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REPRESENTATION OF DISSIPATIVE SOLUTIONS TO A
NONLINEAR VARIATIONAL WAVE EQUATION*

ALBERTO BRESSANT AND TAO HUANGH

Abstract. The paper introduces a new way to construct dissipative solutions to a second order
variational wave equation. By a variable transformation, from the nonlinear PDE one obtains a semi-
linear hyperbolic system with sources. In contrast with the conservative case, here the source terms are
discontinuous and the discontinuities are not always crossed transversally. Solutions to the semilinear
system are obtained by an approximation argument, relying on Kolmogorov’s compactness theorem.
Reverting to the original variables, one recovers a solution to the nonlinear wave equation where the
total energy is a monotone decreasing function of time.
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1. Introduction
We consider the Cauchy problem for a nonlinear wave equation in one space dimen-
sion:

uy —c(uw) (c(u)uy) =0, (1.1)

x

with initial data
u(0,2) =uo(z), ut(0,2) =uy (). (1.2)

The function c:R+— R, , determining the wave speeds, is assumed to be smooth and
uniformly positive. As long as the solution remains smooth, it is well known that its
energy

E(t)i%/ [uf(t,x)—&—cQ (u(t,m))ui(t,x)} dx (1.3)

remains constant. It is thus natural to seek global solutions within the set of functions
having bounded energy, i.e. with u€ H'(R) and u;,u, € L*(R) at a.e. time t. In this
functional space, the existence of globally defined weak solutions was first proved in
[11, 12] (see also [10]). For smooth initial data, formation of singularities was studied
in [8].

A different approach was introduced in [5], relying on a transformation of both
independent and dependent variables. In the new variables, the equation, (1.1), is
replaced by a semilinear system, which always admits global smooth solutions (for
smooth initial data). Going back to the original variables, this method yields a family
of solutions to the original equation, (1.1), continuously depending on the initial data
(in appropriate norms). A careful construction of a semigroup of solutions, with R?, 52
possibly replaced by positive measures, can be found in [10]. We recall here the main
properties of these global solutions, defined both forward and backward in time:
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32 DISSIPATIVE SOLUTIONS TO VARIATIONAL WAVE EQUATION

(P) The solution ¢+ u(t,-) takes values in H!(R) for every t€R. In the t-z plane,
the function u=wu(t,z) is Holder continuous with exponent 1/2. The map ¢+
u(t,-) is continuously differentiable as a map with values in LY | forall 1<p<2.
Moreover, it is Lipschitz continuous w.r.t. the L? distance, i.e.

[ult,) —us, )|, <LIt—s| (1.4)

for some constant L and all t,s€R. The equation, (1.1), is satisfied in the
integral sense:

// [gbt Uy — (c(u)gf))xc(u) uz} dxdt=0 (1.5)

for all test functions ¢ € C}, continuously differentiable with compact support
in the t-x plane. Concerning the initial conditions at ¢ =0, the first equality in

(1.2) is satisfied pointwise, while the second holds in LY _ for p€([1,2].

loc

The solutions constructed in [11, 12] are dissipative, with energy ¢ £(¢) which is non-
increasing. On the other hand, the solutions obtained in [5] and [10] are conservative
in the sense that the energy £(t) =& equals a fixed constant for almost all times ¢. At
an exceptional set of times of measure zero, one can still define a conserved energy in
terms of a positive Radon measure. However, this will not be absolutely continuous
w.r.t. Lebesgue measure (for example, it may contain Dirac masses). At these particu-
lar times, the integral in (1.3) accounts only for the absolutely continuous part of the
energy, and is thus strictly smaller than &.

By putting the equation into a semilinear form, this variable change provides a
transparent way to understand singularity formation, and construct a semigroup of
conservative solutions continuously depending on the initial data. A natural question,
which motivated the present paper, is whether the same variable transformation can
be used to generate a semigroup of dissipative solutions. We recall that, in connection
with the Camassa—Holm equation, semigroups of conservative and dissipative solutions
have been constructed respectively in [2] and [3], based on a similar approach.

To implement such a program, the main difficulty can be explained as follows.
Using characteristic variables, one obtains a semilinear system whose right hand side
is Lipschitz continuous in the case of conservative solutions, but discontinuous in the
case dissipative solutions. Because of these discontinuities, the existence of solutions
does not follow from general theory and must be studied with care. A guiding principle
is that, if all discontinuities are crossed transversally, then the Cauchy problem is still
well posed. This is indeed what happens for the Camassa—Holm equation [3]. However,
in connection with (1.1) we now encounter a “borderline” situation, illustrated by the
system with discontinuous right hand side

[ cosz—cosw if max{w,z}<m,
= 0 if max{w,z}>m,
L. ] cosw—cosz if max{w,z}<m,

X 0 if max{w,z}>m.

As w approaches the discontinuity we have w=~m, and hence wy ~cosz+1. This is
strictly positive, except when z=a+m. This lack of transversality renders the system
much harder to study.

Our analysis shows that, assuming ¢’ (u) >0 for all u, global dissipative solutions of
(1.1) can indeed be constructed by solving a semilinear system with discontinuous right
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hand side. However, in contrast with [2, 3, 5], solutions are not obtained as the unique
fixed points of a contractive transformation. Instead, the existence proof relies here on
a compactness argument, based on the Kolmogorov-Riesz theorem [9]. The drawback
of this approach is that it does not guarantee the uniqueness of solutions. We speculate
that the issue of uniqueness might be resolved by the analysis of characteristics, as in
[1, 6].

The paper is organized as follows. In Section 2 we review the variable transformation
introduced in [5] and describe the new semilinear system with discontinuous right hand
side, which corresponds to dissipative solutions. At the end of this section we can state
our main results, on the global existence of solutions to the semilinear system and to
the original wave equation, (1.1). Section 3 is the core of the paper. The discontinuous
semilinear system is here approximated by a family of Lipschitz continuous systems,
admitting unique solutions. As the approximation parameter € —0, a compactness
argument yields a subsequence strongly converging to an exact solution. In Section
4, returning to the original variables u(¢,z), we obtain the global existence of a weak
solution to the nonlinear wave equations, (1.1)—(1.2), forward in time. The proof that
this solution satisfies all properties (P) is very similar to the one in [5], and we thus
omit most of the details.

2. An equivalent semilinear system

We briefly review the variable transformations introduced in [BZ]. These reduce
the quasilinear wave equation, (1.1), to a semilinear system, in characteristic variables.
Throughout this section, all equations are derived assuming that the solution is smooth.
At a later stage we will prove that the same equations remain meaningful and provide
a solution to the original equation, (1.1), also for general initial data (ug,u;) € H' x L2
Define

R =us+c(u)u,,
o+ clu) o)
S =up—c(u)ug,
so that
R+S R-S
= = = . 2.2
Ut 2 9 Uy 2% ( )

If u is a smooth solution of (1.1), these variables satisfy

Rt—CRI :%(R2—S2), (2 3)

Sy+cS, = £ (52— R?). '
We can thus regard R,S as the densities of backward and forward moving waves, re-
spectively. Multiplying the first equation in (2.3) by R and the second one by S, we
obtain two balance laws for R? and S?, namely

2). _ (cR2 _d(p2g_ 2
{(R )t = (cR?)y = 5.(R*S— RS?), (2.4)

(82)i+(cS?), =— & (R?S — RS?).

As a consequence, for a smooth solution u=wu(t,x) the following quantities are con-
served:

R?+ 8?2
(U?-FC?’LLi) :;7 Mi_utuz:

SZ_RZ
1 _—.

E=
4c

(2.5)

DO =
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Indeed

{Et+(02M)z =0, (2.6)

One can think of R?/4 and S?/4 as the energy densities associated with backward
and forward moving waves, respectively. Because of the sources on the right hand
sides of (2.4), some energy is transferred from forward to backward waves, or viceversa.
However, the total amount of energy remains constant. To deal with possibly unbounded
values of R,S, it is convenient to introduce a new set of dependent variables:

w=2arctan R, z=2arctans, (2.7)
so that

From (2.3) one derives the equations

2 d R?- 52
Wt — CWy :H—W(Rt_CRx):%W’ -
2 c S? - R? 28)
Zttczg :His'z(St—i_csx):%W
t X =
= const.
Y = const.

ol TN X7 (s, t, X)

X

Fic. 2.1. Forward and backward characteristics through the point (t,x).

To reduce the system to a semilinear one, we perform a further change of indepen-
dent variables. Consider the equations for the forward and backward characteristics
(Figure 2.1):

#t =c(u), & =—c(u). (2.9)
The characteristics passing through a given point (¢,2) will be denoted by
st (s,t,x), s a” (s, t,x), (2.10)

respectively. Let initial data (ug,u1)€ H' x L? be given, as in (1.2). In turn, this
determines the functions R, S in (2.1) at time ¢ =0:

{ R(0,-) =u1 +c(ug)ug» €L3(R),

(2.11)
S(0,+) =u1 —c(ugp)ug . €L3(R).
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As coordinates (X,Y) of a point (¢,2) we shall use the quantities

z 7 (0,t,x) 0
X i/ (14 R*(0,x)) d, Y = (1+5%(0,2)) da. (2.12)
0 zt(0,t,x)
Notice that this implies
X:—c(u) X, =0, Yi+c(u)Y, =0, (2.13)
(X2)e—(cXe)2 =0, (Ye)e+(cYz),=0. (2.14)

We also observe that

1 z~ (0,t,z+h) )

z1(0,t,2+h)
Y, (t,z)=lim — (14 5%(0,2)) da.

For any smooth function f, using (2.13)—(2.14) one finds

fitefe = fxXi+ fyYitefx Xo+efyYe=(Xe+cXy) fx =2¢X, fx, (2.15)
fe—cfe = IxXe+ frYi—cfx Xo—cfy Yo = (Yi— Vo) fy = =2¢Yo fy '
We now introduce the further variables
14 R? 1452
= , = . 2.16
X 1= (2.16)
These quantities are related to the partial derivatives X,,Y, by the identities
-1_ P 2 W -1_ 9 _ 2%
(X,) "= e Pes g (=Y,) = gz — 4008 5 (2.17)

Notice that, if the quantity 1+ R? were exactly conserved along backward characteris-
tics, we would have

(1+R?);— [e(u)(14+ R%)] =0,

and hence p=1. In general, the variable p describes by how much the quantity 1+ R?
fails to be conserved along backward characteristics. Similarly, g describes by how much
the quantity 1+ 52 is not conserved along forward characteristics.

Starting with the nonlinear wave equation, (1.1), using X,Y as independent vari-
ables we thus obtain a semilinear hyperbolic system with smooth coefficients for the
variables u,w,z,p,q. Following [5], we consider the set of equations

wy =0- 860/2(22) (cosz —cosw)q,

2x =0- 82/2\(;2) (cosw —cosz)p,

(2.18)

py =0- 8602(22) [sinz —sinw] pq,

/ (2.19)
gx =0- 8002(7&)) [sinw —sinz] pq.
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To obtain conservative solutions, the above equations should hold everywhere, with
#=1. On the other hand, to construct dissipative solutions, we here choose
{ 1 if max{w,z}<m,

0 if max{w,z}>m.

(2.20)

Finally, the function u=u(X,Y") can be recovered by integrating any of the two equa-
tions

{ uy =% (2.21)

__sinw
ux = 1c p-

Given initial data (ug,u;)€ H! x L? as in (1.2), the corresponding boundary data for
the system (2.18)—(2.21) is constructed as follows. We first observe that the line t=0
corresponds to a curve v in the X-Y plane, say

Y =p(X), XeR,
where Y =¢(X) if and only if

X:/ (14 R*(0,x)) d, Y:—/ (14 5%(0,2)) d for some zeR.
0 0

We can use the variable x as a parameter along the curve 7. The assumptions on ug
and u; imply that the corresponding functions R(0,-) and S(0,-) defined at (2.11) are
both in L2. The initial energy is computed by

Soii/[Rz(OJ)—I—SQ(O,x)] dx < oo. (2.22)

The two functions

X(x)i/ox (1+R2(0,$))dx, Y(m)i/ (1—|—52(0,x))dx (2.23)

are well defined and absolutely continuous. Clearly, X is strictly increasing while Y is
strictly decreasing. Therefore, the map X +— ¢(X) is continuous and strictly decreasing.
From (2.22) it follows

— X —4& < p(X) < —X +4&. (2.24)

As (t,z) ranges over the domain ]0,00[ xR, the corresponding variables (X,Y) range
over the domain

QT ={(X)Y); Y>p(X)}. (2.25)
Along the non-characteristic curve

v={(X,Y); Y=0p(X)}CR?

L defined by

w(X,p(X)) =w(X) =2arctan R(0,x), .
2(p7H(Y),Y) =2(Y) =2arctanS(0,z), {pl’ (2.26)
w(X, (X)) =u(X) =uo(z), '
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Our first main result provides the global existence of solutions to the discontinuous
semilinear system.

THEOREM 2.1 (existence of solutions to the semilinear system). Let ¢=c(u) be a smooth
function satisfying

c(u) >co>0, d(u)>0 for all ueR. (2.27)

Then, for any (ug,u;) € H*(R) x L2(R), the semilinear system (2.18)-(2.21), with
boundary data given by (2.26), (2.11), has a solution defined for all (X,Y)eQT.

In order to transform this solution back into the original variables, we set f =z and
then f=t in (2.15), and obtain

(14cosw)p (14 cosw)p
e =g
c (2.28)
(1+cosz)q (14cosz)q
ry =—"T"", ty =———"—.
4 4c

By a direct calculation one finds x xy =xyx and txy =ty x. We can thus integrate the
above equations and recover (¢,z) as functions of (X,Y). In turn, this yields a function
a(t,x) implicitly defined by

W(HX,Y), 2(X,Y)) =u(X,Y). (2.29)

THEOREM 2.2 (existence of dissipative solutions to the wave equation). Let c=c(u) be
a smooth function satisfying (2.27) and consider initial data (ug,u1) € H'(R) x L%(R).
Let (w,z,u,p,q) be a solution to the discontinuous semilinear system (2.18)—(2.21) with
boundary data (2.26). Then the function u(t,z) in (2.29) is well defined, and provides
a dissipative solution to the Cauchy problem (1.1)-(1.2).

A proof of Theorem 2.1 will be given in Section 3, while Theorem 2.2 is proved in
Section 4.

3. Global solutions of the discontinuous semilinear system
The proof of Theorem 2.1 will be given in several steps.

1. To construct solutions (w,z,u,p,q) to the system (2.18)—(2.21) we use an ap-
proximation technique. For any >0, consider the system of PDEs:

wy (X,Y) :05-M(cosz—cosw)q—i—s7

8c?(u)
, (3.1)
2x(X,Y) =0.- SCCZ(EL)) (cosw —cosz)p+e,
py =0,- 806/2(83) [sinz —sinw]| pq,
U (3.2)
qx :95~8662(7(12) [sinw —sinz| pq,
sinz
= 3.3
w 4e(u) 7 (3:3)
Here the coefficient 0. = 6. (max{w,z}) is defined by setting
L1 i max{zw}<m,
05{0 if max{z,w}>r+e3, (3.4)
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and by requiring . to be an affine function of max{z,w} on the interval [, 7+
£%]. Let initial data (2.26) be given along the curve y={(X,Y); Y =p(X)} C
R2. For convenience, we extend it to the outer region {(X,Y); Y <¢(X)} by
letting u,w,p be constant along vertical lines (where X is constant) and z,q
be constant along horizontal lines (where Y is constant). We observe that, for
any € >0, the right hand sides of (3.1)-(3.2) and (3.3) are Lipschitz continuous.
Hence, given the initial data

{ w(X,p(X)) =w(X), { P(X, (X))
2(Y 71 (Y)) =2(Y), q(Y,e™' (V) =

u(X, (X)) =u(X)),

(3.5)
this semilinear hyperbolic system admits a unique local solution, say
(Wey2e,Pe,qe,ue ). Indeed, this solution can be obtained as the unique fixed
point of an integral transformation.

We claim that this solution is globally defined on the entire domain QF =
{(X,Y); Y>p(X)}. This is not immediately obvious because the equations
(3.2) are quadratic w.r.t. p,q. For a given M >0, consider the domain

L,

Qu={(X,)Y); Y>¢(X), X<M, Y<M}cC Q. (3.6)

To achieve the global existence on €2jy, it suffices to prove the uniform a priori
bounds

0<C1<p(X,Y)<C,
for all (X,Y)€Qyy, (3.7)

0<C1<q(X,Y)<C,

for some constant C' depending on M.

Observe that (3.2) implies py +¢x =0. Hence the differential form pdX —qdY
has zero integral along any closed curve in Q. For any (X,Y) € Q,, consider
the closed curve I'=T"1 UT';UI'3, where I'; is the portion of boundary ~ be-
tween (= 1(Y),Y) and (X,p(X)), 'y is the vertical segment from (X,p(X)) to
(X,Y) and I'3 is the horizontal segment from (X,Y) to (¢~ 1(Y),Y). Integrating
pdX —qdY on ' and using the initial data (3.5), one obtains

X Y
[ pxaxts [ axyay' =X - (1) +Y - (x)

1Y) P(X)
<X +IV|+4E),  (38)

because of (2.24). To complete the proof of (3.7), assume

) d(u
C’O:sgp&Q((lz) < 4o0. (3.9)

Integrating the first equation of (3.2) along line segment from (X,¢(X)) to
(X,Y) and using (2.24), (3.8), since p,q>0 we obtain

Y /
p(X,Y)=exp / Oc—z(sinz—sinw)q(X,Y/)dY'
p(x) 8¢

Y
<exp (200/( q(X,Y’)dY’)
p(X)
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Sexp(SC’o (M+250)) (310)

In the same way, we also obtain

Y
p(X,Y)=exp <_200/(X)Q(X,Y/)dyl>
ZeXp(*SCO (M+250)) (311)

Together (3.10) and (3.11) yield the first estimate in (3.7). The second estimate
is obtained in a nearly identical manner.
In turn, this implies that the maps

Y e w(X,Y), X — 2(X,Y)

are uniformly Lipschitz continuous on the domain Q,;, say with Lipschitz con-
stant L.

. Our next goal is to show that, as € —0, this sequence of approximations is

compact in L}OC(R2). For this purpose, some a priori estimates are needed. Fix

>0 and consider the corresponding solution (w,z,p,q,u) of (3.1)—(3.4). To
shorten notation, in the following we drop the the subscript . Define the maps

X—=Y™(X)=inf{Y €[0,M]; w(X,Y)=n},
Y= X™(Y)=inf{X €[0,M]; 2(X.,Y)=n},
Observe that, for € >0 small enough, if Y™ (X) < M, then
w(X,Y)>71+e? for all Y >Y™(X)+e. (3.12)
Indeed, for Y € [Y™(X),Y™(X)+¢] we have

c(u)
8c2(u)
As soon as w becomes greater than m+&3 we have 6. =0 and wy =&. This
implies (3.12).

(1—cosw)q+52§. (3.13)

Y
Q Q,
YO .
z>me
0 —
Xli 3X2 X
P |
! P, PX)

Fic. 3.1. Estimating the difference w(X2,Yo) —w(X1,Y0).
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3. The heart of the proof is provided by the next lemma.

LEMMA 3.1. Given M >0 there exists a constant C' such that, for any e €]0,1],
the solution of (3.1)—(3.5) satisfies the following estimates. For any X7 < Xs <
M and any Yy € [p(X1) M], one has
[w(X1,Y0) —w(X2,Y0) |+ [p(X1,Y0) = p(X2,¥0)[ +[u(X1,Y0) —u(X2,Y0)|
Sc{w()ﬁ) —w(Xo)|+[u(X1) = u(Xa)| +| X1 — Xo|+[p(X1) — o(X2)]

1/2
+meas({Y§M;[X17X2]ﬂ[X”(Y),X”(Y)—i—E] 75@})} +Ce. (3.14)

Moreover, for Y1 <Y and any Xo € [p~ (Y1), M], one has

|2(Xo,Y1) — 2(Xo,Y2)| +|q(Xo,Y1) — (X0, Y2)|
< C{Z(Yl) —2(Ya) |+ [a(Y1) —u(Ya) |+ Y1 = Yo + [0~ (V1) =~ (Y2)]

1/2
+meas({X§M; (Y1, Vo] N [Y™(X), Y™ (X) +€] #(2)})} +C43.15)

The above estimates can be explained with the aid of Figure 3.1. For i=
1,2, consider the points P;=(X;,»(X;)), @Qi=(X;,Yy). Then w(Q;) can be
computed by solving the ODE in (3.1) on the interval Y € [p(X;),Yo], with
initial data w=w at Y = (X;). For i =1,2, the right hand sides of these ODEs
are almost the same, except in the case where z(X1,Y) <7 but 2(Xo,Y)>.
This motivates the presence of the last term on the right hand side of (3.14)
and (3.15).

Proof.  For notational convenience, we lump together different variables and
write

a(X,Y) = (w,p,u)(X,Y), B(X,Y)=(2,9)(X,Y).
We first consider the easier case where
w(X;,Y)<n forall Y <Y,, ¢=1,2. (3.16)

Since the maps X — 3(X,Y") are uniformly bounded and Lipschitz continuous
on bounded sets, we can find a constant x such that

(i) If [X1, Xo] N[X7(Y), X7 (V) +2] =0, then
aiy a(Xl,Y)—a(Xg,Y)‘gﬂ(\Xl—X2|+|a(X1,Y)—a(X2,Y)|>. (3.17)
(if) If [X1, Xo] N[X7(Y), X™(Y) +¢] #0, then

a%’a(Xl,Y)—oz(Xg,Y) <. (3.18)

The differential inequalities (3.17)—(3.18) are complemented by the estimate on
the initial data
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‘ (X1,9 —a(Xs,p (Xl)))
< | (1)~ w(Xs) Mp (X2) = B(X2) | +[(X0) (X0 |+ mlo(X0) — (X)),
(3.19)

for a suitable constant k.
Using the differential inequalities (3.17)—(3.18) on the interval Y € [p(X1),Y0]
together with (3.19), by a Gronwall-type estimate we obtain

|w(X1,Y0) —w(Xo,Yo)|+[p(X1,Y0) = p(X2,Y0) |+ [u(X1,Ys) —u(X2,Y0)|
s01{|w<X1>—w<X2>+u<X1>—u<X2>|+|X1—X2|+|@<X1>—so<x2>|

+meas ({Y <M X1, X N[XT(Y), X™(Y)+¢] # (/)}) } (3.20)

for a suitable constant C7. In the case where
2(X,)Y) <m for all X <X,, i=1,2, (3.21)
a nearly identical argument yields
|2(Xo, Y1) — 2(Xo,Y2)|+[¢(X0,Y1) — q(X0,Y2)|
<C{ F(0) ~ 0]+ 04) ~a(F) 4 ¥i = Yal ¢ (¥5) — ¢ 33)

meas({X < M;[Vi, V3] 0[Y™(X), Y™(X)+2] #0}) } (3.22)

We now study the more difficult case where (3.16) does not hold. To fix the
ideas, assume that, for some Y; € [p(X1),Yy], we have

wX;Vy<n forallY<V,, i=12,  w(Xy,Y,)=r. (3.23)
For Y, >Y,, using the triangle inequality we can write
(X1, Y0) — (X2, Y0)|
< (X1, Y0) — (X0, Vo) [+ |a(X1, Ya) — a(Xo, Vi) | + e X2, Vi) — (X2, Yo)
= A1+ A+ As.
Recalling (3.12) we have the bound

Al S RE
for some constant k. Moreover, by the previous arguments we already know
that the estimate (3.20) holds when Yj is replaced by Y. This yields a bound
on As.
We now work toward an estimate of As. Call
Y*=sup{Y €[Y.,Yo]; w(X2,Y)<m}.

Since

|OC(X27Y0) - O((X27Y*)| <Ke,
it suffices to estimate the magnitude of the difference |a(X2,Y™*) — a(X2,Ys)|.
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The relevant equations in (3.1)—(3.3) are

w c(u) (cosz—cosw)q+e
Y — ]c2 (u) q ’
/
py = 8602(22) (sinz —sinw)pq, (3.24)
o — sinz
Y T de(u) @

with initial data w(Yy,X2)~m. Since in these computations X = X5 is fixed,
we shall omit this variable and write w(Y)=w(X2,Y), 2(Y)=2(X>2,Y), etc.
Roughly speaking, two cases can occur:

(i) sinz(Y)~0. In this case wy,py,uy ~0. Hence all these functions remain
almost constant.

(ii) sinz(Y') is not close to zero. In this case cosz(Y') is much bigger than
—1, hence wy (Y) is strictly positive. Therefore, w(-) will increase, reach-
ing m+¢® within a short time. After this happens, |ay (-)| <2e, hence «
remains almost constant.

In both cases, the difference |a(Y) — «(Y5)| remains small.
Relying on the previous ideas, we now work out a rigorous proof. Set

d=m—w(Y,).

Notice that ¢ is bounded by the right hand side of (3.20). Choose constants
0< o< Cy such that

o< ;;((Z)) < Cy. (3.25)

From the first equation in (3.24) we deduce the lower bound
w(Y) >w(Y,)—Co(1—cos(m—29)) Y e[y, Y. (3.26)
In addition, we have

Ipy| <Co <| sinz(Y)|+| sin26|) +e,

(3.27)
luy| <Colsinz(Y)].
Y* ooy u
§>w(Y*) —w(Y,) Z/ 8002((12) (cosz(Y) —cos(m—24§))dY. (3.28)
Y () >
/Y* 52 () (cosz(Y)+1—6 )dYgé. (3.29)

Using (3.25), from (3.29) we deduce

v v
Y Y
/ |sinz(Y)|dY:/ Q‘SinMHCOSZ( )‘dY
. v, 2 2

ve v 1/2
<2|Y* —v, |2 / cos? AY) )dY
Y. 2
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v 1/2
<c’</ 1+cosz(Y)dY> <CHt/? (3.30)

*

for some constants C’,C. By (3.27) we thus have

.
(V) —p(¥s)] < / Ipy|dY <C(Y/2 1) (3.31)

*

and
v
lu(Y*) —u(Ys)] g/ luy |dY <C§Y/2, (3.32)

possibly with a larger constant C'. Since § is bounded by the right hand side of
(3.20), by a suitable choice of C' we obtain (3.14).
Using (3.22), a similar argument yields (3.15). o

. Recalling the definition of the domain Q,; at (3.6), consider any rectangle
[a,b] X [¢,d] CQpr, and let (€,¢) be any vector such that [a+&,0+&] x [c+(,d+
d C Q.

Consider any solution of (3.1)—(3.5), for some ¢ €]0,1]. Since the components
w,p,u are uniformly Lipschitz continuous w.r.t. Y, we have the easy estimate

// la(X,Y)— XY+C)|deX</ ClcldX <C(b—a)|c].  (3.33)

for some constant C.
Next, using (3.14) with X; =X, Xo =X +¢&, we obtain

//|aXY a(X +£,Y)dY dX

SC(d—c)/a {Iw X) —w(X 4] +[a(X) —a(X +&)|+1€]+ |o(X) — (X +6)|
+meas({Y <M; [X, X +€NX7(V), X™(V)+e] £ @})}1/2dX+C’s
<c/ X)V2 4+ B( X)1/2)dX+C’s, (3.34)

where

AX) = [0 (X) = (X +&)|+[a(X) —a(X +&)[ + || + | (X) —p(X +8),

B(X) =meas({Y < M3[X, X +€]N[X7(Y), X"(V)+e] £0}).

Since the initial data @ is bounded and measurable, while p=1 and u,¢ are
continuous, there exists some modulus of continuity 1 such that

b
[ (1000 =0 +€)|+ [a0X) ~ 00X+ + g+ |o(X) ~ (X +€)] ) ax
<u(lé)).- (3.35)
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Calling Ay = YUED e have

b—a

b
/ AX)YV2dx = A(X)1/2dx+/ AX)YV2ax

[a,bN{A< Ao} [a,b]N{A> Ao}

b
< VAN B=a)+ = [ AC)ax <2/3ED-(=a).
0Ja

(3.36)
To estimate the integral of B'/? we observe that

/bB(X)ng(dc)(|§|+e). (3.37)

The same arguments as in (3.36), with ¢(|¢|) replaced by the right hand side
of (3.37), now yield

b
/ B(X)2dX <2\/(d— ) (|| 12)-(h—a). (3.38)
Together, the estimates (3.33) and (3.36)—(3.38) yield a bound of the form
b pd
| [latxy)-axreyrolavax<egg+ids  339)

for some continuous function ®, with ®(0) =0. Nearly identical estimates hold
for the functions 8=(z,q).

. Given any sequence &, — 0, consider the corresponding approximate solutions

U® = (uf,w®,2%,p%,¢%). In order to use the Kolmogorov-Riesz compactness the-
orem [9] and prove that a subsequence U®" admits a subsequence converging in
L;,.(Q1), the following property must be proved:

(P) For any €>0 there exists p>0 such that, on any rectangle Q CQT, one
has

[y 40 -Um (X |axdy <e (3.40)
Q

whenever ||+ || <p, n>1.
By the previous step, we have an estimate of the form

/ U (X +&,Y +() - U™ (X,Y)|dX dY <®(|¢]+[¢]+en)- (3.41)
Q

Choose p’ >0 small enough so that ®(2p") <e. If |{|+]|(| < p’ then (3.40) holds
for all £,, < p’. Since there are only finitely many functions U¢" with e, > p’, by
choosing p €]0, '] small enough, we can guarantee that (3.40) holds whenever
|€]+[¢] < p and U® is one of these finitely many functions with e, > p’.

. Using the Kolmogorov—Riesz compactness theorem, we obtain a sequence € — 0

such that
(u®,w®,2%,p°,¢°)(X,)Y) — (u,w,z,p,q)(X,Y) for a.e. (X,Y)eQt.

By Lipschitz continuity, for any given M >0 this implies:
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e For a.e. X €R one has the uniform convergence:

(uw®,p*)(X,Y) = (u,w,p)(X,Y), for all Y € [p(X), M].
e For a.e. Y €R one has the uniform convergence:

(25,¢°)(X,Y) — (2,¢)(X,Y), for all X €[~ 1Y), M].
. It remains to show that the limit functions (u,w, z,p,q) provide a solution to the
set of equations (2.18)—(2.21). This is nontrivial, because the right hand side of
the equations (2.18)—(2.21) is discontinuous at w=m or z=x. Comparing the
functions 6,0, in (2.20) and (3.4), one should be aware that general it is not
true that 0. — 6 as e — 0. For example, this convergence fails if w®=z2°=m—e¢.
Our proof is based on the following a priori estimate. For any given 7, >0,
consider the set

Ay ={(X,Y)€eQuy; max{w®(X,Y),z°(X,Y)}>7—n}.

We claim that
[ (w1l o) axay <ca's, a2
An,a

for some constant C, uniformly valid on the region where 0 <e <7. The idea
of the proof is quite simple: on the set where |w—z| is small the derivatives
wy,py,2x,qx are all close to zero. On the other hand, the set where |w— 2| is
large has small measure. To simplify notation, we here omit the superscript ©.
More precisely, for any § >0 consider the sets

Ss i{(X,Y)eAw;wgz—égzgw}’
S ={(X.Y) €Ay 3z<w—d<w<n}.

Observe that, for suitable constants 0 <c¢< C, we have
(i) 2x(X,Y)> ¢-62 forall (X,Y)€Ss.
(ii) If 2(X,Y)>m—mn, then

zx(XY) = =C-n, ’ ’
{ AX'Y) >a—cy,  forall (XLY)EQy, XT>X.

Nearly identical estimates hold for w,wy. From (i)—(ii) we deduce
meas(SsUSs) = O(1)-nd 2. (3.43)

Choosing § =n'/? we obtain

<// // ) |“’Y|+|Pyl+lzX\+\qX|) dXdy
S5US; Ay 2\(S5US})

—01)-6~2+0(1)-5=0(1)-n"/3. (3.44)

. Thanks to (3.42), by choosing a further subsequence ¢,, | 0 and setting 7,, = 5}/3
we can assume that

M- em

3

+[py

+ 25

+ ‘qsvn

)changcE}/3 <27"  (3.45)
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for every m>n>1.
Calling

Ag= {(X,Y) SUYE max{w(X,Y),z(X,Y)}Zﬂ},

for every n>1 we have the estimate

[ (vt i+ 1zl +laxl ) axay
Ao

S// (\wy\+|py|+|zX|+|qX|)dXdY
Aﬁnram

<limsup / / (e + 03+ 250+ la ) dX Ay <277+ (3.46)
A

m—00 NMn—1-€m

Hence the left hand side of (3.46) is zero.

. To complete the proof, setting

Bo={(X,Y)€ey; max{w(X,Y),z(X,Y)} <},
we need to show that

/ A(X,Y)dXdYZO, (3.47)
By

where A accounts for the differences between the right and left hand sides of
(2.18)—(2.21). More precisely:

/ /
A=|wy — 8002(22) (cosz—cosw)q‘ +lzx — 8602(22) (cosw—cosz)p‘
" ' (u) (sinz — sinw) pg| + d (u) (sin sinz) pq| + sinz
- inz —sinw - inw—sinz Uy — ——
4% 82 (u) pq qax 8¢2(u) pq YT e
(3.48)

Toward this goal, for any v >1 call
B,={(X,Y)€Quy; max{w(X,)Y),2(X,Y)}<m—27"}.
We can choose a sequence ¢, | 0 such that

En

(W w25 g ) (X, V) = (y0,2,p,)(X,Y) for ace. (X,Y)€B,.

By Egoroff’s theorem, for any §>0, there exists a subset F'CB, with
meas(F) < 4§ and

En

(u w25 p™ ™) — (u,w,2,p,q) uniformly for any (X,Y)€ B,\F.

Then for any (X,Y) € B,\F, there exists some vy >v >1 such that
max{w™ (X,Y),z"(X,Y)} <m—27".

It implies that

BN\FCB,, ¢, = {(X,Y) €Qy; max{w™(X,Y),z°"(X,Y)} §7T—2_”1}.
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Let A" be the same form of A in (3.48) with (u,w,z,p,q) replaced by

(usm,wen, 25 p*n ¢°). Equations (3.1)—(3.3) implies that A®» =2¢, on By, ¢, .
Thus we obtain

//B A(X,Y)dXdY://B \FA(X,Y)dXdYJr//FA(X’y)dXdY

= lim / / AT (X, Y)dXdY + / / AX,Y)dXdY
end0 ) JBA\F F

glirﬁ)// A (X, Y)dXdY +Cé=Cb6. (3.49)
n BV11572,
Hence
// AX,)Y)dXdY =0, (3.50)
B,

for every v>1. Letting v — oo in (3.50) and using Lebesgue’s monotone con-

vergence theorem, we conclude (3.47).

4. Global existence of dissipative solutions

0

Going back to the original variables, we now prove that the limit function u provides
a dissipative solution to the original wave equation, (1.1). The proof of Theorem 2.2

will be given in several steps.
1. Asin [5], by setting f =2 and then f=t in (2.15), we obtain

(14 cosw)p (14 cosw)p
TX =", Ix=——"7—"
4 4c (4.1)
(14cosz)q (14-cosz)q
Ty = — ) by = .
4 4c
Conversely, whenever cosw # —1 and cosz# —1, one has
_ 2 _ 2c
T (14cosw)p’ P (1 +cosw)p’
( ) ) ( < ) (4.2)
Yaczf 5 th:i
(14cosz)q (14cosz)q

As in [5], we can recover (t,z) by integrating either one of the equations for
x and for ¢ in (4.1). Indeed, from the equations (2.18)—(2.21) it follows that
Xy =Ty X and tXY :tyx for a.e. X,Y.

. For any (£,%), we now define u(f,z) =u(X,Y) where (X,Y) is any point such
that 2(X,Y) =7 and ¢(X,Y)={. We claim that the above definition of u(t,x)
is independent of the choice of (X,Y). Indeed (see Figure 4.1), suppose that
there are two different points (X7,Y7) and (X2,Y2) such that

I(Xl,Yl): I(XQ,YQ):f, t(Xl,Yl):t(X27}/2):E. (43)

Two cases must be considered.
CASE 1. X{ <X, Y7 <Y5. We then consider the set

I ={(X,Y); 2(X,)Y) <z}
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X, Y)

X,. %)

FiG. 4.1. Proving that the map (t,x)— u(t,x) is well defined.

with boundary dI';. By (4.1), (X,Y) is increasing w.r.t. X and decreasing
w.r.t. Y. This boundary can thus be represented as the graph of a Lipschitz
continuous function, namely

X-Y=¢(X+Y).
We now construct the Lipschitz continuous curve v as in Figure 4.1, left, con-
sisting of
- a horizontal segment joining (X1,Y7) with a point A= (X4,Y4) on Oz, with
YA = Ylv
- a portion of the boundary 0z,
- a vertical segment joining (Xs3,Y2) to a point B=(Xp,Yp) on 'z, with
Xp=Xo.
We can parameterize this curve in a Lipschitz continuous way, say
v:[€1,&2] — R?, using the parameter € = X +Y. Observe that the map (X,Y) —
(t,x) is constant along . By (4.1) this implies (14 cosw)X¢ = (1+4cosz)Y: =0,
hence sinw- X¢ =sinz-Y; =0. We now compute

62 . .
u(Xg,Yg)fu(Xl,Yl):/ (ux dX +uy dY) :/ (ps:;er qu‘z yg) dE=0,
el &1

proving our claim.
CASE 2: X; <X,, Y7 >Y5. In this case, we consider the set

Ffi{(XaY% t(X,Y)Sf},

and construct a curve v connecting (X1,Y7) with (X2,Y3) as in Figure 4.1, right.
Details are nearly identical to those of Case 1.

. In this step we prove that the function u provides a weak solution to the original

nonlinear wave equation, (1.1). According to (1.5), we need to show that

// b1 [ (w4 cug) + (ug — cuy) | — (c(u)qb)ﬁc [(ue+ cug) — (up — cug )| dadt =0

(4.4)
for every test function ¢ € C2°([0,00[xR). We now express the double integral
in terms of the variables X,Y, using the change of variable formula

P dXdy =22 cos? %0082 %dXdK (4.5)

dedt = T R (14 5) 2
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see [5] for details. Since only the absolutely continuous part of the measure
¢ (u)u? is accounted in the double integral (4.4), using (2.15) we obtain that
(4.4) is equivalent to

0= [ [ Blor—(c6).)] + S[on+ (c0).] da

_ / / 90V, by R+-20X 06 x S +0¢ $(ux Xo+uy Yo )(S — R)dadt. (4.6)

REMARK 4.1. The integrand in (1.5), or equivalently (4.6), contains the term
¢ (u)u? which multiplies the test function ¢. Computing the same integral in
terms of XY, a straightforward use of the change of variable formula would
lead to a Radon measure. However, it is only the absolutely continuous part of
this measure that actually contributes to the integral (1.5), i.e. the part with
max{w,z} <. For this reason, in (4.6) we need to insert the additional factor
6. We observe that, in the conservative case [5], this factor was not needed,
because in that case the corresponding Radon measure is already absolutely
continuous with density ¢(u)u2, for a.e. time ¢.

Using (4.5) to change variables and the identities

w 14+ cosw R sinw
I T T 1R 2
4.7
1 _COS2E_1+COSZ S sinz (4.7)
1+82 2 2 7 1+82 27

the double integral in (4.6) can be written as

R S dpq ([ sinw sinz
//{1+R2p¢Y+ 110X 05 (1+S2 N 1+R2> (S_R)¢} dxXdy

psinw qsinz
_//{ 5 oy + 5 bx

c'pq
8 2

+0

sinw sinz
= [ {5 or + 25 ox o

Since u,w,p are Lipschitz continuous functions of Y, while u, z,q are Lipschitz
continuous functions of X, after integrating by parts, it suffices to check that
the identity

(sinwsinz —sinwcos? gtan% —sinzcos? %tan%) QS} dXdY

Cglfzq [cos(w—2)—1] ¢} dXdy. (4.8)

psinw gsinz c'pq
( 2 ) +< 5 ) = 9802 [cos(w—2z)—1] (4.9)
Y X

holds at a.e. point (X,Y’). By (2.18) and (2.19) we have

(p sinw) N (qsinz) sinw N (sinw) N sin z N (sinz)
=Py p ax q
2 ), "2 ), 2 2 ), 2 2 ),

/
=0

cpq
16¢2

[(sinz —sinw)sinw + cosw(cos z — cosw)]
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/

+6 fépg [(sinw —sinz)sinz + cos z(cosw — cos z)]
—Hﬂ [cos(w—2)—1] (4.10)

which implies (4.9) and hence (4.4). Therefore, the function u provides a weak
solution to (1.1).

. It remains to prove that the weak solution u is dissipative. Toward this goal,

consider any 0 <ty <ty and a large radius r >0, and define
Q" ={(X,Y); X<r, Y<r, 1<t(X)Y)<t2}.
We can represent the above set as
C={(X)Y); X<r, Y<r, di(X+Y)SX-Y <(X+Y)},

for some functions ¢ < ¢o, Lipschitz continuous with constant 1. With refer-
ence to Figure 4.2, assume that

x(A)=a, x(B)=b, x(C)=e¢, x(D)=d,

for some a <b and ¢ <d. Moreover, let 71, 72 be the lower and upper portions
of the boundary of Q". From the equations (2.18)—(2.19) it follows that the
1-form

—cosw)
8

1—cosz)

Bds—(cM?)dt= & Pax - ?qy (4.11)

is closed. Therefore, the integral of the 1-form (4.11) along the boundary of Q"
is zero. In particular, this yields

/ {(1—cosw)de_ (1—cosz)qu}_/ {(1—cosw)de_ (1—cosz)qu}

8 8 8 8
:/ wdx_F/ mdyz(). (4.12)
AC 8 BD 8

We now observe that, at time ¢;, the total energy inside the interval [a,b] is
computed by

1
/ 5 [uf(tl,:ﬁ)+62(u(t1,x))ui(t1,x)] dx

1— 1—
_ / (A=coswp / (1=0082)d ey 143)
yin{w(X,Y)<r} 8 nn{z(X,y)<ry 8

A nearly identical formula yields the energy at time ¢ inside the interval [¢,d].
From the basic equations (2.18)-(2.20) one obtains the implications

wX,Y)=r=w(X,)Y')=7 and ¢(X,Y')=¢q(X,Y) forall Y'>Y,
2(X,Y)=r=2(X")Y)=7 and pX'Y)=p(X,Y) forall X'>X.
(4.14)
Combining (4.13) with (4.12) and using (4.14) we now obtain
1
[ 5 )+ ulta.2))i (12.2) da—

d
ut (t1,x (u(tl,:r))ui(tl,:c)) dz

I\DM—‘
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B
0 r X

Fic. 4.2. The set Q" considered in step 4 of the proof. In the contour integrations at (4.12),
the curve 1 is oriented from A to B, while 2 is oriented from C to D.

:/ (1—cosw)de_ (1—cosz)qu
Y\ {w(X,Y)=r} 8 y\=(xv)=n} 8

7/ (l—cosw)pdx+/ (1—cosz)q qy
e\ w(Xy)=r} 8 (X V)=ry 8

:[Yl{(lfcgsw)PdX_ (17(:80s2)qdy}_[m{(1fcosw)PdX_ (1—c8()sz)qdy}

—/ de+/ qu+/ Pax

yn{w(X,y)=r} 4 yn{z(x,v)=r} 4 yan{w(X,Y)=r} 4

—/ 94y >o0. (4.15)
y2n{z(x,y)=r} 4

Indeed, as shown in Figure 4.3, by (4.14) it follows

0 </ Pax / BdX,
y1N{w(X,Y)=n 4 Fo{w(X,Y)= 4

0<— / Yoy <— / 4 ay.
(XY )=} 4 2 {2(X,Y)=r} 4

Letting r — 400, we have a,c— —oo while b,d — +00. Hence (4.15) yields the
desired inequality on the total energy:

(4.16)

g(t2)=/°° %(uf(tg,x)+62(u(t2,x))ui(t2,x)) da

— 00

< [ 530+ Al n.e) de=Ew),

— 00
showing that the weak solution u=wu(t,z) is dissipative. O

REMARK 4.2.  Within the proof, we checked that the differential form (4.11)
is closed. This might suggest that, as in [5], our solution is still conservative.
The key difference can be explained as follows (see Figure 4.4). The contour
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Y

F1c. 4.3. The set where w=m grows as Y increases. Similarly, the set where z=m grows

as X increases. By (4.14), this yields the inequalities in (4.16).

FiG. 4.4. Left: characteristic curves in a conservative solution. At time T a positive amount

of energy is concentrated at a single point. However, for t>T1 the energy measure is again
absolutely continuous. Right: the characteristics curves in a dissipative solution with the same
initial data. When some of the energy concentrates at one point, it remains inside the singular
part of the energy measure p® for all subsequent times. The equations (2.18)—(2.21) imply
that this singular part of the energy is formally transported along characteristics. However it
does not affect the solution u at any time t>T.

integral

[ (Umcommln (oo )

yields the total energy at time ¢; inside the interval [a,b]. In general, this
energy is a positive Radon measure ;') on the real line. On the other hand
the integral

b
[ 3l ta) + et a))ed (.0)] da
accounts only for the absolutely continuous part of this measure. In the solution
constructed in [5], the measure u(*) is absolutely continuous for a.e. time t.
Hence £(t)=£(0) for a.e. t. On the other hand, in our dissipative solution the
singular part of the energy measure (corresponding to w=m or z=m) is always
increasing with time. Hence the absolutely continuous part can only decrease.
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