R
)
v

R
)f(1+f)dv

=: I+II.

For the first term,

I=Af (t)

∫
2ϕ(

v

R
)(v)fdv+Af (t)

∫ (
4
v

R
ϕ′(

v

R
)+

v2

R2
ϕ′′(

v

R
)
)
fdv

=Af (t)

∫
|v|≥R

2ϕ(
v

R
)(v)fdv+Af (t)

∫
R≤|v|≤2R

(
4
v

R
ϕ′(

v

R
)+

v2

R2
ϕ′′(

v

R
)
)
fdv

≤C1

∫
|v|≥R

f(t,v)dv≤ C1

R2

∫
|v|≥R

v2f(t,v)dv≤ C

R2
,

where we used the conservation of energy and mass, and the fact that Af (t) is bounded.
Next for the second term, by using property (d) above,

II≤−2Bf(t)

∫
v2ϕ(

v

R
)f(1+f)dv≤−2M

∫
v2ϕR(v)f(t,v)dv.

Then we have

d

dt

∫
v2ϕR(v)f(t,v)dv ≤ C

R2
−2M

∫
v2ϕR(v)f(t,v)dv.

Fixing R≥ 1 and setting

u(t)=

∫
v2ϕR(v)f(t,v)dv,

the above inequality can be rewritten as

u′(t)+2Mu(t)≤ C

R2
,

and so

(u(t)e2Mt)′=(u′(t)+2Mu(t))e2Mt≤ C

R2
e2Mt,

thus

u(t)e2Mt=u(0)+

∫ t

0

(u(s)e2Ms)′ds≤u(0)+

∫ t

0

C

R2
e2Msds=u(0)+

C

R2

e2Mt−1

2M
,
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that is

u(t)≤u(0)e−2Mt+
C

2MR2
(1−e−2Mt)≤max

{
u(0),

C

2MR2

}
.

Recalling the definition of u, it follows that∫
v2ϕR(v)f(t,v)dv≤max

{∫
v2ϕR(v)f0(v)dv,

C

2MR2

}
.

Since 1{|v|≥2R}≤ϕR(v)≤ 1{|v|≥R}, we have

∫
{|v|≥2R}

v2f(t,v)dv≤max

{∫
{|v|≥R}

v2f0(v)dv,
C

2MR2

}
,

then

sup
t≥0

∫
{|v|≥2R}

v2f(t,v)dv≤max

{∫
{|v|≥R}

v2f0(v)dv,
C

2MR2

}
→0 as R→∞,

which gives the proof of (A.1).

Step 2. Use the fact that the limit lim
t→∞

H(f(t)) exists and is finite and use the

entropy dissipationD(f(t)) to find a sequence (e.g.) tn∈ [n,n+1],n=1,2,3, . . . such that
D(fn)→0 as n→∞, where fn(v)= f(tn,v). Then using weak compactness of {fn}∞n=1

there is subsequence {fnk
}∞k=1 and 0≤ g∞∈L1

2∩L2 such that fnk
⇀g∞(k→∞) weakly

in L1. Note from Step 1 that g∞ also has the same energy E as that of f∞. Next it
is easily proved that H(fnk

)→H(g∞)(k→∞). Hence using monotone non-increase of
H(f(t)) one obtains

lim
t→∞

H(f(t))=H(g∞).

Then with the same argument as above one proves that

0≤H(f(t))−H(g∞)≤Ce−δt, ∀t≥ t0

and

‖f(t)−g∞‖L1 ≤Ce−δt/2, ∀t≥ t0,

in particular, one has

‖fnk
−g∞‖L1 →0 as k→∞.

Step 3. Choose a further subsequence, still denote it as {fnk
}∞k=1, such that fnk

→
g∞(v)(k→∞) a.e. v∈R. Then using Fatou’s Lemma one concludes that g∞∈H1(R):∫

(1+ξ2|)ĝ(ξ)|2dξ≤liminf
k→∞

∫
(1+ξ2|)f̂nk

(ξ)|2dξ
≤C0 sup

t≥0
[‖f(t)‖2L2 +‖∂vf(t)‖2L2 ]<∞.

Here we have supposed the L1∩L2 regularity for higher order derivatives of f(t,v), see
Remark 2.2. Then g∞ is smooth. The higher regularity on g∞ can be obtained if the
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solution f(t,v) has enough regularity and has the uniform bounds with the Sobolev
norm of higher orders, then from the structure of D(f) and that lim

k→∞
D(fnk

)=0 one

can prove that D(g∞)=0 which implies that g∞ is a Bose–Einstein distribution. Since
g∞ also has the same mass and energy M,E as f∞, it follows that g∞= f∞. This proves
(3.7).

We note here that the proof of the strict positivity of g∞ is still open. Such
strict positivity problems are even not easy for the classical Boltzmann equation for
the Maxwellian molecules. For the present model, the main difficulty is that it involves
derivatives. Another consideration is to assume that there is a function h on R satisfy-
ing h(v)> 0 for all v∈R, such that the solution f(t,v) is bounded below by h(v). This
assumption, whatever it can be removed or not, is left as a future research issue.

REFERENCES

[1] T. Allemand and G. Toscani, The grazing collision limit of Kac caricature of Bose–Einstein par-
ticles, Asymptotic Analysis, 72(3), 201–229, 2011.

[2] L. Arkeryd and A. Nouri, Bose condensates in interaction with excitations: a kinetic model, Com-
mun. Math. Phys., 310(3), 765–788, 2012.

[3] W.-Z. Bao, L. Pareschi, and P.A. Markowich, Quantum kinetic theory: modelling and numerics for
Bose–Einstein condensation, in Modeling and Computational Methods for Kinetic Equations,
287–820, Springer, 2004.

[4] J.A. Carrillo, A. Jungel, P.A. Markowich, G. Toscani, and A. Unterreiter, Entropy dissipation
methods for degenerate parabolic problems and generalized Sobolev inequalities, Monatshefte fur
Mathematik, 133, 1–82, 2001.

[5] J.A. Carrillo, J. Rosado, and F. Salvarani, 1D nonlinear Fokker–Planck equations for fermions and
bosons, Applied Mathematics Letters, 21(2), 148–154, 2008.

[6] S. Chapman and T.G. Cowling, The Mathematical Theory of Non-Uniform Gases: an Account
of the Kinetic Theory of Viscosity, Thermal Conduction and Diffusion in Gases, Cambridge
University Press, 1991.

[7] I. Csiszar, Information-type measure of difference of probablility distributions and indirct observa-
tions, Stud. Sci. Math. Hung., 2, 299–318, 1967.

[8] L. Desvillettes, Plasma kinetic models: the Fokker–Planck–Landau equation, in Modeling and Com-
putational Methods for Kinetic Equations, Model. Simul. Sci. Eng. Technol., Birkhauser Boston,
Boston, MA, 171–193, 2004.

[9] L. Desvillettes and C. Villani, On the spatially homogeneous Landau equation for hard potentials
part II: H-theorem and applications, Commun. Part. Diff. Eqs., 25(1-2), 261–298, 2000.

[10] L. Desvillettes and C. Villani, Entropic methods for the study of the long time behavior of kinetic
equations, Transport Theory Statist. Phys., 30(2-3), 155–168, 2001. The Sixteenth International
Conference on Transport Theory, Part I (Atlanta, GA, 1999).

[11] L. Desvillettes and C. Villani, On the trend to global equilibrium in spatially inhomogeneous
entropy-dissipating systems: the linear Fokker-Planck equation, Commun. Pure Appl. Math.,
54, 1–42, 2001.

[12] L. Desvillettes and C. Villani, Rate of convergence toward the equilibrium in degenerate settings,
in “WASCOM 2003”-12th Conference on Waves and Stability in Continuous Media,World Sci.
Publ., River Edge, NJ, 153–165, 2004.

[13] M. Escobedo, S. Mischler, and J.J.L. Velazquez, Singular solutions for the Uehling–Uhlenbeck
equation, Proc. Roy. Soc. Edinburgh Sect. A, 138(1), 67–107, 2008.

[14] M. Escobedo and J.J.L. Velazquez, Finite time blow-up and condensation for the bosonic Nordheim
equation, Invent. Math., 200(3), 761–847, 2015.

[15] M Escobedo and J.J.L. Velazquez, On the blow up and condensation of supercritical solution of
the Nordheim equation for bosons, Comm. Math. Phys., 330(1), 331–365, 2014.

[16] F. Filbet, J.-W. Hu, and S. Jin, A numerical scheme for the quantum Boltzmann equation efficient
in the fluid regime, Math. Model. Num. Anal., 46, 443–463, 2012.

[17] L. Gross, Logarithmic Sovolev inequalities and contractiveity properties of semigroups, in Dirichlet
Forms, Lect. Notes in Math. Springer-Verlag, Varenna, 1563, 1992.

[18] S. Kullback, A lower bound for discrimination information in terms of variation, IEEE Trans.
Inf. The., 4, 126–127, 1967.

[19] X.-G. Lu, The Boltzmann equation for Bose–Einstein particles: velocity concentration and con-



R. ALEXANDRE, J. LIAO, AND C. LIN 207

vergence to equilibrium, J. Stat. Phys., 119(5-6), 1027–1067, 2005.
[20] X.-G. Lu, The Boltzmann equation for Bose–Einstein particles: Condensation in finite time. J.

Stat. Phys., 150(6), 1138–1176, 2013.
[21] X.-G. Lu and X.-D. Zhang, On the Boltzmann equation for 2D Bose–Einstein particles, J. Stat.

Phys., 143(5), 990–1019, 2011.
[22] P.A. Markowich and L. Pareschi, Fast conservative and entropic numerical methods for the Boson

Boltzmann equation, Numerische Mathematik, 99(3), 509–532, 2005.
[23] H. Spohn, Kinetics of the Bose–Einstein condensation, Phys. D, 239(10), 627–634, 2010.
[24] M.E. Taylor, Partial Differential Equations III, Appl. Math. Sci., Springer-Verlag, New York, 117,

1996.
[25] G. Toscani, Finite time blow up in Kaniadakis–Quarati model of Bose–Einstein particles, Com-

mun. Part. Diff. Eqs., 37(1), 7787, 2012.
[26] G. Toscani and C. Villani, Sharp entropy dissipation bounds and explicit rate of trend to equilib-

rium for the spatially homogeneous Boltzmann equaiton, Commun. Math. Phys., 203(3), 667–
706, 1999.



<<
  /ASCII85EncodePages false
  /AllowTransparency false
  /AutoPositionEPSFiles true
  /AutoRotatePages /None
  /Binding /Left
  /CalGrayProfile (Dot Gain 20%)
  /CalRGBProfile (sRGB IEC61966-2.1)
  /CalCMYKProfile (U.S. Web Coated \050SWOP\051 v2)
  /sRGBProfile (sRGB IEC61966-2.1)
  /CannotEmbedFontPolicy /Error
  /CompatibilityLevel 1.4
  /CompressObjects /Tags
  /CompressPages true
  /ConvertImagesToIndexed true
  /PassThroughJPEGImages true
  /CreateJobTicket false
  /DefaultRenderingIntent /Default
  /DetectBlends true
  /DetectCurves 0.0000
  /ColorConversionStrategy /CMYK
  /DoThumbnails false
  /EmbedAllFonts true
  /EmbedOpenType false
  /ParseICCProfilesInComments true
  /EmbedJobOptions true
  /DSCReportingLevel 0
  /EmitDSCWarnings false
  /EndPage -1
  /ImageMemory 1048576
  /LockDistillerParams false
  /MaxSubsetPct 100
  /Optimize true
  /OPM 1
  /ParseDSCComments true
  /ParseDSCCommentsForDocInfo true
  /PreserveCopyPage true
  /PreserveDICMYKValues true
  /PreserveEPSInfo true
  /PreserveFlatness true
  /PreserveHalftoneInfo false
  /PreserveOPIComments true
  /PreserveOverprintSettings true
  /StartPage 1
  /SubsetFonts true
  /TransferFunctionInfo /Apply
  /UCRandBGInfo /Preserve
  /UsePrologue false
  /ColorSettingsFile ()
  /AlwaysEmbed [ true
  ]
  /NeverEmbed [ true
  ]
  /AntiAliasColorImages false
  /CropColorImages true
  /ColorImageMinResolution 300
  /ColorImageMinResolutionPolicy /OK
  /DownsampleColorImages true
  /ColorImageDownsampleType /Bicubic
  /ColorImageResolution 300
  /ColorImageDepth -1
  /ColorImageMinDownsampleDepth 1
  /ColorImageDownsampleThreshold 1.50000
  /EncodeColorImages true
  /ColorImageFilter /DCTEncode
  /AutoFilterColorImages true
  /ColorImageAutoFilterStrategy /JPEG
  /ColorACSImageDict <<
    /QFactor 0.15
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /ColorImageDict <<
    /QFactor 0.15
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /JPEG2000ColorACSImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /JPEG2000ColorImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /AntiAliasGrayImages false
  /CropGrayImages true
  /GrayImageMinResolution 300
  /GrayImageMinResolutionPolicy /OK
  /DownsampleGrayImages true
  /GrayImageDownsampleType /Bicubic
  /GrayImageResolution 300
  /GrayImageDepth -1
  /GrayImageMinDownsampleDepth 2
  /GrayImageDownsampleThreshold 1.50000
  /EncodeGrayImages true
  /GrayImageFilter /DCTEncode
  /AutoFilterGrayImages true
  /GrayImageAutoFilterStrategy /JPEG
  /GrayACSImageDict <<
    /QFactor 0.15
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /GrayImageDict <<
    /QFactor 0.15
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /JPEG2000GrayACSImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /JPEG2000GrayImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /AntiAliasMonoImages false
  /CropMonoImages true
  /MonoImageMinResolution 1200
  /MonoImageMinResolutionPolicy /OK
  /DownsampleMonoImages true
  /MonoImageDownsampleType /Bicubic
  /MonoImageResolution 1200
  /MonoImageDepth -1
  /MonoImageDownsampleThreshold 1.50000
  /EncodeMonoImages true
  /MonoImageFilter /CCITTFaxEncode
  /MonoImageDict <<
    /K -1
  >>
  /AllowPSXObjects false
  /CheckCompliance [
    /None
  ]
  /PDFX1aCheck false
  /PDFX3Check false
  /PDFXCompliantPDFOnly false
  /PDFXNoTrimBoxError true
  /PDFXTrimBoxToMediaBoxOffset [
    0.00000
    0.00000
    0.00000
    0.00000
  ]
  /PDFXSetBleedBoxToMediaBox true
  /PDFXBleedBoxToTrimBoxOffset [
    0.00000
    0.00000
    0.00000
    0.00000
  ]
  /PDFXOutputIntentProfile ()
  /PDFXOutputConditionIdentifier ()
  /PDFXOutputCondition ()
  /PDFXRegistryName ()
  /PDFXTrapped /False

  /CreateJDFFile false
  /Description <<

    /BGR <>
    /CHS <FEFF4f7f75288fd94e9b8bbe5b9a521b5efa7684002000410064006f006200650020005000440046002065876863900275284e8e9ad88d2891cf76845370524d53705237300260a853ef4ee54f7f75280020004100630072006f0062006100740020548c002000410064006f00620065002000520065006100640065007200200035002e003000204ee553ca66f49ad87248672c676562535f00521b5efa768400200050004400460020658768633002>
    /CHT <FEFF4f7f752890194e9b8a2d7f6e5efa7acb7684002000410064006f006200650020005000440046002065874ef69069752865bc9ad854c18cea76845370524d5370523786557406300260a853ef4ee54f7f75280020004100630072006f0062006100740020548c002000410064006f00620065002000520065006100640065007200200035002e003000204ee553ca66f49ad87248672c4f86958b555f5df25efa7acb76840020005000440046002065874ef63002>
    /CZE <>
    /DAN <>
    /DEU <>
    /ESP <>
    /ETI <>
    /FRA <>
    /GRE <>

    /HRV (Za stvaranje Adobe PDF dokumenata najpogodnijih za visokokvalitetni ispis prije tiskanja koristite ove postavke.  Stvoreni PDF dokumenti mogu se otvoriti Acrobat i Adobe Reader 5.0 i kasnijim verzijama.)
    /HUN <>
    /ITA <>
    /JPN <FEFF9ad854c18cea306a30d730ea30d730ec30b951fa529b7528002000410064006f0062006500200050004400460020658766f8306e4f5c6210306b4f7f75283057307e305930023053306e8a2d5b9a30674f5c62103055308c305f0020005000440046002030d530a130a430eb306f3001004100630072006f0062006100740020304a30883073002000410064006f00620065002000520065006100640065007200200035002e003000204ee5964d3067958b304f30533068304c3067304d307e305930023053306e8a2d5b9a306b306f30d530a930f330c8306e57cb30818fbc307f304c5fc59808306730593002>
    /KOR <FEFFc7740020c124c815c7440020c0acc6a9d558c5ec0020ace0d488c9c80020c2dcd5d80020c778c1c4c5d00020ac00c7a50020c801d569d55c002000410064006f0062006500200050004400460020bb38c11cb97c0020c791c131d569b2c8b2e4002e0020c774b807ac8c0020c791c131b41c00200050004400460020bb38c11cb2940020004100630072006f0062006100740020bc0f002000410064006f00620065002000520065006100640065007200200035002e00300020c774c0c1c5d0c11c0020c5f40020c2180020c788c2b5b2c8b2e4002e>
    /LTH <>
    /LVI <>
    /NLD (Gebruik deze instellingen om Adobe PDF-documenten te maken die zijn geoptimaliseerd voor prepress-afdrukken van hoge kwaliteit. De gemaakte PDF-documenten kunnen worden geopend met Acrobat en Adobe Reader 5.0 en hoger.)
    /NOR <>
    /POL <>
    /PTB <>
    /RUM <>
    /RUS <>
    /SKY <>
    /SLV <>
    /SUO <>
    /SVE <>
    /TUR <>
    /UKR <>
    /ENU (Use these settings to create Adobe PDF documents best suited for high-quality prepress printing.  Created PDF documents can be opened with Acrobat and Adobe Reader 5.0 and later.)
  >>
  /Namespace [
    (Adobe)
    (Common)
    (1.0)
  ]
  /OtherNamespaces [
    <<
      /AsReaderSpreads false
      /CropImagesToFrames true
      /ErrorControl /WarnAndContinue
      /FlattenerIgnoreSpreadOverrides false
      /IncludeGuidesGrids false
      /IncludeNonPrinting false
      /IncludeSlug false
      /Namespace [
        (Adobe)
        (InDesign)
        (4.0)
      ]
      /OmitPlacedBitmaps false
      /OmitPlacedEPS false
      /OmitPlacedPDF false
      /SimulateOverprint /Legacy
    >>
    <<
      /AddBleedMarks false
      /AddColorBars false
      /AddCropMarks false
      /AddPageInfo false
      /AddRegMarks false
      /ConvertColors /ConvertToCMYK
      /DestinationProfileName ()
      /DestinationProfileSelector /DocumentCMYK
      /Downsample16BitImages true
      /FlattenerPreset <<
        /PresetSelector /MediumResolution
      >>
      /FormElements false
      /GenerateStructure false
      /IncludeBookmarks false
      /IncludeHyperlinks false
      /IncludeInteractive false
      /IncludeLayers false
      /IncludeProfiles false
      /MultimediaHandling /UseObjectSettings
      /Namespace [
        (Adobe)
        (CreativeSuite)
        (2.0)
      ]
      /PDFXOutputIntentProfileSelector /DocumentCMYK
      /PreserveEditing true
      /UntaggedCMYKHandling /LeaveUntagged
      /UntaggedRGBHandling /UseDocumentProfile
      /UseDocumentBleed false
    >>
  ]
>> setdistillerparams
<<
  /HWResolution [2400 2400]
  /PageSize [612.000 792.000]
>> setpagedevice


