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EXISTENCE OF REGULAR SOLUTIONS TO AN ERICKSEN-LESLIE
MODEL OF THE LIQUID CRYSTAL SYSTEM*
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Abstract. We study a general Ericksen—Leslie system with non-constant density, which describes
the flow of nematic liquid crystal. In particular the model investigated here is associated with Parodi’s
relation. We prove that in two dimension, the solutions are globally regular with general data, and in
three dimension, the solutions are globally regular with small initial data or for a short time with large
data. Moreover, a weak-strong type of uniqueness result is obtained.
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1. Introduction

The flows of nematic liquid crystals can be treated as slow moving particles where
the fluid velocity and the alignment of the particles influence each other. The hydrody-
namic theory of liquid crystals was established by Ericksen [15, 16] and Leslie [33, 34]
in the 1960’s. As Leslie points out in his 1968 paper, “liquid crystals are states of mat-
ter which are capable of flow, and in which the molecular arrangements give rise to a
preferred direction”. The full Ericksen—Leslie system consists of the following equations
(cf. [15, 33, 34, 38]):

pe+V - (pu) =0,
pu=pF+V -5, (1.1)
prw=p1G+g+V-m,

in Qx (0,7) where Q is a domain in R™ with n=2,3. The three equations in system
(1.1) describe the conservation of mass, linear momentum, and angular momentum,
respectively. The anisotropic feature of liquid crystal materials is exhibited in the third
equation, and the nonlinear coupling is represented in second equation. In the above
equations, p:Qx[0,7]—R is the fluid density, u:Qx[0,7]—R" is the fluid velocity,
d:Qx1[0,T]—R" is the director field representing the alignment of the molecules, p; is
the inertial constant, ¢ is the intrinsic force associated with d, = is the director stress,
and F' and G are external body force and external director body force, respectively.
In this paper, we consider the incompressible flow with V-u=0. The superposed dot
denotes the material derivative 9; +u-V. The notations

1 1
A:§(Vu—|—VTu), in(Vu—VTu),
w=d=d+(u-V)d, N=w-Qd,

represent the rate of the strain tensor, the skew-symmetric part of the strain rate, the
material derivative of d, and the rigid rotation part of director changing rate by fluid
vorticity, respectively.
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1712 REGULAR SOLUTIONS TO THE LIQUID CRYSTAL SYSTEM

We have the following constitutive relations for 6, 7 and § in (1.1):

. (pW
aijszéijf a(gk A)dk,j+ai]"
a(pW
iy =Bid; + é’;_), (1.2)
7,0
I(pW)

Gi =yd; — Bjd; j — + i,

ad;
with

gi =M N+ XadjAj;,
04 =p1dp Appdpdidy + poNidj + pusdiNj + paAsj + ps Aspdid; + ped; Ajrdy, (1.3)
N; =w; +Qpidp.

Here the scalar function P represents the pressure. The vector 8= (531, 32,33)T and
the scalar function « are Lagrangian multipliers due to the constraint |d|=1. The term
pW denotes the Oseen—Frank energy functional for the equilibrium configuration of a
unit director field. To relax the constraint |d| =1, we consider the elastic energy with a
penalty term:

1 1
oW =3IV (- 1)? (1.4)

with constant 1> 0. This procedure is usually called Ginzburg-Landau approximation.
In (1.3), the constants A;,\s represent the molecular shape and pus,...,us are Leslie
coefficients with regard to certain local correlations in the fluid (cf. [14]). They satisfy
(cf. [33])

AL =[l2 — 3, A2 = 5 — [i6, (1.5)
s — pre = — (2 + p3)-

The relations in (1.5) arise from the second law of thermodynamics. The relation
(1.6) is called Parodi’s condition which is derived from the Onsager’s reciprocal relation.

To further simplify the model, we take p; =0, =0, v=0, and F=G=0. Thus,
the incompressible Ericksen—Leslie system (1.1) is reformulated as

pr+(u-V)p=0, (1.7)
pus+p(u-Vu+VP=—-V-(VdeVd)+V -0, (1.8)
dt+(u-V)d—Qd+%Ad:—)\%(Ad—f(d)), (1.9)
Vou=0, (1.10)
with
pF) =z (4R =12 F(@)=ValpF(d) = (4P = 1)

The force term Vd® Vd in the equation of the conservation of momentum denotes the
3 x 3 matrix whose ij-th entry is given by “V;d-V;d” for 1 <4,5 <3.
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There is a vast literature on the hydrodynamics of the liquid crystal system. For
background, we list a few names with no intention of being complete: [3, 4, 5, 6, 7, 8, 9,
12, 13, 32, 36, 18, 20, 21, 24, 25, 26, 35, 37, 38, 42, 45, 49, 50]. Among these works, it is
worth mentioning some recent results on a simplified liquid crystal model. Without the
Ginzberg—Landau approximation, the elastic energy is usually taken as pW = %|Vd|2
instead of (1.4). In this case, a relatively simplified liquid crystal model (with some
corresponding physical parameters equal zero in (1.1-1.3)) reads as

ut+u-Vu—Au+VP=—-(VdeVd),
di+u-Vd=Ad+|Vd|?d,
V-u=0, |d|=1.

The existence of global weak solutions to the above system in the three dimensional
case is a long standing open problem due to the strong nonlinearity |Vd|?d. However,
this problem in the two dimensional case was solved recently by Lin, Lin, and Wang
[36] which was important progress in the study of the liquid crystal system. Namely,
under smallness conditions, the authors first established both interior and boundary
regularity; applying the regularity theory, they obtained the existence of global weak
solutions on a bounded smooth domain. Moreover, they proved the weak solutions are
smooth everywhere with the possible exceptions of finitely many singular times. Later,
under a natural geometric angle condition, Lei, Li, and Zhang [32] obtained the global
well-posedness of smooth solutions for a class of large initial data by a different method.
In their proof, a rigidity theorem is the main technical tool which produces the coercivity
of the harmonic energy; the combination of a frequency localization argument and the
concentration-compactness approach also plays an important role. On the other hand,
Dong and Lei [13] are able to construct a family of exact strong solutions to the above
simplified liquid crystal model with large initial data. The strong solutions are global
in time, and the director d on S? may shrink to a single point as time goes to infinity.
The success of such a construction relies on the choice of rotationally symmetric initial
velocity fields and symmetric initial orientations.

Recently, Wu, Xu, and Liu [50] studied a general Ericksen—Leslie system which is
similar to the model (1.7-1.10) but with constant density. In their work, the global
regularity and long-time behavior of solutions are obtained under the assumption that
the viscosity coefficient is sufficiently large (3D). With Parodi’s relation, the authors
established the global well-posedness and Lyapunov stability near local energy mini-
mizers. The authors also discussed the connection between Parodi’s relation and linear
stability. On the other hand, since the density is not constant, a relatively full model for
the dynamic of Smectic-A liquid crystals is studied in [41]. In this model, several terms
in o are assumed to be zero, and the term —Qd—+ %Ad does not appear in Equation
(1.9). The author proved the existence of global classical solutions in both two and
three dimensional cases. In 2D, no additional assumption is needed while in 3D the flow
viscosity coefficient is assumed to be sufficiently large. Moreover, a “weak-strong” type
of uniqueness result, a long-time behavior, and stability of solutions are obtained. Also,
with a non-constant density, a simplified Ericksen—Leslie model is studied in [12]. The
authors indicated that a regular solution exists globally in 2D with general data, while
a general solution exists globally in 3D with small initial data or for a short time with
general data.

In the present paper, the consideration is given to the model (1.7)—(1.10) with non-
constant density and under Parodi’s relation (1.6). We establish that, in 2D, there
exists a global regular solution to the system with general data (no extra condition),
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and, in 3D, there exists a global regular solution with small initial data or a local (short
time) regular solution with general data. We also show that a “weak-strong” type of
uniqueness result holds with certain assumptions on the weak solution. Namely, if there
exists a regular solution satisfying a higher order energy estimate and a weak solution
satisfying the basic energy estimate and two auxiliary estimates, they must be identical.

For the simplified liquid crystal model with constant density (cf. [35]) or non-
constant density (cf. [12]) and for the general Ericksen-Leslie system (1.7)—(1.10) with
the artificial assumption Ay =0 (cf. [38]) the transport equation of d satisfies a certain
type of maximum principle. In the present paper, for the general model (1.7)—(1.10)
with Ay #£0, the stretching effect causes the loss of the maximum principle for d (cf.
[49]). However, in the analysis of the sequel, the estimate

de L®(0,T; L)

turns out to be essential in the derivation of higher-order energy estimates and, hence,
to assure that the stress term V-0 can be handled successfully. Therefore, as in [49],
we consider the periodic boundary conditions which help to avoid the difficulties from
boundary terms when deriving the higher order energy estimates. As such, we restrict
ourselves to the following boundary conditions:

w(x+ei,t)=u(w,t), dxz+e;,t)=d(x,t), for (z,t)cdQ xR’ (1.11)

with @ a unit square in R? or cube in R3. The model also satisfies the initial conditions:
p(x,0)=po(z), 0<My<po(x)<Ms, (1.12)

u(z,0) =up(x), V-ug=0, and d(x,0)=dy(x). (1.13)

Note that in 2D, we usually assume either
(Z) H1 20, AQZO or (ZZ) 1250 :07 )\2 #0

For the literature of the Ericksen—Leslie system with assumption (i), we refer the readers
to [38]; for the work with assumption (ii), we refer to [8, 23, 45, 49].
To guarantee the dissipation of the director field, it is assumed that (cf. [17, 34])

A1 <0
,ule, ,u4>0, (114)
s+ i 20,
and in addition
2
)\1 < s+ te. (1.15)

In the rest of the introduction we describe our main results.

THEOREM 1.1. (2D) Suppose that Q CR? is a unit square. Let po, ug, and dy satisfy
(1.12) and (1.13). Suppose that po € C'(Q), uo € HZ, and dg € H3. Then, system (1.7)-
(1.10) has a global classical solution (p,u,d). That is, for all T >0 and some o€ (0,1)

u601+o¢/2 2+« (0 T x )

VpeCa/>e

d601+a/2,2+a (1'16)

(
(
(
(
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The notations Hg and HS will be introduced in Section 2.

Provided we have sufficiently small data or we work with sufficiently short time, we
also obtain the regularity in the three dimensional case.

THEOREM 1.2. (8D) Suppose that Q CR? is a unit cube. Let po, ug, and do satisfy
(1.12) and (1.13). Assume that po € C'(Q), uo € HZ, and dy € H}). Then

1. There is a positive small number ey such that if
polluoll3y + 1doll3s + 1 Ado — £ (do) 13 < <o. (1.17)

then system (1.7)-(1.10) has a classical solution (p,u,d) in the time period (0,T) for all
T>0. That is, (1.16) holds for some o€ (0,1).

2. For general data, there exists a positive number dg=do(po,uo,do) such that (1.16)
holds in the interval (0,T) for some small T <d.

REMARK 1.3. There are two main differences between the current work and the work of
Wu, Xu, and Liu [50]. Firstly, our model contains non-constant density which satisfies
a transport equation. Due to the presence of the density, it generates more terms in
the estimate of higher order energy in Subsection 3.2, and it requires the study of the
regularity of the density, as in Subsection 3.4, which was also discussed in [12] with
more details. Secondly and most importantly, our result in 3D is obtained with the
small data assumption (1.17) while in [50] the authors obtained the global regularity in
3D with a large viscosity assumption. It is pointed out in [42, 50] that the small initial
data assumption is not equivalent to the large viscosity assumption for the Ericksen—
Leslie system (1.7)-(1.10) due to its much more complicated structure. Thus it is
particularly interesting to investigate the regularity of solutions to the non-constant
density Ericksen—Leslie system under the small initial data assumption.

REMARK 1.4. In contrast to the initial condition in [12] (Theorem 1.3) where
(up,Vdy) € H' x H', we require a higher order condition on the initial data here, that is
(uo,Vdy) € H? x HZ. The reason is that, in the full system, the term V-0 in (1.8) con-
tains the high order term V- (Nd) which is not in the simplified system in [12]. To deal
with the high order term V- (Nd), we need a higher order energy estimate compared to
the case of the simplified system. But to obtain the higher order energy estimate, the
smallness assumption on (ug,Vdo) in H} x H) is not sufficient.

The basic idea of the regularity proof is to get some high order energy estimates
(Ladyzhenskaya method) as described in [35, 12]. To fully utilize the smallness as-
sumption (1.17), we follow the principle in [12] by keeping the potentially small terms
llullL2 and ||Vd| L2 instead of throwing them away. However, we point out that the
situation for the full system in the present work is much more complicated than that of
the simplified system in [12], because the velocity field Equation (1.8) and director field
Equation (1.9) are coupled not only through V- (Vd® Vd), but also through V-0 and
—Qd+ %Ad while o consists of six non-zero terms.

In the following, we state the uniqueness of solutions,

THEOREM 1.5.  Let (p,u,d) be a solution to systems (1.7)-(1.10) and (1.11)-(1.13)
obtained in Theorem 1.1 for the two dimensional case or, in Theorem 1.2, for the three
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dimensional case. Let (p,u,d) be a weak solution to system (1.7)-(1.10) with (1.11)-
(1.13) satisfying the following energy inequalities:

[ ko= [ P, (L.18)
Q Q
1 2 1 712 7 r 2 1 7 N2
/fp|a| + vl +ﬁF(d)dm+/ /uwa\ ~ L\ Ad— p(d) 2daat
1 1
S/ §PO|U0|2+§|Vd0\2+P0F(do)dﬂ3- (1.19)
Q

In addition, |d| is bounded. Then (p,u,d)=(p,u,d).

The uniqueness result is achieved by a standard approach where one establishes
a Gronwall inequality for the difference of the two solutions. A uniqueness proof for
the simplified system was presented in [12]. For system (1.7)—(1.10) the process will be
similar. Since the computation work is huge and tedious, we give the proof of Theorem
1.5 in the appendix (Section A).

The rest of the paper is organized as follows. In Section 2, we introduce some
notations that shall be used throughout the paper and the basic energy law governing
the full system (1.7)—(1.10). In Section 3, we prove theorems 1.1 and 1.2 by several
steps. We devote the appendix to proving Theorem 1.5.

2. Preliminary

2.1. Notations. We adopt the standard functional settings and notations for
periodic problems (cf. [48]) in the following:

H'(Q)={ue H™(R",R")[u(x+e;) =u(x)},

HZ’)” =H"(Q)N {/Qu(x)dm:0} ,
H={ueL2(Q)|V-u=0} with L2(Q)=H(Q),
V= {ueH;(Q)W.u:o},
V' = the dual space of V.
At certain places in the paper, we also denote the space of scalar functions by H;”(Q).

The inner product on L2(Q) and H is denoted by (-,-) and the associated norm by
| -] For simplicity, the space H,"(Q) is denoted by H}". The inner product on H,"

is defined as <wu,v>,,= Z"Z‘:O(Dku,Dkv) with k= (k1,...,k,) being the multi-index of
length |k|=%I",k; and D" =09k .. 0k,
2.2. Definition of weak solution. The weak formulation of the problem is

given as follows.

DEFINITION 2.1. The triplet (p,u,d) is called a weak solution to the system (1.7)-
(1.10) in Qr=Q x (0,T) subject to the boundary and initial conditions (1.11)-(1.13) if
it satisfies
0< Ml SPS MQ;
we L0, T; H)NL*(0,T;V),
[e%s) . 1 o) 2 . 2
de L>(0,T;H,N Ly )NL*(0,T; Hy),
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and moreover, for any smooth function ¥(t) with »(T)=0 and ¢(z) € H;, the following
integral equations hold:

T T
/ (p.the))dt — / (PN B)dt = (po, 81 (0),
0 0

T T
/ (w08}t — / (- Vo)t
0 0
T T
— (0, $)(0) — / (Vd® Vd,pVe)dt+ / (0.0V6)dt,
0 0
T T T )\2 T
/0 (d, ) dt — /0 (u-Vd,6)dt + /0 (©d.p6)dt— 5 /O (Ad, )t
1 T
~(do.0)(0) +3- [ (Ad= f(d).v)i.

1

2.3. Basic energy law. The total energy of system (1.7)—(1.10) is given by
Lo 1 2
Et)= §p|u| +§\Vd| +pF(d)dx (2.1)
Q

which consists of kinetic and potential energies. Formally, a smooth solution (p,u,d)
satisfies (cf. [38, 41])

d
GEW == [ nld" AP+ eV + (s + o) Ad P
Q
+ MNP+ (A — pr2 — ) (N, Ad). (2.2)

With the Parodi’s relation (1.6) we have the following basic energy law.

LEMMA 2.2. Suppose that (1.5), (1.6), (1.14), and (1.15) are satisfied. Then the total
energy E(t) for smooth solution salisfies

d 1
&)= —/ pa|d" Ad? + pg| VuPde + — || Ad— f(d)||? (2.3)
t Q )\1

/\2
- <N5+H6+)\2> |Ad||* <0.
1

The proof of Lemma 2.2 is identical to the proof of Lemma 2.1 in [49], and thus it is
omitted here.

3. Regular solutions

3.1. Galerkin approximate solutions. = We construct a sequence of Galerkin
approximating solutions that satisfy both the basic energy estimate and a higher order
energy estimate. The higher order energy estimate, obtained through the Ladyzhen-
skaya method, yields a subsequence that will converge to the classical solution.

We first introduce the functional settings of the Galerkin approximation method.

Let

H(Q)= closure of {f€C§°(Q,R"):V-f=0}1in H.
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Let {¢;};=, be the unit eigenvectors of the Stokes problem in the periodic case with
zero mean:

— A +Vmi=ki¢; in Q, / ¢i(x)dr =0
Q
with m; € L2 and 0< k; <k, <... eigenvalues. It is known that each ¢; is smooth and
{¢:};=, forms an orthogonal basis of H (see [48]). Let
P, H—Hy=span{o1,...,0m }

be the orthonormal projection. We seek approximate solutions (p™,u",d™) with u™ €
‘H,, that satisfy the following equations:

P ™ V™ =0, (3.1)

P (p™ 6825 ™ =Py (Au™—p"u™ - Vu" =V (Vd"@Vd™) =V -a™), (3.2)
A2 1

A +u™ - vd™ —dem+>\—Amdm: —)\—(Adm —f(dm)), (3.3)
1 1

with
1 m T, m m 1 m T, m
:§(Vu -Vium), A :i(Vu +Viu™),
N™ =9yd™ + (u™ - V)d™ + Q™ d™,

m:M1<(dm)TAmdm>dm®dm—|—/,LQNm®dm+M3dm®Nm+,u4Am
+/1,5Amdm®dm+,u6dm®z4mdm,

and with the initial and boundary conditions
pm(x,O) :po(x), um(m,O) = PmU(](:E), dm(xvo) = dO("E)ﬂ
u™(z+e;t)=u"(x,t), d"(x+e;t)=d"(x,t).

Let
= Zg;m t)gi(z),
=1

with g™ (t) € C1[0,T]. Hence (3.2) is equivalent to the following system of ordinary
differential equations:

i 1 d - mj m,
ZAZ”](t)%g;”(t):—ZBM](t gi ch t)+D™ (1), (34)
i=1 ik
for j=1,2,...,m, where
AW = Jor™( %()
pr z)-Vor(x ))cbj(x)dx

fgW’z V%( )
Dm] fQZkl agkdm ai,dm"'aﬂ)aim(??(f)dfﬂ-
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Here qu(x) is the k-th component of the vector ¢;(z). And
u™( Zgz ), where ¢"(0) :/ uo(x)d;(z)dx
Q

LEMMA 3.1. There exists a solution (p™,u"™,d™) to the problem (3.1)-(3.3) in Qr=
Q x[0,T] for any T € (0,00) satisfying

My <p™ < M,
u™ e L>®(0,T; H)NL*(0,T;V),
d™ e L>®(0,T;HyNLX)NL*(0,T; Hp).
Moreover, (p™,u™,d™) is smooth in the interior of Qr and satisfies the basic energy
equality,
d 1
GEMO=— [ l(@) A P Fun P AT - f@) P
« , (3.5)
>\ m gm||2
- (s a2 ) A <o,
with
m 1 m m|2 1 m|2 m m
EM(t)= [u™ "4 = |Vd™" "+ p™ F(d™)dx.
Q Pid 2
Proof . The proof of the existence of weak solutions is based on an application of

the Leray—Schauder fixed point theorem. Let v™ =3%""" h"¢; € C*(0,T;H,,). For each
m, let p™ be a solution to

+0v"-Vp=0 (3.6)
with initial condition p(-,0) =pg. Let d™ be a solution to
di+v™-Vd— de—k)\ Amd——)\—(Ad f(d)),
1
- 1 1
Q=2 (Vo =VT™), AT = (Vo™ +VT0™)

with initial condition d(-,0) = dy and boundary condition d(x +e;,t) = d(z,t). The reason
the transport equation (3.6) is solvable for v™ € C*(0,T;H,,) is due to the regularity
of the eigenfunctions of the Stokes operators (cf. [47] [30]). Let u™=3 " g"¢; €
C*(0,T;Hm) be the solution of the system of linear equations

> AT ZB g (t) =Y _Cla" (1) + D™ (1),

i=1 i=1
This system of linear equations is solvable because the eigenvalues of the matrix of the
coefficients A" (t) are bounded from below since

Ay = [ plolda= [ oPds where 6= v (3.7)
=1

Thus we constructed a mapping M with M (v™)=u". The energy estimate (3.5) will be
obtained as in Lemma 2.2, and it is the key that allows one to apply the Leray—Schauder
fixed point theorem to M. d
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3.2. Higher order energy estimates. As a first step, we use the La-
dyzhenskaya energy method [30] to show that w™eL>(0,T;V)\L?*(0,T;H2) and
d™e L>(0,T;H}) (| L*(0,T;H}) provided up€ H) and doe H}. In 2D, these esti-
mates will be obtained with general initial data; in 3D, they will be obtained under the
assumption of small initial data. We then pass to the limit for the Galerkin approximat-
ing solutions (p",u™,d™) to yield weak solutions for the system (1.7)—(1.10). The key
inequalities used often in this paper are the following Gagliardo—Nirenberg inequalities

(cf. [19]).
LEMMA 3.2 (Gagliardo—Nirenberg). If Q is a smooth bounded domain in R", then
[l 740y < CllullZz o) IVl 220y + lullfzq), n=2,

3
2

[ull 720y < Cllull L2 @) IVl 72q) + 1wl 72) %, n=3.

By a similar strategy as in [35, 12], we will establish uniform estimates for the following
energy quantity:

o7, () =V V™ [La + | Ad™ — f(d™)|[ 7.

LEMMA 3.3 (3D small data assumption). Let Q CR® and suppose that the initial
data (po,uo,do) satisfies (1.12) and (1.13). Suppose that ®2(0) = |\/poVuo||3+ || Ado —
f(do)||3<oc. There is eg >0 such that if

M-
(742 +1)polluollFs + ldoll 3 + | Ado — f(do) |3 < o, (3.8)

then the approzimating solutions (p™,u™,d™) obtained in Lemma 3.1 satisfy
VP VU™ |72+ [|Ad™ — f(d™)[|72 < C(@%(0)+C) (3.9)

for all t€[0,T] and
T
/O IAw™ 3+ IV (Ad™ — f(d™) |5+ pa TV A™d™ |3t < C (3.10)

where the constants C depend only on initial data, @, My, My, and the physical coeffi-
cients in system (1.7)-(1.10).

Proof . Note that the approximating solutions (p™,u™,d™) obtained in Lemma

3.1 also satisfy equations (1.7)—(1.9) point-wise. To simplify the notation, throughout
the proof, we drop the approximating index m and denote (p,u,d) as the Galerkin
approximating solutions (p™,u™,d™). We also denote ®,,(t) by ®(t). By Equation
(1.7) and (1.10), applying the periodic boundary conditions (1.11) and integrating by
parts, we obtain

1d 2 1 2 /

—— (t):/ —pt|Vul +quVutdx+/ (Ad— f(d) - (Ady— f'(d)dy)dx

2 dt 02 o

— [ 3 V)TuP — pucuda-+ [ (Ad— (@) Adys
Q Q

—/Q(Ad—f(d))f’(d)dtda:. (3.11)
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It follows from Equation (1.8) that

1
/fp(u~V)|Vu|2—putAudx
Q2
:/ %p(u~V)|Vu|2+p(u-V)uAu—i—AquAd—AuV-adm
Q
:—u4/ |Au|2d33+/ 2p(u-V)uAu+ AuVdAd— AuV -5dx
Q Q
:—/1,4/ |A’u|2dl'+]1+[2+]3 (312)
Q
with & =0 — s A. Taking the Laplacian of Equation (1.9) gives
Adt+A(u~Vd)—A(Qd)Jr%A(Ad):—%A(Ad—f(d)).
1 1
Thus,

/(Ad—f(d))Adtdszi \V(Ad—f(d))|2dx—/(Ad—f(d))A(u-Vd)dx
Q 1.JO Q

+ / (Ad— f(d))A(Qd)d;c—% (Ad— f(d)A(Ad)z
Q 1Ja
1
:T/ IV (Ad— f(d))2da+ I+ I5 + I, (3.13)
1JQ
We also have the following from Equation (1.9):
- / (Ad— F(d) ' (d)dvde
Q
1 A
5 [ 7/l @R da-+ (A= Fa). /() V)d) — (M= F(d). £ (d)( @~ T2 Ad)
=I;+Is+ Iy. (314)
Combining (3.11), (3.12), (3.13), and (3.14) yields
1d _, 5 1 9
Y g2y = [ auPdes L [ 1V(Ad- f(@)Pde
2 dt o A Jg
+ L+ I+ Is+ 1+ 5+ g+ 17+ 13+ 1y, (315)
with I defined as in the above equations for k=1,...,9. In the following, we shall

estimate these I term by term.
By Hoélder’s inequality and the Gagliardo—Nirenberg inequality in Lemma 3.2, it
follows that

|11] SMQ/ lul| Vul||Auldz
Q

< el| Al |3+ Cful 2| Vul 2

1/2 3/2
<e||Aul?+Clully? | Vull3]| Auly
< el| Aull3+Cfull | Vul§
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<e||AuH2+CM_4||u||2||fVuHS. (3.16)
> 2 1 21V P 2

By Agmon’s inequality in 3D, we have

Id]|se < CIIVd], %[ Ad]|y. (3.17)
Thus we infer that
1Ad]2 < ||Ad— f(d)ll2+ [ £(d)]l2 < | Ad— f(d)]|2+C, (3.18)
IVAd|2 < |[V(Ad— f(d))[|l2+]|VF(d)]2
<|IV(Ad— F(@)]|2+]IF(d) |0V l2
<|IV(Ad— f(d)]|2+ (1+[|d]12)|Vd] 2
<IV(Ad— f(d)]|2+ (L+C | V||| Ad]|2) [ V|2
<|IV(Ad— f(d)]|2+C A+ Vd|2]| Ad— f(d)[|2) | Vd]2-

Therefore, applying Holder’s inequality, the Gagliardo—Nirenberg inequality, and (3.19)
yields

|| <el| Aul3+C|VdlI2 | Adl 2
<el| Aull3+C||Vdl|y [ Ad|3I[V Ad|ly
<e||Aull2 +el|VAd|Z +C[Vd|3]| Ad)
<e||Aull3 +el|V(Ad— ()3 +C|I V31 Ad— £(d)]5+1)
+O|IVd|3(1+ ([ Vdl3]lAd— £(d)]12). (3.19)

From the equation of ¢ in (1.3), we have
Ig:—ul/QVj(dkdpAkpdidj)VlVluidx—ug/QVj(djNi)VlVluidx
—ug/QVj(diNj)VlVluidx—,u5/QVj(djdkAki)VlVluida:
—uG/QVj(didkAkj)VlVluidx.
Integrating by parts yields
—i /Q Vi (drdy Agpdid; )V YV juida =i /Q (drdpAgpdid;) ViV (Aij +Qi5)dx
:ul/Q(dkdpAkpdidj)VlVlAijdx,
where we use the fact that 2 is antisymmetric, which implies
,ul/Q(dkdpAkpdidj)VlVlQijda::—m/QVl(dkdpAkpdidj)VlQijdx

= K1 / Vl(dkdpAkpdidj)lejidl'
Q
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—,u1/Qvl(dkdpAkpdjdi)VlQijdx
:_,ul/Q(dkdpAkpdjdi)VlVlQijdx
hence fQ(dkdpAkpdidj)VlVlQijdx=0. Therefore,
—ul/QVj(dkdpAkpdidj)VlVluidm:—ul/QdTVAd|2dx—u1/QV(d@)d)d@dAVAdx
:_Ml/QdTVAd|2dx+131. (3.20)
Integration by parts also yields
—,ug/QVj(djNi)VlVluidx—ug/QVj(diNj)VlVluidx
:uz/deNiA(Aij+Qij)dm+u3/QdiNjA(Aij+Qij)dx

:(/J2+M3)/djNiAAijd(L'-i-(MQ—,u;g)/djNiAQijdl'
Q Q

=135+ 133, and (321)
—M5/ Vj(djdkAki)VlVluidx—%/Vj(didkAkj)VlVluidx
Q Q
:(,LL5+/L(3)/djdkAkiAAijdl’+(u5f,u6)/djdkAkiAQijdﬂf
Q Q
:—2(u5+ug)/ AdVdVAdm—i—(;%—,u@/AdAQddx
Q Q
—(u5+,u6)/ |dVA|2dI1134+[35+136 (322)
Q

Using integration by parts and Equation (1.9), we infer

15:/ (Ad—f(d))AQddx—i—?/ (Ad—f(d))VQVddw+/ (Ad— f(d))Q2Addx
Q Q

Q
=M (N, AQd) — Ap(Ad, AQd) +2 / (Ad— f(d))VOVdda
Q
7/ (Adff(d))VQVdd:cf/ V(Ad— f(d)QVdda
Q Q

=~ A1 (N, AQd) — Ay (Ad, AQd) + / (Ad— f(d)VQVdda— / V(Ad— f(d)QVdda
Q Q

=I51+ 152+ Is3+ I54, and (3.23)
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2
Is =X / NA(Ad)derﬁ / AdA(Ad)dz
=Xy / NAAddz+ 2\, / NVAVdda

+)\2/ NAAddz— 22 /|dVA| dx —7/ AV dz
Q

=lIs1+Io2+ o3+ Isa + Iss.

(3.24)

Note that there is cancelation among I3, I5, and I5, due to the parameter relations (1.5)

and (1.6) and assumption (1.15). Indeed,

I3+ 161 =0, I33+ 151 =0, I35+ 150 =0, I35 + 154 < 0.

In the following, we estimate the rest of the terms in I3, I5, and Is. Applying Holder’s
inequality, the Gagliardo-Nirenberg’s inequality, and Agmon’s inequality, (3.17) yields

31| <ell Aulf3+ Cl|dl|S || V|2V dli?
<el| Aul3+C VAl A Vully? [ Aull3 * 1V dlly | Ad)3
<el|Aull2+C|| V|34 Ad) Va3
<e|Aull+CI V|3 (|Ad— f(@)]3+1)|Vull?,

| Ia| < el Aull3+C| VI3[ Ad — f(d)]|2” +1)|[Vull3,
[Iss| < e(| Aull3 + [V (Ad = f)I3) +CIVAlZ(|Ad = f(d)[I5+ 1) Ad - f(d)]3,

| Isal <e(|Aull3+ IV (Ad— f)[I5) + CI V5 (1Ad— fII5+1) [ Vul)3,
and
\162|§/ |AdAqu|dac+/ [(Ad— f(d))AuVd|dz
Q Q

<e(|Aul3+V(Ad—f)3)+C| V|3
“(1ad = £113° + [|Ad — f113+1) ([lull3 + [|Ad — £]13)

(3.25)
(3.26)
(3.27)

(3.28)

(3.29)

since the two integrals are similar to I34 and I53 respectively. Moreover, from integration

by parts we have
A5 2
163+165:*)\2/NVAVddxf)\Q/VNAVdd‘Tff/ |AVd| dx
Q Q A Jq
)\2
==X / NVAVddz+ 2 / V(Ad)AVddz
Q A/

2
+&/V(Adff)AVddxf&/ |AVd|* dx
)\1 Q )\1 Q

2
:f)\g/ NVAVddaHﬁ/ VAdAVddx+&/ V(Ad— f)AVddz
Q A1 Jq A1 Jg
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where the three integrals are similar to I, I34 and I54 respectively. Thus

|63+ Io5| <e([|Aull3 +[|V(Ad = f)|3) +C|[Vd]3

3.30
“(1Ad = flI3° + [|Ad = f1I5+1) (lull3 + ]| Ad = £1I3) 30

The estimate for I4+Ig is as follows. The facts Vd- f(d)=VF(d) and V-u=0
imply that (f,Au-Vd)=0. Also, since V-u=0, we have (Ad— f,u-V(Ad— f))=0.
Thus,

I4:—(Adff,Au~Vd)72/9(Adiffi)Vlvledeida:f(Ad—f,u-VAd)
:f(AdVd,Au)+2/QVJ-(Adi—fi)Vlvledid:rf(Adff,u-Vf(d))
:7(AdVd,A’LL)+2/('ZVj(Adi7fi)Vl'Uledidl’*Ig.

Therefore,
I+ Is=—(AdVd,Au)+2 ij(Adi — f)Viv;Viddz,
where the two terms are similar to Iy and T4 respectively. Hence, from (3.19) and
(3.28), we have
[La+Is| <e(Aull3 +[[V(Ad— f)]3) +ClIVd]3 (@ +° +1). (3.31)
By Agmon’s inequality, the terms I; and Iy are estimated as

12| <CIIf (d) [ llAd— F(d) |3 < Clld1 % Ad— f ()3

, (3.32)
<C|Vd|2([|Ad— f(d)|2+1)[|Ad— f(d)|3 and

1| < CILF () lselldlloe (| Ad = f ()5 +[Vull3)

(3.33)
<C|Vdll3*(|Ad— f(d)|5* +1)®2.

Denote D=||/Ad— f(d)||2. Combining (3.15), (3.16), and (3.19)—(3.33) yields

;Z@Q(t)+(u4—e)/(g|Au|2da:+(—>\11—e)/Q|V(Ad—f(d))|2dx+u1/Q|dTVAd|2da:

<OM; *|ul3llv/pVul3+C||Vd|[5(D®+D* +1)
+CO|Vd|3(D® + DY +D° +1)(||Vull3 +D?)
+C|Vd||2(D+1)D? +C||Vd |3 > (D32 + 1) (| Vul2+D?)

<CIVA|2+ (|ullz + || Vd||2) (@ 4+ B0+ 6 + B2 + &4 1)D2, (3.34)

where we have used the facts from the basic energy estimate that || Vul|3 < M '(|\/pVu|3
and |[ull,+ ||V < C.
Set

2= 0%+ [lullz + | V2
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and observe from (3.34) that

d zo 518132

72 O+ (Jullz +[Vdll2)27)2". (3.35)
Recall that ||ull2+ ||Vd||2 is small by the basic energy estimate (3.5) and the smallness
assumption (3.8). Thus, following a similar argument as in [12], we infer that for a

small enough €y >0 in assumption (3.8), the conclusions of the lemma will be proven.
Suppose that

(%H)pollwllfql +ldol3 + [ Ado — £ (do) 13 = €o- (3.36)
By the basic energy estimate, we have
lull2+ [ Vdll2 < [luoll2 +[|Vdol|2 < v2¢o.
We claim that,if ¢ is so small that
V260(4€29 /) < 1, (3.37)
then
D% < 4e%C\/eg, for all t>0.

First, we prove the claim for ¢ €[0,1]. Assume otherwise; then there must be ¢y € (0,1)
such that

2 (1) =4e%C J&o (3.38)
2 () <4e?C/eq, for all te (0,t). '

Therefore, from (3.35), by the choice of €y in (3.37), we have
d - .
—$?<209°
dt
for all £ € (0,to) and ®2(0) < € +/2¢9 < 3\/€o which implies that

D2 (tg) <2 D%(0) < 3e2° /ey

and thus contradicts (3.38). For ¢>1, we simply observe that from the basic energy
inequality (3.5) and assumption (3.36),

/t % (t)dt <3/

-1

which implies that there is ¢t € (¢t —1,¢) such that

% (tg) < 3\/eo.
One may repeat the above argument to conclude that

(1) <4e*C\/eg, for all t>0.
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The inequality (3.10) follows directly from the basic energy estimate (3.5) and (3.35).
This completes the proof of the lemma. 1]

Without the assumption of small initial data, the higher order energy estimate holds
for a short time.

LEMMA 3.4 (3D short time). Let Q CRR3, and supopse that the initial data (po,ug,do)
satisfies (1.12) and (1.13). Suppose that ®(0)?=||\/poVuoll3+[|Ado— f(do)||3 < co.
Then the approzimating solutions (p™,u™,d™) obtained in Lemma 3.1 satisfy (3.9) and
(5.10) on the time interval (0,1 for some T <4.

Proof . Set
7, =7, + [[u"™ L2+ [[Vd™ || 2 + 1.
By (3.34) and the uniform estimate [|u™ |2+ ||Vd™||2 <C, we have

L2 <0d2.
dt

Hence,

which produces for, any t € (0,77,

516 (i)vlr?(o)
o t) < 1-Cd16(0) [ B2,(0)dt

The basic energy estimate (3.5) indicates that there exists a small time 7" < § such that

T
CH15(0) / 2 (0)dt <
0

[N

which consequently implies
2 (t) <CP2 (0), for all te(0,T].

The conclusion of the lemma thus holds true. 0

Next we shall establish the higher order energy estimate with general data in the
two dimensional case.

LEMMA 3.5 (2D). Let Q CR?, and suppose that the initial data (po,uo,do) satisfies
(1.12) and (1.13). Suppose that ®(0)*=||\/poVuo|3+|Ado— f(do)||3 <oo. Assume
either (i) or (ii) holds. Then the approximating solutions (p",u™,d™) obtained in
Lemma 3.1 satisfy

IVPTVu™ |3+ [ Ad™ = F(d™) 32 < (@2 (0) +1)eC eoluollz+ IV o+ (3.39)

with t€1[0,T] and

T
/ 1Au™ 5+ [V (Ad™ = f(d™))|[3+ pa[|d™ TV A™d™||3dt < C (3.40)
0
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for all T >0. The constants C' depend only on initial data, Q, My, Ms, and the physical
coefficients in system (1.7)-(1.10).

Proof .
Case (i). Since Ay =0, a maximum principle for d holds (cf. [38]). Agmon’s inequal-
ity is not needed here. The highest nonlinear term I3; is estimated as

|131|§C||dm\|io/ V™™ Ay |da
Q

<el|Au™ 3+ CIVu™|3][Vd™ |3
<ellAu™ |3+ ClIVu™ 3| A™ — f(d™)][3+1)

where we used the 2D Gagliardo—Nirenberg inequality in Lemma 3.2. Similarly, we
apply Hoélder’s equality, the Gagliardo—Nirenberg inequality, the basic energy estimate,
and ||d"||c <C to all the other terms in (3.11) and obtain that

7 H2 _ m|2
i ¥ ) =) [ B
1
—l—(——e)/|V(Adm—f(dm))|2dx+,u1/ |d™ T A d™ 2 da
A1 Q Q
<C(®p, +P2,+1). (3.41)

Let ®2, =®2 +1. We have

. 1
L8 (1) + pa / A2 — - / V(A" — f(@™))Pde
dt 0 M Jo

+24 / ATV A™A™ 2 dz < C DY
Q

Thus,

L dg op2
o2 dt

The conclusion of the lemma follows immediately from the above inequality and the
basic energy estimate (3.5).

Case (ii). Without loss of the generality, we assume |d™| is large since otherwise we
have ||d"™||s <C, and hence it can be handled similarly to case (i). Thus there exists a
constant C; such that

1/2 1/2
[iarpar<iore ([ antar) <o ([ garp-ipas) <o
Q Q Q

where we used the that fact [ ol (d™)dx is bounded by the initial data from the basic
energy estimate. It then follows from Agmon’s inequality in 2D that

ld™ |5 < Clld™ [l Ad™ |2 < Ol Ad™ 2.
Hence, slightly different from (3.19), we have
IVAd™ |2 < [[V(Ad™ = f(d™)) 2+ C(A+[|Ad™ = f(d™)]|2)[Vd™ |2
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Keep in mind that gy =0, and thus the highest nonlinear term disappears here, and we
have the Gagliardo—Nirenberg inequality in 2D. A computation analagous to the one in
the proof of Lemma 3.3 gives

1d m 1 m m
L2920+ (o) /Q Au |2d:c+<he) [ Ivaan - samypas

<ellVpmVuT 3 Au™ 3+ C (@, + 7, +1).

Set @2 =®2 4 1. It follows

d -
0 () < (M —e@i) / |Au™2dz + O34 . (3.42)
Q

For e small enough such that

292 (O)eC(PoHuol\§+||VdoH§+1) < %7 (3.43)

we have

32 (1) < 282(0)eCPolluolZ+IVdolE+1) - for all £ > 0.

First we prove the claim for ¢ €[0,1]. Assume otherwise; then there must be to € (0,1)
such that

(3.44)

<I>2 2 (to)= 2(1)2( )eC (polluoll3+[Vdoll3+1)
( ) ( Je C(PO””O”z"!‘HVdOHz-‘rl) for all tG(O,to].

Therefore, from (3.42), by the choice of € in (3.43), we have

d -

5 d 2 <02

for all ¢ €(0,tp) which implies that

B2 (t5) < B2(0)eCJo Fn(dt < $2(()C (polluoll3+1|Vdol3+1)
and thus contradicts (3.44). For ¢>1, we apply an argument similar to the proof of
Lemma 3.3 to show that

32 (1) <282(0)eC Polluolz+Vdol3+1).

This completes the proof of the lemma. 1]

3.3. Passage of the limit to the weak solutions. In Subsection 3.2, the
higher order energy estimates in lemmas 3.3, 3.4, and 3.5 are all independent of the
approximation index m and time ¢. This implies that the following uniform estimates
hold:

u™ e L>®(0,T;V)NL*(0,T;Hy),
d™e L>®(0,T;H,)NL*(0,T; Hy).
By the mass conservation equation (1.7), we also have

0<M; <p™< M.
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Moreover, the positive lower bound of density p™ combined with the uniform estimates
for 4™ and d™ indicate that

u € L*(0,T; L), di* € L*(0,T;H,)).
Therefore, with these higher order energy estimates, a standard procedure will show that

the approximating solutions (p™,u™,d™) (a subsequence) converge to a limit (p,u,d)
such that the limit is a weak solution of system (1.7)—(1.10) and satisfies

0<M1SP§M2, (345)
ue L>(0,T;V)NL*(0,T:H}), (3.46)
de L>(0,T;H))NL*(0,T; Hy)). (3.47)

Thus we have obtained the existence of weak solutions.

THEOREM 3.6 (3D). Let Q CR3 and suppose that the initial data (po,uo,do) satisfies
conditions (1.12) and (1.13). Suppose that ®*(0)=||\/poVuol3. + [|Ado — f(do)||3 <
00.

(I) There is €g >0 such that if
M, 2 2 2
(=, T Dpollwolliz: +lidolfz +[Ado = fdo)llz < o,

then system (1.7)—(1.10) with the periodic boundary condition (1.11) has a weak solution
(p,u,d) satisfying the basic energy estimate inequality

e+ [ AT AdP? + |Vl = — | Ad— £ (d)?d 3.48
0+ [ i@ AdP 4l Dol S 1Ad— s (3.48)

)\2 t
+<us+u6+2>/ / |Ad|*dx <E(ty),
)‘1 to J/Q

for all t>ty and almost every ty. Moreover, the weak solution (p,u,d) satisfies the
higher order energy estimates (3.45)-(5.47) for all T > 0.

(IT) On the other hand, without the smallness assumption on the initial data, there exists
a weak solution to the system satisfying (3.48) for all t >ty and a.e. tg, but satisfying
(8.45)-(3.47) only for a short time T <4, for some §>0.

THEOREM 3.7 (2D). Let QCR? and suppose that the initial data (po,uo,do)
satisfies conditions (1.12) and (1.13). Suppose that ®*(0)=||\/poVuo| 32+ |Ady—
f(do)||22 <oo. Assume in addition that either

(1) 1 20, A20=0, or (ii) u1 =0, A2 #0.

The system (1.7)-(1.10) with the periodic boundary condition (1.11) has a weak solution
(p,u,d) satisfying the basic energy estimate inequality (3.48) with t € (0,T] and the higher
order energy estimates (3.45)—(3.47) for all the time T > 0.

Applying a similar method to obtain the higher order energy estimates as in Subsec-
tion 3.2, the weak solution (p,u,d) satisfies even higher order energy estimates provided
more regular initial data.
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COROLLARY 3.8. Let Q CR™ with n=2,3. Assume the initial data (pg,ug,do) satisfies
the conditions in Theorem 3.6 and Theorem 3.7, respectively, for n=3,2. Assume, in
addition, that ug € Hg and dy € H;’. Then there exists a weak solution (p,u,d) to system
(1.7)—(1.10) satisfying the basic energy estimate (3.48) and (3.45). Meanwhile,

uwe L>®(0,T;H))NL*(0,T;H,), (3.49)

de L>(0,T;H3)NL*(0,T; H,,). (3.50)

Indeed, compared to the simplified Ericksen—Leslie model studied in [12], the full
model contains higher order derivative terms, for example, the term V- (Nd) in Equation
(1.8). When applying the L? theory of parabolic equations on (1.8) to improve the
regularity of velocity, the higher order energy estimates (3.49) and (3.50) are needed.
Please see a detailed discussion in Subsection 3.5.

3.4. Auxiliary estimates on density. As a consequence of the higher order
energy estimates obtained in Subsection 3.3 for the weak solution (p,u,d), the regularity
of the density can be improved in both the two and three dimensional cases.

LEMMA 3.9 ([2]). Assume that p(0) € CH(Q) and that Q CR? is smooth and bounded.
Suppose u e L>(0,T; HY)L?(0,T; H?) and

pr+u-Vp=0

in @x(0,T). Then peC*(Qx[0,T]) for some a€(0,1) which depends only on the
initial data, T and Q).

LEMMA 3.10 ([12]). Assume that p(0) € C*(Q) and that Q CR3 is smooth and bounded.
Suppose ue L>(0,T; HY)L?(0,T; H?) and

pr+u-Vp=0
in @x(0,T). Let t1 €(0,T) and p€ Q. Define
Ap,t) = (Bro () NQ) X ([t —70,t1 +70] N [0,T7).
Then, for any ¢ >0, there exists ro >0 such that for p€ Q and all T >0,

sup  |p(g,t2) —p(p,t1)| <e.
(q,t2) €A, 1)

We refer the readers to [12] for a detailed proof of this lemma.

REMARK 3.11. In 2D, the Hélder continuity for the fluid density guarantees that a
frozen coefficient method (cf. [31]) can be applied to the Navier—Stokes equation (1.8),
and hence the regularity of the velocity u will be improved through a standard L? theory
for the parabolic equation. In 3D, the density has the property of small oscillations over
small balls in @ x [0,7] provided that either the initial data is small or for a short time.
This turns out to be enough to carry out the frozen coefficient method to improve the
regularity of the fluid velocity too. We refer the reader to [31] for a general idea of the
frozen coefficient method. Also a more specific discussion relevant to the current model
can be found in [12] (Appendix 6).
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3.5. Classical solution. In this subsection, using the the estimates (3.45)—
(3.47), we apply the frozen coefficient method to improve regularities for p,p,u,d by a
bootstrapping argument among the three equations (1.7)—(1.9). Hence Theorem 1.1 and
1.2 will be proved. The process of obtaining regular solutions in the two dimensional
case is much easier than the one in the three dimensional case. And based on the
previous work for the simplified Ericksen-Leslie model in [12], we just briefly show the
steps needed to obtain regular solutions in 3D in the following.

We notice from (3.46) and (3.47)

we L>(0,T;L]), VdeL>*(0,T;L),
which implies
u-Vde L>(0,T;L).
In the mean time, (3.46) and (3.47) indicate that
Qd,Ade L*>(0,T;L}), for all g>1.
By the standard parabolic estimates on Equation (1.9) (cf. [29] and [1]), we have
de Wl’T(Wg’B), for all r>1
which implies that Vd € L*°(0,T; L) for any g € (1,00). Thus, we have
u-Vde L>(0,T;LY), Vqe(1,6).
Applying the same standard parabolic estimates on (1.9) again yields
dEWl’T(WPQ’q),Vre(l,oo) and g€ (1,6), (3.51)
which implies that d € C/21+([0,T] x Q) for some a € (0,1) and
VdAde L>(0,T;L}), Vqe(L,6).

In the Navier-Stokes equation (1.8), the estimates for the conservation of momen-
tum with constant density can be extended to the non-constant density case when
Lemma 3.10 is available. This is done via the frozen coefficient method.

The estimates (3.46) and (3.47) imply

w-Vue L®(0,T;L3),
while (3.49) and (3.50) implies
V.0 e L®(0,T;L}).

Now we apply the frozen coefficient method using the oscillation estimates for the density
as in Lemma 3.10 to yield

weWha(W23/%), vge(1,00).
Thus u € L>®(0,T;Wh?) and u-Vu € L™ (O,T;Lg). Repeating the above argument yields

ue Wl’q(W§’2), Vg e (1,00),
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from which it follows that ue C*([0,T] x Q).
Back to Equation (1.9), we conclude that

deC T E24((0,7) x Q), for some € (0,1).

Finally p€ C((0,T) x Q) follows from the regularity of u, and the regularity of the
pressure p follows easily from the regularity of (p,u,d) similarly to [2]. This completes
the proof of Theorem 1.2.

Appendix A. Proof of uniqueness. In this appendix we sketch the proof of
Theorem 1.5. For the full Ericksen—Leslie system with constant density, Wu, Xu, and
Liu [50] proved that the regular solution (u,d) is unique in the sense that two regular
solutions starting from the same initial data are identical. In the present paper, for the
full Ericksen—Leslie system with non-constant density, we show a weak-strong type of
uniqueness result with certain conditions on the weak solution. The idea is to calculate
the energy law satisfied by the difference of the regular and weak solutions and establish
a Gronwall inequality. In our case, to calculate the energy law of the difference of the
regular and the weak solutions we need some extra terms involving the density. We shall
perform a calculation analogous to one we did in [12] to achieve our goal. Similarly, the
estimates are more involved requiring additional bounds on the strong solution (p,u,d)
to yield a Gronwall inequality. In 2D, we need

Vp,Vue L>*((0,T)xQ), up,u-Vue L¥(0,T;L1(Q)), q¢>2. (A1)
In 3D, we need
Vp,Vue L®((0,T)xQ), us,u-Vue L>®(0,T;L3(Q)). (A.2)

With the assumption on data, pg€C(Q), ugeC?*(Q), and dyeC? (), the
solution (p,u,d) from Theorem 1.1 or Theorem 1.2 satisfies (A.1) or (A.2), respectively

Proof of Theorem 1.5. First recall that the regular solution (p,u,d) from Theorem
1.1 or Theorem 1.2 satisfies the energy equality:

1 1
/fp|u|2+f\Vd|2+pF(d)d:E
02 2
r 2 1 2 T 2 A% 2
b [ walVal = 1A P + T AP+ (st o+ 32| AdPdads
o Jog 1 1
1 2 1 2
= §P0|U0| +§|Vd0\ +poF (do)da. (A.3)
Q

The density p is the strong solution of the transport equation, hence it satisfies

/dem:/pgdm.
Q Q

On the other hand, p is a weak solution of the transport equation and M; <p< M. We

have by hypothesis that
/ pldx §/ pida. (A.4)
Q Q
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1 1 1
*/ Ip—ﬁIde=*/p2dm+f/52dw—/pﬁdﬂc
2 Q 2 Q 2 Q Q

S/pgdx—/pﬁdx. (A.5)
Q Q

Since p€ C1([0,T] x ), we can take p as a test function. Thus, multiplying

Thus,

by p and integrating by parts yields

t t
/p%dx—/pﬁdx:—/ /ﬁptdsdx—/ /(ﬁ-Vp)ﬁdsdx
Q Q 0 Ja 0 Ja

_ /0 t /Q (u-Vp)pdsdz — /0 t /Q (a-Vp)pdsda. (A.6)

Here we used again that p is a classical solution of the transport equation. Substituting
(A.6) into (A.5) gives

1 t
7/ Iﬂ—ﬁlzdﬂcé/ /ﬁ(u—ﬂ)Vpdsdx
2 Ja 0 Ja
t
:/ /(p—ﬁ)(u—a)Vpdsdx. (A.7)
0 Jo
Next, calculate the following term:
1y L, 1 .
— | plu—al*de+ = [ |Vd—Vd|*dx
2Ja 2Ja
1 _ 9 1 9 1 2 o
=5 [ (p=p)luldz+3 [ plul*de+3 | plul*de— [ pu-udx
2/ 2 /o 2 Ja Q
1 1 - -
+7/|Vd|2da¢+f |Vd|*dz — | Vd®Vddz, (A.8)
2/ 2/ Q
where Vd®Vd denotes the 3 x 3 matrix whose ij-th entry is given by Vid-Vjci for
1<4,5<3.

Using energy equality (A.3) for the regular solution (p,u,d) and inequality (1.18) for
the weak solution (p,u,d) combined with the last equation yields

1 1 -
7/ﬁ|u—ﬂ\2dx+f/ |Vd—Vd|*dx
2Jq 2Jq

t
gf/ /u4|Vu7Va|2—/\i|Ad—AJ|2+u1|dTAd—JTAJ|2dxdt
0JQ 1

T 23 - 1
—/ / 15+ g + =2 \Ad—Ad|2dxdt—|—f/(ﬁ—p)|u|2dx
0o Jog A1 2Jg

—/ﬁu@ﬂ—po|uo|2dm—/Vd®VcZ—|Vd0|2dx
Q Q

t
- / pF (d)+ pF(d)—2poF(do)dx —2p1 / / d” Add™ Addzxdt
Q 0 JQ
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—2u4/ /VuVudxdt—l— //AdAddxdt 2(,u5+,uo+ )/ /AdAddxdt

A : D) dudt -+~ 1f (d)dzdt. .
+A1/0 /Qlf(d)l +|f(d)|*dzdt A1/0 /QAdf(d)qLAdf(d)d dt (A.9)

Since u,d € C1Ha/2:2+2([0,T] x Q), we can take u,d as test functions for the weak solution
u,d. Thus it follows that

t t
/ﬁu@ﬂ—po|u0|2daz:/ /ﬁﬂutdxdt—i—/ /ﬁﬂ(ﬂ~Vu)dxdt
Q 0 JQ 0 JQ
t - t
+/ /VdVqudwdt—i—/ /V-&udxdt, (A.10)
0 J@Q 0JQ

/Vd@VJ—\VdOde

/ /Addtdxdt—k/ /Adu Vd)dxdt—/ /Adedxdt

//AdAddmdt+—/ /Ad Ad— f(d))dxdt. (A.11)

Substituting (A.10) and (A.11) into (A.9) and adding (A.7) yields
1 P T AP | ;.
= | lp—pldz+= | plu—al*de+<= [ |Vd—Vd|*dx
2Jq 2Jq 2Jq
t
—/ /M4|Vu—w|2—i\Ad—AJF+u1|dTAd—dTAcZ|2dxdt
/ / <u5+u6+ >|Ad Ad)?dxdt+ = /(ﬁ—p)|u\2dx
7/ pF(d)+pF(d) —2poF(dg) d:EJr/ / (u—a)Vpdxdt
Q
t
—/ /ﬁﬂutda:dt—/ /ﬁaaVuda:dt—/ /V&VJVudxdt
//uV o dxdt+u4/ /VuVudde—/ /Addtdmdt
//quAddxdt—i—/ /QdAdd dt——/ /AdAdd:vdt

— 241 / / dT Add™ Addxdt — 24 / / VuViadzdt
0JQ 0JQ

¢ 9 ¢
Jrg/ /AdAszdt2<u5+u6+>\2>/ /Ad[ld_dxdt
A Jo Jo M) Jo Jo

]. T 9 19 3 t B ~
+A—1A /Qf(d)l +[f(d)] d:z:dt—)\lfo /QAdf(d)JrAdf(d)dxdt. (A.12)
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Note that

//puutdxdtf // (4 —u)uy dxdt
t
7/ /(ﬁfp)uutd:z:dtf/ /pﬂutdxdt,
0JQ 0JQ

2
//(p p)uutd:vdt———// d;vdt+// u\ dxdt
|uf? |uf?
7/ /(ﬁfp)—dxdtf/ /div(ﬁﬂfpu)—dxdt
0 Jo 2 0 Jo 2
t ju? t
—/ /(ﬁ—p)—dzdt+/ /ﬁﬂuVud:cdt
0 JQ 2 0JQ
t t
—/ /(p—ﬁ)uuVudxdt—/ /ﬁuuVuda:dt
0 JQ 0JQ

t t t
f/ /pﬂutdxdt:u4/ /VuVﬂdxdtJr/ /puﬂVudxdt
0 JQ 0 Jo 0 Jg
t t
—|—/ /VdAdﬂda:dt—/ /ﬂV'U/dxdt.
0JQ 0JQ

while

and

On the other hand, we have

t t t t
//AJdtdxdt:f/ /AJqudxdtJr/ /AJQddxdtf&/ /AJAddmdt
0 JQ Q

——/ /AdAdda:dt—i— //Adf )dxdt.

Thus, with some cancelation, (A.12) becomes

/|p plAdx+ - /p\u al?dr+ = /|Vd Vd|*dx

—/ /,u4|Vu—Va|2——|Ad—A(Z|2+,u1\dTAd—delJ|2da:dt
1

/ /(,u5+,u6—|— )|Ad Ad|*dxdt
+/ /(/3— u—1u)Vpdrdt— // (71— u)uydadt
0JQ

t
— / / puuNVu— puuVu+ puuVu— puuVudzdl
0JQ

t
7/ /(pfﬁ)uuVuf(pfﬁ)ﬂuVud:cdt
0JQ
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t o B B t
+ / / VdAdu+ VdAdi—VdAdu—VdAdudzdt — / / uV &' +aV-o' drdt
0JQ 0 JQ
t - )\2 -
7/ /2u1dTAda_lTAd+2<u5+u6+)\2> AdAddxdt
/ / QdAd+QdAd—)\—(AdAd+AdAd)dzdt
//Adf )£ AdF(d) — 20df (d) — 28df (d)dadt

- Fd+*F’2Fdd+— d)*+ dxdt
/Qp<>p<> poF(do) e //|f 2+ () Pda

Z:—Gl—G2+Il+IQ+...+Ill. (A13>

t
—/ /ﬁVu\u—mzdxdt,
0JQ
¢
I4:/ /(p—ﬁ)uVu(ﬂ—u)dacdt7

15,// (Vd—Vd)(Ad— Ad)dxdt — // )(Vd—Vd)Addzdt.

Note that

Using the relation Ay = o+ p3, Is+ I7 can be reorganized as
t
IG+I7:u1/ /dTAd(d®d—cZ®cZ)(Vu—vu)dxdt
0JQ
t
+u1/ /(dTAd—(ZTAcZ)(dead—J@J)vudxdt
0JQ
A2 t -
+(u5+u6+>\2)/ /dTA(d*d)(VﬂfVu)dxdt
1
+(u5+u6+ )/ / (dTA—dT A)(d—d)Vudzdt.

Applying (1.9) and the fact that fQu-Vdf(d)dmzo, we derive

/ / <<Q— A) <Q— §\‘2A>> (d—d)Addzdt
1
_ L / / (Ad—Ad)(f(d)— f(d))dadt. (A.14)
)\1 0 Q
Recall that the regular solution (p,u,d) satisfies (A.1) in 2D and (A.2) in 3D. By

the Holder and Gagliardo—Nirenberg inequalities on the terms of Iy,...,111, it follows
that
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3., 10— O (0~ 1) +9(0) Ve
gC/O /Q|p—ﬁ|2+ﬁ|u—a|2+|Vd—vJ|2d:cdt. (A.15)

To handle the last integral in (A.14), we used the fact that [d| <1 and the hypothesis
that |d| is bounded, which imply | f(d) — f(d)| < C|d —d| by the definition of f(d). Thus,

//|f 2dxdt<C//\d d*dzdt < C(Q //|Vd Vd|*dxdt

where the constant C' depends on the space domain () and not on the time T
Thanks to the fact p > M; >0, applying Gronwall’s inequality to (A.15), we obtain

/|P )+ plu(t) —a(t)* +|Vd(t) - Vd(t)|*dz

/ [p(0) = p(0)[* +7(0)[u(0) —a(0)|* +Vd(0) — Vd(0)[* dwe*
for all ¢ >0 which implies that

This completes the proof of Theorem 1.5. ]
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