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ASYMPTOTIC BEHAVIOR OF SOLUTIONS TO THE
COMPRESSIBLE BIPOLAR EULER-MAXWELL SYSTEM IN R3*

ZHONG TANT AND YONG WANGH

Abstract. We study the large time behavior of solutions near a constant equilibrium state to
the compressible bipolar Euler-Maxwell system in R?. We first refine the global existence of solutions
by assuming that the initial data is small in the H3 norm, but its higher order derivatives could be
large. If, further, the initial data belongs to H —* (0<s<3/2) or B;,;o (0<s<3/2), then we obtain the
various time decay rates of the solution and its higher order derivatives. As an immediate byproduct,
the LP—~L2? (1<p<2) type of the decay rates follows without requiring the smallness for LP norm of
initial data. So far, our decay results are most comprehensive ones for the bipolar Euler-Maxwell
system in R3.
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1. Introduction
We consider the compressible isentropic bipolar Euler-Maxwell system in three
space dimensions [1, 18, 23]:

Ony +div(ngay)=0,

Oy (At tie) +div(atis ® s )+ Vs (ne) = tiy (E+etie X B) — Lz,
N E—-V xB=¢(n_ii_ —n i),

€0, B+V x E=0,

NdivE=n, —n_, divB=0,

(s i, B, B)| =0 = (710, 0, Eo, Bo).

(1.1)

Here the unknown functions are the charged density n4., the velocity 4, the electric
field E, and the magnetic field B with the subscripts 4+ and — representing ions and
electrons respectively. We assume the pressure py(ny)=Ain) with constants Ay >0
and v >1 the adiabatic exponent. The 74 >0 are the velocity relaxation time of ions
and electrons respectively, A>0 is the Debye length, and ¢=1/c¢ with ¢ the speed of
light.

Although the compressible Euler-Maxwell system plays an important role in plasma
physics and semiconductor physics, there are few mathematical results about it due to its
mathematical complexity. For the unipolar case, Chen, Jerome, and Wang [2] showed
the global existence of entropy weak solutions to the initial-boundary value problem
for arbitrarily large initial data in L*°(R), Guo and Tahvildar-Zadeh [11] showed a
blow-up criterion for a spherically symmetric Euler-Maxwell system. Recently, there
have been some results on the global existence and the asymptotic behavior of smooth
solutions with small amplitudes, see [3, 26, 30, 31]. For the asymptotic limits that derive
simplified models starting from the Euler—-Maxwell system, we refer to [13, 22, 35] for
the relaxation limit, and to [35] for the non-relativistic limit, [20, 21] for the quasi-
neutral limit, [28, 29] for WKB asymptotics and the references therein. For the bipolar
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case, Duan et al. [4] showed the global existence and time-decay rates of solutions near
a constant steady state with the vanishing electromagnetic field. Peng [19] considered
the Cauchy problem and the periodic problem and proved their global existence and
long-time behavior of smooth solutions near a given constant equilibrium state. Xu et
al. [36] studied the well-posedness in critical Besov spaces. Since the unipolar or bipolar
FEuler-Maxwell system is a symmetrizable hyperbolic system, the Cauchy problem in
R? has a local unique smooth solution when the initial data is smooth, see Kato [17]
and Jerome [15] for instance. Besides, we can refer to [27, 32, 33] for the non-isentropic
case.

In this paper, our main purpose is to derive some various time decay rates of
the solution as well as its spatial derivatives of any order. Meantime, we also es-
tablish a refined global existence of smooth solutions near the constant equilibrium
state (Noo;MNoo,0,0,0,By) to the compressible bipolar Euler—-Maxwell system, compared
with [4]. We should notice that the relaxation term of the velocity plays an important
role in the whole paper. The non-relaxation case is much more difficult; we refer to
[5, 7, 9, 10, 14] for such a case. For the compressible unipolar Euler-Maxwell system
[26] we do not need that the initial clectron density belongs to a negative Sobolev space
H~* or a negative Besov spaces B >, when deriving the optimal decay rates of solutions.

However, in Theorem 1.2 the 1n1t1al total densities ;9 must belong to H—* or BZ i
due to the cancellation between two carriers. In fact, in Theorem 1.2 the assumption
for the initial difference of densities nog could be deleted given [26]. Compared with the
unipolar case [26], there are two new major difficulties in addition to the computational
complexity. First of all, the bipolar system (1.1) could be reformulated equivalently as
the damped Euler equation coupled with the one-fluid Euler-Maxwell equation (1.5).
Then, the total density n; in the damped Euler equation is degenerately dissipative
because of the cancellation between two carriers. It is difficult to close the energy esti-
mates due to the degenerate dissipation of n;. We manage to obtain the effective energy
estimates by dealing carefully with those terms involved with n; in the proofs of lem-
mas 2.8-2.9. The other difficulty is caused by the nonlinear function f ("1i”2) Since
n1 and no have different dissipative structures, we must be careful with the function
f (QQM) Here we overcome such an obstacle by some detailed calculi. Without loss of
generality, we take all the physical constants 74,6,A\, Ay, 1 in (1.1) to be 1.
We define

o
—_2 = t _ =14 t_
ni(x,t)—“{[ni (x,ﬁ)} 1}, ug(z,t)= Tl (m, ﬁ)’ (12)
1 1
E(z,t)= IE( 2, f) B(x,t)= IB( 2, f) B,
Then the Euler-Maxwell system (1.1) is reformulated equivalently as

Oy +divuy =—u4 - Vng —pnydivuy,

Ot + Uy Fug X Boo +Vng FrvE=—uy -Vuyr —uniVny tuq X B,
WE—vVxB+v(up —u_)=v(f(n-)u-—f(ny)uy),
8tB+1/V><E:O,

divE=v(f(ny)—f(n-)), divB=0,

(nt,us, B, B)|i=0 = (n+0,u+0, Eo, Bo).

Here p:= 7771, vi= %, and the nonlinear function f(ny) is defined by

Fny) = (1+72_1ni)”211. (1.3)
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In fact, we have assumed y>1 in (1.2). If y=1, then we instead define ny :=Inn,.
Let

ny=n4+n_, Ngo=nN4 —N_, U1 =Uy +U_, Ug=UL —U_,

that is

n :n1+n2 n :nl—ng u :’LL1+’LL2 w :ul—u2 (14)
+ 2 y 10— 2 ) U4 2 s W— 2 : :

Then U :=(ny,n9,u1,us, F, B) satisfies

Ogni +divur = g1,

8tU1 +rvup —usg ><B00+Vn1 =(g9+ U9 XB,

Oyna +divug = g3,

O¢s + VU — Uy X Boo + Vg —2vE =g, +uy X B,

8,5E—Z/V><B—|—Vu2:g5, (15)
0:B+vV x E=0,
divE=v(f(™52) - f(=522)), divB=0,
Ul¢=o =Up := (n10,M20,%10,%20, o, Bo).
Here
1 o . .
n="3 (u1-Vni+us-Vng) — 5 (nydivug +nodivus),
1
go = —5 (u1 -Vui+us VUQ) — % (n1Vn1 +n2Vn2),
1
g3=-35 (uy-Vng+us-Vng)— % (nydivug +nadivuy), (1.6)
1

1
(= —5 (’U,l -Vus +us Vul) — 5 (n1Vn2 +n2Vn1),

ni—ng \ U1 —Us ni+ng \ ul+us

Notation: In this paper, we use H*(R?), s €R to denote the usual Sobolev spaces with
norm ||-|| ;. and LP(R?), 1< p< oo to denote the usual L? spaces with norm |||, ,. The
symbol V¢ with an integer ¢ > 0 stands for the usual spatial derivatives of order /. When
£<0 or / is not a positive integer, V¢ stands for A* defined by A’f:=.Z1(|¢|*Ff)
where .# is the usual Fourier transform operator and .# ! is its inverse. We use
H*(R?), s€R to denote the homogeneous Sobolev spaces with norm |[|-|| ;. defined by
|| f1l g7 == IA°f]| .. We then recall the homogeneous Besov spaces. Let ¢ € CSO(RE’) be
such that ¢(¢)=1 when [{|<1 and ¢(£) =0 when [£]|>2. Let (&) =¢(&) —(2€) and
©i(€)=p(279¢) for j€Z. Then by the construction, > jeni(§)=11f £#0. We define

Ajf::ﬁ’l(wj)*f; then for s€R and 1< p,r < oo, we define the homogeneous Besov
spaces Bj .(R?) with norm ||| 5. by
; £

il

1l = (32214, £1%0)

JEZ

Particularly, if » =00, then

£

21,

. — sJ
Bs = sup?
’ JEZL
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Throughout this paper, we let C' denote some positive universal constants. We will
use a Sb if a<Cb, and a~b means that a <b and b<a. We use Cpy to denote the
constants depending on the initial data. For simplicity, we write ||(4,B)| v =4l x +
| Bl x and [ f:= [gs fdx. We use () X e+ (+*) to denote the process of multiplying ()
by a sufficiently small but fixed factor € and then adding it to ().

For N >3, we define the energy functional by

N
en(t):=Y_||V'U %,
=0

and the corresponding dissipation rate by

N N N-1 N-1
Dy (t):=Y_ V't + D |V (nasur,ua) [ o+ D [V'E[ o+ D VB
=1 1=0 1=0 =1

In the process of deriving the time decay rates of the solution to the system (1.5),
we may first refine a global existence theorem as stated in the following.

THEOREM 1.1. Assume the initial data satisfies the compatible conditions

div Ey=v (f <’“‘);”QO> _f (”10;”20» . divBy=0.

There exists a sufficiently small 6o >0 such that if £3(0) <o, then there exists a unique
global solution U(t) to the Euler—Mazwell system (1.5) satisfying

sup Eg(t)—i—/OOODg(T)dT,SEg,(O). (1.7)

0<t<oo

Furthermore, if En(0) <400 for any N >3, then there exists an increasing contin-
uous function Py(-) with Pn(0)=0 such that the unique solution satisfies

sup EN(L‘)—|—/OODN(T)dT§PN(5N(O)). (1.8)
0

0<t<oo

In the proof of Theorem 1.1, the new major difficulties are caused by the degenerate
dissipation for the total density n; and the regularity-loss of the electromagnetic field
(E,B). We will do the refined energy estimates stated in lemmas 2.8-2.9 which allow
us to deduce

d
%534-7335 VE&D3
and, for N >4,
d
ﬁgzv +Dn SDn-1EN.

Then Theorem 1.1 follows in the fashion of [8, 34].
The main purpose of this paper is to derive some various time decay rates of the
solution to the system (1.5) as follows.
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THEOREM 1.2. Assume that U(t) is the solution to the Euler—-Mazwell system (1.5)
constructed in Theorem 1.1 with N >4. There exists a sufficiently small 69 =do(N)
such that En(0) < 6o, and assuming that Uy € H—s for some s€(0,3/2) or Uy € 32 > for
some s € (0,3/2], then we have

U - <Co or [UD)] g, < Co (1.9)
Moreover, for any fixed integer k>0, if N >2k+2+s, then
<Co(l+4t) 2", (1.10)

IV U

Furthermore, for any fized integer k>0, if N >2k+4+s, then

V" (g, ur,uz, E) (1) o < Co(1+)" =5, (1.11)
if N>2k+6+s, then
[V¥na(8)) . < Col46)~ 55, (1.12)
and if N>2k+12+s and B, =0, then
[ V* (ng,divus) ()| o < Co(14+8)~(GHiT), (1.13)

In the proof of Theorem 1.2, we mainly use the regularity interpolation method
developed by Strain and Guo in [25] and by Guo and Wang in [12]. To prove the
optimal time decay rate of the dissipative equations in the whole space, Guo and Wang
[12] developed a general energy method of using a family of scaled energy estimates with
minimum derivative counts and interpolations among them. However, this method
cannot be applied directly to the compressible bipolar Euler-Maxwell system which
is of regularity-loss. To overcome this obstacle caused by the regularity-loss of the
electromagnetic field, we deduce from lemmas 2.8-2.9 that

dt£k+2 Dk+2<\|(n1,n2,u1,uQ HLOOHVk+2(n1,n2,u1,UQ HL2Hvk+2(E B HL2a

k+2 k42
(c"lc Dk

where and with minimum derivative counts are defined by (3.5) and (3.6)
respectively. Then combining the methods of [12] and a trick of [25] to treat the elec-
tromagnetic field, we manage to conclude the time decay rate (1.10). The decay rate of
the magnetic field B in (1.10) is optimal since it is consistent with the linear one proved
in Duan et al. [4]. Indeed, the decay rate of B is the slowest one among all the compo-
nents of the solution. In this sense, if in view of the whole solution, then the decay rate
(1.10) can be regarded as being optimal. The higher decay rates (1.11)—(1.13) follow
by revisiting the equations carefully. In particular, we will use a bootstrap argument to
derive (1.13).

By Theorem 1.2 and lemmas 2.4-2.5, we have the following corollary of the usual
LP—L? type of the decay results:

COROLLARY 1.1. Under the assumptions of Theorem 1.2, except that we replace the
H=* or B o assumption by Uy € LP for some p€[1,2], for any fized integer k>0, if

N>2k—|—2—|—sp, then

+>p

|V*Ut)]| . < Co(1+t)~ (1.14)
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Here the number s, :=3 (l -3)
p

Furthermore, for any fizved integer k>0, if N >2k+4+s,, then

IV (2, 01,12, B) (1) 12 < Co(148) ™72, (1.15)
if N>2k+6+sp, then
[ VFna(t)]] . <Co(1+t)~ =5 (1.16)
and if N >22k+12+s, and Bo =0, then
V% (na, divus ) (2)|| Lo < Co(L41) (3 i+s0), (1.17)

The following are several remarks on theorems 1.1 and 1.2 and Corollary 1.1.

REMARK 1.2. In Theorem 1.1, we only assume that the initial data is small in the H?
norm, but the higher order derlvatlves could be large. Notice that in Theorem 1.2, the
H~* and B2 >, norms of the solution are preserved along the time evolution; however
in Corollary 1.1 it is difficult to show that the L norm of the solution can be preserved.
Note that the L? decay rate of the higher order spatial derivatives of the solution are
obtained. Then the general optimal L9 (2 < ¢ < o0) decay rates of the solution follow by
the Sobolev interpolation.

REMARK 1.3. In Theorem 1.2, the space H~* or ngo is introduced to enhance the
decay rates. By the usual embedding theorem, we know that for pe€(1,2], LP cCHs
with s =3(; — 3) €[0,3/2). Meantime, we note that the endpoint embedding L' C B;o%o
holds. Hence the LP—L?(1<p<2) type of the optimal decay rates follows as a corollary.

REMARK 1.4.  We remark that Corollary 1.1 not only provides an alternative way
to derive the LP—L? type of the optimal decay rates, but also improves the previous
results of the LP—L? approach in Duan et al. [4]. Assuming that Bo =0 and ||Up|| ;. is
sufficiently small, by combining the energy method and the linear decay analysis, Duan
et al. [4] proved that

[n2(t)]| 12 <Co(L+)7 2, [|(ur,uz, E)(t)|| ;2 < Co(1+1)"1,

and || (ny,B) ()] 2 < Co(1+1)71.

We could find that their computation for the decay estimate is essentially based on the
requirement B,, =0 and do not apply to the case B, #0. However, our decay results
(1.14)-(1.16) follow for a general B.. In particular, we don’t require that ||Up|l,,
(1<p<2) is sufficiently small. Even if Bo, =0, then our decay rate of ny(t) will reach
(1+t)"13/% for p=1in (1.17).

The rest of our paper is structured as follows. In Section 2, we establish the refined
energy estimates for the solution and derive the negative Sobolev and Besov estimates.
Theorem 1.1 and Theorem 1.2 are proved in Section 3.
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2. Nonlinear energy estimates

In this section, we will derive the a priori energy estimates by assuming that
In+(t)] gz <d<1. Recall the expression (1.3) of f(n+) and (1.4). Then by Taylor’s
formula and Sobolev’s inequality, we have

+ £ +
f (m 2”2) M 2”2 and 'f(’f) (n12ng> ’ <C for any k> 1. (2.1)

2.1. Preliminary. In this subsection, we collect some analytic tools used later
in this paper.

LEMMA 2.1. Let 2<p<+o0 and a,m,£>0. Then we have
« m 179 9
IV Flle SIV™ 117 [V 1]
Here 0<0< 1 (if p=+o0, then we require that 0<0<1) and « satisfies
Y N R e
a 57 ) =m .

Proof. For the case 2<p<+o0, we refer to Lemma A.l in [12]; for the case
p=-+o00, we refer to Exercise 6.1.2 in [6] (p. 421). O

LEMMA 2.2. For any integer k>0, we have

[V ) S50 202 (2:2)
and
[VEF@)]] 2 S [V 0 s
Proof. See Lemma 2.2 in [26]. O

We recall the following commutator and product estimates:
LEMMA 2.3. Let k>1 be an integer and define the commutator
[V¥.g] h=V"(gh)—gV*h. (2.3)
Then we have
195,91l o 1980 o0 (95 A+ 1958 1 e (2.4)
In addition, we have that for k>0,

V" (90| oo SNl o [V s + V59| 1o 1] 2o - (2.5)
In the above, pg,p2,ps € (1,+00) such that
1 1 1 1 1

Po D1 Pa Pz Pa

Proof. We refer to Lemma 3.1 in [16]. d

Notice that when using the commutator estimates in this paper, we usually will not
consider the case when k=0 since it is trivial. We have the following LP embeddings:
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LEMMA 2.4. Let 0<s<3/2, 1<p<2 with 1/2+s/3=1/p. Then

1 s S WA o

Proof. Tt follows from the Hardy-Littlewood—Sobolev Theorem, see [6]. 0
LEMMA 2.5. Let 0<s<3/2, 1<p<2 with 1/2+5s/3=1/p. Then

1l NSl

Proof. See Lemma 4.1 in [24]. O
It is important to use the following special interpolation estimates:
LEMMA 2.6. Let s>0 and £>0. Then we have

1
(4145

1971l o < IV Al 1715, where 6=

Proof. 1t follows directly by the Parseval Theorem and Hoélder’s inequality. a0
LEMMA 2.7. Let s>0 and £ >0, then we have

1

¢ 141
HV f||L2\Hv * fHLz Hf”B—;a where 6‘_£+1+5-
Proof. We can refer to Lemma 4.2 in [24] by noting that BQ_; C BQ_; for p<qg. O

2.2. Energy estimates. In this subsection, we will derive the basic energy esti-
mates for the solution to the Euler-Maxwell system (1.5). We begin with the standard
energy estimates.

LEMMA 2.8. For any integer k>0 and some fized positive constant A\, we have

d k+2 9 k+2 5
AN T A3 9 )
=k =k
k+2 l ) k+2 l ) k+1 l ) . )
SE\ D2 V'l o+ DIV (2w, ua) [ o+ D[V E o + (|95 B
I=k+1 =k =k
+ ||(TL1,Tl2,U1,U2)HLoc ’|vk+2(n17n25u17u2)||L2 |’vk+2(EaB)|’L2 ) (26)

where F' is defined by

F=F(ni,nz,ur,uz,B) =V gz + [n2]l gs + | (ur,w2)l| grssn s + 1V Bl -

Proof.  The standard V' (I=Fk,k+1,k+2) energy estimates on the system (1.5)
yield

m/w (a2, u2)| "+ /|v (B.B)+ 0| V! (ur,u2) |

:/Vlglvlnl-i-Vlgg-Vlu1+Vl93Vln2+Vlg4-Vlu2
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+/Vl(u2 x B)-V'uy +V(u; xB)-Vlu2—|—2/Vlg5~VlE
2211 —|—Ig+2]3
We now estimate I —I5. First, by (1.6), we split I; as:

1
L=~ E/Vl (u1-Vn1) Ving + V! (ug - V) - Vi

1
— §/vl (U1 ~Vn2)Vln2+Vl (u1 VUQ) ~vlu2

f%/vl (ug - Vng) Ving 4+ V! (ug-Vng) Ving
_%/vl (ug - Vug) - Viuy +V (ug - Vg ) - Viug
_g/vl (nidivuy) Ving + V! (n1Vng) - Vi
_g/vl (n1divug) Ving + V! (n1Vng) - Viug
—%/VZ (nadivus) Ving + V' (naVny) - Viuy
_g/vl (nadivuy) Ving + V' (naVna) - Vi

1
= 5(111 +112+113+114)+g(115 + I+ 17+ 1s).

1691

(2.7)

(2.8)

We shall estimate the terms I1; — I15. We must be careful with the terms involving
ny since np is degenerately dissipative. First we estimate I1;. We have to distinguish
the arguments by the value of I. For [=Fk or k+1, using the product estimates (2.5),

we have

*/Vz (Ul 'an)Vlnl 5 ||Vl (Ul 'vnl)HLG/S

VlanLG
(lallps [V [ o+ 1V mall s [V ]| ) [V 70 2
(Ul g2+l o) (V" 7 o+ [ 910 2 )

AR ZAN

(2.9)

Now for [ =k+2, by integrating by parts and from the commutator estimates (2.4), we

have

—/Vk+2(u1 'V?’Ll)vk+27h = —/ [V]H_Q,Ul] ~V’I’lek+2n1 —/u1 -Vvk+2nlvk+2n1

S (1901 9552+ 95520 | [ 9l ) [ 92

—%/ul-V(V’““anHzm)

1 .
SIV(na,ua)l HVHQ(nhM)H;+§/diVU1|Vk+2n1|2

S (191 gz + ] ) || V52 (1) [,

On the other hand, like (2.10), we have for =k, k+1, k+2,

—/Vl (u1-Vul)-Vlulz—/(ul-VVlul—i— (Vi ui] V) - Vi

(2.10)
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:—/%UyV(VZUyVlul)—i-[Vl,ul]~Vu1~Vlu1§||Vu1HLooHvlu1||2LQ. (2.11)
Hence, by (2.9)(2.11), we have for [=Fk, k+1,
T S U9+ L) ([ 9 [ o+ |9 52,
and for [=k+2,
I S UVl g + il gr0) [[ V4720 0) |-

Like (2.10), we have for =k, k+1, k+2,

Lo S|(n2,ur,uz) || s ||Vl(n2,U17U2)||im Ty S|(ur,uz) | s ||VI(U1,U2)H:;2-

As in (2.9)—(2.10), we have for I=Fk, k+1,
L3 S (1971 g2 + 1 (02,02) o) (V74 () [0+ | V2[5
and for [=k+2,

2
Iis S IVl gz + [ (n2,u2) || ga) || VET2 (01, me,u) || -

We next estimate the term I;5. For =k or k+1, using the commutator notation
(2.3), we can split I15 as:

Iis=— /Vl(nldivul)vlm +Vl(ﬂlvn1) -V'uy

l
:_Z/cfvl—fnlvfdivulvlm—/([vl,nl} Vng+m VT ng) - Vi
£=0

-1
=—2/Cfvl—“n1vfdivu1vln1—/[vl,nl}vm.vlul
£=0

- /TLl divvlulvlnl +n1Vl+1n1 . Vlul
=Iis1+ 52+ 153 (2.12)

First we estimate the term I153. Using integration by parts, we obtain
1153:—/nldivvlulvlnl+n1vl+1n1.vlul
= —/nldiv (V'urv'm) :/anvlulvlnl
IVl 90 91 o S 091l (N9 2 [ ]2)- (233)

Next we estimate the term I151. By Hdolder’s and Sobolev’s inequalities, we obtain

-1
Ii51= —Z/Cfvl_gnlvgdivulvlnl
=0
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-1
SNV Ve divan | o [Vl
=0
-1
IV i Vi divas || o [V 0 ]| (2.14)
=0

fo<i< [é}, by Holder’s inequality and Lemma 2.1, then we have
IV Ve diven|| o s S [[V' 0 H IIV”1U1||L2
20—
S L v L e L
SUVRLl g+l ) (V| o 4 [ V0[] ), (215)
where « is defined by

il 2 2 L (1 el
-« 2 2 =5 or 1 S\ g03) smee sy

if [é} +1<4<1—1, by Hélder’s inequality and Lemma 2.1 again, then we have

[V divanl s SIV o [Vl

241
IVl 9 2l ([

SUVmlgz el ) (V7| g2+ [ V0] 2) - (2.16)

where « is defined by

1 £+1 [—¢—1 l 3 . [+1
- S 1 =1 >
l €+2 ax— +(1+1)x = +2€+2 [2,3> since ¢
In light of (2.15)—(2.16), we deduce from (2.14) that
2 2
I151 (||VTL1||H2+HU1”H3 (Hvl“anLQ+||Vlu1||L2). (217)

Finally, we estimate the term I;55. Using the commutator estimates (2.4), we obtain
op=— [ 19 m] V¥ [ ] Vo | 91
SIVR s [V | o V01 [ S 19l (97 [ + [V et [2) - (218)
Hence, by (2.13), (2.17)~(2.18), we deduce from (2.12) that for [ =k, k+1,
L5 S (19l g+ s ) (V4 0 [+ ([ 91 72 )
For =Fk+2, like (2.10), we have
Iis=— / V2 (ny divuy ) VR 20y + VEF2 (0, Ving ) - V20

= —/ [Vk+27n1] divu, VF2n, + [Vk+2,n1] Vny - V2,
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—/m dikaJrQuleJrznl +n1VVk+2n1~Vk+2u1
S (||Vn1HL°° Hvk+2u1||L2 + ’|Vk+2n1HL2 ||VU1||L°°) ||Vk+2n1HL2
—/m div (Vk+2ulvk+2n1)
2
S IV )] V42 0n,0) [+ [ T 75200442,
2
S UVl o+ uall gga) [[VE2 (01,00 || -
Applying similar arguments to the terms Iy — I1g, we deduce that for [=k or k+1,
I I I < I+1 2 l 2
16+ 117+ T1s S (IVna |l gz 4 | (n2, w1, u2) || ga) ( ||V ("17”2)HL2+HV (U17U2)HL2 .
and for [=k+2,
2
L+ Tir +Lis S|Vl o + [[(n2,ur,uz2) || s ) Hvk+2(n17n27U17U2)HLz-
Hence, by the estimates for I1; — I, we deduce for =k, k+1,
2 2
LS (190 g+ (12 00,12) o) (|94 () [+ [ V', 2)[F2) - (2:19)
and for [=k+2

2
I S(IVn|| gz + || (n2,ut,u2) || ys) Hkarz(nlynZaUl»uQ)HLz-

Now we estimate the term I, and we must be much more careful with this term
since the magnetic field B has the weakest dissipative estimates. First of all, by Holder’s
inequality, we have

I2Z/Vl(u2 X B) -Vlul—I—Vl(ul X B)'VZUQ

<9 2 B 9+ [V 5 B [T (220)

We again have to distinguish the arguments by the value of [. For i=1,2, we make good
use of the product estimates (2.5) to bound

[V (i x B) 2 SIBIl oo ||V | o + il o [V B s
SUVBI g V| o+ lwill o [[ VB . for 1=k,
[V (i < B)| 2 SIBIl oo ||V | o + [l o [| V' B 2
§||VB||H1|’VluiHL2—|—||ui||H2||VlB||L2 for I=k+1,
[V (i < B) 2 SIBIl oo ||V | o + [ o [| V' B 2
SIVBI g [V o+ will oo |V B o for  I=Fk+2.

Hence by Young’s inequality, we deduce from (2.20) that for [ =k,
2 2
15 (w2 +1VBl) (94w [ 4 IV BIS) . (220)
fori=k+1,

L S (1t 2) L + 9B o) (|99 ) [+ [ 954 B )
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and for [=k+2,

LS IVBl i [V 2 () o+ (n,u2) | o [V B [V (0, u9) |2

We now estimate the last term I3. First, we split I3 as:

l
vy f [ (257 (#5%)
£=0

() () o

l l
:;ZCl@/vﬁf(nlgrm) Vleu1~VlE—;ZCf/Vef<n1_n2)VlZuTVlE
=0 (=0

2
l l
_ gzcle/vzf (”142”@> Vit VB - gch/véf <n142rn2> Vi~luy-V'E
£=0 £=0
1% 14 1% 14
= 5[31+5132+§I33+§I34. (2.22)

We still have to distinguish the arguments by the value of [. For [=k or k+1, we only
estimate the first term I3; on the right-hand side of (2.22), then the terms I32—I54 can
be estimated similarly. If 0</<!—1, by Lemma 2.1 and the estimate (2.2) of Lemma

2.2, we obtain
Vlf Ny —n2 Vi, Vef ny—n2
2 2 L

SV | 2 [V 20| 2 19 o+ [V | |95 2a | 2, |9 ]

1—¢ 141 £ % 1—0—1 -1 L2411 % e
< (omtz v mill) " (1om 19 ) Il

<

) vt

1=t 141 £ % 1—0—1 . 41 % P
Jr(HVleHle HV+ n2||£2) (”Vnzml ||V+1n2||le ) ||Vl7 U1HL2

Sl N e e RO e

s TP e el O P

where « is defined by

[—l=ax 2627—;1+l>< (1—2“_1):

2 =51 Sh

if £=1, then we deduce from the estimate (2.2) that

ny—mn2 ny—mn2
[ (22 o5 () o <9 o
L

We thus have that for [=k or k+1,

L2

It S IV ,m2) |z + i) (1Y (0a,m2) [ [V [+ [ 9B )
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Hence, we have that for [=k or k+1,

IS (IV(nasm2) |l gz + [ (ur,u2) | giq g )

< (91 o) [+ [ 9 ) [+ [V 2 ) - (2.23)

Now for [ =k +2, we rewrite I3 + I33 as

k+2

Is1+I55= ZC£+2 /v‘gv“Hul V2R
=0
k+1
_ / (gvk+2u1 +vk+2gu1) . vk+2E7 ZC]§+2 /v (vk+27fgvlu1) . vk+lE
/=1

:/(gvk+2U1+Vk+2_gU1)'vk+2E—(k+2)/(Vk+2_QVU1+ngk+2’U,1)'Vk+1E

k+1 k
o ZC£+2 /vk+37€gv6u1 . karlE _ chngQ /vk+27€gv5+lul . karlE
(=2 (=1
i=1311 + 1312+ 1313+ I314,

where the function g is defined by

i) e

By Lemma 2.2 and (2.1), we have

I S (Ilgll o [IV5 0| o + [0 po llaall o) [V B o
L L L

Sz, un)ll e [|VE2 (n2,u) || 2 [|[ V2B L
and

1z S (19542 1901 + 191 [ 75| ) |94,

SV 02, oo [V (2,00 1 |V E L2 -

As for the cases [=k,k+1 for I3, we can bound I35 and I314 by
I3134I314 S ([[V(n1,m2) 2+ [[wa | e )

< (92,0 + | V5 a7 + [V B )
Hence, we have that for [ =k+2,

Iz +I33 S (IV(na,m2) || g2+ lua || geraqprs)
x (HV'“““lHiz +[[ 952 (n,ma,u) [ + ||V’““E||iz>

Iz un)ll e [V (n2, )| o [V 2B s

Similarly, we can estimate I35+ I34 for [I=k+2. So, we have for [=k+2,
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I S (IV(nasm2) || g + 1wt u2) || s prs)

k+2
: ( > Hv%m,nm,u@n;+||vk+1E||iQ>
I=k+1

+ ||(’I’L1,’I’LQ,U1,U2)||LOO ||Vk+2(nlan27u17u2)”L2 ’|vk+2E||Lz .

Consequently, plugging the estimates for Iy — I3 into (2.7) with =k, k+1,k+ 2, and
then summing them up, we deduce (2.6). O

Note that in Lemma 2.8 we only derive the dissipative estimates of u; and us. We
now recover the dissipative estimates of ny, no, F and B by constructing some interactive
energy functionals in the following lemma.

LEMMA 2.9.  For any integer k>0 and some fized positive constant A\, we have that
for any small fized n>0,

k+1 k+1

d

o <Z/Vlu1-Vvlm+Vlu2~VVln2—Z/Vluz-VZE—n/VkE-VkV><B>
1=k =k

k+2 ) k+2 ) k+1 ) )
+A( 3 r|vlmr|m+zuvlnzum+ZuleuL2+uvk+lBuLz)
I=kt1 =k =k

I=k+1 =k

k+2 k+2 k42
SZIIV%uhuz)HiﬁG( > ||vzn1||;+z|¢vz<n2,m,u2>”;+||vk+13||;>,
- (2.25)
where G is defined by
G =G(n1,mz,u1,u9, B) = ||V |32 + [n2 ]| Fs + | (wa,u) | Fresr s + | VBl -

Proof. We divide the proof into four steps.

Step 1: Dissipative estimates of ny,nso.
Applying V! (I=Fk,k+1) to (1.5),,(1.5), and then taking the L? inner product with
VVini, VVing respectively, we obtain

/atvlul~vvln1+atvluQ-vvln2+val(nl,nz)”;

<2 [ VB9V 4 [T wr )] o [ 7 1+ €V 1,00) 1 9 ]
+ ||Vl (u1 -Vus +us-Vuy +n1Vng +noVng +ug X B)HL2 Hvl+1712HL2
+|| V! (w1 - Vg +ug- Vug +n1 Vg +noVng +us x B)|| L, [V 0| .. (2.26)

The delicate first term on the left-hand side of (2.26) involves 9;V'(uy,us), and the
key idea is to integrate by parts in the ¢-variable and use Equation (1.5); and Equation
(1.5)5. Thus integrating by parts for both the ¢ and z-variables, we obtain
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/ Vi, - VVing + Vs - VVing

d
:a/vlul'VvlnlJeru?VVlngf/Vlul~VVl8tn1+VluQ'VVl3tn2

d
= / Viuy - VVing +Viug - VVing + / Vidivu, Vo, + Vidivus Vioims

d
:a/vlul-vvlnl—l—vlw-vvlng—HVldiv(ul,uz)HiQ

+/Vldivu1Vlgl —I—VldiquVlgg

d
>a/vlul-vvln1+vlu2-vvan—CHvl“(ul,uz)H;

—CHVl(ul-VnhuQ-an,nldivul,nldivug)H;

—CHVZ(ul 'VTLQ{LLQ . VHQ,TLQdiV’uQ,’I’LQdiVUl)Hi2 .

Using the product estimates (2.5), we obtain

[V (ur - V) || 2 Sl poe [V 0 || o+ [ V00 || 6 V1] s
SUVnLll g +luallgs) (V0 || o + [V | 2)

and

Hvl(nl divug) HL2 S| pee HVldlvulHL2 + HVlanLG |divu]| s

SUVRLl gz +llwllgs) (V0 || o + [V ][ ) -

Similarly, we also obtain

HVl(uQ -Vni,nydivug,uy - Vng,us - Vng,nadivug, na divuy ) HLQ

SUVRall g2 411 (n2,u1,u2)l| gs) ||V (01,02, u1,u)]| o -

Hence, we obtain
/ V!Opuy - VV' g + V' 0puy - YV ny
>%/vlu1-vlvm+vlu2-len2—C|\vl+1(u1,u2)y|;
=~ (19m I + nzur ) s ) [ 9 (1,122,010 -
Next, integrating by parts and using Equation (1.5),, we have

QV/VlE-VVan = —2u/vldivaln2

=212 /Vl< (n1+n2> f(nlng))Vlnz
:721/ /Vl [n2+f<nl+n2> f(m;m)ng}vlm

(2.27)

(2.28)

(2.29)

(2.30)
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S =19 ][5 + (19 o + el ) ([95 ma[0 +[Vm2][52) (2331)

Here we have used the estimate

vl () ()
o[ () -1 (m57) =) |

SUVRLll gz +[In2ll ) (V' 0 || 2 4[| V2] 1) -

In fact, by noticing that f(25"2)— f(™5"2) —ny~nyn, and lemmas 2.2 and 2.3, we
have

ol () o ()
Sl [+ 910 el

SUV| gz +n2llgs) (V0| o +[[ V02| 2) -

As in (2.27)—(2.29), we have

N ||Vl(n1n2)HL2
2

L

HVZ (u1 - Vug +us-Vug +n1Vnsg +n2Vn1)HL2
+ Hvl (u1-Vug +uz-Vug +n1Vng —|—n2Vn2)HL2
SUVRl o+l (n2sur,u9) | ) |V (012,01, u2) | o - (2.32)
From the estimate of Is in Lemma 2.8, we have that for [=k or k+1,

V! (ur x Byuz x B[, < (I(ur,u2)l| g2 + VB gy0) (|V! (ur,u2)|] . + || VFF B )
(2.33)

Plugging the estimates (2.30)—(2.33) into (2.26), by Cauchy’s inequality, we obtain

d k+1 k+2 5 k+2 5
dtZ/vlul-Vvln1+vlu2~vvln2+A( > \|vln1\|L2+Zy|vln2HL2)
1=k I=k+1 =k

k2 , M2 k+2 l , R
SNV )|+ G 3 19 [+ D[V (2w w2) [ o+ VB L )
1=k I=k+1 1=k

(2.34)

Here G is well-defined. This completes the dissipative estimates for ni,no.

Step 2: Dissipative estimate of E.
Applying V! (I=k,k+1) to (1.5), and then taking the L? inner product with —V'E,
we obtain

—/Vlatug-VlE+2yHVlEHiQ g/vvlm-le+C|\Vl(u1,u2)HL,_, IV'E||,.
+ ||Vl (u1 - Vug+us-Vug +n1Vng +noVng +ug X B)HL2 ||VlE||L2. (2.35)

Again, the delicate first term on the left-hand side of (2.35) involves 9;V'us, and
the key idea is to integrate by parts in the t-variable and use Equation (1.5); in the
Maxwell system. Thus we obtain

—/Vlﬁtm-VZE:—%/Vlug-VZE+/Vlu2~Vl8tE
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d
=— %/VZUQ V'E—v||Vius |, +/vluQ-VZ (95+vV x B). (2.36)
From the estimates of I3 in Lemma 2.8, we have that

1V 95| Lo S IV (n1,m2) |2 + | (s u2) | e pgn) (VT (01,m2) || o A+ |V (i ua) | 2) -
(2.37)

We must be much more careful with the remaining term in (2.36) since there is no small
factor in front of it. The key is to use Cauchy’s inequality and distinguish the cases of
I=Fk and =k +1 due to the weakest dissipative estimate of B. For [ =k, we have

u/vkuz-v X V¥ B<e|VHH B2, +Cc ||VEus |2 (2.38)
for |=k+1, integrating by parts, we obtain
y/v’““uQ -V x V’““B:V/V x VEHlyy . VFB

<e||VEB|[L, +CL ||V s 2, (2.39)

Plugging the estimates (2.36)—(2.39) and (2.31)—(2.33) from Step 1 into (2.35), by
Cauchy’s inequality, we then obtain

ez} k41 ) ) k+2 )
8 [V VB VB <e |9 B Y9 )
=k =k =k

k+2 ) k42 ) )
+CG< Z Vi +Z||Vl(n2,uhuQ)||L2+HV}”IB||L2>. (2.40)
I=k+1 1=k

This completes the dissipative estimate for F.

Step 3: Dissipative estimate of B.
Applying V¥ to (1.5); and then taking the L? inner product with —V x V¥ B, we
obtain

—/VkﬁtE-V X VF*B+v||Vx V*B|},

[ VEus || 2 |V % VEB| o+ [[VE g5
Integrating by parts for both the ¢ and z-variables and using Equation (1.5),, we have

|- IVxV*B|,.,. (2.41)

—/VkatE-V><V’“B:—%/V’“E)VxVkB+/V><VkE~Vk8tB

__4a ko kp_ k||
= dt/VEVxVB v||[VxV*E| ..

From the estimate of I3 in Lemma 2.8, we have that

V595 2 S UV (n1,m2) [ 2 + 1l (wrsu2) L g gn) (([VEH (01,m0) || o + |V * (u,02) ] 12) -

Plugging the estimates above into (2.41) and by Cauchy’s inequality, since div B =0, we
then obtain

L[5 T BA[PHB, 5[+ [7 £

+ (I m2) I3+ 12 i ) (954 (o) [+ [V ()72 ) - (242)

This completes the dissipative estimate for B.
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Step 4: Conclusion.

Multiplying (2.42) by a small enough but fixed constant 7 and then adding it to
(2.40) so that the second term on the right-hand side of (2.42) can be absorbed, then
choosing e small enough so that the first term on the right-hand side of (2.40) can be
absorbed, we obtain

d k+1 k+1 ) 9
- (Z/Vlu2-VlE—n/VkE~VkV x B> I\ (Z IV'E|2, + ||V’““B||L2>
1=k

1=k
k+2 ) k+2 , k2 ) )
§ZIIVZUZ||L2+G< > HV%HLQ+Z||Vl<n2,U17U2>IIL2HIV’““BIILa)~
1=k I=k+1 1=k
Adding the inequality above to (2.34), we get (2.25). O
2.3. Negative Sobolev estimates. In this subsection, we will derive the

evolution of the negative Sobolev norms of U := (n1,n9,u1,u2, E,B). In order to estimate

the nonlinear terms, we need to restrict s€(0,3/2). We will establish the following
lemma.

LEMMA 2.10. For s€(0,1/2], we have
d 2 2 2 2
G UG-+ CllCur,u2)llzg-- S (12, w1, u2) e + 1V (01, Bl ) Ul -2, (243)
and for s€(1/2,3/2), we have
d o2 2 2
G UG-+ CllCur,u2)llzg - SN(Vna,nz,ur,uz) [ 1V -

(1, B) 522 IV (0, B) 352 (W, Vg, un g, Vi, Vo) || 12 [|U | e - (2.44)

Proof. The A™% (s>0) energy estimates of (1.5),(1.5), yield

d 1 2 2 2
& (Gl a4 1 E B ) v )

:/A_Sgl‘A_Sn1+/A_S(gg+U2XB)‘A_S’Lbl
+/A_593~A_Sn2+/A_s (ga+uy ><B)~A_Su2+2/A_Sg5-A_sE

Sl llg--
+

g +llg2+u2 X Bl| g luall g

nallg—s +l1ga+ur x Bl g |luzll -« + g5l g

9l -+ Ely-.. (2.45)

We now restrict the value of s in order to estimate the nonlinear terms on the
right-hand side of (2.45). If s€(0,1/2], then 1/2+s/3<1 and 3/s>6. Then applying
Lemma 2.4, together with Hélder’s, Sobolev’s, and Young’s inequalities, we obtain

lur - Veazl - Sl -Veuzll o Sl . Vsl 2
1/24 1/2— 2 2
IV |24 V2 | IV uall e S IV 5 + V2| 7z

We can similarly bound the other terms in the g; — g5 and (u; +ug) x B. So we have

5

2 2
D Mgl g+l (us +uz) x Bll - S | (n2yun,u2)| 372 + 11V (01, B)| 771 (2.46)
=1
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Now if s € (1/2,3/2), then we will estimate the right-hand side of (2.45) in a different
way. Since s€(1/2,3/2), we have that 1/24+s/3<1 and 2<3/s<6. Then applying
Lemma 2.4 and using (a different) Sobolev’s inequality, we have

- Vs o St pose | Vus|l 2
S5 2 1Vu 35272 Vsl 1o S a3 + [ Va2 -

In particular, we must be careful with the terms involving n; and B since they are both
degenerately dissipative. For example,

—1/2 3/2—
11 V2] - S a5z 2 1 Vma[35° 5 [ Vnal| 2

—1/2 3/2—
[ug x Bl| - SIBJ5: 2 IV B2 [fus| 12

Then, we have

5
> llgill s+ 1l (wa +u2) x Bl - SI1(Vna,na,u1,u2) | 3
=1

(1, B 522 IV (00, B) 322 1(Vn, Vg, ug, Vg, V) [ 12 (2.47)
Hence, we deduce (2.43) from (2.46) and (2.44) from (2.47). O

2.4. Negative Besov estimates. In this subsection, we will derive the evolu-
tion of the negative Besov norms of U :=(ny,ns,uy,us, F,B). The argument is similar
to the previous subsection.

LEMMA 2.11. For s€(0,1/2], we have

d 2 2 2 2
U +Cll ). S (2, urua) e + 1V (0, B3 ) 10

and for s€(1/2,3/2], we have

d 2 2 2
3 102+ Cllwu)lls s SV n2 )l Ul sz,

+[ (s B2 2 19 (i, B35 (Y, Vg, ua, Vu, Vus) | 2 [ U] -

Proof. The A; energy estimates of (1.5),—(1.5)4 yield, with multiplication of 2725
and then taking the supremum over j € Z,

d (1 2 2 :
& (Gl m )l +IEBIE )+l

5Sup272sj/Ajgl 'Aj’fll —|—Aj (92 +ug X B)-Ajul
JEL

+S.U.IZ)272S‘7'/A‘7‘93'AJ'TL2+AJ' (g4+U1 ><B)~Aqu+2Ajg5~AjE
JjE

Slgrllro_ Inallpzo, + g2 +u2 x Bll - uall gz

Flgallpy o, In2ll gy +llgatunx Blig s lluallp s +llgslls - 1B, -

Then the proof is exactly the same as the proof of Lemma 2.10 except that we should
apply Lemma 2.5 instead to estimate the B, 5. norm. Note that we allow s=3/2. 0O
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3. Proof of theorems

3.1. Proof of Theorem 1.1. In this subsection, we will prove the unique
global solution to the system (1.5), and the key point is that we only assume that the
H?3 norms of initial data are small.

Step 1. Global small E3 solution.
We first close the energy estimates at the H? level by assuming a priori that
E3(t) <6 is sufficiently small. Taking k=0,1 in (2.6) of Lemma 2.8 and then summing
them up, we obtain

d 3 3
%ZHVZUH;+)\Z||Vl(u1,u2)||;§@D3+\/D3\/D3JE§5D3. (3.1)
0 =0

Taking £=0,1 in (2.25) of Lemma 2.9 and then summing them up, we obtain
d 2 2 1
p (;/vlm.vvlnl +vluQ-vvln2+l§/vlu2-le—nl;/le-lexB>
3 2 3 2 2 2 2 2
o (znvlmnm+z||vln2||m+z||leHL2+zuleHL2)
=1 =0 =0 =1

3
2
§ZHVl(ul,u2)HL2+62D3. (32)
1=0
Since ¢ is small, we deduce from (3.2) xe+(3.1) that there exists an instant energy
functional &3 equivalent to &3 such that

d ~
—&3+D3<0.
a 3+D3

Integrating the inequality above directly in time, we obtain (1.7). By a standard con-
tinuity argument, we then close the a priori estimates if we assume at initial time that
E3(0) < dp is sufficiently small. This concludes the unique global small & solution.
Step 2. Global En solution.
We will prove this by an induction on N >3. By (1.7), (1.8) is valid for N =3.
Assume (1.8) holds for N —1 (then N >4). Taking k=0,...,N—2 in (2.6) of Lemma
2.8 and then summing them up, we obtain

d Y N
VU4 A9 )| S VDN -1 VDV EN. (3.3)
=0 =0

Here we have used the fact that 3<N—2+1=N—1 since N>4. Note that it is
important that we have put the two first factors in (2.6) into the dissipation.
Taking k=0,...,N —2in (2.25) of Lemma 2.9 and then summing them up, we obtain

N-1 N-1

d

7 (Z/Vlul-VVlnl—FVluz-VVlng—&-Z/Vlu2~VlE
=0 =0

N-2
= /le-v x le>
=0
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N 5 N 5 N-—1 5 N-—1 5
(S Iem Il S 19+ X
=1 =0 =0 =1
N

S|V (ur,u2) |2 + VD1 v/ D v/En. (3.4)

=0

We deduce from (3.4) x e+ (3.3) that there exists an instant energy functional £y equiv-
alent to £y such that, by Cauchy’s inequality,

d ~ -
%EN‘FIDN,S\/DN\/DN—I\/8N55DN+C§DN—18N~
This implies

d ~ 1

—£& —Dn<Dnx_1EN.

a N+2 NISDPN-1EN

We then use the standard Gronwall lemma and the induction hypothesis to deduce that

t
5N(t)+/ DN(T)dTSgN(O)efot’DNfl(T)dT
0
,SgN(O)BPN_l(SN_l(O)) ,SgN(O)epN_l(SN(O)) EPN (EN(O)) .

This concludes the global £y solution. The proof of Theorem 1.1 is completed. a

3.2. Proof of Theorem 1.2. In this subsection, we will prove the various
time decay rates of the unique global solution to the system (1.5) obtained in Theorem
1.1. Fix N>4. We need to assume that Ex(0) <dg=00(N) is small. Then Theorem
1.1 implies that there exists a unique global Ex solution, and En(t) < Py (En(0)) < dop
is small for all time t.

Step 1. Basic decay.
For convenience of presentation, we define a family of energy functionals and the
corresponding dissipation rates with minimum derivative counts as

k+2
e =" ||viUl;. (3.5)
=k
and
k+2 k+2 k+1
DE2= 3 [Vimalfra + D[V (2 u0,u0) |3+ D VB + [ VE B[S (36)
I=k+1 1=k =k

By Lemma 2.8, we have that for k=0,...,N —2,

g 2 ) k+2 )
LS IV 43S 7 )
1=k 1=k
SVODE | (naymaur,us) | o [ VH 2 (01 m2,un uo) || || VEP2(BLB)]| - (37)
By Lemma 2.9, we have that for k=0,...,N —2,

k+1 ka1
d
% <Z/Vlu1.VVan+vlu2'Vvln2+2/vlu2'le—’ﬂ/VkE~vkvxB)
1=k —k
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k+2 9 k+2 9 k+1 5 )
A( 3 Hvlmnm+ZHW2HL2+Z||leuL2+uvk“B||Lz)

I=k+1 1=k 1=k
k+2 )

SNV (wau2) s (3.8)
=k

Since d¢ is small, we deduce from (3.8) x e+ (3.7) that there exists an instant energy
functional €,f+2 equivalent to 5,’;“ such that

(3.9)

d ~
&€£+2+’D}]§+2 SJ ”(nlanQvulauQ)”Loo ||Vk+2(nlvn27ulvu2)||L2 Hvk+2(E’B)HL2'

Note that we cannot absorb the right-hand side of (3.9) by the dissipation D;j” since
it does not contain ||V¥+2(E, B) ||i2 We will distinguish the arguments by the value of
k. If k=0, then we bound ||V’“’L2(E,B)||L2 by the energy. Thus we have that for k=0,

d ~
g D <\ [DE Dl VE S Vi),

which implies

%ggw +Dllz+2 <0.

If k>1, then we have to bound ||[V**2(E,B)||,, in terms of |[V¥*!(E,B)]||, since

\/ D2 cannot control ||(n1,n2,u1,us2)|| - The key point is to use the regularity in-
terpolation method developed in [25]. By Lemma 2.1, we have

l[(n1,m9,u1,u2) || oo | V52 (01,120, 1 ,u2) HL2|\Vk+2(E7B)|\L2

5|‘Vk+2(n1,n27u1,u2 HL2 I n17n27u17u2)||2k+2 ’|vk+1(n1,n2,ul,uz ||2k+2
x| (8, B)|| 57 97 (5, B) | 5 (3.10)
where « is defined by
2k—1 3 5 5
k 2: ]f ]. —_— e :7]{, hy
F2=(k+)x s tax oo = a=ck+3

Hence, for k=1, if N2> 3k+ 2 <= 1<k< 2N —1, then by (3.10), we deduce from (3.9)
that

d

£8k+2 +DZ+25\/5DZ+25\/%DZ+27

which allows us to deduce that for any integer k with 0 <k < %N —1 (note that N —
%N—l}l since N >4), we have

d ~
dts,’j“ +D; 2 <0. (3.11)

We now begin to derive the decay rate from (3.11). In fact, we have proved (1.9) in
a similar fashion to [26] by utilizing lemmas 2.10-2.11. Using Lemma 2.6, we have that
for s>0 and k+s>0,

[V (1, B)|| ,» <l(n1, B)] l’i,“f

Vit (ny, B) |\L+1+ <Co||V** (n1,B) ||L+1+<.
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Similarly, using Lemma 2.7, we have that for s >0 and k+5s>0,

[V*(n1, B)| > <ll(n1, B)| ;“J“’

vk+1 n17 Hk+1+9 <00Hvk+l n B Hk+1+s.

On the other hand, for k+2 < N, we have

M

N—k—

[942(E. B, < [V EB) |5 VBB 5T <G|V BB

|

Then we deduce from (3.11) that
d

5 149

— & {1 <0

where ﬁ:max{%ﬂ, m} Solving this inequality directly, we obtain in particular
that

9 —1/9
2 (1) < { [£572(0)] +15‘t}
< Co(l +t>—1/19 — Co(l _’_t)—min{k-&-s,N—k—Q}- (3.12)

Notice that (3.12) holds also for k+s=0 or k+2=N. So, if we want to obtain the
optimal decay rate of the whole solution for the spatial derivatives of order k, then we
only need to assume N large enough (for fixed k and s) so that k+s< N —k—2. Thus
we should require that

5
N}max{k+2 —k+- 2k+2+s}:2k+2+s.

This proves the optimal decay (1.10).

Step 2. Higher decay.
We first prove (1.11) and (1.12). First, noticing that —vg=divE, by (1.10) and
Lemma 2.2, if N >2k+4+s, then

kE+1+s
2

[94n2(8) 2 < 950 (0) o S V5 B0 < Col1 +4) (3.13)

(P9

Next, applying V* to (1.5),,(1.5),,(1.5)5 and then taking the L? inner product with
V¥*ui, VFuy, VFE respectively, we obtain

4
dt

:/Vk(an1+gg+u2><B)~Vku1+/vk(an2+g4+u1><B)~Vku2

1
(17 9B e

+2V/Vk(V><B+95)'VkE

SIVE | 1V | o + [V (g2 + w2 x B) | 2 [[VEu | 2
[V o | o [V ua | o + [V (9401 X B)| 2 [[ V]| .
+[|[VH(VxB+gs)|| . IVFE]| .- (3.14)

On the other hand, taking [ =k in (2.35), we have
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f/VkatuQ.VkEJrQuHV'“EH; é/VV’“ng~V’“E+C{|Vk(u1,u2)“L2 IV*E||, .
+||V* (94 +u1 % B)|| 12 | VFE]| .- (3.15)
Substituting (2.36) with [=Fk into (3.15), we then have
—%/Vku2~VkE+2u||VkE||2LQ
SV o+ (194 ]| o [V, 0) ] 2) [V
+|[VE(V X Bgs) || 2 |V 2| o + [V (94 +ur % B)|| o [VEE] 2. (3.16)

Since ¢ is small, we deduce from (3.16)xec+(3.14) that there exists Fj(t)~
Hvk(U1,U2,E)(t)||iz such that, by Cauchy’s inequality, lemmas 2.2-2.3, (1.10), and

d
TR T Fe() SV )| [ [ 95 B+ [V (1 X B x B

+[[9 (92 + 9a) |5 + 19 g5 |-

SV (n1yma, B[ + (1 ur,u)l g + VB 1) [ V5B
l(mnz g u2) 2 V5 (1, u0) |50 4 19 (1m0 12 |V (1 m0) |
)| [[ 9" (11,m2)

<Cp(141)~kt1Fs), (3.17)

where we require N >2k+4+s. Applying the standard Gronwall lemma to (3.17), we
obtain

t

fk(t) g]—'k(o)e—t_’_co/ e—(t—T)(1_|_7—)—(k+1+s) d7<00(1+t)_(k+1+3)'
0

This implies

ktlts

Hvk(uhuQaE)(t)HLzS fk(t)<00(1+t)_ 2

We thus complete the proof of (1.11). Notice that (1.12) now follows by (3.13) with the
improved decay rate of E in (1.11), just requiring N >2k+6+s.

Now we prove (1.13). Assume for the moment that B, =0. Then we can extract
the following system from (1.5),—(1.5),, denoting 1) = divus,

atn2 +’(/):g3? (3 18)
Opp+ 1) — 20Ny = —Ang —div(gy +uy X B) + 202 (—g—n2). '

Here g is defined in (2.24). Applying V* to (3.18) and then taking the L? inner product
with 202V¥ny, V¥ respectively, we obtain
d

2 1 2 2
G [P 19l 5 19l ] 9

:2V2/nggvkn2—/VkAn2Vk1/)
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—/vk [div(g4+u1 x B) =202 (—g—n2)| V¥4 (3.19)

Applying V* to (3.18),, multiplying by —VFngy, integrating by parts over t and z-
variables, and using Equation (3.18),, we obtain

—%/vkkanﬁzﬁuv%”iz:HV%H;+u/vkn2v’fzp—/vkggv%
—l—/Vk [Ans +div(gs +u1 x B) =202 (—g —n2)| VFno. (3.20)
Since ¢ is small, we deduce from (3.20)xe+(3.19) that there exists Gy (t)~
HV’“(nz,w)Hiz such that, by Cauchy’s inequality,
d
O+ G0 SV 2nal L [V sl [ 95 (92,00 % B) [ - V¥ (mama)][
(3.21)
where we have used —g —ns ~nins. By the product estimates (2.5), we obtain
9% (rmam2) [ Slimalz o [Vl f7o + (1752 imall 7
S 00| Vrnallp + lImall 7 [[ a5
and
194 (wr x B)|| 2 S e [V B+ [ VH |2 1 B

The remaining terms on the right-hand side of (3.21) can be estimated similarly. Hence,
we deduce from (3.21) that, by (1.10)—(1.12),

d

20O +Gu(t) S [V 2na [ o+ [ [ V5B
I BIEw |[V wr|[a + 2] 2 |V | .
+(n1smz,uryun) | | VE 2 (12, u2) | s
+ |V (1, n,ur,u2) |2 | V5 (1o, 1, us)
<Co ((1+t)7(k:+3+s)+(1+t)7(k+7/2+2s)+(1+t)f(k+11/2+25)>
<Co(141)~k+3+s) (3.22)

where we required N >2k+8+s. Applying the Gronwall lemma to (3.22) again, we
obtain

t
Qk(t)<gk(0)e‘t+00/ e (14 7) k4349 g < Cp (1 4-1) ~RF3+9),
0

This implies

k+43+4s
2 .

V¥ (n2,8) (1)]| L2 S VG (£) < Co(1+1) (3.23)

If we require N >2k+12+s, then by (3.23), we have

HV’”Qng t

)|, <Co(1+1t)~
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Having obtained such a faster decay rate, we can then improve (3.22) to

%gk(t)wk(t) <Co ((1+t)’(””5+s) +(1+t)’(k+7/2+23)> < Co(1+1)~kH7/2429)

Applying the Gronwall lemma again, we obtain

[V* (n2,0) (0)| L2 S V/Gi(8) < Co(L48) = H/2HT/4+2),

We thus complete the proof of (1.13). The proof of Theorem 1.2 then follows.
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