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DETERMINING TRANSMISSION EIGENVALUES OF ANISOTROPIC
INHOMOGENEOUS MEDIA FROM FAR FIELD DATA*

ARMIN LECHLEITER?T AND STEFAN PETERS*

Abstract. We characterize the interior transmission eigenvalues of penetrable anisotropic acous-
tic scattering objects by a technique known as inside-outside duality. This method has recently been
identified to be able to link interior eigenvalues of the penetrable scatterer with the behavior of the
eigenvalues of the far field operator for the corresponding exterior time-harmonic scattering problem.
A basic ingredient for the resulting connection is a suitable self-adjoint factorization of the far field
operator based on wave number-dependent function spaces. Under certain conditions on the anisotropic
material coefficients of the scatterer, inside-outside duality allows us to rigorously characterize interior
transmission eigenvalues from multi-frequency far field data. This theoretical characterization more-
over allows us to derive a simple numerical algorithm for the approximation of interior transmission
eigenvalues. Since it is merely based on far field data, the resulting eigenvalue solver does not require
knowledge of the scatterer or its material coefficient; several numerical examples show its feasibility
and accuracy for noisy data.
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1. Introduction

Interior transmission eigenvalues provide information about material properties of
penetrable scattering objects that is particularly useful for the characterization of such
objects from time-harmonic wave measurements. For example, it is known that unique
determination of anisotropic inhomogeneous media from far field data fails for multi-
static and multi-frequency far field measurements; see [12, 1]. However, as shown in [3,
7], interior transmission eigenvalues provide upper and lower bounds on the norm of the
matrix-valued material parameter, thus yielding helpful structural side constraints for
methods in non-destructive testing.

Establishing bounds on the material parameters of isotropic or anisotropic inho-
mogeneous media has recently motivated the development of numerical algorithms for
the computation of transmission eigenvalues from far field data; see [3, 7, 4]. All these
analytic bounds and numerical techniques were inspired by ideas from [5] where the
first (lower) bounds on the index of refraction were obtained from the knowledge of
the first transmission eigenvalue and the failure of the linear sampling method [2, 6] at
transmission eigenvalues was used to detect these interior eigenvalues. Taking a more
general viewpoint, the above-mentioned papers show the currently rising interest in the
application of interior transmission eigenvalues for non-destructive testing and, more
generally, in inverse scattering theory.

A technique able to compute interior transmission eigenvalues for isotropic acoustic
scatterers that is completely different from the one mentioned above was introduced
in [15]. The latter reference relies on ideas from the work [10] on the so-called inside-
outside duality between the Dirichlet eigenvalue problem inside a bounded domain and
the exterior scattering problem outside of this domain. To indicate the statement of
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this duality, recall first that for a fixed wave number k>0 the eigenvalues of the far
field operator F'= F}, lie on a circle in the complex plane and accumulate at zero from
the left, that is, only a finite number of eigenvalues of F} have positive real part. Now,
inside-outside duality between the interior and the exterior problem can roughly be
stated as follows. The number k2 is an interior Dirichlet eigenvalue of —A if and only if
one of the eigenvalues of F}, tends to zero from the right as the wave number k£ >0 tends
to ko. As is shown in [10, 19], this duality provides a full characterization of interior
Dirichlet, Neumann, and Robin eigenvalues by far field data from the eigenvalues of the
corresponding far field operators for a continuum of wave numbers. Moreover it allows
the designing of a numerical algorithm with provable convergence, see [13].

In this paper, we establish a corresponding connection for the case of a penetrable
anisotropic acoustic scattering object D C R which is described by the following time-
harmonic wave equation at the wave number £k > 0:

div(AVu) +k*u=0 in R?, (1.1)

where the material parameter A=1I1d+Q is assumed to be real-valued, symmetric, and
positive definite in R® and the matrix-valued contrast @ :R3 —R3*3 is supported and
sign-definite in the closure of the scatterer D. On the boundary 0D, u, and its co-
normal derivative are continuous. If v and [|gp denote the exterior unit normal to D
and the jump of a function across 0D, respectively, then

sy =0 and v AVu =0.
aD oD

For the scattering model (1.1), the squared wave number k>0 is called a trans-
mission eigenvalue if there exists a non-trivial pair (u,w) of functions defined in D such
that

div(AVu) +k*u=0 in D, Aw+k*w=0 in D, (1.2)
u=w on dD, VTAVu:g—w on 0D. (1.3)
v

Links between this quadratic, non-self-adjoint eigenvalue problem to scattering theory
are well-described (see for instance [8]). For example, if w is an incident field wave
such that the resulting scattered wave vanishes outside D, then restricting both the
corresponding total field u and the incident field w to D yields a transmission eigenpair
for the eigenvalue k2.

Connecting the interior transmission eigenvalue problem (1.2) with the far field op-
erators corresponding to (1.1) for varying k> 0 heavily relies on a suitable factorization
F=H*TH of the far field operator F'. Note that the same factorization also forms
the basis of the so-called factorization method; see [14]. A crucial requirement for the
proof of inside-outside duality is the density of the image space of H in the preimage
space of T. For impenetrable scatterers, this condition is naturally satisfied and the
corresponding trace spaces H¥'/2 are independent of the wave number. For scattering
from a penetrable anisotropic object D C R?, the “simplest” image and preimage space
of H and T is L*(D,C?), and the middle space of the factorization can indeed be used,
e.g., for the analysis of the factorization method. However, in our context, the range
of H is not dense in L?(D,C3) and has to be replaced by the closure of this range in
L?(D,C3), a k-dependent vector-valued space of gradient fields solving the Helmholtz
equation.

The k-dependent middle space complicates the analysis of inside-outside duality
for interior transmission eigenvalues compared to eigenvalues of impenetrable obstacles.



A. LECHLEITER AND S. PETERS 1805

Under the general assumption that the contrast @ is sign-definite, it is nevertheless
still possible to show that whenever an eigenvalue of the far field operator tends to
zero from the “wrong” side as k tends to kg, then k% must be an interior transmission
eigenvalue. The price to pay for the (currently necessary) k-dependent middle spaces
is that the converse direction (and hence the characterization) can only be shown un-
der assumptions on the contrast. We prove the complete characterization of the first
few interior transmission eigenvalues by using the behavior of the eigenvalues of the far
field operator for contrasts ) that are perturbations of a sufficiently large scalar con-
stant times the identity matrix. Note that the corresponding conditions for the scalar,
isotropic Helmholtz equation Au+k?n?u=0 considered in [15] required the contrast to
be constant and either small or large enough. FExtending the results from this paper
to the Helmholtz equation, div(AVu)+ k?n?u=0, involving two material parameters is
possible but is out of the scope of this paper.

Let us now briefly indicate the precise statement of inside-outside duality for trans-
mission eigenvalues. To this end, consider incident plane waves u‘(x,0)=exp(ik-
x) with direction 8 €S?*={xcR? |z|=1}, and a solution u(-,0) to the anisotropic
Helmholtz Equation (1.1) subject to Sommerfeld’s radiation condition for the scattered
field u*(-,0) =u(-,0) —u'(-,0),

ou’®

5 (rz,0) —iku®(r&,0) =O(r?) as r— oo, uniformly in & €S?%. (1.4)

Solutions to the Helmholtz equation outside D that satisfy (1.4) are called radiating
and possess a first-order expansion in terms of radiating spherical waves,

eikr

u®(ra,0) u°°(aﬁ,0)+(’)(r_2), 7 — 00.

~ dnr
The function u™: S? x S? — C in the latter asymptotic expansion is called the far field
pattern of the scattered fields. It gives rise to the far field operator F': L?(S?) — L?(S?),

(Fg)(3) ::/Sz u(2,0)9(0)dS(0), &S,

which is compact and normal according to [16]. Furthermore, the eigenvalues A; of F'
lie on the circle of radius 87%/k with center 87%i/k in the complex plane. Depending
on the sign of the contrast function Q=A—1Id, the eigenvalues A\;=\;(k) converge
to zero, either from the left or from the right, as j — co such that ReA; =0 for j large
enough. This allows us to order the phases of the A; and to define a smallest or a largest
phase. For instance, if ReA; <0 for large j €N, then the smallest phase ¥, =min;en;
of the eigenvalues \; =r;exp(iv;), ¥; €[0,7), is well-defined. The aim of this paper
is to characterize transmission eigenvalues by the behavior of the smallest and largest
phase respectively. Under conditions to be stated below, we will show, e.g., that certain
transmission eigenvalues k3 >0 are characterized by the fact that the smallest phase
Ve =1.(k) of F=F}, tends to 0 as k tends to kg in case that @ is positive definite.
Additionally, if ¥.(k) tends to zero as k tends to kg, then k>0 is a transmission
eigenvalue.

We finally note that the transmission eigenvalue problem (1.2) has to be understood
in a weak sense: k? >0 is an interior transmission eigenvalue if there exists a non-trivial
eigenpair (u,w) € H'(D) x H'(D) such that u—w € H}(D) and
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/ (AVu-V¢ —k*uy) de =0, / (Vw -V —k*wyp)de=0 V¢ e Hy(D),
D D

/ (AVu- Vi — ki) d:c:/ (Vu-VY—k*wy)de Ve H' (D). (1.5)
D D

The remainder of the paper is organized as follows. In Section 2, we introduce
a factorization of the far field operator and provide several crucial properties of the
operators arising in this factorization. In Section 3, we show important properties of
the eigenvalues of the far field operator and their phases. These properties will be
exploited in Section 4 when considering the behavior of the smallest or largest phase
when the square of the corresponding wave number is close to a transmission eigenvalue.
In sections 5 and 6, we finally prove a characterization of transmission eigenvalues
under the condition that a certain derivative is nonzero. This implicit condition is then
transformed into an explicit condition on the contrast and the transmission eigenvalue.
Relying on three computational examples, we finally show in Section 7 that inside-
outside duality can be exploited for the numerical computation of interior eigenvalues.

2. A particular factorization of the far field operator

In this section, we prove a factorization for the far field operator F and examine the
properties of the arising operators. The factorization will be similar to the one derived
in [16]. However, we need to slightly adapt the factorization to suit the particular
requirements of our later theory.

We assume throughout the paper that D C R? is a bounded Lipschitz domain and
that Q € L>°(D, R3*3) takes (almost everywhere) values in the space of symmetric 3 x 3
matrices. Moreover, denoting z* =%, we assume for all z€C? and almost all € D
that either z*Q(x)z > go| 2| for some g > 0, or that z*Q(x)z < go|z|? for —1< gy <0. In
the first and second case, @) is positive and negative definite, respectively, and extending
Q by zero to all of R3, the material parameter A=Id+(Q is always positive definite.

Defining a source term f=QVu' € L?*(D,C?) allows to write the weak formulation
of the differential equation (1.1) for the radiating scattered field u® € H} _(R?) as

loc
/ (AVu5~V1/)fk2uS¢)da;:f/ f-Vydz VY eCR(RY). (2.1)
R3 D

Using either a volume integral equation approach or a variational formulation on a
bounded domain involving an exterior Dirichlet-to-Neumann operator [16, 22|, one
shows that the latter problem is of Fredholm type. More precisely, that the uniqueness
of the solution implies the existence of the solution for all source terms f e L?*(D,C3).
We assume in the following that uniqueness of the solution to (2.1) holds. This assump-
tion is satisfied if A is a sufficiently smooth function on R3 or if A is piecewise smooth
with sufficiently regular jump discontinuities such that a unique continuation principle
holds (for details see, e.g., [23]).

To factorize F, we define the injective Herglotz operator H = Hj: L?*(S?)—
L?(D,C3),

Hg=Vvy, vg(m)z/ 9(0)e*?®dS(9), xeD. (2.2)
S2

The function v, (extended using its defining integral to all of R3) is called a Herglotz
wave function. The adjoint H*: L?(D,C3) — L?(S?) of the Herglotz operator is

(H*h)(2) = —ikd- /

h(y)e_iki"ydy:/ (Vye *¥). h(y)dy, zecS?.
D D
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The latter function H*h is the far field of the divergence of a volume poten-
tial for the Helmholtz equation with source term h € L?(D,C3). If we denote by
(x,y) =exp(ik|z —y|)/(47|x —y|), z#y €R3, the radiating fundamental solution to
the Helmholtz equation is

= [ <vy<1><-7y>>°0-h<y>dy:—(div / @(-,ym(y)dy) — — (divan)™ = —u,
where
w=/D<1>(-,y)h(y)dyGHiC(R?’#C?’)
and
w:divw:/ Vy®(-,y)-h(y)dy € H (R?). (2.3)
D

Interchanging the divergence with the integral in the last equation can be validated, e.g.,
since all kernels are weakly singular. We finally define the operator =Ty : L?(D,C3) —
L?(D,C?) by
Tf=Q(f—Vu), (2.4)
where v € H (R?) is the weak, radiating solution to (2.1) with f replaced by Qf and
div(AV) +k*v=div(Qf)  in R (2.5)
That is, [5s(AVv-Vi—Ek*vp)de= [, Qf - Vipda holds for all )€ H'(R?) with com-
pact support.
LEMMA 2.1.  The far field operator F can be written as F=—H*TH.
Proof. First we define an auxiliary operator G =G}, : L?(D,C3) — L?(S?) by
G f=v> where ve H} _(R?) is the weak, radiating solution to (2.5). For ge L?(S?), it

loc

follows that G(Hg)=v> where v solves
div(AVv) + k2o =div(Qf)  with f(z): =V, [ ¢(0)e**%dS(0), xcR3.
S2

By the superposition principle and the definition of F', we deduce that F'=—-GH.
Next, consider for some h € L?(D,C3) the functions w and w from (2.3). Since
w>®=—H*h and since w=divw for we HZ_(R?), that is the radiating solution to
Aw+k*w=nh in R3, it follows that we H} (R?) is the weak radiating solution to
Aw+k*w=divh in R?, (2.6)

Since A=Q +1d, (2.5) can equivalently be written as

Avt+k2o=div[Q(F — Vo) aivTf i R,

Since we defined the operator G via (2.5), setting h=Tf in (2.6) shows G=H"*T, and
thus F=—H*TH. O

The following lemma lists important properties of the operator T}, for k>0 or k=i.
To this end, we denote by R(H) the closure of the range of H in L?(D,C?).
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LEMMA 2.2.
(a) For all f € L*(D,C?) and k>0, it holds that Im (T f, f) r2(p,c2) < 0.

(b) If Im (T f, f) =0 for a non-trivial f € R(H) and k>0, then there is a function
we HY(D) with Vw=f such that k* is a transmission eigenvalue with corresponding
transmission eigenpair (w—v,w) where v € HL (R3) is the weak solution to (2.5).

(c) If k*> >0 is a transmission eigenvalue with corresponding transmission eigenpair
(u,w), then (T f, f)r2(p,c) =0 for f:=VweR(H).

(d) If Q is positive definite and k=1, then T} is coercive. There exists ¢>0 such
that

(Lf . feewesy =l fllizpesy  VFEL*(D,C?).
If Q is negative definite, then the operator —T; is coercive. There exists ¢ >0 such that
_(Tifa.f)L2(D,C3)chl-f‘|%2(D,(C3) VfeL*(D,C%).
(e) For k>0 the difference Ty —T, is a compact operator from L?*(D,C?) into
L?(D,C3).

Proof.
(a) We write T}, f = Qg, where g= f — Vv and v€ HL_(R?) solves (2.5); i.e.,

/ [vu-v@—k%@dwz/ V@-Q(f—vp)dmz/ Vi-Qgdx Vi€ C°(R3).
R3 D D

(2.7)
By the density of C§°(R?) in H'(R?), the latter equation also holds for all ¢ € H*(D)
with compact support. Using standard arguments (see, e.g. [16, Lemma 3.2(a)]), we

compute that

(Tef P r2o.cn) = (Qg.g+ V) 12000y = (Q9.9) 12,00y + / Qg-Vodz
D

ov
w?—k%?dm—/ 7—dS.
(Vo =Kpldz— | 50

(2.8)
=(Qg,9)r>(D,c3) +/

|| <R

Since (Qg,9)r2(p,cs) is real valued, taking the imaginary part of the last equation and
letting R — oo implies, due to the radiation condition, that

ik
Im(kav.f)Lz(D,C?’):_m/Sz‘UOO|2dSSO- (29)

(b) Let Im (Tx f, f)r2(p,c3) =0 for fe€R(H) and define v as in the proof of (a).
Equation (2.9) implies that v> =0. Due to Rellich’s Lemma, this implies that v vanishes
in R3\ D. Thus, the variational formulation (2.7) for v reduces to

/[V@-AVU—kQJU]dx:/V@~Qfdw Vi€ HY(D). (2.10)
D D

Since f€R(H), there is a sequence of Herglotz wave functions

wj(w):/SQQj(e)ei’m"’dS(e), xeR3 jeN,
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such that f;=Vw,; converges to f€ L?*(D,C?) as j—oc. Define v; as the solution
to (2.7) with f replaced by f;. The continuity of the corresponding solution operator
implies that ||v; —v| g1 (p) <C|| f5 — Fll2(p,c3) — 0 as j— oo. Convergence of f; =Vw;
in L?(D,C3) moreover implies that the restrictions of w; € C°°(R?) to D converge in the
quotient space H*(D)/C to some function we H'(D). (The L?>-norm of the gradient
is a norm in H!'(D)/C by a well-known Poincaré inequality.) Since w; satisfies the
homogeneous Helmholtz equation Aw; + kaj =0 in D, this property carries over to w.
In particular, Vw=f and Qf =QVw. We rewrite (2.10) as

/ [V AVo—E*v] de = / Vi -QVwdx Yy e HY (D).
D D
Using Q = A —1d, the latter variational equation is equivalent to

/ (V- AV (w—v) — k2B(w —v)] da::/ VOV Kgw]dz=0 Ve H'(D).

v Y (2.11)
Choosing the test function v in H}(D), the last term on the right vanishes since
we HY(D) is a weak solution to the Helmholtz equation in D, JpVw- Vidr =
[pk*wipda for all ¢ € Hj (D). Therefore, (2.11) shows that w—wv is a weak solution
to div(AV(w—v))+k*(w—v)=0 in D. If w vanishes, then f=YVw vanishes which is
excluded by assumption. Thus, the above equations show that (w—wv,w) is a transmis-
sion eigenpair to the eigenvalue k?; see (1.5).

(c) Let k>0 be a transmission eigenvalue with eigenpair (u,w)€ H'(D)x H*(D).
Setting f=Vw, we will show that (Txf,f)=0. To this end, recall that the set of
Herglotz wave functions of the form (2.2) for densities g € L?(S?) is dense in the set of H'!-
solutions to the Helmholtz equation in D. Thus, there exists a sequence g; € L?(S?) such
that the corresponding Herglotz wave functions w; converge to w in H (D). Therefore,
f=VweR(H).

Since k? is a transmission eigenvalue, (1.5) implies that v=u—w € H}(D) satisfies

/[VU'V@*]{IQU% dm:/VEL)(waVv)dw Vi€ HY (D).
D D

Setting ¢ =w yields

/ (Vo F - Kow] de = / QU — Vo) Fdz = (Tofo ) r2(pco-
D D

Since f € R(H) ,there is a sequence (w;)jen of Herglotz wave functions such that Vw,; —
f as j—oo. By definition, f=Vw which implies that ||V (w—w;)|r2(p,csy—0 as
j—o00. Using Poincaré’s inequality as in part (b), we deduce that by adding suitable
constants ¢; € C to wj, the sequence w; +c; converges to w in H'(D). Exploiting the
fact that v =wu—w has mean value zero due to the third equation of (1.5) with constant
1 yields

/D [Vo-f—k*w] de= lim [ [Vv Vw;—ko(w;+¢;)] de

J—00 D

=lim [ [Vo-Vw;—kvw;] de

j—o° Jp

= lim [ [Vv-Vw;+vdivVw;]de=0

j—o° Jp
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by Green’s first identity. Therefore, (T} f, f)r2(p,cs) =0.

(d) We first consider the case of positive definite (). Relying on (2.8) for k=i
and f e L?(D,C3), we exploit the ellipticity of the sesquilinear form in (2.7) for k=i
to conclude that (T3f,f)r2(p,c2) 2 |0l 31 gsy = V)31 (py With v solving (2.7) for k=i.
According to Lemma A.1, the solution operator to (2.7) is closed from L?(D,C3?) into
H'(D) which implies that [|v]| g1(py > C|| f]lL2(p,ca)- If Q is negative definite, the same
arguments allow us to estimate

(T F)is ey = (QF ) — /D Qf Vodz=(Qf.f) /D V- AVvdz — o] 2(p.ct
< —min{eo, 1}|v]| 7 sy < —Cll FII72(p,co-

(e) This assertion follows from standard embedding arguments (e.g. [16, Lemma
3.2(d)]). O

The eigenvalues \; of the far field operator F' lie on a circle with radius 872 /k and
center at 87%i/k in the complex plane. Since F' is compact, these eigenvalues converge
to zero as j — oco. If the contrast @ is sign-definite, they either approach the origin from
the left or from the right. Using the results of Lemma 2.2, this can be shown as in [15,
Lemma 4.1].

LEMMA 2.3. Assume that k? >0 is not a transmission eigenvalue. If Q is positive def-
inite or negative definite, then Re; <0 and ReX; >0 for j large enough, respectively.

3. Spectrum of the far field operator at transmission eigenvalues

Next we take a closer look at the behavior of the eigenvalues of F'. As already
mentioned above, the eigenvalues A\; of F' lie on a circle in the complex plane with
center 872%i/k and radius 872 /k and tend to zero from the left or right, depending on
the sign of Q. Let us assume for a moment that k2 >0 is not a transmissions eigenvalue
such that none of the eigenvalues A\; of F' can vanish. This allows us to write the
eigenvalues \; in polar coordinates,

A :rjemf r; >0, v;€(0,7).

If @ is positive definite, Lemma 2.3 states that there is N =N (k) € N such that Re(\;) <
0 for j > N. In particular, there is a well-defined and unique smallest phase among all
phases ¥; of eigenvalues of F,
Y, =mind;.
JjEN
We denote the corresponding eigenvalue as \,. If @) is negative definite, there is
N =N(k) eN such that Re();) >0 for > N. In this case the unique largest phase

¥ =maxv;
JjEN
is well-defined, and we denote the corresponding eigenvalue as A\*. The next lemma
characterizes these maximal phases (see [19, Theorem 3] for a proof).

THEOREM 3.1. Assume that k? >0 is not a transmission eigenvalue. If Q is positive
or negative definite, then

Re(Fg, Re(Fg.
cotd, = max Re(Fg,9)r2s) and ~ cotd* = Re(Fg,9)r2(s2)

min , (3.1
geL?(8?) Im(Fg,9) 2 (s2) geL?(8?) Im(Fg,9) 2 (s2) 3.1)
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respectively. The maximum or minimum is attained at any eigenvalue to A, and \*,
respectively.

Since F'=—H*TH, we note that
(Fg,9)12s2)=—(TiHg, Hg)12(p,c3) = —(Thw, w) L2(p c3)
with w:= Hge€ L?(D,C3). Let us define
X =X,:=R(H)C L*(D)
such that (3.1) can equivalently be written as

Re(Tkw,w)La(D,Cs) Re(Tkw,w)Lz(D)(cs)

cot v, = max and coty* = min . (3.2)

weX Im(Tk’w,’w)Lz(D’(@) weX Im(Tkw,UJ)Lz(D,C‘%)

REMARK 3.2.  We know from Lemma 2.2 that the denominator Im (T, w,w) can only
vanish if k? is a transmission eigenvalue. Thus, (3.2) indicates the particular behavior
of the phases ¥, and ¥* close to transmission eigenvalues.

ASSUMPTION 3.3. From now on, we assume that the Lipschitz domain D=U!_,D;
can be decomposed into I €N connected components D; such that each D; is a simply
connected Lipschitz subdomain with connected boundary and Eﬁﬁj: if1<i#j<I.
To further characterize X, we recall Theorem 3.37 from [21].

THEOREM 3.4 ([21, Theorem 3.37]).  If we L*(D,C3) satisfies curl(u)=0 in the
distributional sense, i.e.

/ w-Vxpde=0  VyecC(D,C?),
D

then there is a scalar potential ¢, € H(D) such that w=VN¢y,. The potential ¢,
18 unique up to adding functions that are constant on each connected component D;,
i1=1,....1, of D.

To exclude additive constants, we use the space

HX(D):={ we HY (D), /wda: =0 for all connected components D; C D,i=1,...1

D;
This space is a Hilbert space for the inner product (¢,¢)— [, V¢-Vida, again due
to a Poincaré inequality. Defining L?(D,C?,curl0) :={u € L?(D,C3?), curl(u) =0} as the
space of curl-free functions in L?(D,C?), we can thus define an operator

E:L*(D,C? curl0) — H}(D), W B(w) = ¢,

mapping a curl-free vector field w to its unique scalar potential ¢, in H:(D), such that
VE(w)=w in L*(D,C3). Obviously, F is continuous,

OH(waHl(D) S H(b’wHHé(D) = ||V¢w||L2(D)C3) = ||w||L2(D,C3) Yw EL2(D,CP’,CUT10).
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LEMMA 3.5. It holds that

X:R(H):{weL2(D,C3), /w»Vx¢dm:0 Y€ C5°(D,C?), (3.3)
D

I
JdecC!: Z/D [VE(w) -V —k*(E(w)+d;)y] de=0 VweCSO(D)}.

(3.4)
Proof.  Recall from the definition of the Herglotz wave function v, in (2.2) that

Hg=Vu,. First we show that R(H)CX. Let weR(H) be such that w=Vu, for a
function g€ L?(S?). Since w is a gradient field, it follows immediately that w is curl-
free, i.e., [Lw -V x ¢da=0 for all ¢ € C5°(D,C?). Moreover, Vog =V E(w)=w which
implies that for each connected component D;, for i=1,..., I, of D there exists d; € C
such that vy =E(w)+d; on D;. Since v, solves the Helmholtz equation,

1
0= Z/D‘ [V(BE(w)+d;)-V—k*(E(w)+d;)y] de V€O (D).

Thus, w € X. If we additionally show that X is closed in the topology of L?(D,C?), it
follows that R(H)C X. To this end, assume that X w; —»w in L*(D,C3) as j— o0

and that E('wj)—i—Zf:l dgj)lpi solves the Helmholtz equation. It is clear that the

first condition in (3.3) for w; implies that [,w-V x¢dx=0 for all ¢p€C5°(D,C?).
Rewriting (3.4) as

Zj;/D [wj.vw—kz (E(wj)—ngj))z/)} dz=0 VieCE (D),

the continuity of E from L?(D,C?) into H!(D) shows that merely the convergence of
the vectors d) € C! needs to be shown. This follows from the observation that, for
arbitrary ¢ € C5°(D),

I
Z(dﬁ.j)—dg“)/[) wdm:/D[(wj—w).vw—k?E(wj—wg)zp] dz—0  (j,0—00).
=1 i

Now we consider the orthogonal decomposition X =R(H)®R(H )L and show that

the orthogonal complement of R(H) is trivial. Assume that wo e R(H )l C X. Since
wy € X, condition (3.4) shows that there is d € C! such that E(wg)+ Zle d;1p, solves

I
> [ (VW) Vo—k(Bw)+ ] de =0 ¥weCF(D)
i=17Pi

According to [14, Theorem 7.3], the space of Herglotz wave functions v, is dense in the
H'-solutions of the Helmholtz equation. Therefore, there is a sequence (g;)jen C L*(S?)

such that vy, — E(wq) Jer:l d;1p, in H'(D) as j— oo. In particular,

/(VE(wO)fV’U%)V@dm S||VE(wO)7v'Ugj||L2(D,(C3)vagj||L2(D,(C3)*>O7
D
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since ||V, ||z2(p,cs) is bounded. Therefore,

/D\vaj\Qd:B—/DVE(wo)~Vngdw—>0 (j — 00).

Since wo=VE(wy) ER(H)J_, the second term on the left vanishes for all jeN. Tt
follows that wo=1lim;_, Vv,, =0, which concludes the proof. ]

Note that we needed to include constants d € C! in the definition of the space X since
the operator E merely extracts the potential ¢,, of a function w € X}, that has vanishing
means but does not take the Helmholtz equation into consideration. To avoid the need
to deal with these constants, we next define Ej: L?(D,C3,curl0) — H'(D) that again
maps w to a scalar potential ¢, € H*(D). Moreover, if w € X}, then the potential ¢,,
solves the Helmholtz equation. To this end, we define functions x; € C§°(D), i=1,...,1,
such that y; has support in D; and || p, Xi dx=1. Plugging in x; into (3.4) and solving
for d; shows that d; = —fDi(k:_QVE(w)-in —E(w)x;)dz.

LEMMA 3.6. Define Ej,: L?(D,C?,curl0) — H*(D) for k>0 by

I
Ek:w—>¢w:E(w)+Zle/D{E(w)xj—szE('w)-VXj da. (3.5)
j=1

Then Ey, is well-defined and bounded, and for fixzed w, the function kv Ey(w) is contin-
uously differentiable taking values in H*(D). The derivative kv dEy(w)/dk is constant
on each connected component of D. If we€ Xy, then ¢, = Ex(w) solves the Helmholtz
equation,

[ (V6w Vi R6u0) =0 vweCF D).
D

Proof. Tt remains to compute the derivative of k+— Ej(w). Considering (3.5),
E}, is clearly differentiable and the derivative equals dEy(w)/dk= 2]{:_3Z§:1 1p, [pw-
Vy;dez. O

4. Phase behavior at transmission eigenvalues

Since we will now investigate the behavior of the largest or the smallest phase of the
wave number k >0, the dependency of all introduced quantities on k becomes relevant.
Therefore, we denote this dependence whenever necessary, e.g., as Xy, Tk, 9. (k), and
9*(k). Tackling the dependency of X on k requires us to introduce a projection operator
Py from L?(D,C3) onto Xj,. This is, roughly speaking, due to (3.2) which plays a crucial
role for inside-outside duality. Indeed, using such a projection, one can rewrite (3.2)
using the k-independent space L?(D,C?) instead of X,

Re(TkPkw,Pkw)

£, (k) =
cot . (k) wel(D.co) Im (T}, Pyw, Pow)

and

Re (TkPkw,Pkw)
min .
weL?(D,c3) Im (TkPkw,Pkw)

cot* (k)=



1814 INSIDE-OUTSIDE DUALITY FOR ANISOTROPIC SCATTERERS

THEOREM 4.1. Let ko >0 and wo € Xy, such that (Tx,wo, wo)r2(p,c3)=0. If
Py: L?(D,C3) — Xy, is a projection onto X}, that is continuously differentiable with re-
spect to k>0 and if

€R\ {0},

dk

d
Oz(ko) = (Tkpkwo,Pkwo)Lz(chs)} ’k:k

then the following statement holds: if Q) is positive definite, then

kl%gloﬁ* =0 if a(ko)>0 and kl{‘n]goﬁ* =0 if a(ko) <0.

If Q) is negative definite, then

kh\rrkloﬂ =7 if (ko) >0 and kh/rgcloﬁ =7 if a(ko) <0.

Proof. The proof exploits the differentiability of Py, with respect to k to set up a
Taylor expansion of order one of k+ (T), Pywo, Pywy) together with the fact that k2 is
a transmission eigenvalue to deduce the stated result. We refer to [15, Lemma 5.1] for
a full proof; the latter proof is indeed valid for general projections, despite the fact that
the claim merely considers the orthogonal projection onto Xj. ]

We will first compute the derivative of k— (Two, wo).

LEMMA 4.2.  Let 0#wy€ L?(D,C?) so that (Thowo,wo)r2(p,csy =0. Then the weak
radiating solution vy, to div(AVuy,)+k3ve, =div(Qwg) in R? (see (2.5) for a weak
formulation) belongs to H}(D) and

a(TkwmwO)

= 721{0/ vk, |2 dee.
k=ko D

Proof.  Since (T, wo,wo) =0, it follows that the far field vz =0 and vy, vanishes
in R®\ D (see the proof of Theorem 2.2(a) and (b)). Thus, vy, € H} (D). By definition,
we have Ti,wo=Q(wo—Vuy,). For arbitrary k>0, we define v, € Hl (R3) as the
radiating solution to

/ (AVvy - Vih — k?vpp) d = / (Qwo)-Vidx Ve Ce°(R?). (4.1)
R3 D
The map k= vy, is Fréchet-differentiable, and vy, := [dv/dk]|,_, € H},.(R?) solves
/ (AVvy, - Vi —2kovg, ) —kjup, ¥)dz=0  Vip € C5°(R?). (4.2)
R3

By a density argument, both (4.1) and (4.2) also hold for all ¢ € H*(R?) with com-
pact support. Moreover, for k= kg the solution vy, € H}(D) has compact support and
hence (4.1) holds in this case even for all ¢ € H! (R?) . Thus,

T (Thwo,wo)

:7/ QVv;0~w70dm:f/(Qw70)'Vv;0da:
k=ko D D

(43)—/ (AVg, - Vo, — kgUrg vy, ) dae.
D
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Exploiting Green’s identity, (4.2), and the symmetry of A yields
/ AV, -V, de= / Vg, - AV, do = / (2koVko Uy + kg, Uk ) dez,
D D D

that is, (d/dk) (Trwo,wo)|x=k, = —2ko [}, [vr, |* da. 0

Recall now the operator Ej, from (3.5) that maps curl-free vector fields to a scalar
potential.

THEOREM 4.3. If k>0 and 0#wo € Xy, satisfy (T, wo,wo)r2(p,csy=0, we set
wo = Exywo € HY (D). Assume that Py: L?(D,C3) — X}, is a projection that is contin-
wously differentiable in k>0. Then

d
@(Tkpkwo,Pkwo)m(D,ca)

:_QkO/ ‘Uk0|2dw+4k‘0Re/ vko(ﬁi’wodw'
D D

k=ko

Proof. By definition of Py, it holds that Prwo€ X;. That is, up to additive
constants, Pywq is a gradient field of a scalar potential solving the Helmholtz equa-
tion. More precisely, lemmas 3.5 and 3.6 state that Prwg=Vda, (k) where ¢y, (k)=
Ey(Pywg) € HY(D) is the unique scalar potential to Pywg solving A, (k) + k2 du, (k) =
0 weakly in D. That is,

[ (V6 Vi= 0, ()7) dm =0 Vi CF(D). (4.3)

In particular, the operator that maps wg t0 ¢u, (k) = Er(Prwo) is well-defined and
continuous from L?(D,C3) into H*(D). By our assumption of the differentiability of
Pj, and Lemma 3.6, the function ki ¢y, (k) = Ex(Prwy) is also differentiable as a map
from L?(D,C?) into H'(D). Thus, differentiating (4.3) with respect to k shows that
Dryo (k) =dopuw, (k) /dk € H' (D) is a weak solution to Ay, (k)+k>¢l, (k) =—2kow, (k).
In particular,

/ (V@ (k) - VO — k> ¢, (k)¥) de =2k / Y, (kK)dx  Vap€ HY (D). (4.4)
D D
Applying the chain rule to k+— (T Pywo, Pywy), one obtains

d
@(Tkpkwmpka)L?(D,(C?’) = (TéPka,Pk’wO> + (TkP,éwo,Pkwo) + (TkP}g’wo,P]é’w())

= (T,ng.wo,Pkwo) + (T;Pk’wo,P]é’wo) + (Tkpk’wo,P];’wo).

Next, we show that Ty, wo =T} wp. Recall from the proof of Lemma 4.2 that Tj,wo=

Q(wo — Vuy,) where vy, € HL (R*)NHZ(D) solves div(AVuy,)+kivk, =div(Qwp) in
R3; ie.,

/ (AVur, - VT — k20, ) da = / Qwo—Vup,)-Vidz  VoeHY(D).  (45)
D D

The symmetry of @ together with (4.5) implies that
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(Tkowo,wo)Lz(D@s) = (Qwo,wo)Lz(D@s) 7/ Vg, - (Q'HTO) dx
D
= (wo,Qwo)Lz(D@s) 7/ (AVka . V%* kgvkom) dx
D

= (’wo,Q’wo)Lz(D,Cs) */ QVUy, -wodx
D
= (w0, Qwo — Vug,]) L2(p,c3y = (wo, Tkywo) 12 (D,c3)-

In particular, T wo =T}, wo, and Lemma 4.2 shows that

d
dik(Tk‘PkakawO)LQ(D,C‘”’) ’k:ko = —2k0/ |’Uk0 |2dw+2Re (TkOwO,P,éowo)Lz(D’cg).
D

Since @ = A—1d, we exploit (4.5) to finally obtain
2Re (Tko’wo,P]éOwo)Lz(D@L%) = QRB/ (Qwo - viko) 'P];O’wiodil}
D
—2Re / (Quo—QVur,)- Vi (ko) dz
D

19 9Re / (Vorg -V (ko) — kv P (ko)) deo
D

(L 4koRe / Uk Py AT
D

O

Since Theorem 4.3 computes the derivative of k— (T} Pywo, Prwy) for arbitrary

differentiable projections Py, it remains to show the existence of such projections. The
following lemma will be helpful.

LEMMA 4.4. For we L*(D,C3) and k>0, there exists a unique vector potential
A=A, € Hy(curl,D)NH(div0,D) such that
W=V, +V XA, where ¢oy = Ey(w—V X Ay) € HY(D).

If w e Xy, then Ay =0 and ¢, is a weak solution to the Helmholtz equation,
| (Vou-Vi-Kouide=0  voeCRD)
D

Proof. Due to [21, Theorem 3.45, Remark 3.46], a function w in L?(D,C3) can be
decomposed as

W=V, +V XAy

with a scalar potential ¢, € H'(D) and a vector potential A,, € Ho(curl,D)N
H(div0,D); ie., divA, =0 in D. The potential A,, is unique since the differ-
ence A=AL — A2 € Hy(curl, D) of two vector potentials AL? solves V x V x A,, =0.
Thus, ||V X Awl/z2(p,cs) =0, and Friedrich’s inequality (see, e.g., [21, Corollary 3.51])
implies that A,, vanishes. Moreover, w—V x A,, € L?(D,C?,curl0) is curl-free, so
bw = Er(w—VAy) € HY(D) is well-defined. If w € Xj, then w is a gradient field and
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Vxw=V XV xAy,=0in D. Thus, A, vanishes due to the same arguments as above,
and ¢, = Ej(w) solves the Helmholtz equation due to Theorem 3.6. d

To define a first projection operator Pj, we exploit, as in the last lemma, the
relation ¢, = Ex(w —V X Ay,) for arbitrary w € L?(D,C3). Assuming that k% >0 is not
a Dirichlet eigenvalue of —A in D, we additionally define @ =1y, € Hi(D) to be the
unique weak solution to the boundary value problem Aw + k%1 = A¢yy + k2 in D and
w=0 on dD. More precisely,

/ (V- Vip — k)] de = / (Vou - Vip—k*¢utp] de Vo€ Hy(D). (4.6)
D D

The latter problem is of Fredholm type. By the assumption that k2 is not a Dirichlet
eigenvalue of —A in D, a unique solution @ € HJ (D) exists and depends continuously

ON Py

LEMMA 4.5. If k% >0 is not a Dirichlet eigenvalue of —A in D, then Py, : L*(D,C?) —
Xko)

Pryw =Ny —Vir for we L*(D,C3),

where ¢op = Egy (W —V X Ayy) and = 1Dy, € H} (D) solves (4.6), is a continuous pro-
jection onto Xg,. There exists e=e(ko)>0 such that for each we L?*(D,C?) the
function (ko —e,ko+¢)dk— Pyw is continuously differentiable in k with values in
L?(D,C3).

Proof.  To check that Py, maps into Xj,, we note that V(¢ —w) is a vector
field that possesses a scalar potential solving the Helmholtz equation weakly in D.
Thus, (3.3) and (3.4) imply that Py, w € Xj,. Continuity of Py, from L?(D,C?) into
Xy, C L?(D,C?) with respect to the norm in L?(D,C?) is clear. To check that Py,
is indeed a projection onto Xj,, choose w € X, and consider ¢, = Ei, (w—V X Ay,).
Lemma 4.4 states that Ay, =0, i.e., ¢ = Eg, (w) € H* (D) and ¢, solves the Helmholtz
equation. That is, the right-hand side in (4.6) vanishes. The latter is, by assumption,
uniquely solvable which shows that @w=0 and Py ,w =V ¢, =w.

Concerning differentiability, recall from Lemma 3.6 that k> ¢oy = Ex(w —V x Ayy)
is differentiable with values in L?(D,C3?) and, moreover, that the derivative ks ¢l is
constant on each connected component of D. Thus, k+— V., =0. That is, k+> V¢, is
constant. Differentiability of k+— Vi follows from differentiating (4.6) with respect to
k as in the proof of Theorem 4.3. ]

If the boundary 0D is sufficiently regular, i.e. 9D € C4, then we can avoid excluding
Dirichlet eigenvalues using a different projection, again based on the decomposition
bw=FEi(w—V x Ay,) for we L*(D,C?). Define =1y, x € HE(D) as a weak solution
to [A+k%]20 = —[A+ k%] dw; iee.,

/ [A+ K| o[A+ k2P de = / bwlA+Epde Ve HE(D). (4.7)
D D

Relying on Holmgren’s Theorem, it is not difficult to show that the sesquilinear form in
the latter formulation is elliptic on HZ(D). That is, 0 € HZ(D) is well-defined for k>0
and w € L?(D,C3).

LEMMA 4.6. Assume that D € C*. Then the map Ry : L?(D,C?) — Xy,

Riw=V¢y—V[A+E |y,  weL?*(D,C?),
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where ¢y = E(w—V x Ay,) € HY(D) and 1y € HZ(D)NH3(D) is as defined in (4.7),
defines a projection onto Xj,. For w € L*(D,C?), the function k+ Ryw is continuously
differentiable in k with values in L*(D,C3).

Proof. Tt is clear that the solution @ to (4.7) belongs to H3(D) by ellipticity
and since ||| g2(py < Cl|¢wl|. Due to the regularity assumptions for 9D, [11, Theorem
2.20] states that @€ H*(D) if ¢ € H?(D) such that [A+k?|¢y € L2(D). Moreover,
10| fr4(py < Cl|¢w | 2 (py- Interpolation estimates for Sobolev spaces (see, Appendix
B of [20]) then imply that we Hg(D) if ¢y € Hl(D) and HwHH?’(D) < C||¢w||H1(D)
The latter bound applies in our setting and shows firstly that V[A + k2] € L?(D) and
secondly that Ry is well-defined and bounded.

The variational formulation (4.7) is tailored such that ¢, — [(A+k?)w] € HY(D) is a
weak solution to the Helmholtz equation. Thus, V., — V[(A + k?)w0] satisfies both (3.3)
and (3.4), and we conclude that Riyw € Xj. Moreover, if w € Xy, then ¢,, satisfies the
Helmholtz equation, the right-hand side in (4.7) vanishes, and thus @w=0. This shows
that Ryw =w if w € Xj. Continuous differentiability of k+— Vw for k>0 follows from
differentiating (4.7) with respect to k as in the proof of Theorem 4.3. O

5. Conditional characterization of transmission eigenvalues
In the next theorem, we complete inside-outside duality under the condition that
the derivative

d
a(ky):= @(TkPkmekwo)m(D,CS)
k=ko
that we computed in Theorem 4.3 does not vanish for a transmission eigenvalue k2 > 0.
One direction of this (conditional) characterization has already been shown in Theo-
rem 4.1.

THEOREM 5.1 (Inside-outside duality). Assume that ko >0 and that (ko—e,ko+¢)\
{ko} does not contain interior transmission eigenvalues.

(a) If Q is positive definite and limy,—ccp iy Vs (k) =0 or limpesi i O+ (k) =
0, then k3 is a transmission eigenvalue. Further, if Q is negative definite and
My o>k 9 (k) =7 or limy, —ccp ko 0 (k) =7, then k3 is a transmission eigenvalue,
too.

(b) If k¢ is either not a Dirichlet eigenvalue of —A in D or if 0D € C* the following
holds. If k3 is a transmission eigenvalue and if Q is positive definite, then limy, sy, ¥, =0
or limp~ iy Vs =0 if a(ko) >0 or ako) <0, respectively. If Q is negative definite and if
k% is a transmission eigenvalue, then limp o 0 =7 or limy, g, 0 =7 if a(ko) >0 or
a(ko) <0, respectively.

Proof.
(a) Assume that @ is positive definite and that limg,_.<p %, ¥« (k) =0. Due to
Theorem 3.1,

Re (Tkw7w)L2(D’(c3)

— for k k.
JPE% Im(Tkw,w)Lz(D,Cs) > o / 0

Thus, there is a sequence {k;};en C (ko —¢,ko) such that k; ko and

wj € Xy, with [[w;| z2(p,csy =1 such that 0>1Im (Ty;w;,w;)r2(p,cs) — 0 as j — oo and
Re(Tk,wj,w;)r2(p,csy <0 for j large enough. Let v; € H} (R?) be the corresponding
weak radiating solution to

div(AVv;) +k*v; =div(Qw;)  in R (5.1)
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Since the sequence w; is bounded in L?(D,C?), there exits a weakly convergent subse-
quence w; — wy in L?*(D,C?) as j — oco. In particular, wg € Xj,, and v; — vk, weakly in
H'(B(0,R)) for all radii R >0 where vy, € H} (R3) is the corresponding weak radiating
solution to (5.1) with right-hand side div(Qwy). In the proof of Lemma 2.2, we have
already shown that

k o0
Im(Tkjwj,wj)m(D,@):m”% H%2(s2)-

The left hand side converges to zero and the right hand side to ko /(472) ||vk, ||‘z‘;(32). We
conclude that vpe =0 and vy, vanish in the exterior of D by Rellich’s Lemma.

Assume now that k3 >0 is not a transmission eigenvalue. Then it follows that wy
and vy, vanish everywhere such that w; and v; converge weakly to zero as j —co0. As
in the proof of Lemma 2.2, we define g; = (w; —Vv,) and find

ov;
(Tkjwj,wj)L%D,ca)—(Q!Jj,gj)Lz(D,CS)JF/[IVUj|2—"~‘?|vj2]dw—/l 5, %48
D x|=R

Considering the real part of this equation shows that

/\Wj|2dx§/k§|uj|2dsc+/ 9% 3=4s.
D D |z|=R ov

Since v; converges weakly to zero in H'(B(0,R)) for arbitrary large R>0, the v; con-
verge strongly in L?(D) to zero. The integrals fxl:R(avj/au)szdS also tend to zero
as j— oo since the far field v>° of vy, vanishes. Thus, the right hand side tends to
zero. That is, [, |Vv;[?de—0 as j— oo. Therefore, v; —0 strongly in H*(D). The
closedness of the solution operator to (5.1) (see Lemma A.1) implies that w; —0 in
L*(D,C?) as j— o0, which contradicts the assumption ||w;||z2(p csy=1. This proves
the assertion for positive definite Q). The case where limp,1esp kU« (k) =0 or Q<0
can be treated using analogous arguments. Part (b) directly follows from Lemma 4.1. O

6. Explicit conditions for the contrast

In this section, we show that if ) is positive definite there exist transmission eigen-
values k2 with positive derivative a(kg) >0 under certain assumptions on the contrast
Q stated below. To outline the subsequent estimates, we will first set up conditions
for constant and isotropic contrast (Q=¢Id and in a second step derive conditions for
perturbations of such contrasts. To simplify notation, we abbreviate the L?-norm by
Jall =l 2y or el = [l 2 o).

Assume for a moment that k3 is an interior transmission eigenvalue with eigenpair
(ug,wo) € L2(D) x L?(D) for contrast @, and recall that vy, =vg :=ug —wo € H} satisfies

/ (AVuy, ~V@—k§vk0¥)dm:/ (QVwy-Vipdz Ve HY(D). (6.1)
D D
The choice ¢ =1 shows that vy, € H} (D) where

HY(D):= {gpeHé(D),/Dgadm_O}.

Before setting up conditions for (), we further note by the min-max principle that the
smallest eigenvalue pg of the eigenvalue problem to find (p,p) € R x Hi (D) such that

/w-vﬂdwzp/ epde Ve HY (D) (6.2)
D D
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is larger than the first Dirichlet eigenvalue of —A in D and given by
po=inf_cg1p) IVell?/]l¢l|?. Moreover, we denote by 1/ the smallest nontrivial Neu-
mann eigenvalue of —A in D.

THEOREM 6.1. Choose 0< k%< 2py and qo >0 such that

k2 —po } (20+2)((qo—1)*=5)
>maxqy ——--=,0 and >8 . 6.3
9 { 022 (WL 1)? Poko (6.3)

Setting Q = qo Id guarantees the existence of at least one transmission eigenvalue ki < k?,
d It /$S1 ] lues k2 < k2 [l k2 ' jtive.

and for ol tngnamission eigenvghies ky < Fa e derpygfine Ll B S nir for

the eigenvalue k2 >0 and contrast Q =g Id, Theorem 2.2 implies that Vwg =:wq € Xy, .

Thus, Guw, = Ek, (wo) € H' (D) solves the Helmholtz equation, and

1

4k0Re/ Twovko dx=4k,Re 2
D D R

- 4
Vb, - VUi, dx = —Re / wy - Vg, dee.
ko Jp
Assume that @ can be written as @ =¢go Id for a constant gy >0. Then A= (14¢o)-1d,
and by substituting ¢ = vy, in the variational formulation (6.1), we obtain

(qo+1) 4ko

4 4
— [ Wo- Vg, de=———|| Vg, ||* — 2
o [ @ Vo o= T v 2= T

H'ng

Thus, a(kg) is given by

(qo+1)

4 4 2
a(ko):—QkOHUkon*’*Re/wO'VUkodﬂﬁ: Voo |12 = 2ko | —+1 ) [k, [|>.
k D qoko qo

(6.4)
Furthermore, the definition of py from (6.2) implies that po|[v||* <[|[Vv||? for all
ve HY(D); i.e.,

4(go+1)
qoro

2 .
a(ko)z( pozko(qoﬂ))nvkon%o i 4(g0+ Lo —2ao+ 2k >0,

The derivative (ko) is hence positive whenever

32 < 2+ Dpo _

k2 —
5 = :C(qo) or, equivalently, qo > max { S0 ho_ 0} . (6.5)

po—kg /2’

The left inequality, in particular, implies that for transmission eigenvalues k% < C(qo) <
2po, the derivative a(kg) is positive. To show the existence of transmission eigenvalues
kZ satisfying the latter bound, we use a result from [17]: there exists at least one trans-
mission eigenvalue less than C(qo) if (go +2)po +2C(q0)?* 1o < C(q0)qo- (We exploited the
equation before (3.23) in [17]; note that the definitions of pg and = g are exchanged.)
Since C(qo) > po, we write this condition equivalently as

(0+2)((q0—1)*—5)

- 2p0+2C (q0)? po
(qo+1)?

C(q0) —po

ie., 8po o < :I’Y(QO)~ (66)

]
REMARK 6.2. When the function v from (6.6) is restricted to (14 +/5,00), then it is
monotonously increasing and thus invertible. The area in the (ko,qo)-plane where we
showed that a(kg) is positive is sketched in Figure 6.1.
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“AIIITn,
\\ \\\\
\\\ \§§
Y H(8pop) NN P
1+V5 ] e

Po 2po

Fia. 6.1. If k% is a transmission eigenvalue for contrast Q=gqold and if (ko,qo) is inside the
dashed area in the (k2,q0)-plane, then a(ko)>0. Moreover, for each qo >~ (8pouo), there exists a
transmission eigenvalue kg such that (ko,qo) lies inside the dashed area.

Finally, we derive conditions for non-constant contrast by a perturbation argument.
We assume Q =qqId+Q’, or equivalently, A= (1+q)Id+Q’ where Q'€ L>(D,R3*3)
is a function taking values in the symmetric matrices such that for ¢y >0 constant,

2*Q(x)z = 2*[qoId+Q' (x)]z > co|2|? for almost all z€ D and z € C. (6.7)

THEOREM 6.3.  Let Q=qold+Q’, for a qo>0 and Q'€ L>=(D,R3*3), be symmetric
such that (6.7) holds and, additionally, |Q"||[qo+ ||Q']]] < co(1+co). Choose 0 <k <2pg
such that

2po

k2 <
qo+2

Q/
v 12 (1]

If |Q|lco is small enough (see the explicit k-independent bound (6.8)), then there ex-
ists at least one transmission eigenvalue less than k2, and for all such transmission
eigenvalues it holds that o (ko) > 0.

Proof.  Assume that (ug,wp) € L?(D) x L*(D) is a transmission eigenpair for the
eigenvalue k3 >0 and contrast Q. Choosing ¢ =y, =uo—wp in (4.1) and substituting
the representations for () and A, we obtain that

(a0 [Von, P+ [ @'V, Vorgda— Ko, = [ (avwo: Vor + Qw0 Vo) de
D D
Starting again as in (6.4), the derivative a(kg) can hence be estimated by

4
(ko) = ~2koljo [+ - Re / W5 Vo, do

1+qo

4 k2 -
bt [ 2 B 24 L [ 001, T
0 q0 Jp
4
>-—0 2 %1+ = 2 4 . .
2 o (o) [ Vo | 0( +q0)||vko|| foa |9 o lwolll| Vo |

To substitute wg in the last expression, we exploit that (Ty, wo,wo)r2(p,cs) =0 due to
Theorem 2.2 and estimate

collwol? < / Quio-wgd = (T, wo, wo) — / QVok, - Wadz <|Ql|so || Vk, [0
D D
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Thus, [[wo|l < (g0 +[Q"lloc)/col| Vg, |, and
4 / / 2 2 2
alko) 2 = [1+co — [ Q'lloc (g0 +1Q"loc) /o] Vo [I” =20 | 14— ) lomo[I*.
0490 q0

Recall from the last proof that po||v||? <||[Vv||? for all v€ H (D). Therefore, we have
the estimate

4 ||Q/||oo kQQO < 2 ):| 2
k 1+c¢g Qoo | === 14+ = Vg, ||°
( 0) ko qo [ Co [ ” ” ] 2po q0 ” i ”

Since vy, € Hi (D) cannot be constant, multiplication with 2p0/(go +2) yields the two
conditions

2po

k2 <~
0 qo+2

[1—1—60— HQC/[‘)"’O [0

e ||oo]} — g0, Q)
and

”Q/Hoo [q0+ ||Q/Hoo] <CO(1+CO)~

We proceed as in the case of constant contrast. (Recall that 1/ug is the smallest non-
trivial Neumann eigenvalues of —A in D.) Exploiting the bound from [17] for the exis-
tence of transmission eigenvalues as in the proof of Theorem 6.1 shows that there exists
at least one transmission eigenvalue less than C(qo,Q’) if (co+2)po+2C(qo, Q") o <
C(qo0,Q")co. Plugging C(qo,Q’) into the last inequality explicitly shows that it can be
rewritten as

0Dt [y oy 1@y, g
(6.8)
4po o ||Q ||oo
X[l_(qﬁ%[mo o+ 1]

For a given go >0, this inequality holds true if the perturbation ||Q’||~ is small enough.
0

7. On the numerical detection of transmission eigenvalues

In this section, we present a method to numerically compute transmission eigen-
values from far field data using the theoretical results from the previous sections. The
setting we choose involves a contrast function of the form @ = gy Id for a constant ¢o > 0.
We furthermore present numerical results both for positive and negative definite contrast
and also for three different scatterers: the unit ball, the unit cube, and a non-convex
object consisting of a cylinder attached to a cube.

To numerically solve the corresponding scattering problems, we rewrite the
Helmholtz equation (1.1) for the total field as

Au+kiu=0 in D,  Au+ki,u=0 inR*\D,

where k2, =k? and k?,=1/(qo+1)k*. Writing []|" and []|~ for the exterior and
interior trace operators, respectively, the jump conditions for u on 9D are
0 Ou |+
ulT=ul" and (q0+1)—u . on 0D.

ov ov
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Recall that the total field u=u’+u® decomposes into an incident plane wave u' and
the corresponding radiating scattered field u®. To compute numerical approximations
of the scattered and far field, we use a boundary integral equation due to Kleinman and
Martin, see [18, 24],
T
] )

,ui|+

+
Kk +Kkim —Skext _1/(q+1)Skint o

ov

ext

+ i
Nkext + (1 + q)Nkint K]/Cext + K'I/Cint :l [ U| ] = [%Z

where Sy, K, K; and N}, are the single-layer potential, double-layer potential, adjoint
double-layer potential, and hypersingular boundary operators for wave number k. Using
the software package BEM++ (see [24]), we approximate the solution to this system
of boundary integral equations using a Galerkin method. For a fixed set of 120 uni-
formly distributed directions {6;};29 CS* on the sphere, we approximate the far field
u>(6;,6,), 1<7,£ <120, to the scattered field for an incident plane wave with direction
0, using well-known integral representation formulas for 4°°. This yields approximate
scattering data (uggpr(ej,ee))}?egl that can be interpreted as an interpolation discretiza-
tion Fyppy of the far field operator; see [13]. Without going into details, such interpo-
lation discretizations converge to F' if, roughly speaking, the number of directions 6;
tends to infinity and the computed far fields u,p,, converge to the exact values.

To verify that our numerical approximation of F'= F}, is sufficiently accurate, we
exploit that if the scatterer D is the unit ball with positive contrast gy =10, one can
compute the eigenvalues of the far field operator I’ analytically in terms of Bessel func-
tions, relying on a series representation of the scattered field; see [9]. In Figure 7.1(a),
we plot the eigenvalues A\; and A; appr Of the far field operator F' and its approximation
F,ppr for a single wave number k=5. Since analytic expressions for cubic scatterers are
not available, we plot in Figure 7.1(b) the corresponding computed eigenvalues A; appr
for the unit cube with contrast go=—0.9 and wave number k=2.0 together with the
circle on which the exact eigenvalues lie.

Eigenvalues of F(k) for k =5 and g = 10 Unit cube with negative constrast q = -0.9 for k = 2
35 80 T
30 ® 1 70
25 b 60
20 ® 50
< =
z
€15 © = 40
£ ® €
10 30
5 20
®
0 [S))) ® 10
5 ok .
-20 -10 0 10 20 -50 0 50
Re % Re 2N(k)

(a) (b)

Fic. 7.1. (a) D=DB(0,1), gqo =10, k=5. Red circles mark analytical eigenvalues of F' and blue
crosses mark numerically computed eigenvalues of Fappr. (b) D=[—1,1]3, gqo=-0.9, k=2.0. Blue
crosses mark numerically computed eigenvalues of Fappr; the exact eigenvalues of D lie on the red
circle.

Next we compute the eigenvalues Aj appr, j =1,...,120 of F,ppe(k) for a grid of wave
numbers and examine how their phases behave close to transmission eigenvalues k2. Due
to Theorem 5.1 we expect the eigenvalue \* with the largest phase ¥* or the eigenvalue
A« with the smallest phase 1, to converge to zero from either the left or the right
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side, implying that either the largest phase ¥* converges to m or the smallest phase
¥, converges to zero. Due to the polar coordinate representation of the eigenvalues,
small errors in the approximated eigenvalues close to zero lead to large errors in the
corresponding phases. Thus, we need to stabilize the computation of the phases of the
approximate eigenvalues Aj appr and proceed as in [19]. Assuming that the noise level
of Fappr(k) is e(k) = || Fappr (k) — F(k)||, we omit all eigenvalues in the circle {|z| <e(k)}
around zero. To further stabilize the phase computations, we afterwards exploit the a
priori knowledge that the exact eigenvalues \;(k) lie on the circle {z € C, |z —8n?%i/k| =
87%/k} in the complex plane and project the eigenvalues \j .ppr(k) orthogonally onto
this circle using the map

8m2i  8m2 A —8n2%i/k

A ot AZOmL
L N P ]

(7.2)

Then, we finally compute the phases of the projected eigenvalues P[\; appr(k)]. Fig-
ure 7.2 shows the dependence of these numerically computed phases on the wave number
k, both for a unit ball with positive contrast and the unit cube with negative contrast
as scattering objects. To indicate the stability of these phase curves under random
noise, we have perturbed the numerically computed data (ugpr(ﬁj,ﬁg));?@o:l by adding
a random matrix of size 120 x 120 containing normally distributed entries with mean
zero such that the relative noise level in the spectral matrix norm equals 5% before
computing P[\; appr (k)]. Due to this artificial noise and unavoidable numerical inaccu-
racies, the phase of eigenvalues with multiplicity m >1 appears as a vertical cluster of
m dots above the corresponding wave number k in figures 7.2(a) and (b).

Unit ball with positive constrast q = 10 Cube with negative contrast g=-0.9
3.5 3.5

L ee e

w

N
o

N

-
o

phases 6n(k)

-

o
&)
o
3

| L ‘l"~ T E B
4 4.5 5 5.5 6 6.5 7 75 1.5 2 25
wavenumber k wavenumber k

(a) (b)

F1G. 7.2. Dots mark the phases of the projected numerical eigenvalues P[N; appr] of Fappr(k). (a)
D=DB(0,1), go=10. (b) D=[-1,1]3, go=—0.9.

=]
—=F

Finally, to obtain numerical approximations to interior transmission eigenvalues, we
suggest the following method: In a first step, we neglect all those phases stemming from
far field operator approximations Fuppr(k) with normality error ||Fapp:(k)Fypp. (k) —
Foor(F) Fappr (B) ||/ | Fappr (k) Fy o (F)|| @above a threshold that we consider as too high
to provide accurate phase information errors. From the remaining phases, we compute
those wave numbers where the discrete derivative of the smallest or largest phase changes
sign, i.e., wave numbers where the extremal phase jumps. Depending on whether the
extremal phase approaches the eigenvalues from the left or the right, we use the last

two smallest or largest phases before the jump to linearly extrapolate the wave numbers
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where the phase curve intersects the lines {9=0} or {d==n}. The squares of these
wave numbers are approximations of transmission eigenvalues. Table 7.1 indicates the
round-about two-digit accuracy of these eigenvalue approximation schemes when the
scatterer is a ball; the computed eigenvalues are marked in Figure 7.2 as red dots on

{9=0} in (a) and {J=7} in (b).

ko1 ko2 ko3 ko4

D=B(0,1), gg=10 | computed ITE | 5.199 | 5.888 | 6.106 | 7.245
exact ITE 5.204 | 5.886 | 6.104 | 7.244
D=[-1,1]3, go=—0.9 | computed ITE | 2.863 | 3.029 | 3.164 | 3.397

TABLE 7.1. Numerical approzimations to the square roots ko j, j=1,...,4, of four interior trans-
mission eigenvalues k?) j for the two settings introduced above.

To show that the numerical scheme also works for non-convex scattering objects,
we repeat this procedure for a scatterer consisting of a cylinder placed on a cube with
contrast go=10. Figure 7.3(a) shows the geometry of this object, called bornose in
the sequel. Precisely the same computational technique as indicated above yields the
phase curves shown in Figure 7.3(b). Finally, the above extrapolation algorithm leads

to the approximations kg ; =8.54, ko2 =238.823, and ky3=9.259 for three transmission
eigenvalues k(Q),ﬁ 71=1,2,3.

Boxnose with positive constrast q = 10

35
gliipyitieay!
25
<
s~ 2
13
Q
& 15
<
[s%
1
0.5
0 e
2 4 6 8
£ wavenumber k

(a) (b)

Fic. 7.3. (a) The boznose. (b) Dots mark the phases of the projected numerical eigenvalues
PXj,appr (k)] of Fappr(k). Red crosses on the k-axis mark the positions of the estimated square Toots
of three interior transmission eigenvalues.

Appendix A. A technical lemma.
LEMMA A.1. For k>0 or k=i, the composition of the solution operator L: L?>(D,C3) —

HL (R®) to the variational problem (2.7) with the restriction operator from R® to D is
closed from L?(D,C3) into H'(D).

Proof. We will merely provide the proof for k=i and leave it to the reader to adapt
the proof to positive wave numbers. Choose a sequence v;:= L f; in the range of L with
limj_,oov;=v in H'(D). We have to show that there exists a function fe L?(D,C3)
such that L f =v and abbreviate the variational problem (2.7) as a(v;,v) = F; () for all
Y€ H'(R?) with the continuous linear functional

Fjw)::/DW-ijdw, peH'(RY),
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as the right-hand side. The sequence v; converges in H'(R?) and defines F € H'(R?)*
by F(¢):=a(v,¥) for ¢ € H*(R?). Continuity of a implies that ||[F; — F| g1 (gs)- —0 as
j—o00. Thus, it suffices to show that there is f € L?(D,C?) such that F(v) :fD V-
Qfdx. To this end, we consider the Hilbert space

H}(D):{ueHl(D),/ ud:czO} with inner product ((b,w)H/ Vo-Vide.
D D

Due to Poincaré’s inequality, the resulting norm is equivalent to the standard norm in
H'(D). Next, we set 1he =tp)— [ 1pde € Hy(D) for any 1€ H'(R*). Defining another
functional F, ; € H (D)*,

it follows that Fj(v)=F}e(1s) for all 1p€ H'(R?). Convergence of {Fj};en implies
the existence of Fy € H}(D)* such that F,(1e)=F(¢) for all » € H'(R3). Recall that
(Yo, $o) r1 (D)= [p Ve -Véoda, is an inner product in H!(D) and use Riesz’s repre-
sentation theorem to obtain the existence of v, € H} (D) such that

Fo(e)= / Vv, -Vipdx Vb, € HE(D).
D
Setting f:=Q Vv, € L?>(D,C?) finally yields

F() = Fa(tha) = /D Voo V. dz= /D Vo, Qf de= /D VO-Qfdz Ve H'(RY).

o
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