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GLOBAL STRONG SOLUTIONS OF THE COMPRESSIBLE NEMATIC
LIQUID CRYSTAL FLOW WITH THE CYLINDER SYMMETRY∗

QIANG TAO† , JINCHENG GAO‡ , AND ZHENG-AN YAO§

Abstract. In this paper, we consider the well-posedness of the compressible nematic liquid crystal
flow with the cylinder symmetry in R

3. By establishing a uniform pointwise positive lower and upper
bounds of the density, we derive the global existence and uniqueness of strong solution and show the
long time behavior of the global solution. Our results do not need the smallness of the initial data.
Furthermore, a regularity result of global strong solution is given as well.
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1. Introduction
In this paper, we shall study global strong solutions to the compressible hydrody-

namic flow of liquid crystals with cylindrical symmetry in R
3. We restrict ourselves

to the flows between two circular coaxial cylinders and assume that the corresponding
solutions depend only on the radial variable r in Ω :={r∈R

+,0<a<r<b<∞} and the
time variable t∈R

+=[0,∞). Precisely, under the cylindrical symmetric transformation:

u=
(
u
x1

r
−v

x2

r
, u

x2

r
+v

x1

r
,w
)
, r=

√
x2
1+x2

2, u=u(r,t), v=v(r,t), w=w(r,t),

we consider the following three-dimensional compressible nematic liquid crystal flow:

ρt+div(ρu)=0, (1.1)

(ρu)t+div(ρu⊗u)+∇(P (ρ))=μΔu+(λ+μ)∇divu−νdiv

(
∇n�∇n− |∇n|2

2
I3

)
,

(1.2)

nt+(u ·∇)n=θ(Δn+ |∇n|2n). (1.3)

Here ρ :Ω× [0,∞)→R
1 denotes the density, u :Ω× [0,∞)→R

3 denotes the velocity field
and n :Ω× [0,∞)→S2 denotes the optical axis vector of the liquid crystal which is a
unit vector |n|=1, where u is the component of the velocity vector u along the radial
variable r(r∈Ω), v is the angular component of u, and w is the axial component of u.
The pressure is P =Aργ , where γ >1 and A is a positive constant, λ and μ are the bulk
and shear viscosity coefficients, respectively, which satisfy the physical conditions μ>0
and 2μ+3λ≥0. I3 denotes the identity matrix of order 3. ⊗ and � represent the tensor
products which satisfy

u⊗u=(uiuj)3×3, ∇n�∇n=(nxi
·nxj

)3×3.
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The reduced system is now of the form (see [1] and [2] for the case of the compressible
Navier–Stokes equations):

ρt+(ρu)r+
ρu

r
=0, (1.4)

ρ

(
ut+uur− v2

r

)
+Pr−κ

(
ur+

u

r

)
r
− ν

2

(|nr|2
)
r
−ν

|nr|2
r

=0, (1.5)

ρ
(
vt+uvr+

uv

r

)
−μ
(
vr+

v

r

)
r
=0, (1.6)

ρ(wt+uwr)−μ
(
wrr+

wr

r

)
=0, (1.7)

nt+unr−θnrr−θ|nr|2n−θ
nr

r
=0, (1.8)

where ρ=ρ(r,t), n=n(r,t), κ=2μ+λ, the positive constants ν and θ are competitive
between kinetic and potential energy, and microscopic elastic relaxation time, respec-
tively.

In the domain Ω× [0,∞), we consider the initial-boundary value problem given by
(1.4)–(1.8) and

(ρ,u,v,w,n)|t=0=(ρ0,u0,v0,w0,n0)(r), r∈Ω, (1.9)

(u,v,w)|r=a,b=0, nr|r=a,b=0, t>0, (1.10)

where n0 :Ω→S2.
Liquid crystals are substances that exhibit a phase of matter that has properties

between those of a conventional liquid, and those of a solid crystal [3]. The contin-
uum theory of liquid crystals was established by Ericksen [4] and Leslie [5] during the
period of 1958 through 1968. Since then, the mathematical theory is still progressing
and the study of the full Ericksen–Leslie model presents relevant mathematical difficul-
ties. When the fluid containing nematic liquid crystal materials is at rest, we have the
well-known Ossen–Frank theory for static nematic liquid crystals, see the pioneering
work by Hardt–Lin–Kinderlehrer [6] on the analysis of energy minimal configurations of
nematic liquid crystals. In general, the motion of fluid always takes place. The so-called
Ericksen–Leslie system is a macroscopic continuum description of the time evolution of
the materials under the influence of both the flow velocity field u and the macroscopic
description of the microscopic orientation configurations n of rod-like liquid crystals.

It is well-known that when n is a constant vector field, the system (1.1)–(1.3) be-
comes a classical compressible isentropic Navier–Stokes equation, which is an extremely
important equation to describe compressible fluids. There are many important works
on the qualitative theory of this equation (see, for example, Lions [8], Feireisl [7] and
references therein).

When the density function ρ is a positive constant, then (1.1)–(1.3) becomes the
hydrodynamic flow equation of incompressible liquid crystals. Lin [9] first derived a
simplified Ericksen–Leslie equations modeling the liquid crystal flows in 1989. Later,
Lin and Liu [10, 11] made some important analytic studies, such as the existence of weak
and strong solutions and the partial regularity of suitable solutions of the simplified
Ericksen–Leslie system, under the assumption that the liquid crystal director field is
of either varying length by Leslie’s terminology or variable degree of orientation by
Ericksen’s terminology.

However, when the fluid is compressible, the Ericksen–Leslie system becomes more
complicated and there are only a few analytic results available yet. This is now attracting
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increasing research attention. The authors in [12, 13] first consider the solutions to the
initial-boundary value problem of (1.1)–(1.3) with nonnegative initial density. They
obtained the global existence and uniqueness for classical, weak or strong solutions
in 1-D case. Then, Huang–Wang–Wen [14, 15] showed the existence of the local-in-
time strong solutions to the initial value or initial-boundary value problem in 3-D and
established a series of blow-up criterion of strong solutions. Inspired by [16], for the
radially symmetric initial data and nonnegative initial density, Huang–Ding [17] proved
the global existence and uniqueness of global strong solutions to the problem of (1.1)–
(1.3) in dimension N(N ≥2). In [18], the global existence and uniqueness of strong
solution to the Cauchy problem are obtained in critical Besov spaces. Recently, based
on the arguments in [19] for the compressible Navier–Stokes equations, the global well-
posedness of classical solutions were proved in [20] for the initial data were sufficiently
smooth and were suitably small in some energy-norm. At the same time, Wu and Tan
[21] established the existence of global weak solutions to the Cauchy problem by using
Suen and Hoff’s method [22].

In the present paper, we shall discuss the well-posedness of the compressible ne-
matic liquid crystal flow with the cylinder symmetry. In the last decades, there are
many works addressing the cylinder symmetry motion of a viscous and heat-conductive
polytropic idea gas. Frid and Shelukhin [2] discussed the vanishing shear viscosity and
obtained the global existence of solutions to the compressible fluids for the flows with
the cylinder symmetry. This model was dealt with in [1]. Hoff and Jenssen [23] studied
the spherically and cylindrically symmetric nonbarotropic flows with large data and
forces, and established the global existence of weak solutions to the compressible non-
barotropic Navier–Stokes equations. In [24] and [29] Qin and Jiang showed the global
existence and exponential stability of solutions in H1, H2, and H4 for the compressible
Navier–Stokes equations with the cylinder symmetry. Moreover, we also mention that
the boundary layer problem for Navier–Stokes equations with the cylinder symmetry
were considered in [25, 26, 27]. Our aim in this paper is to study the existence and
uniqueness, the long time behavior and the regularity of global strong solutions for the
initial-boundary value problem (1.4)–(1.10). It’s worth mentioning that since we will
study the large-time behavior of global solutions, all the estimates should be uniform,
that is, they should be independent of any length of time. The main difficulty here is
to establish uniform pointwise positive lower and upper bounds of the density. By the
energy law, we first show some uniform estimates of derivative for n. Then, motivated
by [28] and [29] for the compressible Navier–Stokes equations, we establish the uniform
lower and upper bounds of the density ρ without the smallness of the initial total energy.
On the other hand, we prove a regularity result in Euler coordinates.

Throughout this paper, we denote the velocity vector v=(u,v,w) with v0=
(u0,v0,w0) and without loss of generality, let A=θ=ν=1. Furthermore, we need the
following notation which will be used.

Notation.

(1) For p≥1, denote Lp=Lp(Ω) as the Lp space with the norm ‖·‖Lp . For k≥1 and
p≥1, denote W k,p=W k,p(Ω) the standard Sobolev, whose norm is denoted as ‖·‖Wk,p

and Hk=W k,2.

(2) For any T >0 and k≥1, denote W 2k,k
2 =W 2k,k

2 (Ω×(0,T )) := {u,Dα
r D

β
t u∈

L2(Ω×(0,T )), for any α and β such that |α|+2β≤2k}.
(3) For simplicity, we will use the abbreviation ‖·‖=‖·‖L2 .

(4) ‖(f1,f2,f3)‖2=‖f1‖2+‖f2‖2+‖f3‖2 for functions f1,f2,f3 belonging to L2.
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(5) Subscripts t and r denote the (partial) derivatives with respect to t and r,
respectively.

Then, the main results can be stated as follows.

Theorem 1.1. Assume that the initial data satisfies (ρ0,v0,n0)∈H2×(H1
0 ∩H2)×H3

with 0<c0≤ρ0 and |n0|=1 in Ω̄ for some constant c0. Then for any T >0, there exist
two positive constants C∗ and C∗ which are independent of T and a unique global strong
solution (ρ,v,n) of the initial boundary value problem (1.4)–(1.10), such that

ρ∈L∞(0,T ;H2), ρt∈L∞(0,T ;H1),

v∈L∞(0,T ;H1
0 ∩H2)∩L2(0,T ;H3), vt∈L∞(0,T ;L2)∩L2(0,T ;H1

0 )

n∈L∞(0,T ;H3)∩W 4,2
2 (Ω×(0,T ]), nt∈L∞(0,T ;H1)∩L2(0,T ;H2)

0<C∗≤ρ(r,t)≤C∗, |n|=1, ∀(r,t)∈Ω× [0,T ].

Theorem 1.2. Assume that the assumptions of Theorem 1.1 are satisfied. Then the
global strong solution of problem (1.4)–(1.10) has the following asymptotic property:

‖(ρ− ρ̄,v,n− n̄)(t)‖L∞ +‖(ρr,vr,nr)(t)‖→0, as t→∞,

where ρ̄ is a certain positive constant and n̄ is a certain constant vector with |n̄|=1.

Theorem 1.3. Assume that the initial data satisfies (ρ0,v0,n0)∈H4×H4
0 ×H4 with

0<c0≤ρ0 and |n0|=1 in Ω̄. Then there exists a unique global solution (ρ,v,n) to the
initial boundary value problem (1.4)–(1.10) verifying that for any T >0

‖ρ(t)‖2H4 +‖v(t)‖2H4 +‖n(t)‖2H4 +‖vt(t)‖2H2 +‖nt(t)‖2H2 +‖vtt(t)‖2+‖ntt(t)‖2

+

∫ T

0

(‖vr‖2H4 +‖nr‖2H4 +‖vtr‖2H2 +‖ntr‖2H2 +‖vttr‖2+‖nttr‖2)(s)ds≤CT ,

where CT is a positive constant depending on a, b, κ, μ, γ, initial data and T .

Remark 1.1. It is clear that the solution (ρ,v,n) obtained in Theorem 1.3 is in fact a
classical solution verifying that

‖(ρ,v,n)‖
C3+ 1

2 ×C3+ 1
2 ×C3+ 1

2
≤CT .

The paper is organized as follows. In Section 2, we first investigate the local
existence and uniqueness of the solution for problem (1.4)–(1.10). In Section 3, by some
energy estimates, the global existence and long time behavior of strong solution are
derived. In Section 4, we prove a regularity result in Euler coordinates.

2. Local existence
In this section, we first study the local (in time) solution of (1.4)–(1.10) since the

equations are nonlinear. Our main result is as follows:

Theorem 2.1. Suppose that the initial data satisfies c0≤ρ0∈H2 for some c0>0,
v0∈H1

0 ∩H2, n0∈H3 with |n0|=1 in Ω̄. Then there exist a positive time T0>0 and a
unique strong solution (ρ,v,n) to the initial boundary value problem (1.4)–(1.10), such
that

0<ρ∈L∞(0,T0;H
2), ρt∈L∞(0,T0;H

1),

v∈L∞(0,T0;H
1
0 ∩H2)∩L2(0,T0;H

3), vt∈L∞(0,T0;L
2)∩L2(0,T0;H

1
0 )
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n∈L∞(0,T0;H
3)∩W 4,2

2 (Ω×(0,T0]), nt∈L∞(0,T0;H
1)∩L2(0,T0;H

2)

and |n|=1 in Ω×(0,T0].

Proof. In order to get the local existence and unique result for the strong solution
of (1.4)–(1.10), we need to employ the Schauder fixed point theorem. The idea is given
by [16] and [17]. For completeness, we outline the proof here. Firstly, we introduce a
new variable σ= rρ and rewrite problem (1.4)–(1.8) as an equivalent one

σt+(σu)r=0, (2.1)

(σu)t+(σu2)r−σ
v2

r
+rPr=κr(ur+

u

r
)r− r

2
(|nr|2)r− |nr|2

r
, (2.2)

(σv)t+(σuv)r+σ
uv

r
=μr(vr+

v

r
)r, (2.3)

(σw)t+(σuw)r=μr(wrr+
wr

r
), (2.4)

nt+unr=nrr+ |nr|2n+
nr

r
, (2.5)

with the following initial and boundary conditions:

(σ,v,n)|t=0=(rρ0,v0,n0), r∈ [a,b], (2.6)

v(a,t)=v(b,t)=0, nr(a,t)=nr(b,t)=0, t∈ (0,∞). (2.7)

We now turn to study the local existence of a unique strong solution to (2.1)–(2.7) by
using a standard fixed point argument. Let us consider the following linearized system:

σt+(σz)r=0, (2.8)

(σu)t+(σzu)r−σ
v2

r
+rPr=κr(ur+

u

r
)r− r

2
(|nr|2)r− |nr|2

r
, (2.9)

(σv)t+(σzv)r+σ
zv

r
=μr(vr+

v

r
)r, (2.10)

(σw)t+(σzw)r=μr(wrr+
wr

r
), (2.11)

nt+znr=nrr+ |mr|2n+
nr

r
, (2.12)

supplemented by the initial and boundary conditions (2.6)–(2.7), where (z,m) are known
smooth functions which satisfy the boundary conditions

z(a,t)=z(b,t)=0 and mr(a,t)=mr(b,t)=0, t>0.

In addition, we have the fact that σ(r,0)≥a/c0>0. Then, define

RT0 =

⎧⎪⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎪⎩
(z,m)

∣∣∣∣∣∣∣∣∣∣∣

‖z‖2H1
0∩H2 +‖zt‖2L2 +

∫ T0

0

‖z‖2H3 +‖zt‖2H1dt≤M1,

‖m‖2H3 +‖mt‖2H1 +

∫ T0

0

‖mt‖2H2dt≤M2,

z(r,0)=u0(r),m(r,0)=n0(r),r∈ [a,b],

⎫⎪⎪⎪⎪⎪⎬
⎪⎪⎪⎪⎪⎭
,

where the values of M1>1, M2>1 and T0 will be decided later.
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Notice that (2.8) is a hyperbolic equation. Therefore, the existence of a unique
strong solution of (2.8) is well-known. Moreover, the solution satisfies (see [30]), if we
choose T0 sufficiently small,

sup
0≤t≤T0

(‖σ(t)‖H2 +M
− 1

2
1 ‖σt(t)‖H1 +‖σ−1(t)‖L∞)≤C

which the constant C>0 depending only on a,b and the initial data, but independent
on M1 and M2. At the same time, one can find that (2.9)–(2.12) are all linear parabolic
equations for the variables their own. Thus, by the classical theory of parabolic equa-
tions, we have the existence of a unique strong solution (v,n).

Next, we define a map Φ by

Φ :RT0
→RT0

, (z,m) 
→ (u,n).

Furthermore, by the method of energy estimate, one can obtain some priori estimates
for n, v,w and u one by one, which show (u,n) belongs to RT0

for some large positive
constants M1 and M2 and an appropriate small T0.

Finally, the Schauder’s fixed point theorem implies the local existence for the strong
solution of (1.4)–(1.10). This can be done in a similar way as in [16] and [17]. And the
uniqueness of the solution can be proved by the standard method similar to [13]. This
completes the proof of Theorem 2.1.

3. Global existence and long time behavior
In this section we shall complete the proof of Theorem 1.1 and Theorem 1.2. To

this end, we first need a priori estimates. Low order estimates have to be uniform, that
is, they should be independent of T . While high order estimates may depend on time.

3.1. A priori estimates.
Lemma 3.1 (see [31]). There exists a positive constant C0, such that the following

inequality holds for all f ∈H1
0 (R0,∞) and rαf ,rαfr ∈L2(R0,∞):

‖rβf‖Lp(R0,∞)≤C0‖rαfr‖bL2(R0,∞)‖rαf‖1−b
L2(R0,∞) (3.1)

if and only if the following relations hold:

1

p
+β=

1

2
+α−b,

α−σ≥0, if b>0,

α−σ≤1, if b>0, and α− 1

2
=

1

p
+β,

where p>0,0≤ b≤1,α>− 1
2 ,β >− 1

p and β= bσ+(1−b)α.

Lemma 3.2. For any 0≤ t<T , it holds that∫ b

a

r(
ρv2

2
+

ργ

γ−1
+ρ+

|nr|2
2

)(t)dr

+

∫ t

0

∫ b

a

r

[
κ(u2

r+
u2

r2
)+μ(v2r +

v2

r2
)+μw2

r +(nrr+ |nr|2n)2+ |nr|2
r2

]
drds=E0,

(3.2)

where

E0=

∫ b

a

r

(
ρ0v0

2

2
+

ργ0
γ−1

+ρ0+
|n0r|2

2

)
dr
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denotes the total energy of the initial data.

Proof. Multiplying (1.5)–(1.7) by u, v and w, respectively, adding the results and
integrating the resulting equations over (a,b), we have

d

dt

∫ b

a

r(
ρv2

2
+

ργ

γ−1
)dr+

∫ b

a

r

[
κ(u2

r+
u2

r2
)+μ(v2r +

v2

r2
)+μw2

r

]
dr

=−
∫ b

a

[ru(nrr ·nr)+u|nr|2]dr. (3.3)

Then multiplying (1.8) by r(nrr+ |nr|2n), integrating in (a,b) and using the fact that

(nt+unr) · |nr|2n=0,
nr

r
· |nr|2n=0,

we get∫ b

a

runrr ·nrdr−
∫ b

a

nt ·nrdr− 1

2

d

dt

∫ b

a

r|nr|2dr=
∫ b

a

r(nrr+ |nr|2n)2dr. (3.4)

On the other hand, multiplying (1.8) by nr and integrating over (a,b), we have∫ b

a

nt ·nrdr+

∫ b

a

u|nr|2dr=
∫ b

a

|nr|2
r

dr. (3.5)

Combining (3.3)–(3.5), we derive

d

dt

∫ b

a

r(
ρv2

2
+

ργ

γ−1
+

|nr|2
2

)dr+

∫ b

a

r

[
κ(u2

r+
u2

r2
)+μ(v2r +

v2

r2
)+μw2

r

]
dr

+

∫ b

a

[
r(nrr+ |nr|2n)2+ |nr|2

r

]
dr=0, (3.6)

which together with (1.4) give (3.2).

In order to obtain further estimates, we need to introduce the following Sobolev
inequalities for radially symmetric functions ([16]):

‖ρ‖2L∞ ≤C‖ρ‖H1 ≤C

∫ b

a

r(ρ2+ρ2r)dr, (3.7)

‖v‖2L∞ ≤C

∫ b

a

r(v2
r+

v2

r2
)dr, (3.8)

‖nr‖2L∞ ≤C‖nr‖H1 ≤C

∫ b

a

r(|nr|2+ |nrr|2)dr,. (3.9)

Lemma 3.3. For any 0≤ t<T , it holds that∫ t

0

∫ b

a

r(|nt|2+ |nrr|2)drds≤C, (3.10)

where the positive constant C depending only on a,b and E0.

Proof. By Lemma 3.1, we have

‖r1/2nr‖4L4 ≤C0‖r1/2nr‖3L2‖r1/2nrr‖L2 . (3.11)
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With the help of |n|=1 and (3.11), we get∫ b

a

r|nrr|2dr=
∫ b

a

r(nrr+ |nr|2n)2dr+
∫ b

a

r|nr|4dr

≤
∫ b

a

r(nrr+ |nr|2n)2dr+ 1

a

∫ b

a

r2|nr|4dr

≤
∫ b

a

r(nrr+ |nr|2n)2dr+C

(∫ b

a

r|nr|2dr
) 3

2
(∫ b

a

r|nrr|2dr
) 1

2

≤
∫ b

a

r(nrr+ |nr|2n)2dr+ 1

2

∫ b

a

r|nrr|2dr+C

(∫ b

a

r|nr|2dr
)3

.

Then, integrating the above inequality over (0,t), we have∫ t

0

∫ b

a

r|nrr|2drds

≤2

∫ t

0

∫ b

a

r(nrr+ |nr|2n)2drds+C

∫ t

0

⎡
⎣
(∫ b

a

|nr|2
r

dr

)(∫ b

a

r|nr|2dr
)2
⎤
⎦ds

≤2E0+CE2
0

∫ t

0

∫ b

a

|nr|2
r

drds

≤C.

Next, multiplying (1.8) by rnt and integrating over (0,t)×(a,b), we have

∫ t

0

∫ b

a

r|nt|2drds≤C

(∫ t

0

∫ b

a

(ru2|nr|2+r|nrr|2+r|nr|4+ |nr|2
r

)drds

)

≤C

∫ t

0

(
‖u‖2L∞

∫ b

a

r|nr|2dr
)
ds+C

≤C

∫ t

0

∫ b

a

r(u2
r+

u2

r2
)drds+C

≤C.

Thus the lemma is proved.

Lemma 3.4. For any 0≤ t<T , it holds that∫ b

a

r|nrr|2(t)dr+
∫ t

0

∫ b

a

r(|ntr|2+ |nrrr|2)drds≤C, (3.12)

where the positive constant C depending only on a, b, E0, and ‖n0‖H2 .

Proof. By Lemma 3.1, we have

‖r1/2nr‖6L6 ≤C0‖r1/2nr‖4L2‖r1/2nrr‖2L2 ≤C0E0‖r1/2nr‖2L2‖r1/2nrr‖2L2 . (3.13)

Now, differentiating (1.8) with respect to r, one can get

ntr+urnr+unrr=nrrr+ |nr|2nr+2(nr ·nrr)n+
nrr

r
− nr

r2
. (3.14)
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Multiplying (3.14) by rntr and then integrating it over (a,b), we get

1

2

d

dt

∫ b

a

r|nrr|2dr+
∫ b

a

r|ntr|2dr

=

∫ b

a

[r|nr|2(nr ·ntr)+2r(nr ·nrr)(n ·ntr)]dr−
∫ b

a

nr

r
·ntrdr

−
∫ b

a

[rur(nr ·ntr)+ru(nrr ·ntr)]dr

≤1

2

∫ b

a

r|nrt|2dr+C

∫ b

a

r

(
|nr|6+ |nr|2|nrr|2+ |nr|2

r4
+u2

r|nr|2+u2|nrr|2
)
dr

≤1

2

∫ b

a

r|ntr|2dr+C

∫ b

a

r|nr|6dr+C(‖nr‖2L∞ +‖u‖2L∞)

∫ b

a

|nrr|2dr

+C‖nr‖2L∞

∫ b

a

ru2
rdr+C

∫ b

a

|nr|2
r

dr.

By virtue of (3.13), (3.8), and (3.9), we have

d

dt

∫ b

a

r|nrr|2dr+
∫ b

a

r|ntr|2dr

≤C

[∫ b

a

r(|nr|2+ |nrr|2)dr+
∫ b

a

r(u2
r+

u2

r2
)dr

]∫ b

a

r|nrr|2dr

+C

∫ b

a

ru2
rdr+C

∫ b

a

|nr|2
r

dr.

Combining this with Lemma 3.2, Lemma 3.3 and the Gronwall’s inequality, implies that

∫ b

a

r|nrr|2(t)dr+
∫ t

0

∫ b

a

r|ntr|2drds≤C. (3.15)

Then, we infer from (3.14) and (3.15) that

∫ t

0

∫ b

a

r|nrrr|2drds≤C,

which together with (3.15) gives (3.12).

In order to show the long time behavior of the solutions, the crucial step is to
establish uniform pointwise positive the lower and upper bounds of the density. The
difficulties arise from the dependence on the time and spatial variables of the coefficients,
but which can be overcome in our approach by modifying the methods of [28] and [29]
for the compressible Navier–Stokes equations. The main idea of above references was
introduced by Kazhikhov in [32] to deal with the one-dimensional case.

Lemma 3.5. There exist positive constants C∗ and C∗, such that

C∗≤ρ(r,t)≤C∗, (r,t)∈ (a,b)×(0,T ), (3.16)

where the positive constant C∗ and C∗ depending only on a,b, E0, κ,γ and ‖ρ0‖L∞ .
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Proof. We first introduce Lagrangian coordinates (y,τ̃) defined by

y=

∫ r

a

rρ(r,t)dr, τ̃ = t.

Without danger of confusion, we denote (y,τ̃) by (y,t). Notice that Ω is transformed
into (0,L) via

L=

∫ b

a

rρ(r,t)dr=

∫ b

a

rρ0(r)dr, ∀t≥0.

We use τ =1/ρ to denote the specific volume. Thus, (1.4)–(1.8) in Eulerian coordinates
can be written in Lagrangian coordinate in the new variables (y,t)∈ (0,L)×(0,T ) as
follows:

τt=(ru)y, (3.17)

ut= r[
κ(ru)y

τ
]y−rPy+

v2

r
− r

2
[(
rny

τ
)2]y−

rn2
y

τ
, (3.18)

vt=μr[
(rv)y
τ

]y− uv

r
, (3.19)

wt=μr[
(rw)y
τ

]y+
μτw

r2
, (3.20)

nt=
r

τ
[
rny

τ
]y+

r2n2
yn

τ2
+

ny

τ
. (3.21)

subject to the following initial and boundary conditions:

τ(y,0)= τ0(y), v(y,0)=v0(y), n(y,0)=n0(y), y∈ (0,L)

v(0,t)=v(L,t)=0, ny(0,t)=ny(L,t)=0, t∈ (0,T ).

Now, we only have to show that C∗−1≤ τ(y,t)≤C−1
∗ , (y,t)∈ (0,L)×(0,T ). Let

σ(y,t)=
κ(ru)y

τ
−P − 1

2
(
rny

τ
)2+

∫ y

0

(
v2−u2

r2
− n2

y

τ

)
dx, and

φ(y,t)=

∫ y

0

u0

r0
dx+

∫ t

0

σ(y,s)ds,

with r0(y)=η−1(y) and η(r)=
∫ r

a
rρ0dr. Here, we note that if inf{ρ0(r) : r∈ (a,b)}>0,

then η is invertible. From (3.18), we have(u
r

)
t
=σy.

Thus,

φy =
u0

r0
+

∫ t

0

σy(y,s)ds=
u

r
, φt=σ.

With the help of (3.17), we get

(φτ)t=στ+φ(ru)y
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=κ(ru)y−Pτ− 1

2
(
r2n2

y

τ
)+τ

∫ y

0

(
v2−u2

r2
− n2

y

τ

)
dx+(φru)y−u2.

Integrating the above equality over (0,L)×(0,T ), we obtain

∫ L

0

φτdy

=

∫ L

0

φ0τ0dy−
∫ t

0

∫ L

0

(
Pτ+u2+

1

2
(
r2n2

y

τ
)

)
dyds

+

∫ t

0

∫ L

0

[
τ

∫ y

0

(
v2−u2

r2
− n2

y

τ

)
dx

]
dyds

=

∫ L

0

φ0τ0dy−
∫ t

0

∫ L

0

(
u2+v2

2
+Pτ

)
dyds+

b2

2

∫ t

0

∫ L

0

(
v2−u2

r2
− n2

y

τ

)
dyds.

On the other hand, there exists a point x0(t)∈ (0,L) such that

τ∗φ(x0(t),t)=

∫ L

0

φ(y,t)τ(y,t)dy

where τ∗=
∫ L

0

τ(y,t)dy=
b2−a2

2
. Thus,

∫ t

0

σ(x0(t),s)ds

=φ(x0(t),t)−
∫ x0(t)

0

u0

r0
dx

=
1

τ∗

∫ L

0

φτdy−
∫ x0(t)

0

u0

r0
dx

=
1

τ∗

[∫ L

0

φ0τ0dy−
∫ t

0

∫ L

0

(
u2+v2

2
+Pτ

)
dyds+

b2

2

∫ t

0

∫ L

0

(
v2−u2

r2
− n2

y

τ

)
dyds

]

−
∫ x0(t)

0

u0

r0
dx.

(3.22)

We observe from (3.17) that

(u
r

)
t
=σy =κ(logτ)ty−Py− 1

2

(
(
rny

τ
)2
)
y
+

v2−u2

r2
− n2

y

τ
.

Integrating the above equality over (x0(t),y)×(0,t) by the definition of σ, we obtain

κ logτ(y,t)−
∫ t

0

P (y,s)ds

=κ logτ0(y)+

∫ y

x0(t)

(
u

r
− u0

r0

)
dx+

∫ t

0

σ(x0(t),s)ds
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−
∫ t

0

∫ y

0

(
v2−u2

r2
− n2

y

τ

)
dxds+

1

2

∫ t

0

r2n2
y

τ2
ds.

It follows from (3.22) that

κ logτ(y,t)−
∫ t

0

P (y,s)ds

=κ logτ0(y)+

∫ y

x0(t)

u

r
dx−

∫ y

0

u0

r0
dx−

∫ t

0

∫ y

0

(
v2−u2

r2
− n2

y

τ

)
dxds+

1

2

∫ t

0

r2n2
y

τ2
ds

+
1

τ∗

[∫ L

0

φ0τ0dy−
∫ t

0

∫ L

0

(
u2+v2

2
+Pτ

)
dyds+

b2

2

∫ t

0

∫ L

0

(
v2−u2

r2
− n2

y

τ

)
dyds

]
.

Therefore, we have the following representation:

1

τ
exp

{
1

κ

∫ t

0

P (y,s)ds

}
=

B(t)

D(y,t)
, (3.23)

where

B(t)=exp

{
1

κτ∗

∫ t

0

∫ L

0

Pτdyds

}
, (3.24)

D(y,t)=τ0(y)exp

{
1

κ

(
1

τ∗

∫ L

0

φ0τ0dy+

∫ y

x0(t)

u

r
dx−

∫ y

0

u0

r0
dx

)

+
1

κ

[
− 1

τ∗

∫ t

0

∫ L

0

u2+v2

2
dyds+

b2

2τ∗

∫ t

0

∫ L

0

(
v2−u2

r2
− n2

y

τ

)
dyds

−
∫ t

0

∫ y

0

(
v2−u2

r2
− n2

y

τ

)
dxds+

1

2

∫ t

0

r2n2
y

τ2
ds

]}
. (3.25)

Moreover, since

d

dt
exp

{
γ

κ

∫ t

0

P (y,s)ds

}
=

γ

κ

[
ρexp

{
1

κ

∫ t

0

P (y,s)ds

}]γ
=

γ

κ

(
B

D

)γ

,

we have

exp

{
1

κ

∫ t

0

P (y,s)ds

}
=

(
1+

γ

κ

∫ t

0

(
B

D

)γ

ds

) 1
γ

,

which implies that

τ(y,t)=
D

B

(
1+

γ

κ

∫ t

0

(
B

D

)γ

ds

) 1
γ

. (3.26)

Therefore, we represent τ(y,t) only in terms of B(t) and D(y,t). Then, we can show
the uniform bounds of τ by (3.26) and some estimates of B(t) and D(y,t). Note that
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∫ y

0

|u|
r
dx=

∫ b

a

ρ|u|dr≤ 1

a

∫ b

a

rρdr+
1

a

∫ b

a

rρ|u|2dr≤C.

and ∣∣∣∣∣− 1

τ∗

∫ t

0

∫ L

0

u2+v2

2
dyds+

b2

2τ∗

∫ t

0

∫ L

0

(
v2−u2

r2
− n2

y

τ

)
dyds

−
∫ t

0

∫ y

0

(
v2−u2

r2
− n2

y

τ

)
dxds+

1

2

∫ t

0

r2n2
y

τ2
ds|
∣∣∣∣∣

≤C

∫ t

0

∫ L

0

[
(u2+v2)+

n2
y

τ

]
dyds+C

∫ t

0

r2n2
y

τ2
ds

=C

∫ t

0

∫ b

a

[
rρ(u2+v2)+rρ2n2

y

]
drds+C

∫ t

0

r2ρ2n2
yds

≤C

∫ t

0

∫ b

a

[
rρ(u2+v2)+

|nr|2
r

]
drds+C

∫ t

0

|nr|2ds

≤C

[∫ t

0

(‖u‖2L∞ +‖v‖2L∞)

(∫ b

a

rρdr

)
ds+

∫ t

0

∫ b

a

r(|nr|2+ |nrr|2)drds
]

≤C,

where we have used the embedding relation (3.8) and (3.9). Hence, it follows from (3.25)
that

C1≤D(y,t)≤C2, (3.27)

where C1, C2 are positive constants and independent of T . Now, let

B(t)=exp

{∫ t

0

A(s)ds

}

with A(t)=
1

κτ∗

∫ L

0

Pτdy. Applying Lemma 3.2, it is easy to see

A(t)=
1

κτ∗

∫ L

0

ργ−1dy=
1

κτ∗

∫ b

a

rργdr≤C3.

By virtue of conservation of mass and Hölder’s inequality,

∫ b

a

rρ0dr=

∫ b

a

rρdr≤
(
b2−a2

2

) γ−1
γ

(∫ b

a

rργdr

) 1
γ

,

namely,

A(t)≥C4.

Thus, for any 0≤s<t, we have

B(s)

B(t)
=exp

{
−
∫ t

s

A(ξ)dξ

}
.
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Moreover,

e−C3(t−s)≤ B(s)

B(t)
≤ e−C4(t−s), and 1≤B(t)≤ eC3t. (3.28)

Then, we deduce from (3.26)–(3.28) that

τ(y,t)=D

[
1

Bγ
+

γ

κ

∫ t

0

(
B(s)

B(t)

)γ
1

Dγ
ds

] 1
γ

≤C2

(
1+C

∫ t

0

e−γC4(t−s)ds

) 1
γ

=C2

(
1+C

(
1

γC4
− 1

γC4
e−γC4t

)) 1
γ

≤C2

(
1+

C

γC4

) 1
γ

:=C−1
∗ . (3.29)

On the other hand,

τ(y,t)≥C

(∫ t

0

(
B(s)

B(t)

)γ

ds

) 1
γ

≥C

(∫ t

0

e−γC3(t−s)ds

) 1
γ

=C

(
1

γC3
− 1

γC3
e−γC3t

) 1
γ

. (3.30)

It follows that there exists a time t0>0 such that as t≥ t0,

τ(y,t)≥C5,

where the positive constant C5 is independent of T . Also from (3.26)–(3.28), we get for
0<t≤ t0,

τ(y,t)≥D(y,t)B−1(t)≥C1e
−C3t≥C1e

−C3t0 :=C6.

Finally, taking C∗−1=min{C5,C6}, we get

τ(y,t)≥C∗−1.

This, combing with (3.29), yields the desired estimate (3.16) and the lemma is
proved.

In the sequel we derive uniform estimates of derivatives for ρ and v.

Lemma 3.6. For any 0≤ t<T , it holds that

∫ b

a

ρ

∣∣∣∣
(
1

ρ

)
r

∣∣∣∣
2

dr+

∫ t

0

∫ b

a

ρ2rdrds≤C, (3.31)

where the positive constant C depending only on a,b, κ, γ and initial values.
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Proof. It follows from (1.4) that

d

dt

∫ b

a

ρ

∣∣∣∣
(
1

ρ

)
r

∣∣∣∣
2

dr

=

∫ b

a

ρt

∣∣∣∣
(
1

ρ

)
r

∣∣∣∣
2

dr+2

∫ b

a

ρ

(
1

ρ

)
r

(
1

ρ

)
rt

dr

=−
∫ b

a

(ρu)r

∣∣∣∣
(
1

ρ

)
r

∣∣∣∣
2

dr−
∫ b

a

ρu

r

∣∣∣∣
(
1

ρ

)
r

∣∣∣∣
2

dr

+2

∫ b

a

ρ

(
1

ρ

)
r

([
1

ρ
(ur+

u

r
)

]
r

−
(
1

ρ

)
rr

u−
(
1

ρ

)
r

ur

)
dr

=−
∫ b

a

(ρu)r

∣∣∣∣
(
1

ρ

)
r

∣∣∣∣
2

dr−
∫ b

a

ρu

r

∣∣∣∣
(
1

ρ

)
r

∣∣∣∣
2

dr+2

∫ b

a

(
1

ρ

)
r

(ur+
u

r
)rdr

+2

∫ b

a

∣∣∣∣
(
1

ρ

)
r

∣∣∣∣
2

(ρur+
ρu

r
)dr+

∫ b

a

ρru

∣∣∣∣
(
1

ρ

)
r

∣∣∣∣
2

dr−
∫ b

a

ρur

∣∣∣∣
(
1

ρ

)
r

∣∣∣∣
2

dr

=2

∫ b

a

(
1

ρ

)
r

(ur+
u

r
)rdr+

∫ b

a

ρu

r

∣∣∣∣
(
1

ρ

)
r

∣∣∣∣
2

dr. (3.32)

Multiplying (1.5) by
(

1
ρ

)
r
and using (1.4), we have

d

dt

∫ b

a

ρu

(
1

ρ

)
r

dr

=

∫ b

a

ρut

(
1

ρ

)
r

dr+

∫ b

a

ρtu

(
1

ρ

)
r

dr+

∫ b

a

ρu

(
1

ρ

)
rt

dr

=κ

∫ b

a

(
1

ρ

)
r

(ur+
u

r
)rdr−

∫ b

a

ρuur

(
1

ρ

)
r

dr+

∫ b

a

ρv2

r

(
1

ρ

)
r

dr−
∫ b

a

Pr

(
1

ρ

)
r

dr

−
∫ b

a

(
(|nr|2)r

2
+

|nr|2
r

)(
1

ρ

)
r

dr+

∫ b

a

ρtu

(
1

ρ

)
r

dr+

∫ b

a

ρu

(
1

ρ

)
rt

dr.

By virtue of (3.32), we get

κ

2

d

dt

∫ b

a

ρ

∣∣∣∣
(
1

ρ

)
r

∣∣∣∣
2

dr+γ

∫ b

a

ργ−3ρ2rdr−
d

dt

∫ b

a

ρu

(
1

ρ

)
r

dr

=
κ

2

∫ b

a

ρu

r

∣∣∣∣
(
1

ρ

)
r

∣∣∣∣
2

dr+2

∫ b

a

ρuur

(
1

ρ

)
r

dr+

∫ b

a

(
ρru

2+
ρu2

r
− ρv2

r

)(
1

ρ

)
r

dr

−
∫ b

a

ρt
ρ2

(ρu)rdr+

∫ b

a

(
(|nr|2)r

2
+

|nr|2
r

)(
1

ρ

)
r

dr

=
κ

2

∫ b

a

ρu

r

∣∣∣∣
(
1

ρ

)
r

∣∣∣∣
2

dr+

∫ b

a

(
u2
r+

uur

r

)
dr+

∫ b

a

(
nrnrr+

|nr|2
r

− ρv2

r

)(
1

ρ

)
r

dr

≤ε

∫ b

a

∣∣∣∣
(
1

ρ

)
r

∣∣∣∣
2

dr+C(ε)

(
‖u‖2L∞

∫ b

a

∣∣∣∣
(
1

ρ

)
r

∣∣∣∣
2

dr+‖v‖2L∞

∫ b

a

ρv2dr

)

+2

∫ b

a

(
u2
r+

u2

r2

)
dr+

1

2

∫ b

a

(|nr|2+ |nrr|2)dr+
∫ b

a

|nr|2
∣∣∣∣
(
1

ρ

)
r

∣∣∣∣
2

dr.
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Then, integrating over (0,t), by choosing ε>0 small enough and using Lemma 3.2,
Lemma 3.3 and Lemma 3.5, we arrive at∫ b

a

ρ

∣∣∣∣
(
1

ρ

)
r

∣∣∣∣
2

dr+

∫ t

0

∫ b

a

ργ−3ρ2rdrds

≤C+C

∫ b

a

ρu

(
1

ρ

)
r

dr+C

∫ t

0

(‖u‖2L∞ +‖nr‖2L∞)

∫ b

a

∣∣∣∣
(
1

ρ

)
r

∣∣∣∣
2

drds

≤C+C

∫ b

a

ρu2dr+
1

2

∫ b

a

ρ

∣∣∣∣
(
1

ρ

)
r

∣∣∣∣
2

dr+C

∫ t

0

(‖u‖2L∞ +‖nr‖2L∞)

∫ b

a

∣∣∣∣
(
1

ρ

)
r

∣∣∣∣
2

drds,

which, by the Gronwall’s inequality, implies (3.31). The proof is now complete.

Obviously, we can get the following corollary by directly using Lemma 3.5 and
Lemma 3.6.

Corollary 3.7. For any 0≤ t<T , it holds that∫ b

a

ρ2r(t)dr≤C, (3.33)

where the positive constant C depending only on a,b, κ, γ and initial values.

Lemma 3.8. For any 0≤ t<T , it holds that∫ b

a

(
u2
r+

u2

r2
+v2r +

v2

r2
+w2

r

)
(t)dr+

∫ t

0

∫ b

a

v2
t drds≤C, (3.34)

where the positive constant C depending only on a,b, κ, μ, γ and initial values.

Proof. Multiplying (1.5)–(1.7) by ut,vt,wt, respectively, integrating the resulting
equations over (a,b) and then using integration by parts, we get∫ b

a

ρv2
t dr+

κ

2

d

dt

∫ b

a

(u2
r+

u2

r2
)dr+

μ

2

d

dt

∫ b

a

(
v2r +

v2

r2
+w2

r

)
dr

=κ

∫ b

a

utur

r
dr+μ

∫ b

a

(vtvr
r

+
wtwr

r

)
dr+

∫ b

a

(
ρv2ut

r
− ρuvvt

r

)
dr−γ

∫ b

a

ργ−1ρrutdr

−
∫ b

a

ρu(urut+vrvt+wrwt)dr−
∫ b

a

(nr ·nrr)utdr−
∫ b

a

|nr|2
r

utdr.

Thus, ∫ b

a

v2
t dr+

d

dt

∫ b

a

(
u2
r+

u2

r2
+v2r +

v2

r2
+w2

r

)
dr

≤ 1

2

∫ b

a

v2
t dr+C

(∫ b

a

u2
r+v2r +w2

r

r2
dr+

∫ b

a

u2(u2
r+v2r +w2

r)dr

+

∫ b

a

v4dr+

∫ b

a

u2v2dr+

∫ b

a

ρ2rdr+

∫ b

a

|nrr|2dr+
∫ b

a

|nr|2dr
)
,

which implies∫ b

a

v2
t dr+

d

dt

∫ b

a

(
u2
r+

u2

r2
+v2r +

v2

r2
+w2

r

)
dr
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≤C(‖u‖2L∞ +‖v‖2L∞)

∫ b

a

(
u2
r+

u2

r2
+v2r +

v2

r2
+w2

r

)
dr

+C

(∫ b

a

u2
r+v2r +w2

r

r2
dr+

∫ b

a

ρ2rdr+

∫ b

a

|nrr|2dr+
∫ b

a

|nr|2dr
)
.

Integrating over (0,t), with the help of previous lemmas and Gronwall’s inequality, we
arrive at (3.34). This completes the proof.

Making use of (1.4)–(1.8) and (3.33)–(3.34), we deduce that

Corollary 3.9. For any 0≤ t<T , it holds that

∫ b

a

(ρ2t +n2
t +G2)(t)dr

∫ t

0

∫ b

a

(v2
rr+G2

r)drds≤C, (3.35)

where G=κ(ur+
u
r )−P and the positive constant C depending only on a, b, κ, μ, γ,

and initial values.

Lemma 3.10. For any 0≤ t<T , it holds that

∫ t

0

∣∣∣∣∣
∫ b

a

ρrρrtdr

∣∣∣∣∣ds≤C, (3.36)

where the positive constant C depending only on a, b, κ, μ, γ, and initial values.

Proof. Differentiating (1.4) with respect to r, multiplying the resulting equation
by ρr, integrating over (a,b) and then employing integration by parts, we have∣∣∣∣∣

∫ b

a

ρrρrtdr

∣∣∣∣∣
=

∣∣∣∣∣−3

2

∫ b

a

ρ2rurdr−
∫ b

a

ρρrurrdr−
∫ b

a

ρ2ru

r
dr−

∫ b

a

ρρrur

r
dr+

∫ b

a

ρρru

r2
dr

∣∣∣∣∣
≤C

(∫ b

a

ρ2rdr+

∫ b

a

ρ2ru
2
rdr+

∫ b

a

u2
rrdr+

∫ b

a

ρ2ru
2dr+

∫ b

a

ρ2(u2+u2
r)dr

)
.

Integrating over (0,t) and applying previous lemmas, we obtain

∫ t

0

∣∣∣∣∣
∫ b

a

ρrρrtdr

∣∣∣∣∣ds≤C+C

∫ t

0

(‖u‖2L∞ +‖ur‖2L∞)

∫ b

a

ρ2rdrds≤C,

which completes the proof.

3.2. Higher-order estimates.
Lemma 3.11. For any 0≤ t<T , it holds that

∫ b

a

(ρv2
t +v2

rr+G2
r)(t)dr+

∫ t

0

∫ b

a

(v2
tr+G2

rr)drds≤CT , (3.37)

where the positive constant CT depending on C and T .
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Proof. Differentiating (1.5) with respect to t, multiplying the resulting equation
by ut and integrating over (a,b), we have

1

2

d

dt

∫ b

a

ρu2
tdr+κ

∫ b

a

u2
trdr

=− 1

2

∫ b

a

ρtu
2
tdr−κ

∫ b

a

utrut

r
dr+

∫ b

a

(ργ)tutrdr

+

∫ b

a

(
ρtv

2ut

r
−ρtuurut−ρu2

tur−ρuutrut+
2ρvvtut

r
)dr

+

∫ b

a

[
(nr ·ntr)utr− 2(nr ·ntr)ut

r

]
dr,

which with (1.4) gives

1

2

d

dt

∫ b

a

ρu2
tdr+κ

∫ b

a

u2
trdr

=
1

2

∫ b

a

ρruu
2
tdr−

1

2

∫ b

a

ρuru
2
tdr+

1

2

∫ b

a

ρuu2
t

r
dr−κ

∫ b

a

utrut

r
dr

−γ

∫ b

a

ργ−1ρruutrdr−γ

∫ b

a

ργurutrdr−γ

∫ b

a

ργuutr

r
dr

+

∫ b

a

(ρru
2urut+ρuu2

rut+
ρu2urut

r
− ρruv

2ut

r
− ρurv

2ut

r
− ρuv2ut

r2
)dr

−
∫ b

a

(ρu2
tur+ρuutrut− 2ρvvtut

r
)dr+

∫ b

a

[
(nr ·ntr)utr− 2(nr ·ntr)ut

r

]
dr

≤κ

2

∫ b

a

u2
trdr+C(1+‖u‖2L∞)

∫ b

a

ρu2
tdr+C‖v‖2L∞

∫ b

a

ρv2t dr

+C

∫ b

a

(u2+ |ntr|2)dr+C(‖u‖2L∞ +‖u‖4L∞‖ur‖2L∞ +‖u‖2L∞‖v‖4L∞)

∫ b

a

ρ2rdr

+C(1+‖u‖4L∞ +‖u‖2L∞‖ur‖2L∞ +‖v‖4L∞)

∫ b

a

u2
rdr+C‖u‖2L∞‖v‖2L∞

∫ b

a

v2dr.

Then, from lemmas 3.2–3.8, we infer

d

dt

∫ b

a

ρu2
tdr+κ

∫ b

a

u2
trdr

≤C+C‖ur‖2L∞ +C(1+‖u‖2L∞)

∫ b

a

ρu2
tdr+C‖v‖2L∞

∫ b

a

ρv2t dr. (3.38)

Similarly to (3.38), differentiating (1.6) and (1.7) with respect to t, and multiplying the
resulting equation by vt and wt, respectively, we derive

d

dt

∫ b

a

ρv2t dr+μ

∫ b

a

v2trdr

≤C+C‖vr‖2L∞ +C(1+‖u‖2L∞)

∫ b

a

ρv2t dr+C(‖v‖2L∞ +‖vr‖2L∞)

∫ b

a

ρu2
tdr. (3.39)
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and

d

dt

∫ b

a

ρw2
t dr+μ

∫ b

a

w2
trdr

≤C+C‖wr‖2L∞ +C(1+‖u‖2L∞)

∫ b

a

ρw2
t dr+C‖wr‖2L∞

∫ b

a

ρu2
tdr. (3.40)

Adding (3.38)–(3.40), we obtain

d

dt

∫ b

a

ρv2
t dr+

∫ b

a

v2
trdr

≤C+C‖vr‖2L∞ +C(1+‖u‖2L∞ +‖v‖2L∞ +‖vr‖2L∞ +‖wr‖2L∞)

∫ b

a

ρv2
t dr. (3.41)

In fact, by (1.5)–(1.7), we have

∫ b

a

ρv2
t (s)dr

≤C

∫ b

a

1

ρ

[(
(ur+

u

r
)r−(ργ)r+

1

2
(|nr|2)r+ |nr|2

r

)2

+(vr+
v

r
)2r+(wrr+

wr

r
)2

]
dr

+C

∫ b

a

ρu2v2
rdr+C

∫ b

a

(
ρu2v2

r2
+

ρv4

r2

)
dr

→C(ρ0,v0,n0)<∞, as s→0.

Integrating (3.41) over (0,t), it follows from the Gronwall’s inequality that

∫ b

a

ρv2
t (t)dr+

∫ t

0

∫ b

a

v2
trdrds≤CT . (3.42)

Thanks to (1.5)–(1.7), (3.42) and the definition of G, (3.37) holds.

Lemma 3.12. For any 0≤ t<T , it holds that

∫ b

a

(n2
tr+n2

rrr)(t)dr+

∫ t

0

∫ b

a

(n2
trr+n2

rrrr)drds≤CT , (3.43)

where the positive constant CT depending on C and T .

Proof. Differentiating (1.8) with respect to r, multiplying the resulting equation
by ntrrr and integrating over (a,b), we have

1

2

d

dt

∫ b

a

n2
rrrdr+

∫ b

a

n2
trrdr

=
d

dt

∫ b

a

[
(unr)r−(|nr|2n)r−(

nr

r
)r

]
nrrrdr

−
∫ b

a

[
(unr)tr−(|nr|2n)tr−(

nr

r
)tr

]
nrrrdr

≤ d

dt

∫ b

a

[
(unr)r−(|nr|2n)r−(

nr

r
)r

]
nrrrdr+

1

2

∫ b

a

n2
trrdr
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+C

∫ b

a

(1+n2
rrr+n2

tr+u2
tr)dr,

where previous lemmas are used. Integrating the above inequality over (0,t), one can
get ∫ b

a

n2
rrrdr+

∫ t

0

∫ b

a

n2
trrdrds

≤C(u0,n0,T )+

∫ b

a

[
(unr)r−(|nr|2n)r−(

nr

r
)r

]2
dr+C

∫ t

0

∫ b

a

n2
rrrdrds

≤C(u0,n0,T )+C

∫ t

0

∫ b

a

n2
rrrdrds,

which, by employing the Gronwall’s inequality, gives∫ b

a

n2
rrr(t)dr+

∫ t

0

∫ b

a

n2
trrdrds≤CT . (3.44)

Finally, (1.8) and (3.44) imply (3.43), which completes this lemma.

Lemma 3.13. For any 0≤ t<T , it holds that∫ b

a

(ρ2tr+ρ2rr)(t)dr+

∫ t

0

∫ b

a

v2
rrrdrds≤CT , (3.45)

where the positive constant CT depending on C and T .

Proof. In order to show (3.44), we first need to give a W 1,4 estimation for the
density. To this end, we have to take the derivative of (1.4) with respect to r and then
multiply the resulting equation by |ρr|2ρr and integrate over (a,b). Thus, we get

1

4

d

dt

∫ b

a

|ρr|4dr

=−
∫ b

a

|ρr|2ρrρrrudr−
∫ b

a

|ρr|4(2ur+
u

r
)dr−

∫ b

a

|ρr|2ρrρ(urr+
ur

r
− u

r2
)dr

=
1

4

∫ b

a

|ρr|2ρrurdr−
∫ b

a

|ρr|4(2ur+
u

r
)dr− 1

κ

∫ b

a

|ρr|2ρrρ(G+P )rdr

≤C(1+‖ur‖2L∞ +‖u‖2L∞)

∫ b

a

|ρr|4dr+C‖ur‖2L∞

∫ b

a

|ρr|2dr+C‖Gr‖2L∞

∫ b

a

|ρr|2dr

≤C(1+‖ur‖2L∞ +‖u‖2L∞)

∫ b

a

|ρr|4dr+C‖ur‖2L∞ +C‖Gr‖2L∞ .

By the Gronwall’s inequality and the embedding theorem, we obtain∫ b

a

|ρr|4(t)dr≤CT . (3.46)

Now, we are ready to prove (3.44). Differentiating (1.4) with respect to r twice, multi-
plying the by ρrr and integrating over (a,b), we have

1

2

d

dt

∫ b

a

ρ2rrdr



Q. TAO, J.C. GAO, AND Z.A. YAO 2085

=−
∫ b

a

(ρu)rrrρrrdr−
∫ b

a

(
ρu

r
)rrρrrdr

=− 5

2

∫ b

a

ρ2rrurdr−3

∫ b

a

ρrρrrurrdr−
∫ b

a

ρ2rr
u

r
dr−2

∫ b

a

ρrr
ρrur

r
dr+2

∫ b

a

ρrr
ρru

r2
dr

−
∫ b

a

ρρrr(urrr+
urr

r
− 2ur

r2
+

2u

r3
)dr

=− 5

2

∫ b

a

ρ2rrurdr−3

∫ b

a

ρrρrrurrdr−
∫ b

a

ρ2rr
u

r
dr−2

∫ b

a

ρrr
ρrur

r
dr+2

∫ b

a

ρrr
ρru

r2
dr

− 1

κ

∫ b

a

ρρrr(Grr+Prr)dr

≤C(1+‖u‖2L∞ +‖ur‖2L∞)

∫ b

a

ρ2rrdr+C‖ρr‖2L∞

∫ b

a

(u2
rr+u2

r)dr+C‖u‖2L∞

∫ b

a

ρ2rdr

+C

∫ b

a

G2
rrdr+C

∫ b

a

P 2
rrdr

≤C+C(1+‖u‖2L∞ +‖ur‖2L∞)

∫ b

a

ρ2rrdr+C

∫ b

a

G2
rrdr+C

∫ b

a

|ρr|4dr.

Therefore, Lemma 3.11, (3.46) and the Gronwall’s inequality imply

∫ b

a

ρ2rrdr≤CT ,

which, together with (1.4) and the definition of G, gives (3.45). The proof is complete.

3.3. Global existence. The global existence of unique strong solution to the
problem (1.4)–(1.10) can be established in terms of the local existence and the priori
estimates.

Proof. (Proof of Theorem 1.1.) Based on all the lemmas in Section 3.1 and 3.2, it
is not hard to get

‖ρ‖2L1∩H2 +‖ρt‖2L2 +‖v‖2H1
0∩H2 +‖n‖2H3 +‖nt‖2H1 +‖vt‖2

+

∫ t

0

(
‖v‖2H3 +‖vt‖2H1

0
+‖n‖2H4 +‖nt‖2H2

)
ds≤CT , (3.47)

where the positive constant CT depend on a, b, κ, μ, γ, T , and initial data.

Therefore, by Theorem 2.1 and (3.47), we conclude that the solution obtained in
Theorem 2.1 exists in [0,∞]. Thus the proof of Theorem 1.1 is complete.

3.4. Long time behavior. In this part, we will show the long time behavior
of the global strong solution to problem (1.4)–(1.10).

Proof. (Proof of Theorem 1.2.) Since the strong solution is global existence and
from Lemma 3.2 and 3.6, it is easy to find∫ ∞

0

(‖ρr‖2+‖vr‖2+‖nr‖2)dt≤C. (3.48)
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By virtue of the uniform estimates (3.10), (3.34)–(3.36) and the identities∫ b

a

vr ·vtrdr=−
∫ b

a

vt ·vrrdr,

∫ b

a

nr ·ntrdr=−
∫ b

a

nt ·nrrdr,

we see that ∫ ∞

0

(∣∣∣∣ ddt‖ρr‖2
∣∣∣∣+
∣∣∣∣ ddt‖vr‖2

∣∣∣∣+
∣∣∣∣ ddt‖nr‖2

∣∣∣∣
)
dt

=2

∫ ∞

0

(∣∣∣∣∣
∫ b

a

ρrρrtdr

∣∣∣∣∣+
∣∣∣∣∣
∫ b

a

vtvrrdr

∣∣∣∣∣+
∣∣∣∣∣
∫ b

a

ntnrrdr

∣∣∣∣∣
)
dt

≤2

∫ ∞

0

∣∣∣∣∣
∫ b

a

ρrρrtdr

∣∣∣∣∣dt+
∫ ∞

0

∫ b

a

v2
rrdrdt+

∫ ∞

0

∫ b

a

v2
t drdt

+

∫ ∞

0

∫ b

a

n2
rrdrdt+

∫ ∞

0

∫ b

a

n2
tdrdt

≤C. (3.49)

Thus, (3.48) and (3.49) give that

‖ρr‖2+‖vr‖2+‖nr‖2→0, as t→∞. (3.50)

It holds from Gagliardo–Nirenberg–Sobolev inequality that

‖ρ− ρ̄‖2L∞ +‖v‖2L∞ +‖n− n̄‖2L∞

≤C(‖ρ− ρ̄‖‖(ρ− ρ̄)r‖+‖v‖‖vr‖+‖n− n̄‖‖(n− n̄)r‖)
which together with (3.2), (3.16) and (3.50) implies the theorem.

4. Regularity
In this section we shall establish the regularity in H4×H4

0 ×H4. The proof of
Theorem 1.3 can be divided into the following several lemmas.

Lemma 4.1. Assume that the initial data satisfies (ρ0,v0,n0)∈H4×H4
0 ×H4 with 0<

c0≤ρ0 and |n0|=1 in Ω̄. Then,

‖vtt(r,0)‖2+‖ntt(r,0)‖2+‖vtr(r,0)‖2+‖vtrr(r,0)‖2+‖ntrr(r,0)‖2≤CT . (4.1)

‖vtt(t)‖2+‖ntt(t)‖2+‖ntrr(t)‖2

+

∫ t

0

(
‖vttr(s)‖2+‖vtrr(s)‖2+‖nttr(s)‖2+‖ntrrr(s)‖2

)
ds≤CT . (4.2)

Proof. It follows from the definition of P , (1.4) and (3.47) that

‖Pr(t)‖2≤C‖ρ(t)‖2H1 , ‖Prr(t)‖2≤CT ‖ρ(t)‖2H2 , ‖Prrr(t)‖2≤CT ‖ρ(t)‖2H3 , (4.3)

‖Pt(t)‖2≤C(‖ρ(t)‖2H1 +‖u(t)‖2H1), ‖Ptr(t)‖2≤CT (‖ρ(t)‖2H2 +‖u(t)‖2H2). (4.4)

Multiplying (1.5)–(1.7) by 1
ρ , we have

ut+uur− v2

r
+

1

ρ
Pr− κ

ρ
(ur+

u

r
)r+

1

2ρ
(|nr|2)r+ |nr|2

rρ
=0, (4.5)
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vt+uvr+
uv

r
− μ

ρ
(vr+

v

r
)r=0, (4.6)

wt+uwr− μ

ρ
(wrr+

wr

r
)=0. (4.7)

It is clear that

‖ut(t)‖2≤CT (‖ρ‖2H1 +‖u(t)‖2H2 +‖v(t)‖2+‖n(t)‖2H2), (4.8)

‖vt(t)‖2≤CT ‖v(t)‖2H2 , ‖wt(t)‖2≤CT ‖w(t)‖2H2 . (4.9)

Differentiating (4.5) with respect to r, using (3.47) and the embedding theorem, we
obtain

‖utr(t)‖2≤CT

(‖ρ(t)‖2H2 +‖u(t)‖2H3 +‖v(t)‖2H1 +‖n(t)‖2H3

)
(4.10)

or

‖urrr(t)‖2≤CT

(‖ρ(t)‖2H2 +‖u(t)‖2H2 +‖v(t)‖2H1 +‖n(t)‖2H3 +‖utr(t)‖2
)
. (4.11)

Differentiating (4.5) and (1.8) with respect to r twice, using (3.47) and the embedding
theorem, we get

‖utrr(t)‖2≤CT

(‖ρ(t)‖2H3 +‖u(t)‖2H4 +‖v(t)‖2H2 +‖n(t)‖2H4

)
, (4.12)

‖ntrr(t)‖2≤CT

(‖u(t)‖2H2 +‖n(t)‖2H4

)
(4.13)

or

‖urrrr(t)‖2≤CT

(‖ρ(t)‖2H3 +‖u(t)‖2H3 +‖v(t)‖2H2 +‖n(t)‖2H4 +‖utrr(t)‖2
)
, (4.14)

‖nrrrr(t)‖2≤CT

(‖u(t)‖2H2 +‖n(t)‖2H3 +‖ntrr(t)‖2
)
. (4.15)

Differentiating (4.5) and (1.8) with respect to t, respectively, using (3.47), (4.4), (4.8)–
(4.10), (4.12)–(4.13) and the embedding theorem, we have

‖utt(t)‖2≤CT

(‖ut(t)‖2+‖utr(t)‖2+‖u(t)‖2H2 +‖utrr(t)‖2
+‖vt(t)‖2+‖ρ(t)‖2H2 +‖n(t)‖2H2 +‖ntr(t)‖2+‖ntrr(t)‖2

)
≤CT

(‖ρ(t)‖2H3 +‖u(t)‖2H4 +‖n(t)‖2H4 +‖v(t)‖2H2

)
, (4.16)

‖ntt(t)‖2≤CT

(‖ut(t)‖2+‖nt(t)‖2+‖n(t)‖2H1 +‖ntr(t)‖2+‖ntrr(t)‖2
)

≤CT

(‖u(t)‖2H2 +‖n(t)‖2H4 +‖v(t)‖2) (4.17)

or

‖utrr(t)‖2≤CT

(‖utr(t)‖2+‖u(t)‖2H2 +‖utt(t)‖2
+‖ρ(t)‖2H2 +‖n(t)‖2H2 +‖ntr(t)‖2+‖ntrr(t)‖2+‖v(t)‖2H2

)
, (4.18)

‖ntrr(t)‖2≤CT

(‖u(t)‖2H2 +‖v(t)‖2+‖nt(t)‖2+‖n(t)‖2H2 +‖ntr(t)‖2+‖ntt(t)‖2
)
.

(4.19)
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Thus, we obtain

‖utt(r,0)‖2+‖ntt(r,0)‖2+‖utr(r,0)‖2+‖utrr(r,0)‖2+‖ntrr(r,0)‖2≤CT (4.20)

by combining (4.10), (4.12)–(4.13) and (4.16)–(4.17).
Similarly, from (4.6) and (4.7)we can obtain the estimates for v and w, which give

(4.1). Moreover,

‖vtrr(t)‖2≤CT

(‖vt(t)‖2H1 +‖v(t)‖2H2 +‖vtt(t)‖2+‖ut(t)‖2+‖u(t)‖2+‖ρ(t)‖2H1

)
,

(4.21)

‖wtrr(t)‖2≤CT

(‖wt(t)‖2H1 +‖w(t)‖2H2 +‖wtt(t)‖2+‖ut(t)‖2+‖u(t)‖2+‖ρ(t)‖2H1

)
.

(4.22)

Let B=Pr−κ(ur+
u
r )r+

1
2 (|nr|2)r+ |nr|2

r and differentiating (4.5) with respect to t
twice, multiplying the resulting equation by utt and integrating over (a,b), we have

1

2

d

dt

∫ b

a

u2
ttdr=−

∫ b

a

(uur)ttuttdr+

∫ b

a

(
v2

r
)ttuttdr

−
∫ b

a

(
1

ρ
)ttButtdr+2

∫ b

a

(
1

ρ
)tBtuttdr−

∫ b

a

1

ρ
Bttuttdr

=I1+I2+I3+I4+I5. (4.23)

By (3.47) and the embedding theorem, we have

I1=−
∫ b

a

(
u2
ttur+2ututrutt+uuttrutt

)
dr

=−
∫ b

a

u2
tturdr+

1

2

∫ b

a

uttru
2
tdr−

∫ b

a

uuttruttdr

≤ ε1

∫ b

a

u2
ttrdr+CT

∫ b

a

u2
ttdr+CT

∫ b

a

u2
tdr+CT

∫ b

a

u2
trdr. (4.24)

I2=2

∫ b

a

1

r

(
vvtt+v2t

)
uttdr≤CT

∫ b

a

u2
ttdr+CT

∫ b

a

(
v2tt+v2t +v2tr

)
dr. (4.25)

I3=

∫ b

a

(ρtt
ρ2

− 2ρ2t
ρ3
)
Buttdr

=−
∫ b

a

1

ρ2
(
ρtru+ρrut+ρtur+ρutr+

ρtu

r
+

ρut

r

)
Buttdr−2

∫ b

a

ρ2t
ρ3

Buttdr

≤CT +CT

∫ b

a

u2
ttdr+CT

∫ b

a

u2
rrdr+CT

∫ b

a

u2
trdr

+κ

∫ b

a

1

ρ2
(
ρtru+ρrut+ρutr+

ρut

r

)
urruttdr. (4.26)

For the last term of the right-hand side of (4.26), we have

κ

∫ b

a

1

ρ2

(
ρtru+ρrut+

ρut

r

)
urruttdr≤CT

∫ b

a

(ρ2tr+u2
t )u

2
rrdr+

∫ b

a

u2
ttdr
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≤CT ‖urr‖2L∞

∫ b

a

(ρ2tr+u2
t )dr+

∫ b

a

u2
ttdr

≤CT

(∫ b

a

u2
rrdr+

∫ b

a

u2
rrrdr

)
+

∫ b

a

u2
ttdr. (4.27)

Then differentiating (4.5) with respect to r implies

κ

∫ b

a

1

ρ
utrurruttdr

≤CT

(∫ b

a

u2
ttdr+

∫ b

a

u2
rrdr+

∫ b

a

ρ2rru
2
rrdr

)
+κ2

∫ b

a

1

ρ2
urrrurruttdr

+κ

∫ b

a

(
κ

rρ2
− u

ρ
− κρr

ρ3

)
u2
rruttdr−κ

∫ b

a

1

ρ2
(nr ·nrrr)urruttdr

≤CT

∫ b

a

u2
ttdr+CT

∫ b

a

u2
rrdr+CT

∫ b

a

ρ2rru
2
rrdr+CT

∫ b

a

u4
rrdr

+CT

∫ b

a

n2
rrru

2
rrdr−

κ2

2

∫ b

a

(
1

ρ2

)
r

u2
rruttdr− κ2

2

∫ b

a

1

ρ2
u2
rruttrdr

≤ε1

∫ b

a

u2
ttrdr+CT

∫ b

a

u2
ttdr+CT

∫ b

a

u2
rrdr+CT ‖urr‖2L∞

∫ b

a

(ρ2rr+u2
rr+n2

rrr)dr

≤ε1

∫ b

a

u2
ttrdr+CT +CT

∫ b

a

u2
ttdr+CT

∫ b

a

u2
rrrdr. (4.28)

Thus, we get

I3≤ ε1

∫ b

a

u2
ttrdr+CT +CT

∫ b

a

u2
ttdr+CT

∫ b

a

u2
trdr+CT

∫ b

a

u2
rrrdr (4.29)

by combining (4.26)–(4.28).

I4=−2

∫ b

a

ρt
ρ2

Btuttdr

≤CT +CT

∫ b

a

ρ2trdr+CT

∫ b

a

u2
ttdr+2κ

∫ b

a

ρt
rρ2

utruttdr+2κ

∫ b

a

ρt
ρ2

utrruttdr

+CT

∫ b

a

n2
trrdr−2

∫ b

a

ρt
ρ2

(ntr ·nrr)uttdr−4

∫ b

a

ρt
rρ2

(nr ·ntr)uttdr

≤CT +CT

(∫ b

a

u2
ttdr+

∫ b

a

u2
trdr+

∫ b

a

n2
trdr+

∫ b

a

n2
trrdr

)
+2κ

∫ b

a

ρt
ρ2

utrruttdr.

(4.30)

Differentiating (4.5) with respect to t, we obtain

κutrr=ρutt+ρ(uur)t−ρ(
v2

r
)t− ρt

ρ
B+Ptr− κutr

r
+

κut

r2
+

1

2
(|nr|2)tr+ |nr|2t

r
.

Therefore,

2κ

∫ b

a

ρt
ρ2

utrruttdr≤CT +CT

∫ b

a

u2
ttdr+CT

∫ b

a

u2
trdr+CT

∫ b

a

n2
trdr+CT

∫ b

a

n2
trrdr,
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which implies

I4≤CT +CT

∫ b

a

u2
ttdr+CT

∫ b

a

u2
trdr+CT

∫ b

a

n2
trdr+CT

∫ b

a

n2
trrdr. (4.31)

Using integration by parts, we get

I5=−
∫ b

a

1

ρ

(
Pttr−κuttrr−κ

uttr

r
+κ

utt

r2
+nttr ·nrr+2ntr ·ntrr

+nr ·nttrr+
2n2

tr

r
+

2nr ·nttr

r

)
uttdr

≤−
∫ b

a

1

ρ
Pttruttdr−κ

∫ b

a

1

ρ
u2
ttrdr+κ

∫ b

a

ρr
ρ2

uttuttrdr

+ε1

∫ b

a

u2
ttrdr+CT

∫ b

a

u2
ttdr+

∫ b

a

n2
ttrdr+CT

∫ b

a

n4
trdr

−2

∫ b

a

1

ρ
(ntr ·ntrr)uttdr+

∫ b

a

1

ρ
uttr(nr ·nttr)dr+

∫ b

a

1

ρ
utt(nrr ·nttr)dr. (4.32)

Notice that∫ b

a

1

ρ
(ntr ·ntrr)uttdr=−

∫ b

a

1

ρ
(ntr ·ntrr)uttdr−

∫ b

a

1

ρ
n2
truttrdr+

∫ b

a

ρr
ρ2

n2
truttrdr

which implies

−2

∫ b

a

1

ρ
(ntr ·ntrr)uttdr=

∫ b

a

1

ρ
n2
truttrdr−

∫ b

a

ρr
ρ2

n2
truttrdr

≤ ε1

∫ b

a

u2
ttrdr+CT

∫ b

a

n4
trdr+CT

∫ b

a

u2
ttdr,

and ∫ b

a

n4
trdr≤‖ntr‖2L∞

∫ b

a

n2
trdr≤C3+C3

∫ b

a

n2
trrdr.

For the first term of the right-hand side of (4.32), it is not hard to show that

Ptt=γ(γ−1)ργ−2ρ2t +γργ−1ρtt

=γ(γ−1)ργ−2ρ2t −γργ−1[(ρu)tr+(
ρu

r
)t].

Then, we have

−
∫ b

a

1

ρ
Pttruttdr=

∫ b

a

1

ρ
Pttuttrdr−

∫ b

a

ρr
ρ2

Pttuttdr

≤ ε1

∫ b

a

u2
ttrdr+CT +CT

∫ b

a

u2
ttdr+CT

∫ b

a

u2
trdr.

Therefore,

I5≤−κ

∫ b

a

1

ρ
u2
ttrdr+CT +3ε1

∫ b

a

u2
ttrdr+ C̃

∫ b

a

n2
ttrdr
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+CT

∫ b

a

u2
ttdr+CT

∫ b

a

u2
trdr+CT

∫ b

a

n2
trrdr. (4.33)

Substituting (4.24)–(4.25), (4.29), (4.31) and (4.33) into (4.23), we obtain

1

2

d

dt

∫ b

a

u2
ttdr+κ

∫ b

a

1

ρ
u2
ttrdr≤5ε1

∫ b

a

u2
ttrdr+CT +CT

∫ b

a

(
v2tt+v2tr

)
dr

+CT

∫ b

a

u2
ttdr+CT

∫ b

a

u2
trdr+CT

∫ b

a

u2
rrrdr

+CT

∫ b

a

n2
trrdr+ C̃

∫ b

a

n2
ttrdr. (4.34)

Similarly, we can get

1

2

d

dt

∫ b

a

v2ttdr+μ

∫ b

a

1

ρ
v2ttrdr≤ε2

∫ b

a

v2ttrdr+CT +CT

∫ b

a

u2
ttdr

+CT

∫ b

a

v2ttdr+CT

∫ b

a

v2trdr+CT

∫ b

a

v2rrrdr. (4.35)

and

1

2

d

dt

∫ b

a

w2
ttdr+μ

∫ b

a

1

ρ
w2

ttrdr≤ε3

∫ b

a

w2
ttrdr+CT +CT

∫ b

a

u2
ttdr

+CT

∫ b

a

w2
ttdr+CT

∫ b

a

w2
trdr+CT

∫ b

a

w2
rrrdr. (4.36)

Adding the above three inequalities and taking εi, i=1, 2, 3 small enough, we have

d

dt
‖vtt(t)‖2+‖vttr(t)‖2≤CT +CT ‖vtt(t)‖2+CT ‖vtr(t)‖2+CT ‖vrrr(t)‖2

+CT ‖ntrr(t)‖2+ C̃‖nttr(t)‖2. (4.37)

Thus, by (3.47), we arrive at

‖vtt(t)‖2+
∫ t

0

‖vttr(s)‖2ds≤CT +CT

∫ t

0

‖vtt(s)‖2ds+ C̃

∫ t

0

‖nttr(s)‖2ds. (4.38)

On the other hand, Differentiating (1.8) with respect to t twice, multiplying the resulting
equation by ntt and integrating over (a,b), we have

1

2

d

dt

∫ b

a

n2
ttdr+

∫ b

a

n2
ttrdr≤3ε4

∫ b

a

n2
ttrdr+

∫ b

a

u2
ttdr+CT

∫ b

a

n2
ttdr

+CT

∫ b

a

n2
trn

2
tdr+CT

∫ b

a

n4
trdr+CT

∫ b

a

n2
tru

2
tdr. (4.39)

Taking ε4 small enough and using (3.47) and the embedding theorem, we get

‖ntt(t)‖2+
∫ t

0

‖nttr(s)‖2ds≤CT +CT

∫ t

0

‖utt(s)‖2ds+CT

∫ t

0

‖ntt(s)‖2ds. (4.40)
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From (4.38) and (4.40),

‖vtt(t)‖2+‖ntt(t)‖2+
∫ t

0

‖vttr(s)‖2ds+
∫ t

0

‖nttr(s)‖2ds

≤CT +CT

∫ t

0

(‖vtt(s)‖2+‖ntt(s)‖2)ds,

which by Gronwall’s inequality, (4.1) and (4.19), gives

‖vtt(t)‖2+‖ntt(t)‖2+‖ntrr(t)‖2+
∫ t

0

‖vttr(s)‖2ds+
∫ t

0

‖nttr(s)‖2ds≤CT . (4.41)

Differentiating (1.8) with respect to r and t, we deduce

‖ntrrr(t)‖2≤CT

(‖nt(t)‖2H1 +‖n(t)‖2H2 +‖ntrr(t)‖2+‖nttr(t)‖2+‖ut(t)‖2H1

)
, (4.42)

which, together with (4.18)–(4.19), (4.21)–(4.22) and (4.42), gives (4.2). The proof is
complete.

Lemma 4.2. Under the assumption of Lemma 4.1, it holds that

‖ρrrr(t)‖2+
∫ t

0

(
‖ρtrr(s)‖2+‖vrrrr(s)‖2

)
ds≤CT . (4.43)

Proof. Differentiating (1.4) with respect to r three times, multiplying the resulting
equation by ρrrr and integrating over (a,b), we have

1

2

d

dt

∫ b

a

ρ2rrrdr=−
∫ b

a

ρrrrrρrrrudr−
∫ b

a

ρρrrrurrrrdr−4

∫ b

a

ρ2rrrurdr

−6

∫ b

a

ρrrρrrrurrdr−4

∫ b

a

ρrρrrrurrrdr−
∫ b

a

(ρu
r

)
rrr

ρrrrdr

=− 7

2

∫ b

a

ρ2rrrurdr−
∫ b

a

ρρrrrurrrrdr−6

∫ b

a

ρrrρrrrurrdr

−4

∫ b

a

ρrρrrrurrrdr−
∫ b

a

(ρu
r

)
rrr

ρrrrdr (4.44)

leading to

d

dt

∫ b

a

ρ2rrrdr≤CT +CT

∫ b

a

ρ2rrrdr+CT

∫ b

a

u2
rrrrdr+CT

∫ b

a

u2
rrrdr.

Integrating over (0,t), we get

‖ρrrr(t)‖2≤CT +CT

∫ t

0

‖ρrrr(s)‖2ds+CT

∫ t

0

‖urrrr(s)‖2ds. (4.45)

It follows from (3.47), (4.2), (4.11) and (4.14) that

∫ t

0

‖urrrr(s)‖2ds≤CT +CT

∫ t

0

‖ρrrr(s)‖2ds. (4.46)
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Then (4.45)–(4.46) and the Gronwall’s inequality imply that

‖ρrrr(t)‖2+
∫ t

0

‖urrrr(s)‖2ds≤CT , (4.47)

which, along with conservation of mass, gives

∫ t

0

‖ρtrr(s)‖2ds≤CT . (4.48)

Following the same process we can get the estimates for v and w and together with
(4.47)–(4.48), we arrive at (4.43).

Lemma 4.3. Under the assumption of Lemma 4.1, it holds that

‖vtr(t)‖2+‖vtrr(t)‖2+‖vrrr(t)‖2+‖vrrrr(t)‖2+‖nrrrr(t)‖2+
∫ t

0

‖vtrrr(s)‖2ds≤CT .

(4.49)

Proof. Differentiating (4.5) with respect to t and r, multiplying the resulting
equation by utr and integrating over (a,b), we have

1

2

d

dt

∫ b

a

u2
trdr≤CT +CT

∫ b

a

u2
trdr+CT

∫ b

a

u2
trrdr+CT

∫ b

a

u2
tu

2
rrdr+CT

∫ b

a

u2
rrrdr

+CT

∫ b

a

P 2
rrdr+CT

∫ b

a

n2
trdr+CT

∫ b

a

n2
trrdr+CT

∫ b

a

v2trdr

+CT

∫ b

a

n2
trrrdr+CT

∫ b

a

n2
trn

2
rrrdr−

∫ b

a

Ptrr

ρ
utrdr+κ

∫ b

a

utrrr

ρ
utrdr.

(4.50)

or

‖utrrr(t)‖2≤CT +CT (‖ut(t)‖2H2 +‖u(t)‖2H3 +‖uttr(t)‖2+‖vt(t)‖2H1

+‖ρ(t)‖2H2 +‖ρt(t)‖2H2 +‖n(t)‖2H3 +‖nt(t)‖2H3). (4.51)

For the last terms of the right-hand side of (4.50), we have

−
∫ b

a

Ptrr

ρ
utrdr+κ

∫ b

a

utrrr

ρ
utrdr=J1+J2, (4.52)

where

J1=−Ptr

ρ
utr

∣∣∣b
a
+

κutrr

ρ
utr

∣∣∣b
a

J2=−
∫ b

a

ρr
ρ2

Ptrutrrdr+

∫ b

a

Ptr

ρ
utrrdr−κ

∫ b

a

u2
trr

ρ
dr+κ

∫ b

a

ρr
ρ2

utrrutrdr.

By virtue of (3.47) and using the embedding theorem, we deduce that

J1≤C1

∫ b

a

(
ρ2tr+ρ2trr+u2

tr+u2
rrr+u2

trr+u2
ttr+n2

trrr

)
dr
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and

J2≤CT +CT

∫ b

a

(
u2
tr+u2

trr

)
dr.

Therefore,

d

dt

∫ b

a

u2
trdr≤CT +CT

∫ b

a

u2
trdr+CT

∫ b

a

u2
trrdr+CT

∫ b

a

u2
ttrdr+CT

∫ b

a

u2
rrrdr

+CT

∫ b

a

n2
trrdr++CT

∫ b

a

ρ2trrdr+CT

∫ b

a

v2trdr+CT

∫ b

a

n2
trrrdr, (4.53)

which, by Gronwall’s inequality and (4.11), yields

‖utr(t)‖2+‖urrr(t)‖2≤CT . (4.54)

Thus, combined with (4.2), (4.14)–(4.15), (4.18), (4.43), (4.51) and (4.54), implies

‖utrr(t)‖2+‖urrrr(t)‖2+‖nrrrr(t)‖2+
∫ t

0

‖utrrr(s)‖2ds≤CT . (4.55)

In view of (4.6) and (4.7), we can obtain the estimates for v and w by the same way,
which, together with (4.55) bring us to (4.49), which completes the proof.

Lemma 4.4. Under the assumption of Lemma 4.1, it holds that

‖ρrrrr(t)‖2+
∫ t

0

(
‖nrrrrr(s)‖2+‖vrrrrr(s)‖2

)
ds≤CT . (4.56)

Proof. Differentiating (4.5) and (1.8) with respect to r three times and integrating
over (a,b), we get

‖urrrrr(t)‖2 (4.57)

≤CT ‖utrrr(t)‖2+CT ‖v(t)‖2H3 +CT ‖u(t)‖2H4 +CT ‖ρ(t)‖2H4 +CT ‖n(t)‖2H5 . (4.58)

and

‖nrrrrr(t)‖2≤CT ‖ntrrr(t)‖2+CT ‖u(t)‖2H3 +CT ‖n(t)‖2H4 . (4.59)

It is clear that (4.57)–(4.59), with the help of (3.47) and Lemma 4.1-4.3, imply∫ t

0

‖nrrrrr(t)‖2ds≤CT . (4.60)

and ∫ t

0

‖urrrrr(s)‖2ds≤CT +CT

∫ t

0

‖ρrrrr(s)‖2ds. (4.61)

Differentiating (1.4) with respect to r four times, multiplying the resulting equation
by ρrrrr and integrating over (a,b), we have

1

2

d

dt

∫ b

a

ρ2rrrrdr=−
∫ b

a

ρrrrrrρrrrrudr−
∫ b

a

ρρrrrrurrrrrdr−5

∫ b

a

ρ2rrrrurdr
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−10

∫ b

a

ρrrrρrrrrurrdr−10

∫ b

a

ρrrρrrrrurrrdr

−5

∫ b

a

ρrρrrrrurrrrdr−
∫ b

a

(ρu
r

)
rrrr

ρrrrrdr

≤CT +CT

∫ b

a

ρ2rrrrdr+CT

∫ b

a

u2
rrrrrdr. (4.62)

By (4.61) and Gronwall’s inequality, we obtain

‖ρrrrr(t)‖2+
∫ t

0

‖urrrrr(s)‖2ds≤CT . (4.63)

Observe that, similar to the estimates for u, we can get the estimates for v and w, which
yields (4.56). Completing the proof of Lemma 4.4.

Proof. (Proof of Theorem 1.3.) We obtain the result by directly using Lemma 4.1–
4.4. Thus the proof of Theorem 1.3 is complete.
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