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Abstract. This paper deals with the derivation of macroscopic equations from the underlying
mesoscopic description that is suitable for capturing the main features of pedestrian crowd dynamics.
The interactions are modeled by means of the theoretical tools of game theory while the macroscopic
equations are derived from asymptotic limits.
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1. Introduction
The modeling, qualitative analysis, and simulation of crowd dynamics appears to

be a challenging research field which is rapidly growing. It provides mathematical
tools that can be used to study and optimize some of the needs of our society such
as evacuation dynamics in conditions of danger and panic. The modeling approach
can be developed at three classical scales; namely, the microscopic scale where the
dynamics of each pedestrian is modeled individually in relation to other pedestrians,
the macroscopic scale which refers to the dynamics of locally averaged quantities such as
density, momentum, and energy, and the mesoscopic (kinetic) scale which corresponds to
the dynamics of a probability distribution over the microscopic state of the pedestrians.

The state-of-the-art has been documented in some review papers that report the
pertinent literature as well as a critical analysis on the validity of several, rather dif-
ferent, models. Among others, the survey by Helbing [15] focuses on the physics of the
system, viewed as a multi-particle system, while the more recent survey [4] is specifically
devoted to crowd dynamics and presents a critical analysis of different mathematical
approaches to crowd modeling. This paper points out that not only do different mathe-
matical structures correspond to the aforementioned scales, but also that none of them
is completely satisfactory since various technical and conceptual advantages and draw-
backs are linked to modeling at each scale. At present, the literature in the field is
not as extensive as that of individual-based and macro-scale models. However, some
interesting recent research contributions can be brought to the reader’s attention, for
example [12], which deals with a hierarchy of models, and [1], which presents a kinetic
theory approach to modeling evacuation dynamics. A detailed analysis of micro-scale
interactions has been presented in [7] and [9].

A multiscale approach is therefore necessary to obtain a detailed description of the
complex dynamics of pedestrians in unbounded and bounded domains. Useful informa-
tion on the empirical data and the validation of models has been given in the ETH-report
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[8], and in some recent papers, concerning, among others, [19] self-organization ability
and [20] heterogeneity and fundamental diagrams consisting of the mean velocity and
flux versus the local density.

This present paper pursues two specific objectives: the derivation of a general math-
ematical structure based on appropriate developments of the kinetic theory suitable for
capturing the main features of crowd dynamics and the derivation of macroscopic equa-
tions from the underlying mesoscopic description. The derivation of hydrodynamic-type
models should in fact be obtained, according to the authors, from a suitable asymptotic
limit of the kinetic description. Hence, the mathematical structure of macroscopic mod-
els should not be heuristically postulated “a priori”. The contents of the paper are as
follows: Section 2 deals with modeling at low scales where interactions are described in
line with [2, 3] through stochastic games, and subsequently, it is shown how modeling at
a low scale leads to kinetic-type models. Section 3 shows how macroscopic equations can
be obtained from the underlying description that is offered by kinetic theory methods.

2. Modeling interactions at the micro-scale
The derivation of kinetic type equations requires a detailed analysis of the inter-

actions at a micro-scale, namely at the scale of individual pedestrians related to the
statistical representation of the overall system; this requires a suitable probability dis-
tribution over the micro-state.

Let us consider the representation of a large system of pedestrians moving in a
whole space, R2, starting at time t=0 in a domain Σ⊂R2. The micro-state can be
defined by position x={x,y}∈R2 and by a vector velocity v={vx,vy} where x and y
are coordinates of a system of orthogonal axes and vx,vy are components of the velocity
over the aforementioned axes. Dimensionless variables can be used by referring the
space coordinates to the largest dimension � of Σ and the velocity modulus v to the
largest admissible velocity vM that can be reached by a speedy pedestrian in optimal
conditions of the environment in which the crowd moves.

Generally, the number of pedestrians is not large enough to justify the assumption
of a continuous distribution of the probability distribution over the micro-state. There-
fore, discrete velocities and activity variables are considered analogously to the case of
vehicular traffic [5, 13]. More precisely, polar coordinates with discrete values are used
for the velocity variable v={v,θ} where v is the velocity modulus and θ identifies the
velocity directions with respect to the x-axis:

Iθ={θ1=0 , . . . ,θi , . . . ,θn=
n−1

n
2π}, Iv ={v1=0 , . . . ,vj , . . . ,vm=1}, (2.1)

while the vector velocities are denoted by vij ={θi,vj}.
The corresponding statistical representation is delivered from the one particle dis-

tribution function,

fij(t,x,v)=f(t,x)⊗δ(θ−θi)⊗δ(v−vj), (2.2)

where f is divided by the maximal packing density ρM that corresponds to the maximum
filling of pedestrians, based on their average size, per unit area.

Macro-scale quantities are obtained by weighted sums. For instance, the local den-
sity and mean velocity q, referring to ρM and vM , respectively, are given by

ρ(t,x)=

n∑
i=1

m∑
j=1

fij(t,x), q(t,x)=
1

ρ(t,x)

n∑
i=1

m∑
j=1

vijfij(t,x). (2.3)
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Let us now consider the dynamics of interactions as, in the kinetic theory [10],
the derivation of models viewed as evolution equations for the distribution function
requiring a detailed modeling of the interactions at the micro-scale. This topic has
already been treated in [2]; therefore, the hallmarks that lead to modeling interactions
are simply summarized here in order to avoid repetition. In short:

1. Each pedestrian, viewed as a micro-scale individual, is an active particle, called
the ij-particle, with a state which is given in each x at time t by {θi,vj}. The
particles have an interaction domain Ω which could in general depend on x and
a preferred velocity direction which corresponds to a well defined objective.

2. Active particles have the ability to perceive within Ω a density ρa that depends
on both the local density and the density gradients in direction of the motion.
This density, ρa, which differs from the true local density [11], is called the
perceived density.

3. Interaction dynamics involve three types of particles: the hk-candidate particle,
the rs-field particles, and the ij-test particle. The hk-candidate particle has
state {Θh,vk} which falls, in probability, into the ij-state after interactions with
the rs-field particles. The rs-field particles have state {Θr,vs} and lie in Ω. The
ij-test particle, which is a representative of the whole subsystem, modifies its
velocity when it interacts with all the field particles in its visibility zone.

4. The frequency of interaction between the candidate and the field particles in
x∗∈Ω is modeled by the interaction rate η(ρa(t,x∗)) which depends on ρa.

5. The interactions that modify the velocity variable are modeled by the probabil-
ity Ars

hk(ij) that a candidate hk-particle adjusts its velocity and state to θi,vj
after interaction with a rs-field particle. The components of Ars

hk(ij), called
the table of games, depend on ρa and on a parameter α∈ [0,1], which cor-
responds to physical conditions, such as light of road conditions, in the close
proximity.

Remark 2.1. The derivation of the macro-scale models here does not refer to a
specific model, but to all those that can be captured by a general structure, which
includes model [2] with the addition of the use, in the table of games, of the perceived
local density ρa �=ρ. Said density is different from the real one; namely, ρa>ρ for
positive gradients along the direction of the velocity, and ρa<ρ when the gradients
are negative. The aforementioned structure can also include, as shown in the model
proposed in [1], nonlocal interactions with walls, obstacles, and exits.

Remark 2.2. The parameter α∈ [0,1] models the physical quality of the ambient envi-
ronment where pedestrians move between the two limits from α=0, which corresponds
to the worst conditions (such as lack of light and/or low quality floor) that prevent
motion, to α=1 which corresponds to the best conditions that favor high speeds.

Remark 2.3. The term defined in the last item satisfies the following probability
constraint:

n∑
i=1

m∑
j=1

Ars
hk(ij)(ρ

a(t, x);α)=1, ∀h,r=1, . . . ,n, k,s=1, . . . ,m, (2.4)

for all admissible values of the density and parameter α.

Some hallmarks are now given for the modeling of the aforementioned terms suitable
to depict micro-scale interactions.
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• Perceived density: Let us consider the direction ν of the velocity of each par-
ticle and the density gradients ∂νρ along the mentioned direction; positive gradients
increase the value of ρa from ρ to the maximum admissible value ρ=1, and negative
gradients decrease this value from from ρ to the lowest admissible value ρ=0. Accord-
ingly, the following model can be adopted:

ρa=ρa(ρ)=ρ+
∂νρ√

1+(∂νρ)2

(
(1−ρ)H(∂νρ)+ρH(−∂νρ)

)
, (2.5)

where H(·) is the Heaviside function H(·≥0)=1 and H(·<0)=0. Therefore, posi-
tive gradients increase the perceived density to the limit ρ=1, and negative gradients
decrease it to the limit ρ=0.

• Visibility domain and Interaction rate: The visibility domain is an arc of
a circle symmetric with respect to the direction of motion. In unbounded domains, it
can be assumed to be independent of x. In contrast, the frequency by which pedestri-
ans, viewed as active particles, interact can depend on the density perceived in their
interaction domain. For instance, the interaction density increases linearly with the
local perceived density, η(ρa(t,x))=η0(1+ρa(ρ)(t,x)).

• Table of games: Ars
hk(ij) refers, as already mentioned, to the interactions that

involve candidate and field particles. The candidate particle develops a decision process
by which both the direction and velocity modules are modified. A specific model, limited
to the case of ρa=ρ, was proposed in [2] based on the assumption that pedestrians play
a game at each interaction with the stream and a prescribed direction and choose, with
probability, the direction that is conditioned by the two trends. The dynamics depend
on the local density; namely, the trend towards the target increases with 1−ρ, and the
opposite occurs for the trend to the stream which increases with ρ. Paper [1] proposes
an extended table of games, which includes nonlocal interactions to model the trend
towards an exit from a domain with walls and the attempts of pedestrians to avoid
contact with the wall.

This preliminary analysis easily leads to the derivation of a general mathematical

structure which is obtained from a balance of the particles in the space of the mi-
crostates. It corresponds to equating the transport of the particles (on the left side) to
the net balance (right-hand side) of the particles in the elementary volume of the phase
space: [

∂t+vj(cosθii+sinθij) ·∇x

]
fij(t,x)=Jij [f ](t,x)

=

n∑
h,r=1

m∑
k,s=1

∫
Ω[x]

η(ρa(t,x∗))Ars
hk(ij)(ρ

a(t,x∗);α)fhk(t,x)frs(t,x∗)dx∗

−fij(t,x)

n∑
k=1

m∑
s=1

∫
Ω[x]

η(ρa(t,x∗))fks(t,x∗)dx∗, f ={fij}. (2.6)

This structure is proposed as a general framework which could lead to the derivation
of specific models after the micro-scale interactions have been modeled. Indeed, the ex-
amples in the previously cited papers [1, 2] refer to the aforesaid structure while further
models can be derived to include additional features, at the micro-scale, of interest for
the applications. The initial value problem for a specific model which is derived accord-
ing to the structure given by Equation (2.6) has been studied in [2] where existence for
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arbitrarily large times has been proved in the Banach space XT =C([0,T ],L1
M2n,2m

) of

the matrix-valued functions f =f(t,x) : [0,T ]×Ω→M2n,2m endowed with the norm

‖f ‖XT
= sup

t∈[0,T ]

‖f ‖1,

where

L1
M2n,2m

={f =(fij)∈M2n,2m :‖f ‖1=
n∑

i=1

m∑
j=1

∫
Ω

|fij(t,x) | dx<∞}.

3. From kinetic to macroscopic models

3.1. Derivation of macroscopic models. This section deals with the deriva-
tion of macroscopic equations, which should be as accurate as possible, so that such
models can be used for real-time numerical simulations and provide realistic and in-
terpretable results. Finding such macroscopic models is, therefore, a main goal in the
modeling process. The process is well known and can be summarized in a few lines as
follows. A good kinetic model generates an infinite set of moment equations for the
infinitely many velocity moments of the density function. Good macroscopic equations
will emerge from a good closure relation, which may be a constitutive relation linking
some higher order moments, a projection principle or an entropy maximization princi-
ple (if the system satisfies an entropy principle). Such closure methods in rarefied gas
dynamics have received much attention in recent years [18].

For the traffic flow problem, the standard approach uses closure of the moment
equations in the neighborhood of a kinetic equilibrium. We refer to [6, 16, 17] for details
and simply observe that other closure procedures are hard to think for the traffic, and
crowds flow since there is no information about entropy functionals. This is a good
reason to investigate kinetic equilibrium for crowds; they give natural closure relations
for the moment equations and therefore good macroscopic models. A technical difficulty
is generated by the lack of an analytic expression of an equilibrium solution which, in
the classical kinetic theory is the so-called “Maxwell distribution”.

The method developed in this section consists of writing conservation equations for
the mass and momentum and subsequently looking for an appropriate closure. In what
follows, ρa is kept for any expression that depends on ρ, ρa(ρ).

Balance Equations can be obtained by multiplying the non-homogeneous, kinetic
equation (2.6) by one, and, by summing with respect to i and j, the continuity equation
is obtained:

∂tρ(t,x)+∇x ·(ρq)(t,x)=0, (3.1)

where the density and the flow are defined in (2.3).
The momentum equation is obtained by multiplying (2.6) by vij and summing with

respect to i and j:

∂t(ρq)(t,x)+∇x ·
n∑

i=1

m∑
j=1

(vij⊗vijfij(t,x))=

n∑
i=1

m∑
j=1

vijJij [f ](t,x), (3.2)

where it is important to distinguish between the transport and the source term and
∇x ·

∑n
i=1

∑m
j=1 (vij⊗vijfij(t,x)) denotes the vector

∇x ·
n∑

i=1

m∑
j=1

(vij⊗vijfij(t,x))=

( n∑
i=1

m∑
j=1

2∑
k=1

∂xk
(v�ijv

k
ijfij(t,x))

)
�

,
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where �=1,2 correspond to the dimension of the space variable.
In particular, in addition to the usual kinetic flux, there is a second contribution to

the flux coming from the collision term due to the finite size of the interaction thresholds.
To clarify this matter, we split the collision interaction term into a local interaction term
and a deviation from the local term:

Jij [f ](t,x)=|Ω[x] |J �
ij [f ](t,x)−

(
|Ω[x] |J �

ij [f ](t,x)−Jij [f ](t,x)
)
, (3.3)

where J �
ij [f ](t,x) is given by

J�
ij [f ;α]=

n∑
h,r=1

m∑
k,s=1

η(ρa(t,x))Ars
hk(ij)(ρ

a(t,x);α)fhk(t,x)frs(t,x)

−fij(t,x)
n∑

k=1

m∑
s=1

η(ρa(t,x))fks(t,x). (3.4)

Therefore, the momentum equation (3.2) can be written as follows:

∂t(ρq)(t,x)+∇x ·(P +ρq⊗q)(t,x)+E(t,x)=S(t,x), (3.5)

where P , E and S are given by

P (t,x)=

( n∑
i=1

m∑
j=1

(v
(k)
ij −q(k)(t,x))(v

(�)
ij −q(�)(t,x))fij(t,x)

)
1≤k,�≤2

, (3.6)

E(t,x)=

n∑
i=1

m∑
j=1

vij
(|Ω[x] |J �

ij [f ](t,x)−Jij [f ](t,x)
)
, (3.7)

S(t,x)= |Ω[x] |
n∑

i=1

m∑
j=1

vijJ �
ij [f ](t,x). (3.8)

The closure of the conservation equations requires the computation of the source
term S(t,x) defined in (3.8) which can be obtained from an assumption of relaxation
to a suitable equilibrium configuration. Moreover, E(t,x), given by (3.7), depends on
suitable assumptions consistent with the aforementioned description of the visibility
domain on the domain Ω[x].

The equations for ρ and q can be closed by specifying the dependence of P, E, and
S on ρ and q. In particular, the nonlocal properties of the interaction operator have to
be analyzed carefully in order to approximate E. An explicit closure can be obtained
from the solution of the stationary homogeneous case, which is denoted by fe

ij(ρ). The
real motivation, from either the modeling or the analytical point of view, to close E
indirectly by using the approximation f ∼fe in (3.7) is the derivation of new terms
related to the presence of gradients in the macroscopic limit.

In other words, reference is made to the local density ρ(t,x) which depends on
time and space and on the same quality parameter used to characterize interactions at
the micro-scale. Accordingly, if the stationary distribution is known, the equilibrium
quantities can also be defined. Namely, the mean equilibrium velocity becomes

qe(ρ)(t,x)=
1

ρ(t,x)

n∑
i=1

m∑
j=1

vijf
e
ij(ρ)(t,x), (3.9)
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while the equilibrium pressure is

P e(ρ)(t,x)=

n∑
i=1

m∑
j=1

(vij−qe(ρ)(t,x))⊗(vij−qe(ρ)(t,x))f
e
ij(ρ)(t,x). (3.10)

The term |Ω[x] |J�
ij [f ]−Jij [f ] in the definition of E can be written, using (2.6) and

(3.4), as

|Ω[x] |J �
ij [f ](t,x)−Jij [f ](t,x)=Ψ1[f ]+Ψ2[f ], (3.11)

where the terms Ψ1[f ], Ψ2[f ] are computed by using a Taylor formula, as follows:

Ψ1[f ]= |Ω[x] |
n∑

h,r=1

m∑
k,s=1

η(ρa(t,x))Ars
hk(ij)(ρ

a(t,x);α)fhk(t,x)frs(t,x)

−
n∑

h,r=1

m∑
k,s=1

∫
Ω[x]

η(ρa(t,x∗))Ars
hk(ij)(ρ

a(t,x∗);α)fhk(t,x)frs(t,x∗)dx∗

=

n∑
h,r=1

m∑
k,s=1

∫
Ω[x]

(
η(ρa(t,x))Ars

hk(ij)(ρ
a(t,x);α)frs(t,x)

−η(ρa(t,x∗))Ars
hk(ij)(ρ

a(t,x∗);α)frs(t,x∗)
)
fhk(t,x)dx

∗

=

n∑
h,r=1

m∑
k,s=1

∇x

(
η(ρa(t,x))Ars

hk(ij)(ρ
a(t,x);α)frs(t,x)

)
fhk(t,x) ·

∫
Ω[x]

(x−x∗)dx∗

+

∫
Ω[x]

∫ 1

0

(1−τ)(x−x∗) ·Dτ ·(x−x∗)dτ dx∗

=−
n∑

h,r=1

m∑
k,s=1

(∇x(ρ
a)∂ρa(η(ρa(t,x)))Ars

hk(ij)(ρ
a(t,x);α)

×frs(t,x)
) ·V fhk(t,x)

−
n∑

h,r=1

m∑
k,s=1

(∇x(ρ
a)∂ρa(Ars

hk(ij)(ρ
a(t,x);α))η(ρa(t,x))×frs(t,x)

) ·V fhk(t,x)

−
n∑

h,r=1

m∑
k,s=1

(∇x(frs(t,x))Ars
hk(ij)(ρ

a(t,x);α)η(ρa(t,x))
) ·V fhk(t,x)

+

∫
Ω[x]

∫ 1

0

(1−τ)(x∗−x) ·Dτ ·(x∗−x)dτ dx∗, (3.12)

and

Ψ2[f ]=fij(t,x)

n∑
k=1

m∑
s=1

∫
Ω[x]

η(ρa(t,x∗))fks(t,x∗)dx∗

−|Ω[x] |fij(t,x)
n∑

k=1

m∑
s=1

η(ρa(t,x))fks(t,x)
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=fij(t,x)

n∑
k=1

m∑
s=1

∇x(ρ
a)∂ρa(η(ρa(t,x)))fks(t,x) ·V

+fij(t,x)

n∑
k=1

m∑
s=1

∇x(fks(t,x))η(ρ
a(t,x)) ·V

+

∫
Ω[x]

∫ 1

0

(1−τ)(x∗−x) ·Gτ ·(x∗−x)dτ dx∗, (3.13)

where the vector V and matrices Dτ , Gτ are given by

V =

∫
Ω[x]

(x∗−x)dx∗, (3.14)

Dτ =

n∑
h,r=1

m∑
k,s=1

D2
x

(
η(ρa)Ars

hk(ij)(ρ
a)frs

)
(t,τ x+(1−τ)x∗)fhk(t,x),

Gτ =fij(t,x)

n∑
k=1

m∑
s=1

D2
x(η(ρ

a)fks)(t,τ x
∗+(1−τ)x).

Noting that for a matrix A=(ahl)1≤h,l≤2 with A=Dτ ,Gτ ,∫
Ω[x]

∫ 1

0

(1−τ)(x∗−x) ·A ·(x∗−x)dτ dx∗

=

2∑
h=1

2∑
l=1

∫
Ω[x]

∫ 1

0

(1−τ)ahl (x
∗
h−xh)(x

∗
l −xl)dτ dx

∗,

and, since Ω[x] is a bounded domain,∫
Ω[x]

(x∗
h−xh)(x

∗
l −xl)dx

∗=O(|Ω[x] |), ∀h,l=1,2, ∀x∈R
2.

Then, assuming that Dτ and Gτ are bounded in some (weak) topological space,
at least at a formal level, using (3.11)–(3.13), and considering that, at equilibrium,
fij(t,x)∼fe

ij(ρ(t,x)), (3.7) yields:

Ee[f ]=−V ·∇xρ
(
a1(ρ)+ρqe(ρ)a2(ρ)

)
+O(|Ω[x] |), (3.15)

where, using the differential chain rule ∂xf
e
hk(t,x)=∂ρ(f

e
hk(ρ))∇xρ(t,x), the ai terms

are

a1(ρ)=

n∑
i,h,r=1

m∑
j,k,s=1

vij∂ρρ
a

(
∂ρaη(ρa(t,x))Ars

hk(ij)(ρ
a(t,x);α)

+∂ρaArs
hk(ij)(ρ

a(t,x);α)η(ρa(t,x))

)
fe
hk(ρ)f

e
rs(ρ)

+
n∑

i,h,r=1

m∑
j,k,s=1

vijArs
hk(ij)(ρ

a(t,x);α)η(ρa(t,x))∂ρf
e
rs(ρ)f

e
hk(ρ) (3.16)

and

a2(ρ)=−
n∑

k=1

m∑
s=1

(
∂ρρ

a∂ρaη[ρa(t,x)]fe
ks(ρ)+∂ρf

e
ks(ρ)η(ρ

a(t,x))

)
. (3.17)
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As can be seen, closure of the conservation equations requires the computation of
the source term S(t,x) defined in (3.8) which can be obtained from relaxation towards
a suitable equilibrium configuration. Different macro-scale models, corresponding to
different relaxation models, can be derived. The aim here is to show that some classical
models, see the survey [4], can be obtained when this approach is used. The approxi-
mation of the aforementioned time-relaxation term can be obtained using the following
lemma.

Lemma 3.1. Let us assume that Ars
hk(ij)(ρ

a(t,x);α) is such that

n∑
h,r=1

m∑
k,s=1

Ars
hk(ij)(ρ

a(t,x);α)fe
hk(ρ)f

e
rs(ρ)=ρfe

ij(ρ), (3.18)

for i=1, . . . ,n, j=1, . . . ,m. Then, J �
ij [f ](t,x) is given, at equilibrium, by the relaxation

J �
ij [f ](t,x)∼ν(ρ)(fe

ij(ρ)−fij), where ν(ρ)=ρη(ρa(t,x)). (3.19)

Proof. Using (3.4), the following equality is obtained:

J �
ij [f ;α]=η(ρa(t,x))

( n∑
h,r=1

m∑
k,s=1

Ars
hk(ij)(ρ

a(t,x);α)fhk(t,x)frs(t,x)

−fij(t,x)

n∑
k=1

m∑
s=1

fks(t,x)

)

=ρη(ρa(t,x))

(
1

ρ

n∑
h,r=1

m∑
k,s=1

Ars
hk(ij)(ρ

a(t,x);α)fhk(t,x)frs(t,x)−fij(t,x)

)
.

Using (3.18) and the equilibrium condition f ∼fe yields

J�
ij [f ;α]∼ρη(ρa(t,x))

(
1

ρ

n∑
h,r=1

m∑
k,s=1

Ars
hk(ij)(ρ

a(t,x);α)fe
hk(ρ)f

e
rs(ρ)−fij(t,x)

)

=ρη(ρa(t,x))

(
fe
ij(ρ)−fij(t,x)

)
.

This completes the proof.

Finally, the setting of Lemma 3.1 easily leads to the following approximation:

S∼ν(ρ) |Ω[x] |
( n∑

i=1

m∑
j=1

vij(f
e
ij−fij)

)
=ν(ρ) |Ω[x] | (ρqe(ρ)−ρq). (3.20)

A second order approximation of the density and momentum equations (3.5), to-
gether with (3.15) and (3.20), when |Ω[x] |→0 produces the following system:⎧⎨
⎩

∂tρ(t,x)+∇x ·(ρq)(t,x)=0,

∂t(ρq)(t,x)+∇x ·P +∇x ·(ρq⊗q)(t,x)+γ(ρ)V ·∇xρ=μ(ρ)(ρqe(ρ)−ρq) ,
(3.21)

where the coefficients γ(ρ) and μ(ρ) are computed explicitly as

γ(ρ)=−
(
a1(ρ)+ρqe(ρ)a2(ρ)

)
, μ(ρ)=|Ω[x] |ν(ρ), (3.22)
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and the vector V and coefficients ai, i=1,2, are given by (3.14) and (3.16)–(3.17),
respectively.

Substituting qe(ρ) with q in (3.6), P becomes the equilibrium pressure P e given by
(3.10). In this way, using the identity

∇x ·(ρq⊗q)=ρqdivxq+qq ·∇xρ+ρq ·∇xq,

system (3.21) reduces to the density and local velocity equations⎧⎨
⎩

∂tρ(t,x)+∇x ·(ρq)(t,x)=0,

∂t(q)(t,x)+
1
ρ∇x ·P e(ρ)+q ·∇xq+d(ρ)V ·∇xρ=μ(ρ)(qe(ρ)−q),

(3.23)

where the vector q ·∇xq and the coefficient d(ρ) are given by

q ·∇xq=

(
2∑

k=1

(∂xk
q�)qk

)
1≤�≤2

, and d(ρ)=
1

ρ
γ(ρ). (3.24)

This structure provides a general reference for the derivation of macro-scale models.
It corresponds to the underlying meso-scale description. Hence, it overcomes the heuris-
tic derivation occasionally adopted in the approach of continuum mechanics. Further
generalizations are reported in the following subsection.

3.2. General approach. Let us now consider a general approach to deter-
mine macroscopic models and their related coefficients. One uses a general ansatz for
the distribution function and an extended equilibrium function to approximate the true
distribution f instead of a simple approximation by the equilibrium distribution fe. In
other words, instead of using fe

ij(ρ), a general ansatz can be made so that Fij is an
extended equilibrium distribution function.

Let us now consider Fij =Fij(ρ,q) which depends not only on ρ but also on the
macroscopic velocity q. An example will be considered later.

A search is made for Fij which satisfies the natural two properties; namely, that
the density and momentum are given by ρ and ρq, respectively:

ρ=

n∑
i=1

m∑
j=1

Fij(ρ,q), and ρq=

n∑
i=1

m∑
j=1

vijFij(ρ,q). (3.25)

Moreover, Fij must satisfy

Fij(ρ,qe(ρ))=fe
ij(ρ). (3.26)

Using this approach, it is possible to include the flow (ρ,q) in which the distribution
function cannot be properly approximated by the equilibrium distributions fe

ij(ρ) since
they do not have the correct mean value q. With

∇xFij(ρ,q)=(∂ρFij)∇xρ+(∂q1
Fij)∇xq1+(∂q2

Fij)∇xq2,

the above technique yields

EF (t,x)=−
(
b1(ρ,q)+ρqb2(ρ,q)

)
V ·∇xρ

−
(
b3(ρ,q)+ρqb4(ρ,q)

)
V ·∇xq1
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−
(
b5(ρ,q)+ρqb6(ρ,q)

)
V ·∇xq2+O(|Ω[x] |), (3.27)

where the coefficients bi, i=1, . . . ,6, which play the role of the density gradients in the
asymptotic limit, are given by

b1(ρ,q)=
n∑

i,h,r=1

m∑
j,k,s=1

vij∂ρρ
a

(
∂ρaη(ρa(t,x))Ars

hk(ij)(ρ
a(t,x);α)

+∂ρaArs
hk(ij)(ρ

a(t,x);α)η(ρa(t,x))

)
Fhk(ρ,q)Frs(ρ,q)

+
n∑

i,h,r=1

m∑
j,k,s=1

vij∂ρFrs(ρ,q)Ars
hk(ij)(ρ

a(t,x);α)η(ρa(t,x))Fhk(ρ,q), (3.28)

b2(ρ,q)=−
n∑

k=1

m∑
s=1

(
∂ρρ

a∂ρaη(ρa(t,x))Fks(ρ,q)+∂ρFks(ρ,q)η(ρ
a(t,x))

)
, (3.29)

b3(ρ,q)=

n∑
i,h,r=1

m∑
j,k,s=1

vij

(
∂q1

(Frs(ρ,q))Ars
hk(ij)(ρ

a(t,x);α)η(ρa(t,x))Fhk(ρ,q)

)
,

(3.30)

b4(ρ,q)=−
n∑

k=1

m∑
s=1

(
∂q1

(Fks(ρ,q))η(ρ
a(t,x))

)
, (3.31)

b5(ρ,q)=
n∑

i,h,r=1

m∑
j,k,s=1

vij

(
∂q2

(Frs(ρ,q))Ars
hk(ij)(ρ

a(t,x);α)η(ρa(t,x))Fhk(ρ,q)

)
,

(3.32)
and

b6(ρ,q)=−
n∑

k=1

m∑
s=1

(
∂q2(Fks(ρ,q))η(ρ

a(t,x))

)
. (3.33)

Therefore, the macroscopic model is given by⎧⎪⎪⎨
⎪⎪⎩

∂tρ(t,x)+∇x ·(ρq)(t,x)=0,

∂t(q)(t,x)+
1
ρ∇x ·PF (ρ,q)+q ·∇xq+α1(ρ,q)V ·∇xρ+α2(ρ,q)V ·∇xq1

+α3(ρ,q)V ·∇xq2=μ(ρ)(qe(ρ)−q),

(3.34)

where

PF (ρ,q) :=

n∑
i=1

m∑
j=1

(
vij−q

)2
Fij(ρ(t,x),q(t,x)), (3.35)

and the coefficients αi, i=1,2,3 are given explicitly by

α1(ρ,q)=−
(
b1(ρ,q)+ρqb2(ρ,q)

)
,

α2(ρ,q)=−
(
b3(ρ,q)+ρqb4(ρ,q)

)
,

and

α3(ρ,q)=−
(
b5(ρ,q)+ρqb6(ρ,q)

)
.
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3.3. Example. Finally, let us consider as a specific example a special choice for
the distribution function which is given analogously to Grad’s moment closure method in
the kinetic theory of gases as a polynomial ansatz for the distribution function using the
equilibrium function fe

ij . The following lemma shows the existence of the distribution
function Fij that satisfies (3.25)–(3.26).

Lemma 3.2. Let fe(ρ) be the equilibrium and P e(ρ) the corresponding tensor given by
(3.10). Let us suppose that the tensor P e(ρ) is invertible (P e

11(ρ)P
e
22(ρ)−P e

12(ρ)P
e
21(ρ) �=

0), then there exists an Fij(ρ,q) which satisfies (3.25)–(3.26) and is given by

Fij(ρ,q,vij)=fe
ij(ρ)(γ(ρ,q)+β(ρ,q) ·vij), (3.36)

where the coefficients γ and β=(β1,β2) are given explicitly by

γ(ρ,q)=1+ρ
(q2−q

(2)
e )(q

(1)
e P e

21−P e
11q

(2)
e )+(q1−q

(1)
e )(q

(2)
e P e

12−P e
22q

(1)
e )

P e
11P

e
22−P e

12P
e
21

, (3.37)

β1(ρ,q)=ρ
P e
22(q1−q

(1)
e )−P e

21(q2−q
(2)
e )

P e
11P

e
22−P e

12P
e
21

, (3.38)

β2(ρ,q)=ρ
P e
12(q1−q

(1)
e )−P e

11(q2−q
(2)
e )

P e
12P

e
21−P e

11P
e
22

, (3.39)

where q
(�)
e (ρ), for �=1,2, denote the components of the vectors qe(ρ).

Proof. A search is made for Fij(ρ,q) in the form of (3.36) where β(ρ,q)=
(β1(ρ,q),β2(ρ,q)). Since condition (3.25) has to be satisfied, one obtains

γ(ρ,q)+
2∑

�=1

β�q
(�)
e =1, (3.40)

ρq(k)e γ(ρ,q)+
n∑

i=1

m∑
j=1

2∑
�=1

β�v
(�)
ij v

(k)
ij fe

ij(ρ)=ρq(k), k=1,2, (3.41)

where v
(k)
ij , k=1,2, denote the components of the vectors vij .

We have the relation

n∑
i=1

m∑
j=1

v
(�)
ij v

(k)
ij fe

ij(ρ)=P e
lk+ρq(k)e q(�)e , k,�=1,2

which, from (3.41), yields

ρq(k)e γ(ρ,q)+

2∑
�=1

β�(P
e
lk+ρq(k)e q(�)e )=ρq(k). (3.42)

Multiplying (3.40) by ρq
(k)
e and using (3.42) yields

2∑
�=1

β�P
e
lk(ρ)=ρ(q(k)−q(k)e ), k=1,2. (3.43)
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Finally, since P e(ρ) is invertible, from (3.43), it follows that

β1(ρ,q)=ρ
P e
22(q1−q

(1)
e )−P e

21(q2−q
(2)
e )

P e
11P

e
22−P e

12P
e
21

and

β2(ρ,q)=ρ
P e
12(q1−q

(1)
e )−P e

11(q2−q
(2)
e )

P e
12P

e
21−P e

11P
e
22

.

Therefore, (3.40) yields the computation (3.37) of γ. Moreover, since β1(ρ,q
e(ρ))=

β2(ρ,q
e(ρ))=0 and γ(ρ,qe(ρ))=1, the third condition, (3.26), is automatically verified.

This completes the proof of the lemma.

Now let now Ψ1, Ψ2, and Ψ3 depend on ρ. They are given by

Ψ1(ρ)=− ρ

det(P e(ρ))

(
∂ρq

(1)
e (q(2)e P e

12−P e
22q

(1)
e )+∂ρq

(2)
e (q(1)e P e

21−P e
11q

(2)
e )

)
, (3.44)

Ψ2(ρ)=− ρ

det(P e(ρ))

(
P e
21∂ρ(q

(2)
e )−P e

22∂ρ(q
(1)
e )

)
, (3.45)

and

Ψ3(ρ)=− ρ

det(P e(ρ))

(
P e
11∂ρ(q

(2)
e )−P e

12∂ρ(q
(1)
e )

)
, (3.46)

It follows that the derivative ∂ρ(Frs(ρ,q)) at equilibrium q=qe(ρ) can be computed as

∂ρ(Frs)(ρ,q=qe) :=Ψrs(ρ)=∂ρ(f
e
rs(ρ))+fe

rs(ρ)

(
Ψ1(ρ)+Ψ2(ρ)v

(1)
rs +Ψ3(ρ)v

(2)
rs

)
.

(3.47)
In the same way, we obtain the following computation:

∂q1
(Frs)(ρ,q=qe) :=Φrs=fe

rs(ρ)

(
Φ1(ρ)+Φ2(ρ)v

(1)
rs +Φ3(ρ)v

(2)
rs

)
, (3.48)

where the terms Φi, i=1,2,3, are given by

Φ1(ρ)=− ρ

det(P e(ρ))

(
P e
22q

(1)
e −P e

12q
(2)
e

)
, (3.49)

Φ2(ρ)=
ρ

det(P e(ρ))
P e
22, Φ3(ρ)=− ρ

det(P e(ρ))
P e
12. (3.50)

Moreover,

∂q2
(Frs)(ρ,q=qe) :=Γrs=fe

rs(ρ)

(
Γ1(ρ)+Γ2(ρ)v

(1)
rs +Γ3(ρ)v

(2)
rs

)
, (3.51)

where Γi, i=1,2,3, are given by

Γ1(ρ)=
ρ

det(P e(ρ))

(
P e
21q

(1)
e −P e

11q
(2)
e

)
, Γ2(ρ)=− ρ

det(P e(ρ))
P e
21,
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and

Γ3(ρ)=
ρ

det(P e(ρ))
P e
11.

The macroscopic coefficients (3.28)–(3.33) at equilibrium are then computed as
follows:

b1(ρ,q) := c1(ρ)=

n∑
i,h,r=1

m∑
j,k,s=1

vij∂ρρ
a

(
∂ρaη(ρa(t,x))Ars

hk(ij)(ρ
a(t,x);α)

+∂ρaArs
hk(ij)(ρ

a(t,x);α)η(ρa(t,x))

)
fe
hk(ρ)f

e
rs(ρ)

+
n∑

i,h,r=1

m∑
j,k,s=1

vij∂ρf
e
rs(ρ)Ars

hk(ij)(ρ
a(t,x);α)η(ρa(t,x))fe

hk(ρ), (3.52)

b2(ρ,q) := c2(ρ)=−
n∑

k=1

m∑
s=1

(
∂ρρ

a∂ρaη(ρa(t,x))fe
ks(ρ)+Ψks(ρ)η(ρ

a(t,x))

)
, (3.53)

b3(ρ,q) := c3(ρ)=

n∑
i,h,r=1

m∑
j,k,s=1

vij

(
Φrs(ρ)Ars

hk(ij)(ρ
a(t,x);α)η(ρa(t,x))fe

hk(ρ)

)
, (3.54)

b4(ρ,q) := c4(ρ)=−
n∑

k=1

m∑
s=1

(
Φks(ρ)η(ρ

a(t,x))

)
, (3.55)

b5(ρ,q) := c5(ρ)=

n∑
i,h,r=1

m∑
j,k,s=1

vij

(
Γrs(ρ)Ars

hk(ij)(ρ
a(t,x);α)η(ρa(t,x))fe

hk(ρ)

)
, (3.56)

b6(ρ,q) := c6(ρ)=−
n∑

k=1

m∑
s=1

(
Γks(ρ)η(ρ

a(t,x))

)
. (3.57)

Finally, the following general macro-scale structure is obtained from (3.34):⎧⎪⎪⎨
⎪⎪⎩

∂tρ(t,x)+∇x ·(ρq)(t,x)=0,

∂t(q)(t,x)+
1
ρ∇x ·P e(ρ)+q ·∇xq+β1(ρ)V ·∇xρ+β2(ρ)V ·∇xq1

+β3(ρ)V ·∇xq2=μ(ρ)(qe(ρ)−q),

(3.58)

where the coefficients βi, for i=1,2,3 are given explicitly by

β1(ρ)=−(c1(ρ)+ρqe(ρ)c2(ρ)), β2(ρ)=−(c3(ρ)+ρqe(ρ)c4(ρ)),

and

β3(ρ)=−(c5(ρ)+ρqe(ρ)c6(ρ)),

and P e(ρ) and μ are still given, respectively, by (3.10) and (3.22).
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This new structure enriches, by adding new terms related to the presence of gradi-
ents, the previous ones, (3.23) and (3.24). The aim again consists of obtaining macro-
scale structures corresponding to the underlying descriptions at the micro-scale. Hope-
fully, these structures will offer the background for the derivation of specific models. The
critical analysis of the literature is often based on heuristic approaches which should,
according to the authors bias, be referred to appropriate frameworks also according to
the hints of [14].

The approach is developed in a general framework which allows one to understand
under which specific assumptions at the micro-scale models taken from the literature can
be derived from the underlying description at the micro-scale. The derivation requires
that the local equilibrium equation is known. Therefore, since it is not analytically
known as in the classical kinetic theory, the modeling approach can be delivered through
a hybrid system consisting of a macroscopic description plus a system of kinetic ordinary
differential equations which can be used to compute the pseudo-Maxwellian distribution
function, from the time asymptotic of (2.6), where the space gradients are made equal
to zero. A problem that remains open is that of developing an approach to the case
of crowds in bounded domains where pedestrians interact with walls and obstacles
according to nonlocal interaction rules.

Another problem that remains open concerns the validity of the derivation of a
macroscopic model. Any proof concerning the derivation of a macroscopic limit for
a kinetic model will, as a by-product, give an existence proof for the corresponding
macroscopic equation. However, uniform regularity estimates would likely be needed to
obtain the limit of the nonlinear term. These estimates, if they exist, must be sharp
because it is known that the solutions of models like (3.21) become singular after a finite
time.
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