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GODUNOV SCHEME FOR MAXWELL’S EQUATIONS WITH
KERR NONLINEARITY™

DENISE AREGBA-DRIOLLET?

Abstract. We study the Godunov scheme for a nonlinear Maxwell model arising in nonlinear
optics, the Kerr model. This is a hyperbolic system of conservation laws with some eigenvalues of
variable multiplicity, that are neither genuinely nonlinear nor linearly degenerate. The solution of the
Riemann problem for the full-vector 6 x 6 system is constructed and proven to exist for all data. This
solution is compared to the one of the reduced transverse magnetic model. The scheme is implemented
in one and two space dimensions. The results are very close to the ones obtained by a Kerr—Debye
relaxation approximation.
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1. Introduction

In nonlinear optics, the propagation of electromagnetic waves in a crystal can be
modeled by the so-called Kerr and Kerr—Debye models. Denoting by E and H the
electric and magnetic fields, and by D and B the electric and magnetic displacements,
one writes the three dimensional Maxwell’s equations as

0¢D —curlH =0,
0y B+curlE =0,

with divD =divB =0, and the constitutive relations as

B = MOHa
D = cyE+P,

where P is the nonlinear polarization and o and € are the free space permeability and
permittivity.

If the medium exhibits an instantaneous response, then one can use a Kerr model,
denoting by e, the relative permittivity,

P =Py =, |E|’E.

See, for example, [16] for further details. In that case, Maxwell’s equations read as a
6 x 6 quasilinear system of conservation laws:

{6,5D—cur1H:07 (1.1)

Oy H + pg teurl(P(D)) =0,
where P is the reciprocal function of D,
D(E)=¢y(1+¢.|E[*)E.
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2196 GODUNOV SCHEME FOR THE KERR SYSTEM

Denoting
q(e):60(6+€7‘63)3 66R7 p:qila (12)

we have

_ D
~eo(1+€-p*(|D]))’

If (D,H) is solution of (1.1), then 9;(divD)=0(div(uoH))=0, so at the theoritical
level, the divergence conditions have to be satisfied for the initial data only.

Our aim here is to construct an accurate and efficient scheme for the 6 x 6 Kerr
model (1.1). In particular, we have to be able to approximate the shocks which, even
with smooth initial data, can appear in finite time; see [5]. Hence, well-known finite
difference schemes such as the FDTD method introduced by K.S. Yee [19] (see [21, 20,
2, 3, 14]) become problematic in this case. Very few papers deal with the approximation
of this model. One of the only contributions is that of A. de la Bourdonnaye [7] where a
third order Roe solver is constructed. More recently, a relaxation scheme was developed
in [10] by using the so-called Kerr—Debye model: assuming that the medium exhibits a
finite response time 7 >0 and setting

E=P(D) |E[=p(|D]). (1.3)

1 1
P=Pgp=cxE, Orx+ —X= ;€r|E|2,

one deals with a quasilinear hyperbolic system with source

0¢D, —curlH, =0,

O H, 4y teurl B, =0, Dy =eo(1+x,)Er, (1.4)
1 .
af.XT = ; (67‘|ET|2 _XT) .

Let U, =(D;,H;,x-) be a solution of (1.4). Formally, if U, -U=(D,H,x) when T
tends to zero, then U €V where V is the equilibrium manifold for the Kerr-Debye
model:

€| D|?
V={(D,H,x); 6(2)(’“1|+|X)2 —x=0}={(D,H,x); x=ep*(ID])}
Therefore, u= (D, H) is a solution of the Kerr system (1.1).

The Kerr-Debye model is a relaxation approximation of the Kerr model, and 7 is
the relaxation parameter. The Kerr system is the reduced system for the Kerr-Debye
one in the sense of [6]; see also [13] for a survey on hyperbolic relaxation problems. In
[8, 5], some rigorous existence and convergence results are proven for the Kerr—Debye
system. In particular, for 70, at least in certain configurations with smooth data, no
shock is created. This system has been numerically studied for fixed 7 >0 by the FDTD
method in [21] and with finite elements in [9]. Taking advantage of the fact that all
the characteristic fields of (1.4) are linearly degenerate, one can design a finite volume
scheme which has a relaxed limit when 7=0, and this limit is a consistent entropic
approximation of (1.1). This method has been developed in [10] for the 2 x 2 and 3 x 3
cases. It is easy to compute the general case using the same ideas; see the appendix.
This gives us an explicit scheme based on a physical model. In the sequel, we call it the
Kerr-Debye (relaxation) scheme.

Here, we want to construct the Godunov scheme for the Kerr system (1.1) and to
compare it to the Kerr—Debye scheme in one and two space dimensions.
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Asis well known, the solution of the Riemann problem is the cornerstone of Godunov
scheme. Consider a system of conservation laws

duj+divEFj(u)=0, 1<j<N.

Let {Cy, a € A} be an admissible mesh of the computational domain, and let us denote
by I'ag the common edge of C, and Cpg and by 7,3 the unitary normal vector to 'y
pointing from C, to Cjs. The approximation u”*! of u(.,t,4+1) on C, is computed as
follows:

At .
ug+1:ug—m Z @@(ug,ug,naﬁ)\Fa[gL (1.5)
B,CanCp#

where the numerical flux function ® is defined by
& (u,v,7) = F;(w(0)) -7, 1<j<N, (1.6)
and w(¥)=w(y,t) is the solution of the one-dimensional Riemann problem

8twj+8y(fj(w)-ﬁ):o, 1<5<N,

_ Juify<o,
w(y,O)—{v if y>0.

Therefore, we have to solve the Riemann problem for the Kerr system (1.1). As detailed
hereafter, we have 4 linearly degenerate fields and 2 others that are neither genuinely
nonlinear, nor linearly degenerate, and the related eigenvalues have variable multiplicity.
Hence the classical Lax existence results do not apply. In [7], a first existence result
has been established for a reduced 4 x4 case with the assumption that D-7=0 and
H-7n=0. In particular, the two-dimensional TM case, which is very important for
applications, does not enter this framework. Here, we deal with the full vector system,
and we implement the exact solution of the Riemann problem.

In this article, we pay particular attention to the 2D transverse magnetic (TM)
case: for solutions depending on z = (x1,25), if one assumes that the data is such that
D3 =0 and Hy = H5=0, then so is the solution. Denoting D = (D1, D5,0), (1.1) reduces
to a 3 x 3 system:

0Dy —0,H3=0,
0¢Dy+ 01 H3 =0, (1.7)
O Hs+ 11y ' (01(P2(D)) — 85(P1(D))) =0.

An even more particular case is the 1D setting with D; =0 and z=z:

{8tD2+3xH3 =0, (18)

Oy Hs + 115 ' 0zp(D2) = 0.

It turns out that the 1D Kerr system (1.8) is a so-called p-system. Since p’ >0, it
is strictly hyperbolic, but the properties of the function p differ from the ones which
appear in the general framework of gas dynamics or viscoelasticity [17]. Here,

p(0)=0, p >0,

and p is strictly convex on | —00,0] and strictly concave on [0,400].
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The plan of this paper is the following. In Section 2, we solve the Riemann prob-
lem for the 6 x 6 system (1.1): the Lax solution is constructed, and its existence and
uniqueness are proven. Moreover, if the data is TM, so is the solution.

In Section 3, we focus on the 2D TM system (1.7). Here, we have to use Liu’s
condition (E) ([11]-[12]) for the admissibility of shocks and the solution of the Riemann
problem. This solution is compared to the one obtained in Section 2. Since the math-
ematical entropy is the physical electromagnetic energy, it is proven that two distinct
entropy solutions of (1.7) (and (1.1)) can exist. This may be surprising, but we recall
that no general uniqueness result is available for weak entropy solutions of systems of
conservation laws. In the particular case of the Riemann problem, uniqueness theorems
are proven only within a prescribed class of solutions; see [15, 11] and theorems 2.16
and 3.8 here below.

Section 4 is devoted to numerical experiments. The 6 x 6 Riemann solver is im-
plemented in one space dimension and then in a two-dimensional cartesian setting.
Comparisons with exact solutions are performed. In case of non-uniqueness, the com-
puted solution is the Liu’s one. Finally, a physically realistic case inspired from [21] is
analyzed. In each case, numerical comparison is done with the Kerr-Debye relaxation
scheme. Both methods give similar results.

2. The Riemann problem for the full vector Kerr system
In this part, we solve the Riemann problem for system (1.1). We denote u= (D, H)
and E=P(D). For a given weR?, |w|=1, and u_,uy € RS, we fix the initial data

u_ if x-w<O0,
u(x,O)—{u+ if z-w>0. (2.1)

We look for a selfsimilar entropy solution u(z,t)=V(%%) of (1.1), (2.1). Denoting
y=x-w, we therefore have to solve the Riemann problem for the one-dimensional 6 x 6

system

(2.2)

9yD — 0, (wx H)=0,
O H + 1110 (wx P(D)) =0.

The admissible shocks of the Kerr system have already been studied in [1]. For the
sake of completeness, those results are briefly recalled here. Then we construct the
rarefaction waves, and we solve the whole Riemann problem.

2.1. Characteristic fields of the Kerr system, admissible shocks. Using
the results of [1] we can state the following proposition.

PrOPOSITION 2.1 ([1]). The Kerr system (1.1) is hyperbolic diagonalizable: for all
wER?, |w|=1, the eigenvalues of system (2.2) are given by

M< A== A< 3= 4=0< 5= A< g=—)\; (23)
where ¢ = 1/60/1,()71 is the light velocity and

e e Lra(EP+2AE-w)?)
Ule B T T (e ER) (1436 B)

The inequalities in (2.3) are strict if and only if w x D #0.
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PROPOSITION 2.2 ([1]). The characteristic fields 1,3,4,6 are linearly degenerate.
If wx D #£0, the eigenvectors for \a and A5 are:

ri(u,w) = (Sgn()j))\wwxx(%x D)> ., i=2,5.

The characteristic fields 2 and 5 are genuinely nonlinear in the direction w in the open
set

Q(w) = {(D,H) €R;wx D A0},
and for all u e Q(w) and i € {2,5},
s (u,w) i (u,w) > 0. (2.5)
We point out the fact that the fields 2 and 5 are neither genuinely nonlinear, nor
linearly degenerate, so that the general theory about the resolution of the Riemann
problem does not apply here. The characterization of admissible plane discontinuities
is now briefly recalled.

The Rankine-Hugoniot conditions for a discontinuity (u_,u;) propagating with
velocity o are

o[D]=—-wx[H], oug[H]=wx[E] (2.6)

where for a given quantity v, [v]=vy —v_.
The divergence free conditions are

If 0 #0, they are fulfilled as soon as (2.6) is satisfied.

PROPOSITION 2.3. Stationary contact discontinuities. ([1]/) Stationary contact
discontinuities are characterized by

wx [H]=0, wx[E]=0. (2.9)
The divergence free ones are constant.

The fields 1 and 6 are linearly degenerate. The associated contact discontinuities
are characterized as follows.

PROPOSITION 2.4. ([1]) A discontinuity o, uy, u_ is a contact discontinuity associated
to A1 or Ag if and only if

|E+| = |E*|7
{02=C2(1+6T|E+|2)_1202(1+€TE_|2)—17 (2.10)

condition (2.7) is satisfied, and
[H]=0ow x [D]. (2.11)

Moreover, the only discontinuities satisfying the Rankine—Hugoniot conditions (2.6) and
such that |E_|=|E,| are the above contact discontinuities.
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At this point, it remains to study the discontinuities that are not contact disconti-
nuities. From now on, we call these discontinuities shocks.

For a fixed left state u_, the Hugoniot set of u_, denoted H(u_), is the set of the
right states w4 such that there exists a shock connecting u_ and uw,. We then denote
the shock velocity by o =0 (uy,u—_). One can give a similar definition by fixing the right
state. Moreover, we impose Lax admissibility conditions, which on the one hand ensure
entropy dissipation, and on the other hand ensure that one can construct the solution
of the Riemann problem as a superposition of simple waves.

DEFINITION 2.5. A discontinuity o, u—, uy is a Laz k-shock if

Ak (Uug) 0 < A (ug)
{Akl(u)gag)\k(u). (2.12)
The following property holds:

PrROPOSITION 2.6. The Lax-admissible shocks are 2-shocks or 5-shocks;
o, u—=(D_,H_), uy=(D4,Hy) is a Lax 2-shock if and only if —o, u_=
(-=D4,Hy), uy=(—D_,H_) is a Lazx 5-shock.

Therefore we just give the results for Lax 2-shocks with a fixed left state u_. To-
wards that goal, we define two functions:

c2d
1+e€.p? (\/W)

When dj is fixed, f(-,dp) is an increasing function; see [1]. Hence we can define

f(d7d0) =

. d,do€eR. (2.13)

S(d+7d—ad0):((f(d+7d0)_f(d—adO))(d+_d—))§7 d-‘md—adOER' (214)
Two cases are under consideration.

PROPOSITION 2.7. Case D_ xw#0. ([1]) Let u_=(D_,H_) be a fized left state such
that D_ xw#0. We denote

wX (wxD_)

= — 2.1
¢ |wx (wx D_)| (2.15)
Then

D_=dyw+d_¢, d_=|wx(wxD_)|>0.

The set Ha(u—) of the right states uy connected to u_ by a Lax 2-shock is a curve
parametrized by d, €R. It is the set of (D, ,H,)€RS such that

Dy=dow+d(, Hy—H_=S5(dy,d-,do)wx(, 0<dy<d_.

The shock velocity o satisfies o0 <0 and

0,2: f(d'f'?cfioj_gfd—ado). (216)

PROPOSITION 2.8. Case D_ xw=0. ([1]) Let u_=(D_,H_) be a fized left state such
that D_ xw=0. Then the set H(u_) of the right states connected to u_ by a shock is
the set of uy = (D4, Hy) satisfying (2.7), (2.11), and

2= (uy) =1 +e|EL PN (2.17)

There is no nontrivial Lax 2-shock connecting u— to a right state uy € H(u_).
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2.2. Rarefaction waves. We first determine the 2-rarefactions. The rarefac-
tion waves are computed by using the integral curves of the eigenvectors. As the 2-
characteristic field is genuinely nonlinear in Q(w)={u=(D,H),w x D#0}, the integral
curves of ro allow us to determine a rarefaction only in this open set. Those curves are
the solutions of the following differential system:

D'(§)=-wx (wx D(€))
{H’(ﬁ)Z—A(D(f))wxD(g). (2.18)

If U=(D,H) is a solution of this system, then D(§)-w and H (&) -w are constant:
D(§)-w=do,  H(§) -w=ho.
Using the identity
D(§) =dow—w x (wx D(§)),
one finds that for all £,&,,
wX (Wx D(€))=wx (wx D(&y))es 5+,

Therefore D(§), D(¢4+) and w are coplanar. Here, it is convenient to fix U({4)=wuy in
Qw). Then U(§) € Q(w) for all . Let us define ¢ as

_ CL}X((,UXD+)
X (@x D)

(= (2.19)

and set d; =|w X (wx D4)| >0. We have
D(€) = dow+de*44¢,
and for £_ <&y

&+
H(¢-)=Hi+ < / A(dow+d+ef—5+c>d+ef—f+d£> wx .

Going into details, we remark that since w is fixed, for D€RS, if D-w=dy and |wx
(wx D)|=d, then |D|=/d2+d?, and by (1.3), A(D) is a function of d and dy only,
that we still denote by \:

do
1+¢ | |[EP+2| —————
- <| o (60(1+6r|E|2

2
)
(L5 & [B) (1136, "E'p<Vd3+d2>'

Therefore, denoting d_ =d. et~ ¢+ and

N (d,dy) =c?

da
R(dl,dg,do):/ )\(S,do)ds, Ogdlgdg, (220)
dy

we have

H(E-)=H, +R(d_,dy,do)w xC.
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The function ¢ = Ay 0U is strictly increasing by Proposition 2.2. For £_ <&,
uy =U(&y), one defines

U-— Zf yS)\2(U—),
u(y)=q U@~ (y) if Xa(u-) <y<Ao(uy), (2.21)
Uy if  y=Aa(ug).

Then u(*%) is a centred rarefaction wave for system (1.1); see [4, 15].

Moreover, if £ — —oo, then d_ —0, and H(£_) also has a limit, so we can extend
the definition to left states u_ ¢Q(w). As a consequence, the following proposition
holds.

PROPOSITION 2.9.  Let uy = (D4, Hy)€Q(w) be a given right state. Using notation
(2.19),

Dy =dyw+dC, doeR, dy>0.
For 0<d_<d,y, let u_ be defined by
D_=dyw+d_¢, H_=H,;+R(d_,dy,dy)wx(.

Then u_ and uy are connected by a 2-rarefaction wave.
By symmetry we deduce the equivalent proposition for 5-rarefication waves.

PROPOSITION 2.10. Let u_=(D_,H_)eQ(w) be a given left state. Using notation
(2.15):

D_=dyw+d_¢, doeR, d_>0.
For 0<dy <d_, let uy be defined by
D+:dow+d+<—7 H+:H7—R(d+,d7,d0)w><<.

Then u— and uy are connected by a 5-rarefaction wave.

2.3. Wave curves. As a conclusion to this section, we define the 2 and 5 wave
curves. Let ¢ be the function defined for di >0, d2 >0, and dy €R by

S(d17d27d0) lf d2§d17

¢(d17d2’d0):{—R(dl,d27d0) it dy <ds. (2'22)

PROPOSITION 2.11. The function ¢ is a decreasing C-function with respect to do, and
for all d>0 and dy €R,

é(d,0,do) =

cd
s lim ¢(d dz,dg)* (223)
\/1+€Tp d2+d2) do—+00
Proof. We have

f(da,do) — f(di,do) — 01 f(d2,do)(d1 —da)
25(dy,da,do)

if  di>ds,
82¢(d17d27d0) =

—)\(dg,do) ’Lf dy <ds.
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In [1], we proved that f is a twice differentiable, concave, increasing function with
respect to do >0, with

91 f(d2,do) = N*(dz,do). (2.24)
Therefore, one obtains that

lirn 62¢(d1,d2,d0) = —)\(dl,do)7

do—sdf

which proves that ¢ is C' and da¢(dy,ds,dg) <0 for all ds.
The first equality in (2.23) is immediate. To prove the second one, we first remark
that

2

1+6Tp2(\/82+d%)7

and we perform the change of variable w=p?(\/s2+d3):

)\2(87d0) >

R(d, d3,do) > 63/w(dZ) ¢ _ltdewddeut

w
2 Jw@ VIitew /w(l+ew)?—d?
When ds tends to 400, so does w(dz). Hence the result follows. o

If u_#uy are connected by a Lax k-shock or a k-rarefaction wave, u_ and w4
are said to be connected by a k-wave. In such a case, D_# D, and D_-w=D, -w.
Moreover w X (wx D_) and w X (wx D) are colinear.

ProproSITION 2.12. Let us consider u_ and uy such that D_# Dy and D_-w=
Dy -w=dy. If wx Dy #0, we define ¢ by (2.19). Else, wx D_+#0, and we define by
(2.15).

The states u_ and uy are connected by a 2-wave if there exist two distinct nonneg-
atie real numbers d_ and d4 such that

Dy =dow+dsC, Hy=H_~+¢(d_,ds,do)wx (. (2.25)

The states u_ and uy are connected by a 5-wave if there exist two distinct nonnegative
real numbers d_ and dy such that

Di=dow+ds(, Hy=H_+¢(dy,d-,do)wx(. (2.26)

2.4. Solution of the Riemann problem. Suppose that us=(Dy,Hy) and
w€ R3, |w| =1, are given. We look for intermediate states w1, U, Usx, U such that:

e u_ and u; are connected by a l-contact discontinuity,

e 1y and u, are connected by a 2-wave,

e u, and u,, are connected by a stationary contact discontinuity,
e u,, and uy are connected by a 5-wave,

e uy and uy are connected by a 6-contact discontinuity.

In the following, we shall denote da—L =D -w.
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2.4.1. Necessary conditions. Suppose that a solution exists. For the contact
discontinuities 1 and 6, the following conditions have to be fulfilled:

Dy-w=D_-w=d,,
DQ'WZD_A,_'CU:CZS_,

Dy =|D-|. (2:27)
|Da| =D,
(i) 229
with
o_=Mu_)=M(u1), or=MN(uy)=As(uz).
That is
oy =Fc(l+e|Be]) 2. (2.29)

For the 2 and 5 waves, we know that Dq, D,, w are coplanar and that Dy, D,., w are
coplanar. Moreover, [D]-w=0. There exist unitary vectors {; and (2, orthogonal to w
such that

Dy=dyw+di(1, Di=dyw+d(,

Dy=diw+dala, Daw=dfw+deilo,

and dy, dx, d., do are non-negative.
The stationary contact discontinuity is defined by conditions (2.9). One has

E.=ejw+e.(1, FEia=ej w+ewls,

where

dy s
- y  Cax = .
co(1+ep*(|Dxl)) co(1+€p?(|Dsxl))

€x

Therefore e,w X (1 = e, w X (2. Hence, either e, =e,, =0, or those quantities are both
positive and (1 =(3. The first case occurs if and only if wx D, =w x D,,=0. In the
second case, we have e, =e,,, which also reads as

f(du,dy) = f(dus,dg). (2.30)

First case: wx D, =wx D, =0.
In this case, D,=djw and D, :dgw. We have that u; and u, are the left and
right states of a 2-shock propagating with speed

i __W(dl,do)—ﬂo,do)
2= a

=0_.

In the same way, u.. and uy are the left and right states of a 5-shock propagating with
speed o. Consequently, the contact discontinuities merge with the shocks; see Figure
2.1.
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X.0
FIGURE 2.1. Case wX Dsx =w X Dyx =0.
We have the following relations:
Hl—H_:cr_wx (leD_),
H,—H =—0_wxD;
HQ—H** :U+wXD2
H+ —H2 =04Ww X (D+ —Dg)
Let us denote
V:UJX<H+—H,—W><(O'+D+—O',D,)). (231)
Using the second relation of (2.9),
V=0, (2.32)
and
H.=H —wxo_D_, H.,=H;—wxo.D,. (2.33)

If D_ xw=0, then u_ =wu,. Else, one has D_ =djw+d_¢ with ¢ defined by (2.15), so
H.,=H_—o_d_wx(=H_+¢(d_,0,d; )w x (.

This proves that u_ and w, are connected by a Lax 2-shock.
In the same way, if Dy xw=0, then u; =u... Else u; and u,, are connected by a
Lax 5-shock.

Second case: D, xw#0 and D, X w #0.
In this case, (1 =(>=( and

Dy=dyw+di¢, Dy=dfw+ds, (2.34)
Di=dyw+d.(, Diu.=dfw+d..C, (2.35)
with d; >0, d. >0, dyy >0, do > 0. Let us denote
d=D-(, h=H-(wx(). (2.36)
By (2.27)-(2.28),

dy=|lwx(wxD_)|, dy=|wx(wxDy)|, (2.37)
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and
h1:h,+o,(d1—d,), h2:h++0+(d2—d+).

By Proposition 2.12, for the 2-wave curve connecting v and u.,

H,—Hi=¢(d1,d,dy )wxC. (2.38)
In the same way,
Hy— Ho = ¢(da, d, d Y X C. (2.39)
By (2.9), hi=h. and
hy=h1+¢(dy,dy,dy ) =ha — ¢(da,dus,d7 ). (2.40)

Therefore, using (2.30), we see that d, and d.. are solutions of the 2 x 2 system,

(2.41)
hl +¢(d17d*)da) = h2 - ¢(d23d**7d(-')_)
Since ¢ is decreasing and d,, d.. are positive,
(dy,ds,dy )+ ¢(d2,dus,d ) < d(d1,0,dy ) + d(da,0,d ) =0y do — 0 _d;. (2.42)

This inequality is useful to determine ¢. As a matter of fact, using (2.28), we have also

H.,=H_+0c_wx(D1—D_)+¢(d1,dx.dg Jwx(,
Hoo=Hy—0iwx (Dy—Dy)—¢(dg,dus,df ) x C.

Again by (2.9), using notation (2.31),
V=(ordy—0_dy—d(di,du,dy ) — d(d2,dus,dg ) €.

Therefore V #0 and

Vv
(=—. (2.43)
V|
We sum up the results in the following proposition.
ProrosiTioN 2.13. Consider u_, uy such that the Riemann problem for system

(1.1) has a solution which is a superposition of simple waves. Let V be defined by
(2.31). Then only the following two cases occur:

1) V=0, u_ and u, are connected by a Lax 2-shock propagating with velocity o_,
g and Uy, are connected by a Lax 5-shock propagating with velocity o4, Dy = (D_ -w)w,
D..=(Dy -w)w, and H, and H.. are given by (2.33).

2) V£0, ¢ is defined by (2.43), u1 and us are determined by conditions (2.28),
(2.29), (2.34), and (2.37), and u, and u.. are determined by (2.35), (2.38)-(2.39), and
the solution of system (2.41).
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2.4.2. Sufficient conditions. Consider initial Riemann data. We consider two
cases according to whether or not V' =0.

First case: V=0. We define D, =(D_-w)w, Dyx= (D4 -w)w, and H, and H,, by
(2.33). It is easy to see that u_ and wu, are connected by a Lax 2-shock, u, and u,, are
connected by a stationary contact discontinuity, and that ., and u are connected by
a Lax 5-shock, so we have constructed the solution of the problem.

Second case: V #0. We define ¢ by (2.43). Then we set
Di=dfw+di(+diwx(, Hi=hfw+hi(+hiwx(,
so that
V=(=hy+h_4o4dy—o_d_)(+ (W, —h"_+opd, —o_d )wxC.
Hence we have the following lemma.

LEMMA 2.14. The two following properties hold:

—h++h7+0'+d+—0',d,>0, (244)

Ry —h" +oyd, —o_d_ =0. (2.45)

Using notation (2.29) and (2.36), we define u; and ug by (2.34), (2.37), and (2.28).
Clearly, u_ and w; are connected by a l-contact discontinuity and w; and ue are
connected by a 6-contact discontinuity. Then we solve system (2.41).

LEMMA 2.15.  The system (2.41) has a unique solution (dy,d..) €R3.

Proof.  The values of di, dy, do, hy, and hy are fixed. Denoting fi = f(-,dT),
we know that f, and f_ are increasing, C'-diffeomorphisms from R to R such that
f-(0)=f+(0)=0; see [1]. Hence we can define G:f_;1 o f_ which is a O, increasing,
one-to-one function such that G(0)=0. We only need to define G on R : G(R1)=R,.

Solving system (2.41) is equivalent to finding d. € R such that

ho —hy = ¢(dy,ds,dy )+ ¢(d2, G(d.),d]). (2.46)
We have
ho—hi=hy—h_—oidy+o_d_+¢(d,0,dy )+ p(ds,0,d7).
By using (2.44), we deduce
ha =1 < $(d1,0,dg ) + ¢(da,0,d)-
Hence by Proposition 2.11, the solution d, of (2.46) exists and is unique. Setting

dyr =G(dy), (di,dys) is the unique solution of system (2.41). O

Let (dy,d.s) be the solution of system (2.41). We define u, and wu.. by (2.35),
(2.38), and (2.39). By construction, u; and wu, are connected by a 1-wave and us and
U4, are connected by a 5-wave.

It remains to verify that u, and wu,, are connected by a stationary contact discon-
tinuity. First it is easy to see that [H xw]=0 if and only if |V|=—hy +h_+0o4di —
o_d_, which is a consequence of Lemma 2.14. Moreover, [E x w] =0 if and only if (2.30)
is satisfied, which is true because (d.,d..) is a solution of system (2.41).
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We sum up the results in the following theorem.

THEOREM 2.16. Let u_, uy be a Riemann data for system (1.1) in the direction w.
The Riemann problem has a unique solution in the class of the functions which are
superpositions of simple waves as detailed at the beginning of Section 2.4. Let V' be the
vector defined in (2.581).

If V=0, then the solution is the superposition of a Lax 2-shock, a stationary contact
discontinuity, and a Lax 5-shock.

If V 20, then the solution is the superposition of a 1-contact discontinuity, a 2-wave
(Lax shock or rarefaction), a stationary contact discontinuity, a 5-wave (Lax shock or
rarefaction), and a 6-contact discontinuity.

In each case, the solution is constructed as in Proposition 2.13.

2.5. The transverse magnetic case: 6x6 viewpoint. Let us detail the
solution of the Riemann problem (1.1), (2.1) in that case; that is w = (w1,w2,0), and uy
is such that Dy =(D; 4,D3 +,0), and Hy =(0,0,Hs 1 ). Then the vector V defined in
(2.31) takes the form

V=v| —wi |, v=Hsi—Hs_—wi(04Dyy—0_Dy_)+ws(o04+D11—0_D1_).

If v=0, the intermediate states wu,, u., are clearly tranverse magnetic: the electric field
is colinear to w and the magnetic one is given by (2.33).
Else, the vector ¢ defined by (2.43) reads as

v w2
| —w
|v] 0

Therefore, all the intermediate states are TM, see formulas (2.28), (2.34)—(2.35), (2.38)—
(2.39).

Hence, the solution of the Riemann problem (1.1), (2.1) with transverse magnetic
data is transverse magnetic. Moreover, it is easy to see that if the Riemann data is
divergence free, so is the solution.

Particular case of the p-system. Here we consider the Riemann problem (1.1),
(2.1) with w=(1,0,0), and wy is such that Dy =(0,D2 1,0) and Hy =(0,0,H3 1). This
field is divergence free. Then

V=v Bl , v=Hsy—Hs_—(04Dyy—0_Dy_).
0
If v=0, we find D,=D,,=0 and H,=H,,.=(0,0,H3) with
Hs=H3 (—0.Dy =Hs_—0_Djy_.
Else, the vector ¢ defined by (2.43) reads as
0

=— 1 -1
v 0

v

¢
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To avoid confusion, we denote u; = (DM, HMW) and up = (D®, H?)) for the intermedi-
ate states 1 and 2. We have D) =d,¢, D® =dy(, and Dy =d+( with dy = —|U—‘D2¢,
v
dy=1|d_|, and dy=|d.|. Hence by (2.28), H® =(0,0,H") and H® =(0,0,H?).
Moreover, D, =D, =d,(, and by (2.38)-(2.39), H,=H,.=(0,0,Hs ). Thus, the so-
lution of the 6 x 6 Riemann problem is a solution of the 2 x 2 p-system (1.8).
Let us remark that the stationary contact discontinuity is trivial, but that if d_ <0

respectively d4 <0), the contact discontinuity 1 (respectively 6) is not.
tively d4 <0), th tact di tinuity 1 tively 6) is not

3. The Riemann problem for the 3 x 3 transverse magnetic case

Here, we study the reduced TM system (1.7), which is important for applications.

In this section, we use two components vectors: D= (D1,D5), w=(w1,ws), E=
P (D). We denote

w X DzwlDQ —UJQDl, (‘L)L = (—Lu'g,wl).

3.1. Wave curves. Using the methods of the 6 x6 case, we can prove the
following proposition.

PROPOSITION 3.1. The TM Kerr system (1.7) is hyperbolic diagonalizable: for all
wER?, |w|=1, the eigenvalues are given by

A==2A<)A3=0<)A\3=]\ (31)

where

2_ 2 1+e-(|E?+2(E-w)?)

A
(1+er|E[?)(143¢,[E[?)

. (3.2)

If wx D #£0, the eigenvectors for \y and A3 are

= (G00) = (0T

The characteristic fields related to Ay and A3 are genwinely nonlinear in the domain
Q(w)={(D,Hs) €R*;w x D#0},
and for all u € Q(w)

X (u,w)ri(u,w) >0, i=1,3. (3.3)

When we compare the 6 x6 and 3 x 3 situations, we observe that the reduction
to TM fields makes the eigenvalues related to non-stationary contact discontinuities
disappear. This is easily understandable since we have seen that those waves induce a
3D rotation of the electric field, namely a rotation around the direction of w.

The stationary contact discontinuities are characterized as in Proposition 2.3.

For a fixed left state u_=(D_,Hs _), we can proceed as in [1] to determine the
related Hugoniot set, that is the set of all right states uy satisfying the Rankine—
Hugoniot relations, which read here as

o[D]=[Hslwt,  opo[Hs)=|wx E].
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Therefore, non-stationary shocks are divergence free. As D= (D-w)w+ (w x D)wt, we
have D_-w=D4  -w and
olwx D]=[Hs], ouo[Hs) =[wx EJ.
Consequently,

s lwxE] flwx Dy, dy)— f(wxD_,dp)

 wolwx D] (wxDy)—(wxD_)

where f is the function defined in (2.13). The vector ¢ defined in Section 2 is not useful
here. Instead, we denote

D_=dow+d_w".

PROPOSITION 3.2. Let u_=(D_,Hs _) be a fized left state.
The set H(u—) of the states uy connected to u_ by a non-stationary shock is the
set of uy such that

D+:d0w—|—d+wl, d+ ER,
H3 y=H3 +o(dy—d-),
and the shock speed o(u_,uy)=o satisfies (2.16).
Let us now study the Lax entropy conditions (2.12). For a 1-shock, they read as

“AMug) <o<—=Au-_).

Those conditions are very different from the 6 x 6 case where for a 2-shock the require-
ment A (u_) <o imposes a sign condition on d; see [1]. Here, this sign condition no
longer exists. Instead, we see that o <0, and using (2.24):

f(dy,do)— f(d—,do)

o f(d_,dy) <
1f( 3 0)— d+—d_

<O f(d+,do). (34)

If d_ =0, since 01 f(-,dp) is maximal for d=0, we have d; =0, and hence u_ =u,.

Else, if d_ >0, (respectively d_ <0), since f(-,dp) is strictly concave (respectively
convex) on R (respectively R™), the formula is true if 0<|dy|<|d_| and d_d; >0,
but this is not necessary. Thus, we have to go beyond the point where w x D=0, and
the characteristic field 1 is not genuinely nonlinear. The relevant condition in that case
is Liu’s entropy condition; see [11, 12].

DEFINITION 3.3.  Let u_ be a given left state, and consider uy € H(u_). The discon-
tinuity is Liu-admissible if

(E) o(ugp,u_) <o(u,u_), for all ue H(u_), ubetween u_ and u.

ProOPOSITION 3.4. Liu’s 1-shocks. Let u_ be a given left state and consider

uy €H(u_), written as in Proposition 3.2, with o <0.
If wx D_ =0, the discontinuity is neither Liu-admissible, nor Laz-admissible.
If wx D_=#0, let d, =d(d_) be the unique real number such that d_d, <0 and

O f(dy,do) = f(d_7cfi0,):£(§d*’d0)-
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The shock is Liu-admissible if and only if di €[d.,d_]. When the shock is Liu-
admissible, it is also Lax-admissible.

We point out the fact that [d.,d_] is to be understood as the segment having d, and
d_ as extreme points. This result is proved in [1] for the particular case of system (1.8).
The proof of Proposition 3.4 follows the same lines, so we omit it. In the following, we
shall denote

D,=dow+d.(d_)w’, Hz.=Hs_+o(d(d_)—d_), wu.(u_)=(Ds Hsz.).

The 3-shocks are deduced from the 1-shocks by symmetry, as in Proposition 2.6.

We compute the rarefaction waves as in the 6 x 6 case, using again the function
R defined in (2.20). We give the result for the l-rarefactions; the 3-rarefactions are
deduced by symmetry.

PROPOSITION 3.5. 1-rarefactions. Let uy = (D, Hs ) €Q(w) be a given right state:
D, =dow+d,wt,  dy€R, di#0.
For 0<|d_|<|d4+|, d—d4+ >0, let u_ be defined by
D_=dyw+d_wt,  Hs_=Hs +sgn(d)R(|d_|,|dy],do).

Then u_ and uy are connected by a I1-rarefaction wave.
As a particular case, if we fix u_ = (dow, Hs ), we can define a global 1-wave curve
parametrized by dy € R which consists of rarefactions only:

Dy=dow+dyw®,  Hsy=Hs_ —sgn(dy)R(0,|dy],do), dy€R.

Otherwise, if we fix u_ such that D_ =dow+d_w>, d_#0, putting together Liu’s 1-
shocks and 1-rarefactions gives a wave curve which is defined for a parameter
dy €[di(d_), 400 if d_ >0, and a parameter d; €] —o00,d.(d_)] if d— <0. We complete
this curve by using composed waves as explained in [18] and [12], that is by the 1-
rarefaction curve related to the left state w.(u_).

Finally, we define the wave function. For d#£0, d.(d) is defined as in Proposition
3.4. For d=0, we set d.(0)=0. Then for all dy, da, and dy, we define p(d;,ds,dy) as

—sgn(di)R(|d1|,|da|,do) if [di] < |da], d1d2 >0,
(p(dl,dg,do): Sgn(dl)S(dl,dg,do) ifdQE[d*(dl),dl], (35)
sgn(dl) (S(dl,d* (d1)7d0) +R(d* (dl), |d2|7d0)) else.

As in Proposition 2.11, we can prove that ¢ is a decreasing C'!'-function with respect to
do and for all dq, dy € R:

lim @(dl,d27d0)::FOO. (36)
dg%ioo
ProprosITION 3.6. Let us consider u_ and uy such that D_# D, and D_-w=

D+ W= dO.
The states u_ and uy are connected by a 1-wave if there exist two distinct real
numbers d_, dy such that

Di=dow+diw", Hy=H_+p(d_,dy,dp). (3.7)

The states u— and uy are connected by a 3-wave if there exist two distinct real numbers
d_, dy such that

Di=dow+dew, Hy=H_+p(dy,d_,do). (3.8)



2212 GODUNOV SCHEME FOR THE KERR SYSTEM

3.2. Solution of the Riemann problem. Suppose that uy =(Dy,Hs 1) and
w€ R3, |w|=1, are given. We look for intermediate states u®, 4@ such that:

e u_ and u¥ are connected by a 1-wave,
e u and u® are connected by a stationary contact discontinuity,
e u? and u, are connected by a 3-wave.

In the following, we shall denote Dy :doiw+din-.

3.2.1. Necessary conditions. Suppose that a solution exists. There exist real
numbers dy, do such that

DW =dywtdwt, D® =dfw+daw?, (3.9)
H:gl) =Hsz _+o(d_,di,dy), H§2) =Hs . —¢(dy,dg,dyf), (3.10)
1) = H®, (d,dg) = f(dad5).
Therefore, (dy,dz) is solution of a 2 X 2 system which is similar to (2.41):
f(dv.dy) = f(da,dg),

Hjs _+o(d_,dy,dy ) =Hs 4 —o(dy,da,df ).

(3.11)

3.2.2. Sufficient conditions.
LEMMA 3.7. The system (3.11) has a unique solution (dy,dz) € R?.

Proof.  The values of di dy, Hs + are fixed. We define fi as in the proof of
Lemma 2.15, and G = f;l o f_, which is a C', increasing, one-to-one function such that
G(0)=0. Here, we need to define G on R, and G(R)=R.

Solving system (3.11) is equivalent to find d; such that

Hsy —Hs _=p(d_,dy,dy ) +¢(dy,G(dr),d).

We end the proof by using the properties of . ]

In the following theorem, we sum up those considerations, and we make the link
between 2 x 2 and 3 x 3 solutions.

THEOREM 3.8.  Let u_, uy be a Riemann data for system (1.7) in the direction w.
The Riemann problem has a unique solution in the class of the functions which are
superpositions of a 1-wave, a stationary contact discontinuity, and a 3-wave.

The intermediate states u™) and u® are defined by (3.9), (3.10), and the solution
of system (3.11).

For Riemann data of the form uy=(0,Ds 1,Hs 1), the solution has the form
(0,D9,Hs), the stationary contact discontinuity is trivial, and (Ds,Hs) is the Liu’s
solution of the p-system (1.8) for the data (Da t,Hs +).

3.3. Comparison of the 6 x6 solution with the 3x3 and 2x2 ones. For
u=(D1,Dy,Hs), we denote = (D, H) where D= (D;,D5,0) and H= (0,0, Hs).

As observed in paragraph 2.5, if the Riemann data is transverse magnetic, so is the
solution @ of system (1.1) provided by Theorem 2.16. The related u is a weak solution
of the 3 x 3 system (1.7). But if the non stationary contact discontinuities are not trivial
for @, u is not the solution of (1.7) given by Theorem 3.8.
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For example, we can find a nontrivial tranverse magnetic 6-contact discontinuity
for system (1.1). We choose w=(1,0,0),

D_=|Dy_ |, H_= 0 |, Dy=-D_,
0 H; _
and, o4 defined by (2.29):
- - 0
H+:H—+U+LUX(D+—D_): 0

Hs, 404 (Dyy — D2, -)

The Liu’s solution of the 3 x 3 Riemann problem for system (1.7) with data
uy =(0,D9 1, Hs 1) cannot be such a contact discontinuity. The solution consists of a
1-wave and a 3-wave. Such solutions are compared in Figure 4.5; see Section 4 for the
numerical details. Here, the 1-wave is a rarefaction, and the 3-wave is composed of a
shock connecting u, and u*(u.) and a rarefaction connecting u*(u,) and u( =),
Consequently, one has two distinct solutions of the problem. This is not contrary to
known results. In particular, we point out the fact that, as is usual for such problems,
uniqueness in theorems 2.16 and 3.8 holds only in a definite class of solutions.
In order to choose the physical solution, we study the electromagnetic energy of
each of them. For the reduced case (1.7), still denoting E=P(D), the energy density
reads as ([5])

3

1
n(D,Hs)=E(D)+-poH3, E(D)=eo(|E|*+ 5

E|Y).
5 |E])

Actually, n is the mathematical entropy for the Kerr system, with entropy flux
Q(D,Hs)=Hs(Ey,—Fy).

As is well known, contact discontinuities and rarefactions preserve entropy; see [15], for
example. Let us study what happens for Liu’s shocks.
A shock (o,u_,uy) is entropy dissipative if

On(u) +divQ(u) <0
in a weak sense. This inequality also reads as

—op(D, Hs)] + [Haw x P(D)] <0. (3.12)

THEOREM 3.9. Entropy dissipation for Liu’s shocks. Let (o,u_,u;) be a Liu’s
shock. The entropy dissipation inequality (3.12) holds.

In the particular case Di-w=0, denoting e=p(d) and D=dw", the amount of
entropy dissipation is

CEQE,

4\/1—|—er(ei+e+e, +e2)

~ (D, H)) + [Hse] = - PP <0. (313)
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Proof.  We write the proof for a 1-shock with D_-w* >0. The other cases are
similar. The Liu’s 1-shock curve for given u_ is parametrized by d € [d.(d_),d_] as

dow + duo™ £(d,do) — f(d_,do)
u(d):<H37_+<(7)(d,d_)(d—d_)>’ 7<0, =TT (1)

For such a u, wx P(D)=pof(d,dy), so that (3.12) reads as
—o(n(u(d)) —n(u(d-))) +pof(d,do)(Hs — +o(d—d-)) — pof(d—,do) Hs, - <0.
We denote by —oD(d) the left-hand-side of this inequality. We have that D(d_)=0 and
1
D(d) = E(dow +dw™ ) =& (dopw +d—w™) — FHo(d—d_)(f(d,do) + f(d-,do)).

Using the fact that £'(D,Hs) = (E1, Fa,uoHs), we find

f(d*7d0) _f(d7d0)>
d_—d '

/()= Lol —d) (&f(d,do) -

The properties of f and the definition of d.(d_) allow us to conclude that D’(d) >0 for
ded.«(d-),d_], and this proves the entropy dissipation property.

In the case where dy =0, £(D)=e€oe?(1+2¢?) and o f(d,0) =p(d) =e, and hence
the result follows. O

As Lax’ shocks are also Liu’s shocks, we conclude that we have found two distinct
selfsimilar entropy (or energy) solutions of the Riemann problem for (1.7). In the case
of the above example, the 6 x 6 solution conserves the electromagnetic energy, and Liu’s
solution dissipates this energy by the presence of a shock. Numerical experiments will
bring more information about this problem; see Section 4.

4. Numerical experiments

We present one and two-dimensional computations with the Godunov scheme for
the 6 x 6 Kerr system. The one-dimensional tests are concerned with comparisons to
exact solutions of the Riemann problem. As a particular case, we investigate numerically
the problem of the nonuniqueness of selfsimilar entropy TM solutions.

The two-dimensional experiments are performed on a cartesian grid. We take trans-
verse magnetic data (Dy,Ds,Hs), but we use the 6 x 6 solver; see paragraph 2.5. The
first case is concerned with piecewise constant initial data for which one-dimensional
waves remain visible. Then we study an ultrashort optical pulse proposed in [21].

In all cases, we also compare our results with those obtained by the Kerr—Debye
relaxation scheme.

The relative permittivity is e, =2 x 10718,

All the computations have been performed with a CFL number of 0.3. An important
remark is that all the characteristic velocities are bounded by the light velocity
c= 60#071’ so that we are able to fix a constant time step. All the results are obtained
with a second order extension, in space by affine reconstructions with min/mod limiters
and in time by a second order Runge-Kutta scheme.

4.1. One-dimensional cases. We fix the computation domain as [—X,X] with
X =cT, T being the maximal time, so that if NV is the number of cells, then the number
of time steps is p=N/0.6.
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We first consider the Kerr system (1.1) with the following Riemann data:

0 0.03
D(z,0)=1{ 0.03 if 1 <0,  D(z,0)=1{ 0.04 if 21 >0,
0 0.04
(4.1)
0 0.001
woH (xz,0)=1{ 0 if 1 <0, poH (z,0)= 0 if 1 >0.
3 3

This data is not divergence free. The solution only depends on x =1, D1 (z,t) = D1 (z,0)
and Hy(x,t)=H;(x,0). The scheme (1.5) with (1.6) reads as

0
At n n
1 _
D =Dy~ Hy, o —Hg 1 |,
_gn n
H2,¢+% +H2,7:—%
At 0
1 1 _mn mn
H' M =H] — g s Byivy By
X En _gn
2,i+4 2,i— 1

As a consequence, D{ﬁi:D?ﬂ- and H{l’i:Hfi, and the error for those components is
only due to initial discretization of data. As x =0 is an interface between two cells, this
error is zero. Hence, we do not represent Dy and H;.

Figures 4.1-4.2 show respectively the components (Dq,D3) and (Hz,Hs) at time
T =10 femtoseconds, for 400 and 1600 cells. The exact solution consists of a 1-contact
discontinuity, a 2-rarefaction, a nontrivial stationary contact discontinuity, a 5-shock,
and a 6-contact discontinuity. It is well retrieved by the Godunov scheme. We have also
tested the Kerr-Debye relaxation scheme (A.2) with (A.1) presented in the appendix.
Both schemes give very close results. In Figure 4.3, L! relative errors with respect to
the space step are depicted for each of them. We make the number of cells vary from
400 to 1600. The numerical order of accuracy is 0.66.

400 points
---- 1600 points
0,05 5 — exact

0,04 |-

0,02 —

0,01 —

Lot | L

0 . . L .
Ser08 IS <1er08 0 1e+08 2+08 3408
XT

FIGURE 4.1. One space dimension: (D2,D3) for Riemann data (4.1) afer 10 femtoseconds. Go-
dunov scheme.

In a second series, we try to understand the problem of non uniqueness shown in
paragraph 3.3. We take a sequence (D™, H™) of 6-contact discontinuities as follows:
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40406 T T T T T T T T

3et06

T 2e+06

1e+06

Pl

L L 1 )
-306408 -2e+08 -le+08 0 le+08 2e+08 3e+08

FIGURE 4.2. One space dimension: (Haz,H3) for Riemann data (4.1) afer 10 femtoseconds. Go-
dunov scheme.

— Godunov L1 error on D
---- Godunov L1 error on H
| + relaxation L1 error on D
O relaxation L1 error on H
a
0015 -
,‘B’V
5 e
g P
2 001 o N
3 P
e | = |
.
o=
0005}~ i
0 . I . I . I .
0 5e-09 le-08 1,5¢-08 2e-08

space step

FIGURE 4.3. One space dimension: relative L' errors for Godunov and Kerr—Debye relazation
schemes, for Riemann data (4.1), from 400 to 1600 cells.

w=(1,0,0), and for m=1,...,12, 6,,, = 2%,

D™(x,0)=D_ifz; <0, D™(x,0)= D" =R, D_if z; >0,

H™(z,0)=H_ifz; <0, H™(2,0) = H"if 21 >0,
with H' = H_+o4wx (D7 —D_), o4 defined in (2.29), and

0 0 1 0 0
D_=1003], pwH-=|(0]|, R,=| 0cosb,, —sinb,,
0 3 0 sin#,, cos6,,

When m =12 (6,, =), we have a transverse magnetic field which is also a weak solution
of the p-system (1.8), and the entropy is conserved. Denoting e =p(0.03),

—0o4+[n(D, Hs)] + [Hze] =0.
We have |D_|=|D’"|=0.03,

|DT —D_|=|D_[\/2(1—cosby,),
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and

H' —Hj3 _
| 3,+ 3, ‘ \/ﬁ|

Therefore |uy —u_| is an increasing function of m.

Figure 4.4 shows the evolution of L! relative error for D and H respectively. We can
observe that this error increases with the rotation angle, but it always converges to zero,
except when 6, =m. As shown in Figure 4.5, in this case, convergence holds to Liu’s
solution which consists of a 1-rarefaction and a 2-wave composed by a 2-rarefaction and
a 2-shock. The Kerr—Debye relaxation scheme gives the same results.

G-opi/12 1 G2
G- pil3 a1 pil3
&0 2pi3 0 2pif3
0,151 A-A 11 pill2 - 0,15 AAT1pilI2 —
*—% pi F—% pi

s
T
)

LI error on D
L1 error on H

I I
0 Te-08 2e-08 3e-08 4e-08 Se-08 6e-08 % le-08 2e-08 3e-08 4e-08 5e-08 6e-08
space step space step

FIGURE 4.4. L' relative error for D (left) and H (right) with respect to Ax: convergence holds
except when reducing to a TM field.

D2
T
L

0,01 |- B

F [— Godunov 3200 points B

0,02 | |- relaxation 3200 points
. Liu’s 2x2 solution

r [=—_6x6 solution 4

0,03 , |
“3e+08 2¢+08 “le+08 0 1c+08 2¢+08 3cH08

FIGURE 4.5. D-component: Godunov and Kerr—Debye relazation scheme both compute Liu’s
solution. H-component is similar.

4.2. Two-dimensional cases. We restrict ourselves to computations of trans-
verse magnetic fields on cartesian grids. As a Riemann solver, we take the 6 x 6 solution
provided by Theorem 2.16. We have also tested the 3 x 3 solution provided by Theorem
3.8, but, as one can guess in view of one-dimensional tests, this solver gives the same
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FIGURE 4.6. Square partition.

results as the 6 x 6 one. The scheme can be written as

n+1 __ At n
Dy =Dy + AL (H,

_gn
1,ij 1,ij 3,i,j+4 H3,i,j—%
n+l_ nn _ At n _gn

Dz;ij _D2,ij Ax 37¢+%7j Hgﬂ'_%J
n+l _ pgn _ _At n _n At n _mn

Hy iy = H3ij— uone (EQ,iJr%,j Ez,z;%,j) + oAy (El,i,jJr% El,i,j?%)'

As a first test, we consider a square divided into four quadrants numbered as in Figure
4.6. On square i, we take u(?) as initial data, with

5m 5m 517 5?
u(l) = 6777, 5 U(Q) = (Sp 3 U(S) = 61; 3 U(4) = 5m )
Hél) H?()Z) Hg()S) H§4)

in such a way that
e v and u® are connected by a Lax 5-shock,
e u® and u® are connected by a 2-rarefaction.

The computation is performed for a time 7T'=10 femtoseconds, on a square
Q=] —cT,cT[?> with a 400 x 400 cartesian mesh, that is about 1320 time steps.

Our data is divergence free, but this property is not preserved by the scheme, even if
for each interface the solver is divergence free. This 2D feature has already been reported
in the context of MHD where it can lead to a complete blow up of the numerical solution.
In our case, the results seem to be correct. The numerical ratio between div(D) and
VD is around 1073:

/|divD(m,y,t)|dxdy§0.004/ |VD(z,y,t)|dxdy.
Q Q

This ratio remained in the same range for all the performed tests.

In Figure 4.7, the isovalues of Dy and B are shown. We do not represent those of Do
since they are in the same spirit. Near the boundaries, the problem is one-dimensional.
When vy is fixed, we retrieve the 5-shock and the 2-rarefaction; see Figure 4.8-left for
a comparison with the exact solution near the top boundary. For fixed z, in view of
Figure 4.7, one could think that a single rarefaction and a single shock also occur, but
this is not true. The exact solution is composed on the left by a 2-rarefaction and a
(small) 5-shock, and on the right, we have a (small) 2-rarefaction and a 5-shock. Our
two-dimensional computation retrieves all those waves; see Figure 4.8-right for the right
side.
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FIGURE 4.7. 2D Riemann problem: isovalues of D1 (left) and B=puoH (right). The values of D2
are not represented.
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FIGURE 4.8. 2D Riemann problem: near the boundaries, the solution is 1D. Near the top, a single
rarefaction for (D1,Hs); near the right boundary, a small rarefaction and a shock for (D2, Hs).

The second test is taken from an article by R.-W. Ziolkowski and J.B. Judkins [21].
An ultrashort pulsed optical beam is generated by a Gaussian waisted magnetic field
imposed at the left boundary of a rectangular domain ]0, X[x]—Y,Y:

27t 2
Hs(0,y,t) :MalBO <1 —cos (;)) exp (_yQ> if te[0, 7], O else.
w

The amplitude By =6.087 Tesla, the period T'=20fs, andthe initial waist w=10um are
fixed. In the cited article, the response time 7 of the material is not zero, and the
authors solve Kerr—Debye Equation (1.4) by a finite-difference time-domain (FDTD)
method. They study self-focusing phenomena occuring in such cases. Those results
have been retrieved in [9] by a finite element method and in [10] with a finite volume
scheme of which (A.3)—(A.4) is the relaxed Kerr limit. Also in [10], the Kerr limit 7=0
has been investigated. Here we compare the results obtained by the Godunov scheme
with those obtained in [10].
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The symmetry of the problem allows us to compute the field only in the domain
2=]0,X[x]0,Y]. We use a 800 x 600 mesh. The self-focusing phenomenon can be de-
tected by studying the time evolution of the maximal electric intensity I(t) = maxq |E|*.
After decreasing for a rather long time, by a strong interaction between the components
of E, this quantity increases to reach a local maximum and then decreases again. As the
creation of shocks dissipates energy, this maximum is less important when the response
time is zero (Kerr model) than for the Kerr—Debye model, but one can still observe it.
In the present case, the local maximum is reached at time ¢; =109.2 femtoseconds. In
Figure 4.9-left, we zoom in on the time evolution of I(¢). We remark that the relaxation
scheme (A.3)—(A.4) and the Godunov scheme give the same result. We just represent
the isolines of |E(t1)|? for the Godunov scheme (Figure 4.9-right); they are nearly the
same as those obtained by the relaxation scheme. As can be seen on this figure, we have
both self-focusing and shock creation which means that physical situations require an
efficient computation of solutions with shocks.
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FIGURE 4.9. 2D case. Left: maximal intensity |E\2 in the computational domain with respect to
time. Right: intensity at the self-focusing time.

5. Conclusion

We have been able to solve the Riemann problem for the 6 x 6 Kerr system. The
multiplicity of the eigenvalues is not constant, and the characteristic fields 2 and 5 are
neither genuinely nonlinear, nor linearly degenerate. Nevertheless, in all cases, we can
construct a unique Lax solution. For transverse magnetic data, this solution is transverse
magnetic and does not coincide with Liu’s solution of the reduced 3 x 3 system. This
allows us to point out the non uniqueness of selfsimilar weak entropy solutions of the
Kerr system.

From the numerical viewpoint, the 6 x 6 Lax solution has been implemented as
an exact Riemann solver for the Godunov scheme. Numerical experiments have been
performed in one and two dimensions, including realistic physical cases. The results
are very close to those obtained by the Kerr-Debye relaxation scheme coming from
the non-zero response time model. In the particular case of coexistence of two entropy
solutions, the more dissipative Liu’s solution is always reached by our schemes. This may
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be due to numerical viscosity. In the physical case of an ultrashort pulsed optical beam,
our results are consistent with those of the literature, and the well known self-focusing
phenomenon is retrieved.

The results of the Godunov and Kerr—Debye relaxation schemes are very close. The
relaxation scheme is completely explicit. Due to the resolution of a nonlinear algebraic
equation for each cell, the Godunov scheme is more expensive in terms of CPU time.
By construction, the Godunov scheme allows one to compute weak solutions of the Kerr
system, even when they contain shocks. Along with the physically consistent relaxation
scheme, we now have two reliable computational methods for the Kerr system.

Appendix A. Kerr—Debye relaxation scheme.
System (1.4) is hyperbolic with eigenvalues

H1=po=—p, p3=pa=ps=0, pug=pr=p

with p= . Moreover, all the characteristic fields are linearly degenerate. These

Vi+x
properties are useful for designing a numerical approximation of (1.1) following the clas-
sical projection-transport technique. At every time step, one first projects the solution
onto equilibrium by setting x = €,p(| D|); then the homogeneous system related to (1.4)
is solved. As we use the finite volume method, we just have to know the solution of
the Riemann problem to find the numerical fluxes at each interface, that is the approx-
imation of —wx H and p lwx E. The Riemann problem is easy to solve because we
have only contact discontinuities here. Denoting by U_ and U, the left and right initial

D
states, r- =+/1+x+ and E4 = =
€0

————— we find (see [10] for a proof in the tranverse

magnetic case):

H_ _H _(EL—FE_
_gx et Hy (=B — B)
Tyt cpo(ry +r-)
@(U—7U+aw):
X rebytroEo +cw X (wx H+_H>
po(r4+7-) rytr-

In one space dimension, we set U; = (u?,e,p(|D?|), w=(1,0,0) =ey,

F:i% :@(Ui,Ui+1,€1), (A].)
and
At
n+l_ n n o _ m
ur " = —z(FH_% Fi_%). (A.2)

Notice that this implies that D?jl =D}y and H anr = H} for all i and n, which means

that divD and divH are constant throughout the computation.
In two space dimensions, for a cartesian mesh, we set

Fly i =0Ui.Uiprg,e1), Giyp1 =0Ui,Usj11,e2), (A.3)

2
and the scheme reads as

n+l_  n At n n At Gn _Gn

Uiy = ap iy T E ) T 5y (Gl —Gay)

(A.4)
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