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REAL OPTION MODEL OF DYNAMIC GROWTH PROCESSES WITH
CONSUMPTION*
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Abstract. A real option model is built upon a set of stochastic processes for some real investment
decision making in incomplete markets. Typically, the optimal consumption level is obtained under a
logarithmic utility constraint, and a partial integro-differential equation (PIDE) of the real option is de-
duced by martingale methods. Analytical formulation of the PIDE is solved by Fourier transformation.
Two types of decision making strategies, i.e. option price and IRP (inner risk primium) comparisons,
are provided. Finally, the Monte Carlo simulation and numerical computation are illustrated to verify
the conclusions.
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1. Introduction

Life circle theory [1, 2, 3] indicates that a representative entity! accumulates its
endowment? continuously and stochastically. Meanwhile, the entity must consume part
of the endowment to survive during its lifetime. Usually, the endowment can be traded?
in an invisible market, and real investment decision making concerning an entity and
its endowment deserves to be researched.

Plenty of daily phenomena and decision making satisfy the above description, for
example, mate choice, corporate merger, employment, forest exploitation, and ocean
development, etc. These investment decisions are often difficult to make since the
underlying dynamics of growth and consumption are endogenous. Traditional discount
cash flow (DCF) and net present value (NPV) methods are not flexible enough to
deal with these problems [4, 5]. The real option approach, which is an extension of
financial option theory, is highly recommended and widely applied to assess these project
investments and natural resource explorations [6, 7, 8].

With the motivation above, we design a mathematical model to help make real
investment decisions in this paper. We first use a set of stochastic differential equations
with jumps to depict the dynamic process of a representative entity’s endowment, and
then find the optimal consumption level for the entity itself under a logarithmic utility
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1The term “entity” is an abstract notion here which can be a person or a firm, etc.

2The term “endowment” contains all the wealth that can be valued. We just use the word “endow-
ment” vaguely for expediency.

3Some special endowment may not exchange because of its naturally dependent attributes upon
the entity, and it can only be shared with each other. In order to narrate, we just say “trade” in a
standard way.
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constraint. Under the optimal consumption level, we succeed in getting a partial integro-
differential equation for the real option by martingale methods and finding its analytical
solution by Fourier transform. Given a premium of the real option, one can find an
implied option risk premium from the analytical solution. The implied risk premium is
helpful for decision making in the field of real investment.

The dynamic of the endowment for the entity is ruled by a stochastic system which
looks like the two types of equilibrium models in finance. One is the consumption-
based asset pricing model in an exchange economy where a representative investor max-
imizes its expected utility by choosing an optimal level of consumption at each period
[9, 10, 11, 12, 13, 14]. The other is the production-based asset pricing model in a produc-
tion economy where a representative investor chooses an optimal level of consumption
at each period and leaves the rest in the production to grow for the future consumption
[15, 16, 17, 18, 19, 20, 21]. However, there are some essential differences in our model.
First, no risk-free asset exists in the incomplete real investment market; besides, the
entity’s consumption is endogenous in the underlying process; moreover, the growth
rate is a stochastic process as well as the volatility process. Thus, the dynamic process
of the endowment is complicated but more close to economic reality. From the angle of
mathematics, the process is no longer a Levy process as is usual. These differences are
a great challenge since they imply that the real option model cannot be obtained and
priced in a risk-neutral world as most of the classical financial option models are, e.g.
the Black—Scholes model [22], Merton’s jump-diffusion model [23], Heston’s stochastic
volatility option model [24], the alternative option with stochastic interested rate and
jump-diffusion [25], and Kou’s double exponential jump-diffusion model [26]. Our con-
tribution is to build and solve a real option model in the physical world and to propose
two investment criteria: the comparison of the real option price or the IRP (inner risk
premium) with the market ones.

The remainder of this paper is organized as follows. In Section 2, we develop the
underlying endowment process and find the optimal consumption strategy. In Section
3, we establish the pricing kernel and the real option model. In Section 4, we give the
analytical expression of the option. In Section 5, we illustrate some numerical results
and leave the code in the appendix for reference. Discussion and a conclusion are given
last.

2. The endowment process and optimal consumption level

We develop in a continuous-time framework the following process of a representative
entity’s endowment with stochastic growth, fluctuation, and jumps from the realistic
perspective. Moreover, we take the endogenous consumption into consideration.

Assume the endowments is valued* as S(¢)° at time ¢ >0, with growth rate g(t)
and variance v(t). Let the accumulated consumption be ¢(t), and let the Poisson jump
process be N(t) with constant jump density A and log jump size x. The process is
written as follows:

dS(t)=S(t)g(t)dt —c(t)dt+/v(t)S(t)dWs(t)
+S(t)(e*—1)dN(t) = AS(t)E(e® —1)dt,S(0) =Sy >0,

dg(t) =rg(0g—g(t))dt+eg/v(t)dW(t),9(0) = go,

dv(t) =Ky (0y —v(t))dt 44/ v(t)dW, (t),v(0) =vo > 0.

(2.1)

4This is a fundamental assumption that the endowment can be measured in some way, but not
necessarily in the form of money.

5Sometimes we use Si, or omit the subscript -4 for simplicity, when there is no ambiguity, other
variables are treated likewise in the paper.
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Here E[-] is the expectation under some information filter {F;};>o in the probability
space denoted by (€,F,P). The variables gy, 04, €g, kv, 0y, €v, So, go, and vy are
different constants. Here, dWg(t), dW,(t), dW,(t) are standard Brownian motions with
constant correlation matrix X, but they are all independent of the Poisson jump. Denote

1 PSg PSv
Y= PSg 1 Pgv
PSv Pgv 1

From Equation (2.1), the endowment market is incomplete since the process contains
three Brownian motions and one Poisson jump process. Besides, there is not risk-free
asset to use as a benchmark. Moreover, the spot growth rate, which can have a positive
or negative value®, is dependent upon the variance and, in the long run, has a mean-
reverse level up to the external economic situation. The customized endowment process
is different from some classical financial dynamics of assets, but to some extent is closer
to a realistic situation in real investment and management fields.

The expected rate of g(t) and v(t) are directly calculated as

g=e "1 (go—0,)+0,, v=e""Tvg+0,(1—e "), (2.2)

For tractability, we assume a logarithmic utility function for the representative
entity

U(c)=Inc. (2.3)
Assume the entity’s objective is to maximize the expected utility as follows: *
maXE/ e U (¢y)ds, (2.4)
¢ t

where « is a constant discount rate.

THEOREM 2.1. The representative entity’s expected utility is positively related to the
endowment S(t) and the growth rate g(t), and it is negatively related to the jump and
the variance v(t) for a given discount rate oe. The optimal cumulative consumption level
c*(t) is

c*(t)=aS(t). (2.5)
Proof. Denote the objective value function by
J(St, gt,04) :maxE/ e U (¢y)ds.
¢ t

The condition of optimality is given by the following Bellman equation:

anmgx{C(J)+U}:0. (2.6)

6 We set g(t) to be the form of the Visacek model, and it can be negative as well. However, we
failed to get an analytical expression for the real option since the ODE for v is fractional. See footnote
9.

7 The upper bound oo is represented formally in mathematics, which is usually a finite physical
bound but sufficiently far from the time ¢.
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Here,
oJ 1 0%J oJ 1, 9%J
=[Sg—c—ANSE(e"—1)]— 2 ey
L(J)=[Sg—c—ASE(e )]8S+2 vS 8S2—|—/<ag(9 g)ag—i—2€gvag2
aJ 1 ,0%J 0%J
+Kf’u<9v )87—"-* 6vﬁ+€gps“‘7v$85’3
2 2
+5Upgvaas; +5gevpgvvaaa'] +AE[J(Se”,g,v) — J].
Thus we get the following HJB equation which is an elliptic PIDE:
. oJ 1 5 0%J oJ 1., 0%J
O:mézx{[ng)\SE(e 71)]85 vS as2+n9(0 g)a—ngisgva—g2
aJ 1 ,0%J 0%J
+HU(07) )674»7 Eva 2 +€gpsgvsasa
n g O] 0%J n 0%J
EvPSvU 858 ggeq)pgvva 81}
FAELI(Se®,g,0)] = A —ad + U — gé (2.7)

In order to get the optimal consumption level, we take a partial derivative of the HJB

Equation (2.7) with respect to ¢ and obtain the first-order condition
ou oaJ
— 2.
0= de  dS (28)

Enlightened by Cox, Ingersoll, and Ross [17], we guess that the HIB Equation (2.7) has
a variables separated solution form of

J(St,gt,vt):élnSt—FAgt-i-th—i—D, (2.9)
where A, B,D are constants independent of g; and v;. Then plugging equations (2.3)
and (2.9) into (2.8), we get
c*(t) =S, (2.10)
and

1 1
0= a[g—)\E(&—l)] ——v+re(0y—9)A

2c
A
+ky(0y —v)B+ —E[z] —a[Ag+ Bv+ D] +Ina—1.
Q@
By virtue of the arbitrariness of g; and v, we have
0= é —RkgA—aA,

0=—5 —KyB—0aB,
0=—2E(e”—1)+ gy A+ k0, B+ 2 E[z] —aD+Ina—1,

and get

(Knga)la

e , 1 (2.11)
D= E[ ] E( )+(,{ +Oé)a2 _ Ky By )+ na—l.

202 (fiy o o

U:J:l>
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The theorem results are immediately obtained from equations (2.9), (2.10), and (2.11).
d

REMARK 2.2. In economics, >0 means that one prefers consuming today with
certainty to consuming the same quantity tomorrow with uncertainty. One can assume
that the entity is constrained to consume 0< ¢; < S(t), i.e., 0 <a <1 to preclude starva-
tion or overdraft in its lifetime. However, advance by overdraft can be seen everywhere,
thus we just assume « > 0 here to satisfy the preferred hypothesis in economics. In fact,
it is unnecessary in mathematics.

3. Pricing kernel and real option model
Assume the representative entity consumes its endowment according to the optimal
strategy (2.5). Then process (2.1) is rewritten as

(t) (g(t)— adt—i—\/ t)dWs(t)+(e” —1)dN(t) — AE(e® — 1)dt, Sy >0,

dg(t) (g — dt"‘gg\/ de (t),9(0) = go, (3.1)
dv(t) = ko (0, —v(t )dt+€m/v(t)dWU(t)7v0>0.

Thus we integrate process (3.1) and get

K
K

v

1n‘z((::)>=/f (g(s)—a—;v(s)—)\E(e"_l )ds+/ Vu(s)dWs(s) Nit)xi.

THEOREM 3.1.  The pricing kernel for the endowment process is given by 42
‘iﬂ: t)dt — /v(t)dWs(t) —1)dN(t) = AE(e¥ —1)dt. (3.3)
Integrate to get
T T T N(T-t)
- =exp /t (—,u(s)— —v(s) = AE( 1)) ds— t Vu(s)dWs(s)+ 2 Yi
T G
where
p(t) =g(t) —v(t) = AE[(1—e")(e" = 1)], (3.5)
and the random jump size y satisfies the following restriction:
El(e¥—e™")(e" —1)]=0. (3.6)

Proof.  Plugging equations (2.5), (3.2), and (3.4) into the martingale condition [27]

TSy

T
=F / w(s)c*(s)ds+mpSy|Fe|, Vi, (3.7)
t

we get

1:Et[/T7T(C)C*(C) ST

7TtSt d<+ WtSt ]
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N(t—t)

=B / exp{ / ~v ()= AE(e? —1)]d¢ — /;J@dwm > uid

i=1

(3.8)
N(t—t)
*ea:p{/ oz—fv(C)—/\E(ex— d(—l—/ Vu(Q)dWs(¢ Z x; pdu
T N(_T*t)
veap || )~ Jo(©) 3B - lac— [ o@aws(©+ 3 v
ZVIM
*exp{/ a—fv(C) AE(e” —1)] dC+/ V() dWs(¢ Z x;}]
=FE4| / ea:p{/ —a—v(¢)—AE(eY —1) = AE(e” —1)]dC
(t—t)
+ Z (2 i)yt exp / —a0(Q) = AB(e? 1)~ AE(e” ~ 1)]d¢
N(T—t)
+ Z xz"‘yz
T L
=Bl [ ean{ [/ 19(0) = Q) = =v(¢)=AB(1 =" )]}
+exp{ [ [9(¢) —pu(Q) —a—v({) = AE[(1—e)(e” —1)]d(}]. (3.9)

¢
In the last equality, we utilized the identity property of the Poisson process
N,
E(H e” Vi) =exp[AE(e Y —1)7].
i=1
Define pu(t)=g(t) —v(t) = AE[(1—e *)(e® —1)]. One can verify that restriction (3.6) is
sufficient to verify (3.8).

REMARK 3.2. An extreme case of constraint (3.6) is that the jump y in the pricing
kernel perfectly synchronizes with the jump x and y=—x. Since we should not have
y in the growth rate u(t) of the process S(t), we put y=—x into the definition of p(t)
which can be viewed as a pure discount rate which has subtracted the variance premium
and jump premium formally. It is worth noting that the pricing kernel is not unique
due to the incomplete market, because there is only one underlying process, but there
are four risk sources-three Brownian motions and a jump.

Define a new probability measure ) by the Radon—Nikodym derivative

dQ

dP—exp{ —AE(e¥—1) T—l—Zyz (3.10)

Then it holds true that (Lemma C.1 in [21])
E[f(z)e¥] = E°[f ()| E(e?). (3.11)
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4. The real option model and the pricing formula

Many real investment and management decisions are, in fact, some options of the
underlying entity and can be considered in the frame of real options. To be exact,
the decision relies upon the payment of the investor and the payoff gained from the
entity. Take a European real investment option of endowment process (3.1), for example.
Assume the strike price is K ® and the payoff at the expiry date T is [(S(T)— K)=|T,
where w=1 for the call option and wo=—1 for the put option. Therefore, we can
evaluate a price of the real option by virtue of the formal pricing kernel (3.4), and we
get

V(S(t), K.g(t)0(t),t) =B | 2 [(Sr— K)w] | F |, (4.1)

Tt
which satisfies a PIDE given in Theorem 4.1.
THEOREM 4.1.  The European option prices V(S(t),K,g(t),v(t),t) satisfy

ov av 1 0*Vv
- _ i L \QEW 2 42,62
0=—pV+ 5 +u—a—AYE%(e" )]Sé)S vS 552
ov 1, 0*V
+[kg(0g—9) —€gpsgv] - a9 T3¢ egu by
oV 1 L,0*V 0%V
+[/€’U(0’U_v) gvvpsv]ai—‘ri g'u 2 +69psgvsasag
+€UpS’U’USaSa +€g€vpg’uva a A {E [V(S@ ,gﬂ},t)]_V}, (42)
with boundary condition
V(S(T),K,g(T),v(T),T)=[(S(T) - K)w]™, (4.3)

where w=+1 and \? =\E[eY] and E?[] are defined in (3.11).

Proof.  We apply the Feynman—Kac Theorem to the dynamics (3.1) to get the
PIDE. Typically, applying the Ito formulation, we get

av oV 1 OV

ov 0*V ov 1 82
+Hg(eg )a dt+§ g Wdt—i_ﬁv(ev )6 dt—i‘* vﬁdt

0%V 0%V 0%V oV
+€gpggv5858 dt+5vpsvv5658 dt—l—agsvpgvva e dt—i—Sﬁ%dWs(t)
—&—eg\f W,(t )—i—Ev\f W, (t)+ [V (Se®,g,v,t) = V]dN(t), (4.4)

and
d(nV)=Vdr+ndV +drdV
=V {—pdt—/vdWs(t)— AE(e’ —1)dt}

8Usually, K may not be money in the real investment. It might be some counterpart of the
endowment, e.g. the investors’ endowment or something like opportunity cost, etc.
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oV 9% 1 oV
z —a—M\E(e® —1)18=—— 27
+ {atdtﬂg a—ME(e )]SanH— vS aSth
)% 1 2, 0*V oV
) 8 dt+§ g 8 ) dt+f€v(ey )aidt
1 21 2 2 2
+§v v 02 dt—l—agpggvsasa dt—i—svpvgvSasa dt—&—ggequvva 8

0
+SVEDEAWS(t) + 20 /i gL A, 1)+ /T a0 |

+rg(0g—

ov
dt+ve,pgy——dt}

oV ov
_w{vSa dt+egpsgv—— 50

dg
+[meYV (Se*, g,v,t) —mV]dN(1).

Due to the martingale condition E[d(m(¢t)V (t))] =0, we can obtain

% ov
— Yy _ - — v — T _ — -
0 [L+AE(e—1)]V+ o +lg—a—AE(e”—1) v}SaS
1 02V 8V 1, 0%V
+§US2 652 +[’€9(eg_g) Egpng] (9 2 31} 8
oV 1 ,0*V 02V
+[m(90—v)—€vvﬂsy]%+ €0 502 +€gpsgv5856

2V 2

5550 +EgEpPgvVm—F— v +AE[?V (Se”,g,v,t)] = AV.

+EuPsVS s D900

Making use of (3.5), (3.6), and (3.11), we can get (4.2) immediately. o

Although the PIDE (4.2) is a little complicated, it can be successfully solved by
Fourier methods. Duffie, Pan, and Singleton [28] and Chacko and Das [29] present
a transform analysis to price the valuation of options for affine jump-diffusions with
stochastic volatility. Carr and Madan [30], Sepp [31], and Lewis [32, 33] summarize the
Fourier transformation methods to obtain the transform-based solution of option prices.
We employ the standard Fourier transformation methods to get an exact expression of
the options as follows.

THEOREM 4.2.  Given an expected rate w(t) of the real option, the analytical expression
of the solution to the PIDE (4.2) is
1 1-—
V(S,K,g,v,t)=¥567QT+TWK67LT“(S)“—VV, (4.5)

where

— [T w(s)ds 12;+00 iz+1
it e—ins BT p(ngrawmune) g,
2 iz oo 22 —iz

i=v—1, 7=T-t, z=z+12z, 0<z<l1,

14
w==1 for the call/put option, T'(7)=-— —Hz(l e T,
Kg

H(T):(ST—(l—f—iZ)eg(T—‘r - —|—/{U9/ A(s
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§=(1+i2)AE[(1—e %)(e" —1)]|+iza+izAPEQ(e® — 1)+ \QEQ[e~"*% 1],
and A(7) is determined by the ODE

{ A(7) = 35 [A(T)]? +1A(7) +9 =0,
A(0)=0

)

where

. 142 _
n=rty+(1+iz)eypso+ EgEuPgu(1—e""™7),

g9

3.1 , 1 e 1o (14i2)?
792—1—522’4—522—(1+22)28gpsg;g(1—6 g )—EEZT

(1—e "a7)2,

REMARK 4.3. The difference of formulations (4.1) and (4.5) is that the former is an
abstract backward pricing principle which needs the information of 7', while the latter
is an explicit forward pricing given at time ¢. The numerical computation speed of
the latter is much faster than the former. The option price (4.5) is expressed in the
physical world, thus the expected rate u(t) of the underlying endowment and w(t) of
the real option are different. This is a major difference from classic financial options
whose worlds exist risk-free with a rate equal to p(t) and w(t) in risk neutral pricing
methods. For this reason, the real option prices are dependent upon w(t) which is
related to investors’ aversion attitudes.

Proof. Notice that the call/put option payoff can be rewritten as

1 -
ZWST+TWK—min{ST,K}, (4.6)

and by virtue of equations (4.1), (3.2), and (3.4), we get

(ST — K)w]* =

1 1— 1 1— -
B (T g4 T K = st —ar 4~ =T uls)ds .
e 2 2 2

Thus one may solve the call/put European options by the PIDE (4.2) with terminal
payoff V(S(T)vag(T)av(T)aT) :min{ST7K}'

With some variable substitutions, X =InS, 7=T—t, and f(X,K;g,v0,7):=
V(S,K;g,v,t), the PIDE (4.2) can be rewritten as

6f __Mf+[ﬂ a—=A9EC(e" —1) - %U} ax T 2”3)(2 +[rg(by g)—Egpng]%
+3e5v 8q bt [k (00 —v) —vvpso] 3+ 3 U512»guf+59p59”£<£g
+€vavvm +<€g€vpgvvw +)\QEQ[f(Z‘+X,g,U,t)]—)\Qf,
F(X.K;9,0,0) =minfeX K},

(4.7)
Let F(z,K;g,v,7) be the Fourier transform of f(X,K;g,v,7):
+oo
F(Z,K;g,v,T):/ X (X, K g,0,7)dX.
— 0o

The initial condition is a simple integral

+oo
F(z,K;g,v,O):/ e min{eX, K}dX

— 00
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InK U A
= lim e XeXdX + lim Ke*Xdx
U—oo U U—oo InkK
K1z+1
3 ,0<SZ <1, (4.8)
T 22—z

Denote z=z.+1iz;. The inverse Fourier transform is given by

iz;+00

X Ksgo =g [ e P Kig )z,
2 12 —00

The option price is an integral along a straight line in the complex z-plane parallel

to the real axis. By introducing the transform (4.6), in the cases of call and put option

expiration, this line can lie anywhere in the region 0 <3z < 1. The integral is indeed

independent of the choice of z;, and we usually take z; = % as the value is halfway between

the poles of the integrand which is continuous vs z,. =Rz. The integral converges fastest

along that contour if z,,,, =maxz, is chosen large enough [33].
Then, the PIDE (4.7) can be rewritten as

OF — —pF —iz[p—o— )\QEQ(e —1)—%U]F—%v22F
+ [Hg(eg g) €gp5g’U] 8g + ésfl %gg +[nv(9" ) 51;7)/)51;} ov +3 Q)g% a@v};
—izegpsgv%F iz€upsov e +£gevpgvva L 4 AQEQ[e=* —1]F,

P, K g,0,0) = £t

22—iz "

(4.9)
It is enough to solve the same PIDE with unitary initial value and then scale the solution.
Hence,

JTw(s)ds pizitoo Kzl |
V(S,K;g,v,t)= GT/ eﬂzmSmF(z K,g,v,7)dz, (4.10)

12; — 00
and F (z,K;g9,v,7) satisfies the following equation:

B—F =—pF—izlp—a— )\QEQ(e ,1),%U]F,%UZ2F
+[kg(0g—g)— 6gpsgv] ag + ;Eﬁ %gé? +[/€v(9 —0) —€,Upsy] 2 S 2| vsf, %UIZ
—zzagpggvaF 12EyPSuV av +Eg€ypgvvagav +ACEQ[e~# —1]F,

F(z,K;9,0,0)=1.

(4.11)
According to [31, 33], we guess that Equation (4.11) has an exponential solution of
the form

F(z,K;g,0,7) = (MotAmutil) (4.12)

with T'(0) =0, A(0)=0, and TI(0)=0.
Substituting (4.12) into Equation (4.11), we get °

(g Ao+ T1(7) = — izl — - OB ~1) ~ So] = L2

+[rg(0g—g) —egpsqv]T(T)+ %EE’U[F(T)]Q

9 In order to get a homogeneous ODE in v and avoid the cross terms, we managed to design the
process of g(t) related to \/v shown in system (2.1).
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+ [0 (00 —v) —uvpsy|A(T)
1
+ 5’0612] [A(T))? —izeypsgvl (1) —izey, psovA(T)
+ 40PV T (T)A(T) + AYEC[e™* —1].
Since g and v are arbitrary, taking (3.5) into consideration, we see that the ODEs are

F(T) =—1—iz—k (1),
{F(O)_o, (4.13)

A(T) =14 %zz — %zQ —(141i2)egpsyI(T) + %531‘%7‘) — ko + (1+i2)eypsy|A(T)
+ 365 A%(T) +eg20pgu A(T)I(7),

A(0) =0,
(4.14)
I(r)=0+ KglgT(T) + Ko O, A(T),
{H(O) o (4.15)
where
§=(1+i2)AE[(1—e %) (" —1)]|+iza+izA°EQ(e® —1) + A\ EQ ™% 1],
The ODE (4.13) has a solution
14
P(r)= — 2 (1 —eram), (4.16)
kg
Then, the ODE (4.14) can be written as
A(r) = 3 [ +nA(r) +0 =0,
{A(O):O, (4.17)
where
) 1+iz ey
n=rty+(1+iz)eppsy + ngevpgv(l —e "),
g
3. 1 . 1 —KgT 1 (1+7’Z)2 —KgT
19:—1—512—1— 522— (1+ZZ)2€gpng?g(1_e 9Ty — 5537(1—6 aT)2,
To solve the Riccati differential equation (4.17), we make the substitution
2 I'(1)
ANT)=——= 4.18
(=575 (118)
and obtain a second order differential equation'®
2
I"(1)+nl'(1)— 391(1) =0, (4.19)
I'(0)=0.

0The solution A(7) will blow up in finite time due to the major quadratic term in Equation (4.17).
Though the global solution of Equation (4.19) exists, Equation (4.19) is not well-posed and the singu-
larity appears in the denominator of the substitution (4.18). The parameters (5.2) will not blow up for
A(T),7€[0,1] by virtue of numerical tests.



2234 REAL OPTION MODEL

The general solution of Equation (4.19) can be expressed by the confluent hyperge-
ometric function U(a,b,z) and the generalized Laguerre polynomial L2(7), but it is too
complicated to show the expression here'!. We use the Euler method to solve Equation
(4.17) directly by numerical computation.

Then, plugging Equation (4.16) into Equation (4.15), we get

(1) =0~ (1+i2)0,(1 — e "7) + k0, A(T),
{H(O) 0 (4.20)
The theorem follows from equations (4.16), (4.17), (4.20), and (4.10). d
REMARK 4.4. Tt is easily to find the following relationship from (4.2) and (4.4):
dav
t)y=E|—|=up(t t 4.21
wlt) = B[O = 1)+ 6(0), (4.21)
where
ov ov ov
_ g9V oV ov 4.22
qj)(t) U(Sas +‘SgpSg ag +Evpsv v )/V ( )

HA[V(Se®,g,0,t) — V] = ACEQ[V(Se®, g,v0,t) — V]}/V.

The rate w(t) of the option equals to the underlying rate p(t) plus a risk premium which
compensates the risk of Brownian motions and jumps.

5. Decision making and numerical computation

With the help of option pricing, one can make investment decisions in two ways.
Firstly, given a discount rate w(t), the representative investor can compute the real
option value through expression (4.5) and compare it directly with the market price.
Secondly, if the real option price is given in the form of rates, like ROE, ROA, and so
on, one can compute the IRP through (4.1) and (4.5) and make an investment decision
by comparing the IRP with the real option rate. The two manners are the same as the
famous NVP and IRR (inner rate return) methods in investment. We will perform the
decision making process with numerical illustration.

Since the option pricing comparison is direct, we mainly illustrate the IRP method.
Assume the market price of the real option is given by Equation (4.1); otherwise, the
market is in arbitrage, and investment decision making is obvious. Let the market price
of the real option be equal to expression (4.21). We can solve the expected inner risk
premium ¢(t). By comparing it with the real option rate, an investment decision can
be made at once.

We perform Monte Carlo simulations for the endowment dynamics and the real
option prices. The discrete scheme of the endowment system (3.1) is as follows:

V(t+AL) =0v(t) + Ky (0, —v(t)) At + ey /0 (t)dW, (t), v9>0.

(142 = (1) -1, (0~ (1) At -+2 oDV, (1), 9(0)=g0. 5.1)

InS(t+At)=InS(t)+(g(t) —a—0.5%v(t)) At +/v(t)dWs(t) '
+(e*—=1)(N(t+At)— N(t)) — AE(e® —1)At, Sp>0,

where
dWs(t)=e1VAL,
AW, (t) = psgdWs(t)+/1—p2 2VAL,
dW, (t) = psudWs(t) ++/1— 0%1,53 VAL,

One can rely on the Mathematica software to get the expression. DSolve[{y"[t]+ (C1+
CoExp[—kgt])y'[t] + (C3 + CaExp[—kgt] + Cs Exp[—2kgt])y[t] == 0,y'[0] == 0}, y[¢],¢].
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At is the time interval, and e; are samples from the standard normal distribution. We

have that N(t)=yj, if S; <t<S;41. Furthermore, S; = > 7 where 74 is the kth jump
time interval which obeys an exponential distributionkwilth parameter A. The option
prices are calculated by Monte Carlo simulation with (4.1). An antithetic variable tech-
nique is used to diminish computation errors. Every simulation trial involves calculating
two values of the option price. The first value is calculated in the usual way; the second
value is calculated by changing the sign of all the random samples from standard normal
distributions.
Parameters are set as follows:

kg=0.3, 0,=013, ¢,=0.26, r,=12, 0,=0.04, £,=0.28 «a=0.2,

psv=—0.54, pgs=0.60, pg,=044, A=1, x=-0.105, At=0.01, T=1,

v9=0.04, ¢p=0.13, Sp=100, =1, K =100,95,105.

(5.2)

Several paths of ¢(t), v(t), and S(t) are illustrated in Figure 5.1 with parameters (5.2).
Black and blue paths are generated by the sample pair ¢ and —e respectively. In the
first column, two pairs of arbitrary paths are illustrated, and 20 pairs of arbitrary paths
are shown in the second column. One can see directly that v(t) is always greater than 0,
but ¢g(t) is sometimes negative. These results illustrate that our newly added dynamic
of g(t) works and is in accordance with reality. Numerical results of the option prices
are denoted by MC and listed in Table 5.1.
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Fic. 5.1. Simulation of the endowment dynamic.

Then, taking the Monte Carlo option price as the market price, we evaluate the
average inner risk premium ¢ by the expression (4.5) by virtue of numerical computation.
The analytical integration formula of the option price (4.5) can be calculated by Fast
Fourier Transform; see Carr and Madan [30], Lewis [32, 33], and Pillay [34] for details.
Here, we follow Lewis’ methods and calculate the complex integration directly with
Mathematica. We use the average i=g—0—AE[(1—e *)(e*—1)] in the calculation,
where g and © are calculated in Equation (2.2). Option prices and the average inner
risk premium ¢ are listed in Table 5.1. Thus, comparing the charge rate of the real
option and the IRP, one can easily make investment decisions. For example, for the



2236 REAL OPTION MODEL
at-the-money call option in the first set of parameters, if an investment project charges
less than 0.13, the investment is feasible theoretically.

One can see from Table 5.1 that the inner risk premium of the option is negative,
which means investors would rather sacrifice some return in order to get the option. Be-
sides, the risk premium of put is larger than call since the put option provides insurance.
For the parameters (5.2), fi1 —a; <0 which means the average real growth rate after
consumption is negative while fio — a9 >0 is the opposite, so the option prices are quite
different in the two sets of parameters. Though the risk premium of the option comes
from three Brownian motions and a jump, the algorithm shows that ¢ in Table 5.1 is
relatively stable both in the call and put options. This is not easy even for financial
options in Black—Scholes’ world, since the -risk of the option is more susceptible than
the underlying and difficult to capture; see e.g. Coval and Shumway (2001) [35].

Call option Put option

So 100 100 100 100 100 100

K 95 100 105 95 100 105
MC; | 8.80 6.61 4.76 5.95 7.96 10.33

I 0.079 0.079

ay 0.20 0.20

o1 -0.111 -0.130 -0.148 | -0.224 -0.245 -0.265
MCy | 22.84 19.38 16.07 | 0.26 0.41 0.42

I 0.229 0.229

1% 0.10 0.10

¢2 | -0.121 -0.121 -0.121 | -0.228 -0.228 -0.232

TABLE 5.1. Prices and IRPs (inner risk premium) of the real options.

In the computation of the integral expression, z; :% and 2,4, = 100000, and in the
Monte Carlo simulations, 100000 pairs of paths are set. Option prices M Cy and the
risk premium ¢; are calculated with parameters (5.2). Option prices MCy and the
risk premium ¢y are calculated with the changed parameters 0,=0.25,0,=0.01, go =
0.25,v9=0.01, and a=0.1.

6. Discussions and conclusions

In the text, we design a real option model to help make decisions in real investment
and management fields. To comply with the economic situation, we allow the underlying
process to be non-Levy with stochastic growth rate and variance processes. The optimal
consumption rate is solved under logarithmic utility and thus can be substituted in the
discussion of real options. Since the market is incomplete without risk free assets, we
can only price the real option under a pricing kernel, and we give two methods of
decision making—option prices and IRP comparisons. Numerical illustrations verify
the feasibility.

Mathematically, the endowment process can be trivially extended to slightly more
complicated cases by introducing a stochastic jump size A and time-varying discount
rate a. We are temporarily unsure whether the optimal consumption conclusion (2.5)
holds true for CRRA (constant relative risk aversion) type utility functions, but in this
case, the risk aversion parameter v will appear in the pricing kernel and the PIDE. This
does not affect the concepts of real investment and management decision making in this
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paper.

Appendix A. Numerical computation of the analytical formulation
(Mathematica).
(* The fundamental transform F *)
F[z-, kappag_, kappav_, tau_, thetag_, thetav_, lambda_, varepsilong_, varepsilonv_,
rhosg_, rhosv_, thogv_, x_, alpha_, g0_, v0_] :=
Module[{Fval, theta, eta, delta, Gam, Lam, Pit, dt, i, step},
step = 8; dt = tau/step;
theta = Table[0, step]; eta = Table[0, step]; Lam = Table[0, step];
theta = -1 - 1.5 1z + 05 2"2 - (1 + I z)" 2*varepsilong® rhosg*(1 - E" (-kappag
Range[0, tau, dt]))/kappag -0.5 * varepsilong” 2*(1 + I z)" 2*(1 - E” (-kappag Range|0,
tau, dt]))” 2/kappag” 2;
eta = kappav + (1 + 1 2) (v

E" (-kappag Range[0, tau, dt]))/ kappag)
delta = (1 4+ I z)*(lambda*(1 - E" (-x)) (E” (x) - 1) + alpha) 4+ I z lambda E" (-x)
(E" (x) - 1) + lambda E" (-x) (E" (-I z x) - 1);
Gam = -(1 + I 2)*(1 - E” (-kappag tau))/kappag;
For [i = 1,1 < step - 1, i++,
Lam[i + 1]] = Lam[[ i]] + (0.5*varepsilonv”2*Lam([[i]]"2 - eta[[i]|*Lam][[i]] -
thetal[i]])*dt;
I;
Pit = delta tau - (1 + I z) thetag (tau + (E” (-kappag tau) - 1)/kappag) + kappav
thetav *Sum[Lam|[i]], i, 1, step]/step;
Fval = E" (Gam *g0 + Lam[[step]] *v0 + Pit);
Return[Fval]]
(* This code is used to find the excess return of the options.
cpflag=1 or (-1) for call (put) option. Option prices are prepared by Monte Carlo.
To avoid branch cut crossing, imaginary part must satisfy 0< zi <1. *)
Cvalue[S_, K_, zi_, kappag_, kappav_, tau_, thetag_, thetav_, lambda_, varepsilong_,
varepsilonv_, rhosg_, rhosv_, rhogv_, x_, alpha_, g0_, vO_option_,cpflag | :=
Module[{z, zr, val,mu, kmax,phi}, Clear[z]; z[zr_] := zi I + zr;
Iffzi < 1z <0, Print[”Illegal zi value”]; Abort[], Nulll;
Print[” To avoid branch cut crossing, imaginary part 0< zi <1!”];
Print[” Parameter zi=", zi|;
Print[” Call option if cpﬂag 1; Put option if cpflag=-1."];

[
[

arepsilonv*rhosv + varepsilong*varepsilonv* rhogv (1 -

Print|[” Parameter cpflag=", cpﬂag],

Print[” S=", S, ”7; K=", K, ”; alpha=", alpha, ”; g0=", g0, ”; v0=", v0, ”; tau=", tau];
Print[” kappag=", kappag, ”; kappav=", kappav, ”; thetag=", thetag, ”; thetav—”
thetav];

Print[” lambda=", lambda, ”; rho_sg=", rhosg, ”; rho_sv=", rhosv, ”; rho_gv=",
rhogvl;

Print[” jump=", x, ”; thetag=", thetag, ”; thetav=" thetav];

kmax = 100000;(* stand for infinity in the integral *)

mu = Expl[-kappag tau] (g0 - thetag) + thetag - Exp[-kappav tau | v0

- thetav (1 - Exp[-kappav tau]) - lambda (1 - Exp[-x]) (Exp [x] - 1);

val = N[ K /Pi * NIntegrate[ Re[Exp[-I z[zr] ( Exp[-kappag tau] (g0 - thetag) + thetag
- Expl-kappav tau | vO - thetav (1 - Exp[-kappav tau]) - lambda (1 - Exp[-x]) (Exp[x] -
1) - alpha) tau] Exp[ I z[zr] Log[K/S]]/(z[zr]" 2 - T z[zr])* F[z[zr], kappag, kappav, tau,
thetag, thetav, lambda, varepsilong, varepsilonv, rhosg, rhosv, rhogv, x, alpha, g0, v0]
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|, zr, 0, 10, kmax, MaxRecursion -> 40]];

Print[” Average return of the underlying mu=", mul;

Iffcpflag == 1, phi = (-Log|[(S Expl[-alpha tau] - option)/val] - mu*tau)/tau;

Print[” Infinity kmax=", kmax, ”, excess return implied by call option=" phi|; Null];
If[cpflag == -1, phi = (-Log[(K Exp[-mu tau] - option)/val] - mu*tau)/tau;

Print[” Infinity kmax=", kmax, ”, excess return implied by put option=", phi|; Null];
]

In[99]:=Cvalue[100, 95, 0.5, 0.3, 1.2, 1, 0.13, 0.04, 1, 0.26, 0.28, 0.60, -0.54, 0.44,
-0.105, 0.20, 0.13, 0.04, 5.95, -1]

Out[99]:=To avoid branch cut crossing, imaginary part 0< zi <1!

Parameter zi=0.5

Call option if cpflag=1; Put option if cpflag=-1.

Parameter cpflag=-1

S=100; K=95; alpha=0.2; g0=0.13; v0=0.04; tau=1

kappag=0.3; kappav=1.2; thetag=0.13; thetav=0.04

lambda=1; rho_sg=0.6; rho_sv=-0.54; rho_gv=0.44

jump=-0.105; thetag=0.13; thetav=0.04

Average return of the underlying mu=0.0789649

Infinity kmax=100000, excess return implied by put option=-0.223924
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