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ERROR ANALYSIS OF A DYNAMIC MODEL ADAPTATION
PROCEDURE FOR NONLINEAR HYPERBOLIC EQUATIONS*

CLEMENT CANCEST, FREDERIC COQUEL!, EDWIGE GODLEWSKI!, HELENE MATHISY,
AND NICOLAS SEGUINI

Abstract. In order to theoretically validate a dynamic model adaptation method, we consider a
simple case where the model error can be thoroughly analyzed. The dynamic model adaptation consists
of detecting at each time step the region where a given fine model can be replaced by a corresponding
coarse model in an automatic way, without deteriorating the accuracy of the result, and to couple the
two models, each being computed on its respective region. Our fine model is a 2x 2 system which
involves a small time scale; setting this time scale to 0 leads to a classical conservation law, the coarse
model, with a flux which depends on the unknown and on space and time. The adaptation method
provides an intermediate adapted solution which results from the coupling of both models at each time
step. In order to obtain sharp and rigorous error estimates for the model adaptation procedure, a simple
fine model is investigated, and smooth transitions between fine and coarse models are considered. We
refine existing stability results for conservation laws with respect to the flux function which enables us
to know how to balance the time step, the threshold for the domain decomposition, and the size of the
transition zone. Numerical results are presented at the end and show that our estimate is optimal.
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1. Introduction

In the context of the simulation of complex fluids, the inner heterogeneities of a flow
may lead to use several models with different degrees of accuracy. In an ideal situation,
these models can be related one another through asymptotic analysis: singular limits,
homogenization, space reduction, etc. A model may be preferred to the others according
to the local features of the flow: one aims at using the simplest one without deteriorating
the accuracy of the results in comparison with the results which would be obtained with
the finest model. It naturally gives rise to problems of coupling if different models are
used in different zones of the computational domain at the same time. Moreover, in the
case of transient flows, these zones may evolve in agreement with the structures of the
flow. Therefore, we have to tackle the problem of the automatic detection of the best
model to use among a given hierarchy of models; this is what we call dynamic model
adaptation. The difficulty is twofold:

e to estimate the decrease of accuracy due to the local use of a coarser model
instead of a reference model,
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2 MODEL ADAPTATION FOR NONLINEAR HYPERBOLIC EQUATIONS

e to handle the use of different models in different regions of the computational
domain.

A byproduct of these two issues is the necessity of estimating the error due to
the coupling of the different models. Such estimates are usually called modeling error
estimates and go back to the early works of Oden et al. (see [34, 31, 30, 33]) for het-
erogeneous materials, [32] for Solid Mechanics, and [1] for laminated plates and shells.
A posteriori error estimators were developed in a general setting in [5] in order to
equilibrate the modeling error with the numerical error for a global adaptive method.
Since these pioneer works, model adaptation has seen a large increase of interest, see
for instance [29, 2, 28, 17, 18, 15].

The applications we have in mind here prevents us from following the methodologies
proposed in the literature. Indeed, we are interested in compressible fluids with stiff
effects such as phase transition, thermal exchanges, and drag force in two-phase flows,
and more generally in nonlinear hyperbolic systems of PDEs. Model adaptation for
several of these applications have already been addressed in [27] by the authors, in a
more heuristic way due to the complexity of the investigated models. Given a system
of balance laws with a stiff source term, we proposed in [27] an error indicator to
dynamically replace this model by its equilibrium approximation. To do so, a Chapman—
Enskog expansion is performed at the numerical level and we use the first-order corrector
as the modeling error indicator. Even if it is impossible to theoretically assess the
relevance of this approach, the numerical results are very good. We then obtain a fully
dynamic model adaptation method for nonlinear systems of hyperbolic equations (very
similar methods are proposed in [17, 18] for kinetic equations and their hydrodynamic
limits).

In the present paper, we aim at providing theoretical arguments in favor of our ap-
proach. Due to the actual knowledge in this field of Mathematics (see for instance [16]),
we have no other choice than to restrict ourselves to much simpler models than those
investigated in [27], so as to be allowed to use error estimates for nonlinear hyperbolic
equations. The hierarchy of models we focus on is based on the classical relaxation
framework, and the coupling is performed between a 2 x 2 relaxation (fine) system with
its (coarse) equilibrium scalar conservation law. The fine model is

Opus(x,t)+ 0, F(us(x,t),vp(x,t))=0, (L1)
Oy (x,t) +0,G(us(z,t),v5(x,t)) = %(Ueq(x,t) —vy(z,t)), '

where us,v¢: R xRy — R are the unknowns. Functions F, G, and v.q are assumed to be
smooth and the constant 7 >0 denotes the characteristic time and may be considered
to be small. As a result, if this time is neglected in the sense 7— 0, one obtains the
coarse model

{atuc(a:,t)+8zF(uc(w7t),veq($>t)) =0, (1.2)

Ve(2,t) = Veq (2, ).

The dynamic model adaptation consists of automatically replacing (1.1) by (1.2) in
time and space with a sharp control of the error induced by this replacement and by
the coupling at the transition zones between the two models.

In this relaxation setting, we may mention some convergence results for the interface
coupling of the Jin—Xin relaxation system with its limit conservation law initiated in [6],
the subject has received some recent interest [21, 14]. However, the interface remains
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fixed, there is no error estimate nor adaptation procedure, which is the aim of our
present work.

In practice, the algorithm to define our adapted solution (u,,v,) relies on a discrete-
in-time procedure. To evolve from time ¢,, to time t,,41 =t, + At,, where At, is a given
time step, we perform the following computations (we only present in this introduction
a simplified and slightly false version, see Section 2.3 for the full description of the
method):

1. Assume that (ug,v,)(-,t,) is known and let X >0 be a given threshold.

2. Solve the Cauchy problem for all z€R (we assume here that it can be done
easily)

Ov;(x,t) + 0, G(ug (z,ty,),v;(z,t)) = %(veq(m,t) —vi(x,t)), tE[tn,tnii],
Vi (X, tn) =va (T, tn).
(1.3)
3. Define the fine domain by Qgp") ={zeR | ||v;(-,t) = Veq (-, 1) ||1,00 = Aty 3, for all
tE [tn,tnsa]}-
4. Computation of v,:
(a) Define a regularized characteristic function xs(.,t) € C(R;[0,1]) such that
Xs(z,t) =1 if 2€ Q| x5(x,t) =0 if d(z, Q") > 8, t € [tn,tnia]-
(b) Define

Vg =XsVi+ (1= X5)Veq in RX [ty tni1]. (1.4)

5. Computation of u,:
solve the scalar conservation law

Optig + 0 F(ug,v,) =0 (1.5)

for x €R and t € [t,,,tn41], with initial data ug(-,t,).

The goal is to perform an error analysis between the solution (ug,v,) of the model
adaptation algorithm and the solution (uy,vs) of the fine model (1.1) in order to fix
the different parameters of the model adaptation algorithm (the time step At,, the
threshold ¥, and the buffer size d) and to obtain an error estimate between (uq,v,) and
(ug,vf).

Because of step 2 of the previous algorithm, where we have to solve the equation
of the fine problem (with a perturbed initial data v,(-,t,) instead of v(-,t,)), there is
no hope to save some computational time with this method. Nevertheless, it appears
to be important to quantify rigorously the error ||uy(.,t) —u,(.,t)|| made by such an
adaptation procedure in order to justify the numerical behavior of coupling algorithms
in more complex cases, as for example those presented in [27], where carrying out such
an analysis is out of reach.

In [27], we have described the dynamic adaptation procedure directly at the nu-
merical level. We had at our disposal a numerical indicator, derived from a Chapman—
Enskog expansion, which depends only on the solution « (precisely on an approximation
u? of us(z,ty,)), for evaluating the distance between v and v.,. Unfortunately neither
at the discrete nor at the continuous level do we have any theoretical result for eval-
uating this distance. Hence, since we want here to quantify precisely the model error
llug(.,t) —uq(.,t)]|, we make in step 2 the assumption that it is possible to compute v;
(which means that it is possible to compute vy). Going a step further in this direction,
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in order to lead the analysis on a precise background, we now restrict ourselves to an
even simpler case where G =0 in the model (1.1).

Hence, the hierarchy of models we now focus on is based on the coupling of a scalar
conservation law with a stiff ordinary differential equation.

Opug(,t) + 0 F(up(2,t),05(x,)) =0,

1 (1.6)
Owyr(x,t)= ;(’ueq(az,t) —vy(z,t)).
Due to the possibility to exactly compute vy in the fine model (1.6), the different models
rely on scalar conservation laws of the form

Opu+ 0y f (u,x,t) =0. (1.7)

From the mathematical point of view, it is well-known that the classical theory of well-
posedness for such equations requires that f be a smooth function of its three variables
(see [23]). It is obviously the same when one aims at deriving error estimates (see
(24, 11, 26, 3, 19, 9, 22, 10, 13, 25] and Appendix A.2). The main tool we use is an
estimate obtained when considering two conservation laws with different flux functions.
This has been studied by [26, 3] and recently by [25] (see also [13]). We adapt these
results in Appendix A.2 to our setting. We then have to pay a special attention to the
smoothness with respect to (w.r.t.) z of the underlying problems to solve. Coupling
problems with infinitely thin coupling interfaces can be found for instance in [20, 12,
21, 27] but developing error estimates for such problems seems out of reach: to our
knowledge, the only example of (numerical) error estimates for a discontinuous flux f
w.r.t. x is done in [8] and this result does not apply here. We thus have to consider
a regularizing buffer zone for the model coupling, as done by [17, 18] and [4]. This
is the reason why we use the regularized characteristic function ys in (1.4) instead

of the classical characteristic function 1,0 Of course, the error estimate between the
7

solution (u,,v,) of the model adaptation and the solution (uys,vs) of the fine model (1.6)
blows up when ¢ tends to 0 so that we have to carefully calibrate ¢ in order to control
the error due to the model adaptation. Thanks to the estimate of Appendix A.2,
we are able to balance the threshold parameter ¥ and the buffer size §, see (3.35) and
Theorem 3.9. Even if our analysis is restricted to simple models which may be considered
far from realistic problems, we believe that the rates we obtain between parameters of
the adaptive method can be used for more complex models.

Let us now present the outline of the paper. In Section 2, the fine model and the
associated coarse model are described in details, with a special care to the smoothness
of the different functions. Then, a discrete-in-time model adaptation algorithm is given.
Section 3 first collects the error estimates due to the adaptation, w.r.t. the different pa-
rameters of the adaptive algorithm. Using the error analysis developed in Appendix A,
we are able to prove Theorem 3.9 where an error estimate between the solution of the
fine model (1.6) and the solution provided by the dynamic model adaptation procedure
is given. In the last section, we numerically illustrate the dynamic model adaptation.
The fine model corresponds to a transport equation of a chemical component u; with
a speed vy which depends on the external medium. With sufficiently small numerical
parameters in order to avoid any interaction between the modeling error and the nu-
merical error, we verify that the error estimate is optimal. The final section is devoted
to some related ongoing works and possible extensions.
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2. The models and the dynamic model adaptation

2.1. The fine model. We first consider the solution (uy,vs):R x Ry — R? of the
so-called fine model, that is

Opug(,t) + 0 F(up(2,t),05(x,)) =0,

—_

up(,0) =gz,
vy(z,0) =vo(z).

Owvr(x,t) = = (Veq(,t) —vy(2,1)), 2.1)

In the above system, the flux function F is supposed to belong to C?(R?%;R), with
uniformly bounded first order and second order derivatives. Moreover, we assume that
F(0,0)=0 for all v€R. The relaxation time 7 is assumed to be constant and strictly
positive. Concerning the equilibrium state veq, it is supposed to belong to C?(Ry xR, ),
and to be constant outside the cylinder (—R,R) xRy for some R>0. The initial data
vp is supposed to belong to C2(R), and to be equal to veq for |z| > R. As a consequence,
Vf =Veq outside (—R,R) X R4.

In the system (2.1), the second equation is linear and decoupled from the first one,
so that it can be solved apart. Therefore, vy is explicitly given by: V(z,t) eRx Ry,

s 1 act
vf(m,t):vo(m)ef7+f/ Veq(z,a)e ™ da. (2.2)
TJo

It is easy to check that vy €C?*(RxR,) is uniformly bounded as well as its first and
second order derivatives, so that the function s— F(s,vs(z,t)) is regular enough to
ensure the existence and the uniqueness of the Kruzhkov entropy solution uy (see [23])
to the problem

O+ 0, F(up,v5)=0 in RxRy,
us(-,0)=wup.

In the sequel, we will assume that ug€ L*°NBV(R), so that, thanks to [23, 13, 25],
the solution uy itself belongs to Li® N BVioe(R xR, ). The stability result is recalled in
Appendix A (see Theorem A.1).

2.2. The coarse model. Roughly speaking, in the case where 7 is small, vy
should be close to voq. Therefore, a natural coarse model for approximating the solution
of (2.1) consists of

Ot (x,t) + 02 F (ue(x,t),veq(2,1)) =0, (x,t) eRx(0,00),
ue(z,0)=up(z), x€R, (2.3)
Ve(T,t) =veq(z,t), (x,t) eERxRy.

Here again, due to the regularity of veq, the problem (2.3) admits a unique Kruzhkov
entropy solution u. belonging to Li® N BVi,.(R xRy ) for ug € L*NBV(R).

loc

2.3. Adaptive modeling. We aim now at solving the coarse model (2.3) where
. is close to uy, and to turn back to the resolution of the system (2.1) in the zones where
U is not a satisfactory approximation of uy. To do so, we introduce a time-dependent
partition of R, i.e:

RZQf(t)UQC(t), Qf(t)ﬂﬂc(t):Q), Vvt >0. (2.4)
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In order to define the sets Q; and (2., we introduce three threshold values ¥ >0, ¥’ and
¥"” >0, and a time step At, >0 for the adaptation procedure. For n €N, we denote by
I,, the interval [t,,,t, 1), where ty, =kAt,. We also introduce the size of the regularized
buffer zones, denoted § in the following.

Let us now describe the model adaptation procedure which defines the func-
tions (uq,vq):Rx Ry —R? intended to approximate the solution (uf,v¢) of the fine
model (2.1):

INITIALIZATION:
Define (u((l_l)ml(z_l))(‘,o)Z(UOaUO)(')-
FroOM t,, TO t,41:

1. Define the indicator function v
problem

(n)

; RxI, =R as the solution of the Cauchy
n 1 n
(‘9,5112( ) == veq—vZ( )),

.
o™ (,tn) :v,(lnfl) (-, tn)-

2

(2.5)

2. Define the open subset Qgcn) of R by

Q) — {0 R [ea(int) ~ o 2,0)] > A1,

7

|00 Veq (,8) — 0pv™ (2,8)] > ALY, or |02,0™|> %" vte In},
(2.6)

/—/OH
and Qg") :R\Q;n).
Define Q(t) = Qgcn) and Q. (t) = Q™ for all tel,.
3. Define a regularized characteristic function xs € C*(R;[0,1]) such that

1 ifzeQ®
)= ;2 2.7
xs(@:t) {o if d(, Q) 24, @7)

for all t €I, and z € R, and such that there exist a; and oy depending neither
on €2y nor on ¢ such that

(671 (&)
19235 (D)l oo < 757 ||351X5(‘,t)||oo§57~ (2.8)
(Notice that such a function xs always exists.)
4. Solution to the model coupling problem:
Define v € C2(R x I,,;R) by
o = x50+ (1= X0 e (2.9)

Define v €C ([tnstn+1]; Li,.(R)) as the unique Kruzhkov entropy solution of
the scalar conservation law

ol +0, F (ul” i) =0,
{t“ * (“ ! (2.10)

u((ln)(atn) — u((ln_l)('atn)‘
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Thanks to this algorithm, we are now able to define the solution of the dynamic model
coupling procedure by: for all t € I,,, for almost all x € R,

(ua,va)(x,t) = Z(u((zn)’vc(bn))(x’t) 17, (t)
n=0

We also introduce for the following the global indicator function

vilt) =Y _v (1) 1,
n=0
Let us note that for all ¢t € Iy, we have v; =vy, which yields

v((lo):x(;vf+(1fx(;)veq. (2.11)

REMARK 2.1. It is worth noting that neither v, nor v; are continuous w.r.t. time due
to the adaptation procedure. Nevertheless, the functions are piecewise smooth w.r.t.
time, discontinuities appearing only at the ends (tx),~, of the time steps. Therefore,
the function wu, is uniquely defined. Moreover, in view of Theorem A.l presented in
Appendix A (see also [25]), the total variation of ul(ln)(-,t) is controlled for all t € I,,, so
that the application ¢ — TV (u4(+,t)) is locally bounded on R .

REMARK 2.2. Notice that, thanks to the assumption vy =veq on {|z|>R} xR, one
has Qf(t) C {|z| <R} for all t>0.

3. Quantifying the modeling error linked to adaptation
We restrict our study to an arbitrary finite time horizon T >0, and, for the sake of
simplicity, we assume that there exists a positive integer N, such that T'=N,At,.

3.1. Quantification of the error |v;—uv,].
LEMMA 3.1. There exists ¢ depending only on 7 and T (but not on X, ¥/, 6, and At,)
such that, for all n>0,

[V (2,tn) —vp(2,t,)| < X1 |5 < g (3.1)

Proof. First, in view of Remark 2.2,
Ve (T, tn) =vy(x,ty,) if |z|>R.
Now, fix € (—R, R). Clearly, because of the definition of Ugo), one has
Vg (2,0) —vy(x,0)] <ALX ST, (3.2)
so that (3.1) holds for n=0. Now, assume that (3.1) holds for n >0, then
[va (@, thg1) —vp (2, tns)| <A+ B, +Ch, (3.3)

where, due to the Definition (2.9) of 8™ and since Ve (2, tn41) :v((z”H)(

set

Z,tn+1), we have

An = |'Uc(ln+1)($,tn+1) — U§n+1)(177tn+1)|,

By =10 (@ tn 1) =0y (@, tn1)|
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= (1= x5(2, 1)) Veq (@ tgr) — 00 (@t 1)

Coo =" (2, tngr) — 0 p (2 tnsr)]
Bearing in mind the definitions of Q;n-u) and Q;n)7 we have
A, <At % and B, <At,>. (3.4)

On the other hand, using the fact that vgn)(a:, -) and vy (z,-) satisfy the same linear ODE
)

on I,, for different initial data, w(™ (z,-):=v;" (z,-) —vy(z,-) is the solution on I,, of

w(”)(x,tn) =g (x,tn) —v(z,ty).

Therefore, we can write
Cn=e 2/, (2,t,) —vp (2,t)|. (3.5)
In view of (3.3), (3.4), and (3.5), we obtain that
[a (T tni1) =V (2t 1) < 20t S+ e M/ T, (2,t,) —vp (2,t)],

yielding by induction that

2At e
|'Ua(x,tn) _Uf(x,tn” S 1_6—7;;@/72_'_6 Ata/ |Ua(x’0) —’(_}f(I,O)|

It only remains to check that the function t'—>1_627ftﬁ is increasing, so that, since
At, <T,

2T
=Y+ [va(2,0) — vy (2,0)].

|Ua(x»tn)_vf($atn)‘§H7,W

We conclude by using (3.2). O

LEMMA 3.2. There exists ¢ depending only on 7 and T (but not on X, ¥/, §, and At,)
such that

|Ua(x7t)_vf(x7t)‘SCZI|$\<R(x)7 \V/(l‘7t)€R>< [OvT) (36)
Proof. In the case t=T, then (3.6) is nothing but (3.1) with n=N,. Assume now

that t€[0,T), then there exists a unique n € {0,..., N — 1} such that ¢ € I,,. The triangle
inequality yields

|’Ua(1',t) _vf(x7t)‘ < |’Ua(.’L',t) _vi(xat” + |Ui(x7t) —Uf(.%',t)|.

The first term of the right hand side is bounded by At,>, while the second one is
bounded by

Joi (a,8) — o7 (2, )] < oD (,8,) — vy (2, t)] < €T By +Cos),

where the quantities B, _1 and C,_1 have been introduced and controlled in the proof
of Lemma 3.1. O

The proof of Lemmas 3.1 and 3.2 relies on two arguments, namely
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1. vy and v; are solutions of the same contractive ODE with different initial data;
2. the error between v, and v; is controlled thanks to the adaptation procedure.

These two arguments still hold when one considers the space derivatives 0,vq, 0.y,
and 0,v; instead of the functions v,, vy, and v;, but one has to take care of the per-
turbation introduced by the buffer of size §. This leads to the following two lemmas.

LEMMA 3.3. There exists ¢ depending only on 7 and T (but not on X, ¥/, §, and At,)
such that, for all n€{0,...,N,},

|8wva(x,tn)—8$vf(x,tn)|Sc(E'—i—?) 1, <r(z), VzeR. (3.7)
Proof. First, we use again Remark 2.2 to claim that, for all ¢>0 and for all x such
that |z| > R, one has
Oxva(2,t) = Ozvy(2,1).
Consider now the case z € (—R, R). The Definition (2.11) of o8 provides that
va(2,0) — vy (2,0) = (1 - x5(2,0)) (veq(z,0) — vy (2,0)),
so that, in view of (2.7) and (2.8), one has

«
020a(2,0) — 05 (2,0)] < (1020 (,0) = Dy (,0)] + 5 [vea (2,0) =7 (2,0)]) Lo,

It follows from the definition of Qgco) that

0,00 (2.0~ D,vs(2,0)| < A, (m C“f) <c (m?) . (3.8)

Now, fix n€{0,...,N, — 1}, then, since UZ("H)(-,th) Evén)(',tn+1), we have
|axva(m7tn+1)_amvf(xatn+1)|SDn"'gn"']:na (39)
where we have set

7 ’

O (UG"H) —v(”+1)) (z,tnt1)

En =02 (08" =) (@tns1)
Fn= 8"5 (vl(n)fvf) (Iatn—i-l)"
In view of the Definition (2.9) of v((lnﬂ), one has

vl(ln+1) —Uz‘(nH) =(1-ys) (ch _UZ,("“)) on Rx 1,41,

so that, due to the definitions of Qgcnﬂ) and xs, we obtain that

5
D, < At, (2/ + O‘:S) Lo (2). (3.10)
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Similarly,
alZ
E, < At, <Z’ + 5) 1an) (:L‘) (3.11)
In order to get a bound for F,,, we notice that z(™) ::axvﬁn) —(9357);”) is the solution on
I, of

Opz(™ 4 1 z("):O
(”)(x,tn)78mva(x,tn)fﬁmvf(:c,tn),

so that, as in the proof of Lemma 3.1, we obtain that
Fon < B/T10,0, (2,t,) — Dpvf (T, 1))

We conclude by mimicking the induction detailed in the proof of Lemma 3.1. a

We derive the following lemma, whose proof is left to the reader, from Lemma 3.3
by adapting the proof of Lemma 3.2.

LEMMA 3.4. There exists ¢ depending only on 7 and T (but not on 3, ¥/, 6, and At,)
such that

cha(x,t)—axvf(x,tﬂ§c<2'—|—§> 1z<r(7) V(x,t) eRx[0,7T). (3.12)

The last estimate we need concerns the second order space derivative of v,.

LEMMA 3.5. There exists ¢ depending only on veq, vy, and T such that

DD ¥
|a§$’0a(l’,t)‘ §C<1+E//+ 62 + — 5 ) V(‘T,t) ERX [O,T) (313)

Proof.  Here again, the proof is based on an induction argument. For ¢ € I, it
follows from (2.11) that

a:%x 1(10) = X(SaQZUf +(1- Xé)aixveq +205(vf — Veq)uXs + (vf — Ueq)azzx&
In view of the Definition (2.7) and of the properties (2.8) of the function xs, we get that

2042 (o9
- +52—2 on R x [0,At,]. (3.14)

(agwgo>‘gmax{|angf|,; wVea|

In particular, due to the regularity of v; and veq, the relation (3.13) holds for (z,t) €
R x Iy for c=c¢q defined by

co—maX{HamfoLm(Rxlo ||3mfveq||Loo RXIO)72a17a2} (315)
Now, fix n>1, and assume that there exists ¢, _1 such that

DI VY
D0l (@) = |02, f”’(xt”)Scn_1<1+E"+52+5)
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Then, for all z € R, the function ¢+ 92 (n)( t) is the solution of the linear ODE

III

ata%z zn ( ) 18%13 zn ( t) 182 Ueq(x7t)7
52 (n)( tn) = 82 (ﬂ 1)( tn).

’I"I'Z

In particular, for all t €1, one has

(n S
02,08 ()] < 102,00 (7)< e (1+Z”+52+ 5) (3.16)

Recall that the function v{™ is then defined by (2.9), so that, on R x I,,, one has
02500 = X602:00" 4+ (1= X5) 92 s veq + 200 (0" = veq)Ouxs + (0" —veq) 2 X5. (3.17)

Since v{™ Evin) in Qgc") x I,,, one gets directly from (3.16) that
> Y =
102,08 (2,8)| < ey (1+2”+62 +5 ) V(z,t) € QY xT,. (3.18)

Now, for (z,t) e 0™ % I,,, one has

(n)

Qixyl(n) O 6z(vz(n),yeq)’§2'7 and  |v; ) —Veq| <X
Therefore, using again (2.8) in (3.17), we obtain
2001 by o
0,0 (@,8)| <103, Veq |l o + 5" + a; +O%, V(x,t) e xI,. (3.19)

In particular, it follows from (3.18) and (3.19) that

DYDY
n "
:vm <(1 (x,t)\gcn <1+Z +52+ 5)

where
_ 2
Cn —max{cn_l, ”amveanw(Rx(o,T))’ 2001, a2}.

In view of the Definition (3.15) of ¢y, we obtain by a straightforward induction
that (3.13) holds with
c=max {[|0%,0¢ || Lo @x (0.1)s 054 Veql| oo (mx (0,19 2001, 2} -
0

3.2. Quantification of the error |u;—u4|. In this section, our goal is to
quantify the error produced by the adaptation procedure described in Section 2.3. To
do so, we will overestimate

lua —wsllco,m,00 ®)) (3.20)

where T is an arbitrary final time, thanks to quantities depending on X, ¥, and 4.
Then, for a suitable choice of these quantities, we will guarantee that the modeling
error (3.20) can be enforced to remain as small as desired.
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Setting
fi(s,z,t) ERXRX R4 = F(s,04(x,t)) (3.21)
and
g:(s,x,t) ERxR xR = F(s,vf(x,t)), (3.22)
the function u, is then defined as the unique entropy solution to the problem

Opttg + 02 f (1) =0  in Rx (0,00),
g (+,0) =ug in R,

while uy can be seen as the unique entropy solution to the problem

Oy +0,9(up)=0 in R x(0,00),
us(-,0)=wuog in R.

Therefore, in order to quantify the difference between u, and uy, we will use a stability
result w.r.t. to the flux function established in Appendix A.

Using Theorem A.3, we obtain that for all t* >0, one has
* * . CQ
||’U,a(.’t )_uf(at )HLI(R)SIQE 601+?+C3 5 (323)

where, in view of the definition of the functions f and g, we have set

.
01=a+5|\asawf||w+3/ Sup |02, F(5,-41) | ot (3.24)
0 s€eR
.
Co=2 [ [ 1 =g) )it (3.25)
0 R

Co= [ [ 10uF = 9) st et (3.26)
0 R

In the Definition (3.24) of C1, the quantities & and 8 depend only on ¢* (in an increasing
way), ug, F' and on the fine solution vy, but not on the adaptation procedure. They are
made explicit in Appendix A.2.

REMARK 3.1.

1. Theorem A.3 gives a localized in space error estimate. Nevertheless, since the
flux functions s— F'(s,v,(2,t)) and s— F(s,v(z,t)) coincide on {|z|> R} X
R, the contribution of the flux functions variation is located on a finite measure
space. Then, the error produced by the adaptation procedure travels with a
speed lower than or equal to |0, F'|| o, so that after a time ¢, the functions uy(-,?)
and ug(+,t) may differ only on {|z| < R+t||0,F ||~ }. Therefore, considering the
L'-norm on the full space R is meaningful in (3.23).

2. Because of the previous point, the integrals w.r.t. the space variable appearing
in (3.24)-(3.26) can be considered on the full space R. As a consequence, the
integration domains do not depend on € as it is the case in the more general
case presented in Appendix A.2. Therefore, the quantities defined as Cf in
Appendix A.2 do not depend on € in the present case. This justifies the fact
that we denote them by C;, without e.
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LEMMA 3.6. There exists c>0 depending only on the data F', ug, vy, veq and in an
increasing way of t* (but not on the adaptation procedure) such that Cy, defined by
(3.24), satisfies

(3.27)

DYDY
0 82 6 6%)

by
Clgc<1+2”+2’++(z’)2+++

Proof. Bearing in mind the Definition (3.21) of the flux function f, we obtain that
0505 f(8,2,1) = 050y F (8,04 (2,1)) 0y v (2,1),
so that
10502 fll oo <1050 F || o (1020 oo + [0z (va = v)lloo) -

In view of Lemma 3.4, we deduce that

2
10:0. 1l <10.0, Pl (10s01 +37+ 35). (3.29)
Similarly, we have
02, f (u,,t) = 02, F (u,va (2,1)) (Opv5 (2,1))* + 00 F (1,04 (2,£)) 2, Va,
so that

Sgg”&izf(s,wt)ﬂ <02 F | . (10505 lloo + 10 (va = v5)lloo)* + 100 Fll 0 193000 (1) oo
2
Using Lemmas 3.4 and 3.5, we deduce from the fact that (Zle ai) < kZ:f:l(ai)2 that
2 1
sup 02, (50 < 3102 Pl (10000l + ()" 4 5552
DI
+||81,F||mc<1+2"+6+52>. (3.29)

Hence, denoting by c a generic quantity depending only on the data I, ug, vy, veq, and,
in an increasing way, on t*, we deduce from (3.24), (3.28), and (3.29) that (3.27) holds.
o

LEMMA 3.7. There exists ¢ depending only on the data F', R, and t* in an increasing
way (but not on the adaptation procedure) such that Co, defined by (3.25), satisfies

Cr<ey. (3.30)

Proof. 1In view of the regularity of I’ and of Lemma 3.2, we have
[f =gl =1F(s,0a) = F(5,05)| <[|0u Fl|oc|vs = va| <[|0u Fl|0cX1(~R,R)-
Estimate (3.30) then follows directly from the Definition (3.25) of Cs. d

LEMMA 3.8.  There exists ¢ depending only on the data F', v¢, R, and, in an increasing
way, ont* (but not on the adaptation procedure) such that Cs, defined by (3.26), satisifes

03§c<2+2’+§). (3.31)
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Proof. For all s€R, one has
Or [(8,2,t) =0, F(8,04(2,1)) = Oy F(8,04(2,1)) 0pva ().
Similarly,

amg(s,:at):6UF(s7vf(x,t))8xvf(:r,t)
=0, F(8,04(,t))0pvf(x,t) + [0 F (8,04 (2,t)) — 0p F(s,04(,t))] vy (2,1).

Therefore,

02 (f = ) <100 F o]0 (v = va) |+ 1000 |0 |05, F ll oo |0y = val-

The Lemmas 3.2 and 3.4 then yield

2
10, ()50 < (10 F e (24 25 ) 4 1000708 F 3 ) 1 o),
s€

Estimate (3.31) follows from integrating on R x (0,t*). O

We aim at letting ¢, 3, and ¥/ go to 0, but it is expected that a good scaling can be
selected so that the error contributions for Cy, Cs, and C3 can be balanced. The first
step consists of course in balancing the error contribution within each C;. To do so, it
appears from (3.27) and (3.31) that it is relevant to fix

o=3. (3.32)

We also propose to choose ¥ as a constant, and for the sake of simplicity, we set
»'=1. (3.33)

Because we investigate the limit §,%,%" — 0, this implies that 3 is negligible w.r.t.
¥'=3%/6. As a consequence of the choices (3.32) and (3.33), we obtain for Lem-
mas 3.6, 3.7, and 3.8 that

b)) b))
C1<c<1—|—62> , Cy<eX, and C3§C§' (3.34)
Now, balancing the contributions in C; suggest that we choose
§=x1/2 (3.35)
so that (3.34) turns to
Ci<e, (y<c®, and CO3<cnt/? (3.36)

where ¢ denotes a generic quantity depending on the data and on t* in an increasing
way.

THEOREM 3.9. Fiz >0, then with the choices (3.32) and (3.35) of the parameters &
and X', there exists ¢ depending only on ug, F, vy, R, and T such that

g = le (om0t Ry < 22 (3.37)
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Proof.  Let t* €[0,T], then taking (3.36) into account in (3.23) provides that

by
LR Lo < * ~ 1/2
wa (- t*) =g (- )| 1 ) < c(t )gg (e—i— . +3 ),

where the dependence of ¢ w.r.t. t* has been stressed. Therefore, since ¢ depends in an
increasing way of t*, we deduce that

* * . E
llug (-, t*) —up (-t )||L1(R) Sc(T)glg <e+6+21/2>.

The optimal choice of € for minimizing the right hand side is clearly e =X/2, yielding
luta (-, 8%) =g () |1 ) < e(T)E2,

Since both u, and uy belong to C([0,77; L (R)) (see [7]) and since u, —uy is com-

pactly supported in space with support in [—R, R], we obtain that u, —u, belongs to
C([0,T);L*(R)) and that (3.37) holds. 0

4. Application to a model of transport with inertia
In this section, we illustrate the dynamic model adaptation procedure on the simple
example of a transport equation. Let veq € C*(R x R.) be the material speed of the flow,
that is supposed to be given. Then we are interested in the concentration u of a chemical
component convected by the flow. The coarse model consists of assuming that the speed
of the chemical particles is exactly given by veq. This yields the equation
{(%uc—l—@w(vequc):(), (4.1)

U (0) =wup.

But taking into account the inertia of the particles leads to consider that their speed
does not coincide with the material speed of the flow, but is given by vy defined by the
ODE

Orvy =7 (Veq —vy),
{vf(~,0)vo. (42)

The resulting concentration us obeys the equation

&gUf —|—8w(vfuf):0, (4.3)
uy (O) = Uo,
where vy is solution of (4.2).

As soon as the concentrations u; and u. remain uniformly bounded, the problem
enters the frame exposed in Section 2. Therefore, we can apply the dynamic adaptation
procedure described in Section 2.3 while controlling the error thanks to the analysis
carried out in Section 3.

In order to illustrate our purpose, we have computed numerically the solutions .,
uy and u, thanks to an explicit upwind finite volume scheme. The speed vy, as well as
the speed v; necessary to build v, are computed thanks to a fourth order Runge-Kutta
scheme.
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1 equilibrium selution veq 0 fine solution vf

2 eoarse solution e 2 fine solution u_f

F1G. 4.2. The concentration u. computed with the coarse model (4.1) (left) and the concentration
uy computed with the fine model (4.3) (right) plotted in the (x,t)-plane.

2 adapted solution u_a fine model domain Of

Fi1a. 4.3. The concentration uq computed via the adapted model described in Section 2.3 (left)
and the evolution of the domains Qg (red) and Q. (blue) w.r.t. time (right) plotted in the (x,t)-plane.
»=0.1.

We define the function v by
1 if <0,
v(z)=¢1-8z3(1—z) ifx€(0,1/2],
1-v(l—=x) ifx>1/2,
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difference uf-uc difference ua-uf

FIG. 4.4. Plot in the (x,t)-plane of the difference between the fine and the coarse solutions uc —uy
(left), and the difference between the fine and the adapted solution uq —uy (right, ©=0.1). Notice the
difference in the scales along the vertical azes.

fine model domain Of difference ua-uf

F1a. 4.5. We plot in the (z,t)-plane the results of computations for ¥ =0.01, i.e., the fine domain
Qg (t) (in light gray, left), and the difference uq —uy (right). For the left figure, check that the size of
the fine domain grows when ¥ decreases. For the right figure, notice the difference in the scale along
the vertical axes w.r.t. Figure 4.4.

then the equilibrium speed, plotted in the (,t)-plane on Figure 4.1, is given by
Veq(z,t) =v(Jx —5—2.5c0s(t)]) +0.3.

The relaxation parameter 7 is set equal to 0.5.

For the adaptation time step, we have set At, =/50, and the numerical time step
has been set to At =At,/10. Following the analysis carried out in Section 3, we use X
as a parameter, and X', X", and d are fixed by

Y =§=x2 ' =1.

We define up = 1,<5, so that we can build the functions u¢, u. and u, for any choice
of the parameter X.

We present now the results obtained for ¥=0.1. On Figures 4.2 and 4.3, we can
see that all the solutions look similar. Nevertheless, it appears on Figure 4.4 that, as
expected by our study, the adapted solution u, is much closer to the fine solution u
than wu..
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0.03

F1G. 4.6. Numerical evaluation of ||ua —uys|lL1((1,0)x(0,27)) @8 @ function of ¥ (solid blue) plotted
in log-scale, linear function with slope —1/2 (dashed green).

We plot some results obtained for the lower value of >=0.01 on Figure 4.5. As
expected, the fine domain €2 in this case is larger than in the case where ¥ =0.1, and
the error |u, —uy| is smaller.

Finally, we present on Figure 4.6 the L'((1,9) x (0,27))-error between the fine so-
lution vy and the adapted solution u,. The saturation of the convergence if due to the
numerical approximation of the solution. Indeed, refining the space and time discretiza-
tion makes the saturation value decrease.

5. Conclusion

We derive in this work an error estimate for a simple algorithm of dynamic model
adaptation applied to nonlinear hyperbolic equations. In order to perform this analysis,
we have to consider thick interfaces of coupling. Using Theorem 3.9, we are able to
define the size ¢ of the smooth buffer which connects the fine model to the coarse model
w.r.t. the parameters of the model and of the procedure. Note that we were led to adapt
the stability results obtained by [25] in our context. We also provide some numerical
computations to illustrate the optimality of our result.

We only concentrate on a discrete-in-time procedure for the model adaptation. It
would be interesting to include in the analysis the numerical error to obtain a full
numerical procedure of model adaptation, as done for instance in [5]. The main tools
can be found in the works of [9] and [22]. However, since our method is discrete w.r.t.
time, the flux f of the underlying scalar conservation law

Opu+ 0y f (u,x,t) =0

is discontinuous w.r.t. at each time step. As a consequence, we need to slightly refine
the result of Chainais-Hillairet.

Appendix A. Stability results for scalar conservation laws.

In this appendix (precisely, in Theorem A.3), we state a new stability result for
entropy solutions of scalar conservation laws w.r.t. their flux functions. Despite the
fact that all this section is written in the one-dimensional space dimension, it can be



C. CANCES, F. COQUEL, E. GODLEWSKI, H. MATHIS, AND N. SEGUIN 19

extended to the multidimensional case without particular difficulty, except for the heavy
notations involved in the study.

The stability result presented in Theorem A.3 is an extension to the case of time
and space dependent flux functions of a result presented in [3]. It relies on stability
estimates proved in [25] (see also [13]) that are recalled in Theorem A.1.

A.1. Total variation estimates for Kruzhkov entropy solutions. We
consider two functions
RxRxRy =R RxRxRy —-R
E and g¢:
(s,z,t)— f(s;2,1), (s,z,t)— f(s;2,t),
being continuous on R x R x R, and having continuous derivatives d; f, 950, f, and 92, f

(resp. 0sg, 050,g, and §2,g). We assume that f(0;z,t)=g(0;z,t) for all (z,t) ERx R,
and that

sy;x,t) — f(so;x,t
Li:= sup sup Flsiiz,t) = f (s )‘<007
(z,t)ERXR4 s1,52€ER 51— S2
sy;x,t) —g(so;x,t
Ly:= sup sup glsrizt) =g(ss )‘<oo,
(z,t)ERXR, s1,52€R S§1— 52

that
10505 flloc :=sup  sup  |0:0,f(s;x,t)| < oo,
SER (z,1)ERXR 4
[050:9loc :=sup ~ sup  |050.g(s;2,t)| < o0,
sER (z,t)eRXR4
and that, for all >0, for ¢ €{f,g},
(z,t) = [|02,0(;2,t)|| 0o belongs to L' (R x (0,7))NL>(R; L*(0,T)). (A1)
Let ue L*°(R xR} ) be the unique entropy solution of

Opu+ 0, f(u;x,t)=0 in RxRy,

(A.2)
u(-,0)=up € L*(R),
and let ve L>®(R xR, ) be the unique entropy solution of
O+ 0zg(v;x,t)=0 in RxRy,
(A.3)

v(-,0)=vo € L>(R).

Recall that u is defined by: Ve €R, Vi € C° (R x Ry),

// |u— ﬁ\@twdxdt—i—/mo—ﬁm
RxR4

// sign(u—k)(f(u;z,t) — f(K;2,t))Optpdadt
RxRy

7// sign(u— k)0 f (k; @, t)pdxdt >0, (A4)
RxR4
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while v is defined by: Ve €R, Vi) € C° (R xR),

// lv— /<;|8t¢dxdt+/|v0—/i\1/)
RxRy

// sign(v— k) (g(v;x,t) — g(k;x,t))Optpdadt
RxR

—// sign(v —K)0yg(k;x,t)pdrdt > 0. (A.5)
RxR4

THEOREM A.1 ([7, 25]). The unique entropy solution u to the problem (A.2) belongs
to C(Ry, L}, (R)) and

lim [|u(-,t) = ol L1 () =0 (A.6)

Moreover, if ug belongs to BV (R), then, for all T >0, u(-,T) € BV (R), and there exists
¢y depending only on f such that

TV (u(T)) TV (ug)e®* T + / ees (=) / 162, £ (.0)|| _ dedt,
where
Haixf(gx,t)Hoo::sup|8§xf(s;x,t)|,
seR
and

cr=3 HazvanlllLoc(RxRXRJr) :

In what follows, we will often have to deal with the quantity

T CfT
/ TV (u(t))dt =TV (ug) / / ept=—r / 102, f (-2, || o dadrdt.
0

We denote by

Cro(T ) %
Cra(T)= [ [7eerC=) [ 1102, f(2.1)||odwdrdt,
so that
T
/TV(U(t))dtZCf,o(T)TV(uo)+C’f,1(T). (A.7)
0

Similarly, we have

T
/0 TV(0(t))dt = Cy o(T) TV (109) 4+ Cy 1 (T), (A.8)

where the quantities Cy 9 and Cg 1 are obtained from Cyo and Cy; by replacing the
flux function f by the flux function g.



C. CANCES, F. COQUEL, E. GODLEWSKI, H. MATHIS, AND N. SEGUIN 21

A.2. Stability w.r.t. the flux functions. We first state the following technical
lemma.

LEMMA A.2.  For all k€R, there exists Ax, B, € L (R xR,.) such that

// |v— ﬁ\@twdxdt—i-/wo—/ﬂz/}
RxRy

// sign(v—k)(f(v;z,t) — f(k;2,t))Optbdadt
RxR4

—// sign(v — k) 0y f (ks 2, t)pdadt
RxRy

/ / A, 0,1 dudt + / / Byt dxdt. (A.9)
RxRy RxR

Moreover, for all k €R,

|Aw(z, )| <21(f—9) (52,00, V(@,t) ERX Ry, (A.10)
while

[Bu (@, )| <[[0:(f =9) (52 0) |, V(zt) ERX Ry (A.11)

Proof. First of all, note that, thanks to (A.5), the function v satisfies:
VeeR, Vi eCP(RxRy),

// |v— ﬁ|8twda:dt+/\vo—n|w
RXR+

// sign(v—k)(f(v;x,t) — f(k;x,t))0ptpdxdt
RxR4

_// sign(v — k)0, f (k;2,t)Ydrdt
RxR

> // A 0p1 dudt + // B, ¥ dudt,
RXR+ RXR+

where
Aﬁ(mvt) zsign(v(:mt) _R) [(f—g)(v(x,t);x,t) - (f—g)(ﬁ;l”’t)] )
By (2,t) =sign(v(z,t) — k)0 (f — g)(K;2,t).
Clearly, the relations (A.10) and (A.11) hold for all K €R. d

We now give a stability result which is an adaptation of Theorem 3.1 of [3] in the
case of time-space depending flux functions. For zg € R and R >0, we denote

B(zo,R)={z€R | |z —zo| < R}.

THEOREM A.3. Let zg €R, and let ug € BV (R), then, for all T >0 and for all R>0,

: € Ce €
T~ 0Tl 8 iy < o =l er e+ inf (5 .65).
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where
CT:=TV (vg) (1 +e%T +2||833xf||000g70(T))

T
+2H858zf||0009,1(T)+3/ Su]gll@iwf(&nt)IILoe(B;),
0 s€

T
Csim2 / / 1CF = )59, ooyt
0 yEBS

T
C5:= / / 10, (f — 9)(19,8)llodyet.
0 yGBf

Proof.  For the sake of simplicity, we only perform the proof for zo =0, but clearly,
adapting it to any zo € R does not provide any additional difficulty. We follow the idea
of [23, 24] and [3], and carry out a proof based on the doubling variable technique.
Let £&:RxRy xRxR; — R, be a smooth and compactly supported function. Then it
follows from (A.4) and (A.12) that

//Mh //Mh x,t) — k|0 (x,t,y, s)drdtdyds
//Rxﬂh/ lug(x) — k[ (,0,y,5)drdyds
+//Rx1R+ //RX]R+ { (f (u(x,t);z,t) _f(’ﬁ;,ltg)r)lg:(gzi)lf,_;s)) }dxdtdyds

—// // sign(u(z,t) — k) Oy f (k;2,0)E (2, t,y, s)dedtdyds >0, (A.12)
RxR4 RxR4

//mmh //MR+ [v(y,s) — K|0s§ (2, t,y,s)drdtdyds
///RX]R+ vo(y) — klé(z,t,y,0)dzdtdy
//RXR+ //RXR+ { Y,8);9,8) — f(n;ys,ig)r)l(a (5(;7)157% )) }dxdtdyds

- // // sign(v(y,s) — k)0y f(K;y,s)E(x,t,y, s)dedtdyds
RxR4 RxRy
2//RXR+ //]Rx]R+ [Bi(y,8)&(z,t,y,8) + A (y,8)0,&(x, t,y,s) dedtdyds.  (A.13)

while

Let p, pECOO(]R Ry) be such that [ p(s)ds= [,p(s)ds=1 and supppC[—1,1],
suppp C [—1,0]. We moreover assume that

p(0)=1, and sp’(s) <0, VseR. (A.14)

Then, for €,§ >0, we denote
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so that supppe C [—€,€], suppps C[—0,0] and [, pc(s)ds= [, ps(s)ds=1. As a
quence of (A.14), one has also

—sp.(s)>0 and —/sp'e(s)ds:l,
R

ensuring that s+— —sp.(s) is also an approximation of the unit.
Let ¢ €C* (R x [0,T)) (for some T >0), then, choosing

§(z,t,y,8) =(z,t)pe(x —y)ps(t —s)
yields

8y€(x7tvy73) T/)(»’th)P (.23 y)ﬁ5(t—s),
tﬁ(w t,y,5) + 05§ (w,t,y,8) = b (w,t) pe(x — y) ps (t — 5),
(l’,t,y7 )+ay£(l’,t,y, ) $w(xat)p€(x y)p5( )

23

conse-

(A.15)

Choosing k=wv(y,s) in (A.12) and k=wu(z,t) in (A.13), then summing (recall that

ps(s)=0if s <0) provides

Ty +T5° + 15 + T4 > TS + 15, (A.16)

where

€0 _ u(z,t) —v(y,s)|0p(z,t) pe(x —y)ps(t —s)dx ok
T ////(t) (1:9)100 (1) pe( — y) (¢ — ) ddtdyd
7~ [ [ 1ua()=(y.)i(0-0)pel = )is(—s)dadyds,

1= o S T i

R e v

sign(u(z,t) ~v(y,s)):
(0l )3.5) = F0(y,5)i2,0)p (2 )
hle

AR R | A ST oo

+0,f (ul(z.£)sy.5)pelz—y)|
palt—s)v(a.1)

Tg"sz—// // Az (8)0(x,t)pl(x —y) ps(t — s)dxdtdyds,

RXR+ RXR+

75 :// // Buy(w,) (Y, 8)¢(2,t) pe(x —y) ps(t — s)dwdtdyds.
RxRy RxRy

x

D\ wdtdyds,

We can directly let § tend to 0 in (A.16). Using the continuity in mean theorem

and (A.6), this yields that

Tr+T5+Ts+T5>Ts +T5, (A.17)

where

-] o ) = 100 o)y,
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TS = / / to () — 0 (9) [ (,0)pe (& — ) derdy,

sign(u(x,t) —v(y,t))-
T = u(x,t);z,t) — ( (y,t);x,t)) pdzdtdy,
’ ///RXR+ 0uY(,t)pe(z —y)
t)—

sign(u(z,
yit)y,t) = f(o(y,t);z,t))

pe(r—y)

Ti= —0: f(v(y,t);a,t)pe(x —y) o dadtdy,
! /// (et )f(( > t)p(x )
+8yf< (x, ()] (1)

- / / / Auios (9, (@,0)p (@ — ) ddtdy,
RJJRXR,
RJJRxR,;

Contrarily to the study performed by [23], we cannot let the parameter e tend to 0,
because of the presence of p. in T§. The goal is now to derive e-dependent estimates
from (A.17), as it was already the case in [24].

Define the functions Yp: s+ min(1;max(0;1—s/6)) and

o (x,t) =Yy (|x| = R— L (T —1)),

then, for a function y >0 with compact support in [0,7") to be specified latter, setting
P(x,t) = g(x,t)x(t) yields that

u(z,t) —v(y,t)|de(x,t)x ()
2 [u(z,t) = v(y, )0 (2,1t)
+sign(u(z,t) —v(y,1) (f (u(z,t);2,t) = f(v(y,t);2,1)) 0atp(,t).

Therefore, we can write
ri+15< [ [ fulet) =~ vl (Op. (o —p)dsdyat (A18)
RJJRXR,
For this choice of test function 1, letting 6 tend to 0 and denoting by
Bi={z€R | |z|<R+Ls(T—t)}, Bi={yeR||y|<R+Ls(T—1t)+e},

taking (A.18) into account in the relation (A.17) provides

DS + D§+ DS < DS + DE, (A.19)

where

- / / - / o) =) (@) )y,
- / N / _ 10@) =t ) O —9)
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sign(u(z,) —v(y.1):
(5.0 = F (0, 052.0)pi(e —y

T
bi= 0. (v(y 1), t)pe
3 /0 /yEBE/zer, +f(u(z,t);z,t) — fu(z,t);y,t)p.

+8Uf(u( Z, )7yat)pe($ y) X(t

T
D= / / Aoy (0:8) P& —y)x (£)ddydt,
yeEB; JxEBy

pi=[ L L, B oy

From the triangular inequality, one has
D5< [ Jusle) - w(@)x(@dot [ [ fun(a) = vo(0) x(O)plr—y)dady.
x€By 5 Bog
Since vy belongs to BV (R), then
[ [ toote) = enl)Opo—y)dndy < TV (o) (0)
€ J By
thus one has
D5 S/ [uo(z) —vo(z)|x(0)dz + €TV (vg)x(0). (A.20)
r€ By

Similarly, the triangular inequality yields that

T
D < / |ttty = (e (@) dade
€ By
/Ix I/ / v(w,t) —v(y,t)|pe(x —y)dedydt.
yEBf JxeBy

Since

[ [ bt - owtloe - g)dedy <TV(u(-t)e

yeB; JxeB;
then it follows from Theorem A.1 that for all ¢ € [0,7],
TV(v(~,t))§TV(v0)ech+/ eca(T—7 /|| 2.9(52,1) || sodzdt :=Cpy,
where ¢, =3]/0;059||c0- As a consequence, we obtain
T
D g/ / ) — o(a, ) (¢)dadt + eCy ||| 1. (A.21)
TEB;

Since z+ f(s;z,t) belongs to C%(R,R), one has, for all (z,y) € B; x Bf, that

Fly,t);y,t) = f(0(y,t);2,8) = 0 f (v(y,t);2,1) (y — ) + (y — ) (2, 1),
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for some pu(x,y,t) €R with
1
se

Therefore,

(f(v(y,t);yj) —f(v(yj);%t))pé(x—y) _6a:f(v(yvt);xvt)p6(m_y)
=0, f(v(y,t);2,8)0: ((y — ) pe(x —y)) + (z —y)*pl(x —y)ul(e,y.1),

and similarly,

(flu@,t);a,t) = f(u(z,t);y,1) pe(x —y) + 0y f (u(z,t);y,t) pe(z —y)
=0y f (u(x,1);y,1)0y (x—y)pe(x—y)) — (x—y)*pL(x —y)v(z,y,1)
= ayf(u(x?t);yat)ax ((.’E _y)pe(x _y)) - (.’L‘ _y)Qp/e(‘r - y)”(xvyvt)v (A23)

for some v(z,y,t) €R fulfilling
1
|I/(.’E,y,t)| < 5 Sug ||8§a:f(sa '7t)||L°°(B§)~ (A24)
s€
It follows from (A.1) that x and v belong to L'(R xR x (0,7")). Denoting by

T sign(u(z,t) —v(y,t))-
Dsi= | x(®) [0x f(v(y,t);2,t) = Oy f(u(z,t);y,0)] o dudydt,
1 / /B/B{ ~az<<yx>pe<xy>>}

.7 sign(u(wz,t) —v(y,t))- )
D32—/0 X(t)/Bt/te{(M(l‘,yat)+V($7y7t))($—y)2p2(x—y)}d dydt,
we have
D5 =D, +Ds. (A.25)

Clearly, for all x€R, the function yr (v —y)?pl(xr—y) is compactly supported in
[x—e,x+€] and

[(z—y)?pi(z—y)| <e(y—z)pl(z—y).

Using (A.14), (A.22) and (A.24), this ensures that

T
Dl e [ xOsupl02 F50lm o ([ ae)e (4.26)
0 sER By
Focus now on Dg;, that we rewrite under the form
T
=[x [ [ (At + Byt ap o y)dedyds,  (A20
0 r€B; Jy€EB]

where

A,y ) =sign(u(, ) ~o(y,1)) (8 00y, 0;,0) = B f (. 1)s0.1))
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B('r7yat) = 51gn(u(a:,t) _U(y7t)) (5If(u(l',t),l‘,t) _8yf(u(x7t)7y7t)> 3
where we have introduced the notation

By f(u(z,t)z,t) = lim f(u(xi);a:—l-h,t}z — flu(z,t);z,t) |

Thanks to (A.14), one has

/R 0a[(y—2)pe(w—1)]dy=0, VaeR,

This implies that, for Y € {A, B},
T
/ x(t) / / T(a,y,1)0[(y — 2)pe (& — y)|dydadt
0 reBy JyeB;g
T
—[ x| (M) -T@aololy- oo y)dydsds
0 re€By JyeB;
T
< / (®) / / X (2,8~ Y2, 8)| (y — ) (2 — y) dydrdt
0 reBy JyeBg

T
+/ X(t)/ / [T (z,y,t) =Y (z,2,t)|pe(x — y)dydadt. (A.28)
0 r€B; JyEB§
On the one hand, thanks to the regularity of f, the function
vrsign(u(e,t) —v) (8, (vi,t) = o f (ulo ;1))

is ||0s0y f | co-Lipschitz continuous. Therefore, it follows from the definition of A(x,y,t)
that

[A(,y,t) = A(z,2,8)| <050 f||oo|v(y, 1) —v(, )]

Thus, using the fact the both p. and s+ —sp.(s) are approximations of the unit, the
relation (A.28) ensures that

T
/0 X(8) / N / A B0 )y

T
<26(19:0, foo X1 / TV (u(-.1))dt.
0

Hence, using (A.8) provides that

T
/0 X(®) / N / A D01 )ne ot
< 261020, f 1o [ X100 (C 0 (T)TV () + Cy 1 (T)) (A.29)

On the other hand, the regularity of f ensures that

|B(@,y,t) = B(x,,t)| <x(8)sup |02, f (5:,6)|| oo ) |2 — 3
seR t
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As a consequence, it follows from (A.28) that

/OT x(t) /xeB,, ~/y€B§ B(z,y,t)0:[(y — ) pe(x —y)]dyddt
<2 [ A1 5Dl ( ] 05 e

Taking (A.29) and (A.30) into account in (A.27) yields

D31 <2€]|x]loo [Ilasamfﬂoo (Co0(T)TV(v0) +Cy 1 (T))

T
+/ sup [|02.f (535 8)[| L (5 (/ dx>dt]. (A.31)
0 s€R ¢ B

The relations (A.25), (A.26), and (A.31) thus provide that

T
D5 <elxll [3 / supaixﬂs,-,tﬂum(gg)( / d:c)dt
0 s€ER B

+2[050x f1loc (Cg,0o(T)TV (v0) + Cg,1 (T))) (A.32)
Concerning D, it follows from (A.10) and from [ |p!(z —y)|dz=2/e that
9 T
D=2l [ [ -9ty (4.3
€ 0 JyeBs
Thanks to (A.11), one has
Dz [ [ 1005 =)Dl (A.30
ye

By choosing x(t) =min(1, max(0,\(T —t))) and letting A tend to +oco in (A.19)—(A.21),
(A.33) and (A.34), we obtain that

OG
/ e, T) —v(@,T)dz < [ |uo(x) - vo(a)|da+eCt+ 22 4 C5,
Br Bo €
where the quantities Cf,C5 and C§ have been made explicit in Theorem A.3. Since the

result above holds for all € >0, it also holds for the optimal choice of ¢, concluding the
proof of Theorem A.3. ]
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