COMMUN. MATH. SCI. (© 2015 International Press
Vol. 13, No. 6, pp. 1639-1648

FAST COMMUNICATION

AN OPTIMIZATION-BASED, HETEROGENEOUS TO
HOMOGENEOUS COUPLING METHOD*

ASSYR ABDULLE! AND ORANE JECKER?

Abstract. An optimization-based algorithm is proposed for solving elliptic problems with highly
oscillatory coefficients that do not exhibit scale separation in a subregion of the physical domain. The
given method, written as a constrained minimization problem, couples a numerical homogenization
method in the subregion of the physical domain with scale separation with a fine scale solver in sub-
regions without scale separation. The unknown boundary conditions of both problems in the overlap
region are determined by minimizing the discrepancy of the corresponding solutions in this overlap.
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1. Introduction
Let QCR? d>1, be a bounded domain, let f € L?(€), and consider the following
elliptic problem: find u € H}(Q) satisfying

—div(aVu)=f, in Q, (1.1)

with u=0 on 9. We assume that the tensor a € (L>°(£))9*? is symmetric, bounded,
highly oscillatory, and uniformly elliptic, that is

al¢? <¢Ta(x)E<BIE)?, €€RY, (1.2)

with 0<a<f<+o0; hence, (1.1) has a unique solution thanks to the Lax—Milgram
Theorem.

It is well known that standard numerical methods such as the finite element method
(FEM) or the finite volume method (FVM) are inefficient for such problems since con-
vergence can only be obtained if the mesh resolves the smallest scale in the problem
which is often computationally prohibitive. To address these issues, there are two broad
strategies. The first approach relies on methods using multiscale basis functions ob-
tained by solving the original problem with scale resolution on coarse blocks to obtain
a coarse multiscale basis function. The computation of the basis functions, with a cost
proportional to the resolution of the finest scale in the problem, requires less storage
and can be done in parallel (see [17, 18, 21] and the references therein). The second
approach is mainly applied when the coefficients of the problem exhibit scale separation.
Then, based on homogenization theory [6, 19], one can build micro-macro methods able
to capture the effective solution of (1.1). In this setting, we obtain numerical meth-
ods with a computational cost independent of the smallest scale of the problem (see
[1, 4, 10] and the references therein). Yet, there are many problems that fall in between
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1640 OPTIMIZATION-BASED COUPLING METHOD

scale and non-scale separations in which scales are separated only in a subdomain of
the computational domain. Several multiscale strategies have been proposed to couple
a numerical homogenization solver with a fine scale solver in different subdomains. We
mention the so called global-local approach, in which the boundary conditions for the
fine scale subregions are given by the homogenized solution [22], and the recent L?
global to local projection method [5].

In this paper, we present a new global local approach combining numerical homog-
enization methods with ideas coming from the virtual control method developed in [9]
and pioneered in [14] and [20]. Our method and analysis are inspired by the recent
work for atomistic-to-continuum coupling [23]. Assume that the computational domain
Q is divided into two (overlapping) regions w and wo = \w and that the multiscale
elliptic problem (1.1) exhibits scale separation in wy but not in w. Our method couples
a multiscale micro-macro method in wo (that approximates an effective problem in that
domain) with a fine scale solver in w; =wUwy, where wy is an overlap region. We no-
tice that the numerical homogenization method on ws involves a finite element method
with variational crimes on the macro mesh. To solve the boundary value problems in
each subregion, we introduce virtual controls (unknown Dirichlet data in wp) that are
obtained by minimizing the L? norm of the different solutions in the overlap. While
the optimization coupling on the overlap minimizes the L? norm between the full fine
scale solution and the (numerically) homogenized solution in wy, we nevertheless get an
error estimate with respect to the full fine scale solution in the whole €2 thanks to the
use of a Cacciapoli inequality and the reconstruction of the fine scale solution that can
be recovered from the known micro and macro solutions in ws.

We note that, in the domain decomposition literature, we can find several multiscale
coupling techniques for elliptic problems with strong variation in their coefficients as, for
example, the domain decomposition method for numerical zooms [16] or the multiscale
algorithm with patches of finite elements [13] (see also the references therein). These
methods, nevertheless, significantly differ from the method proposed in this paper. In-
deed, for these methods to apply, it is assumed that the coefficients of the problems
have a multiscale structure only in the zoom or in the patch outside of which they are
only slowly varying. Thus, a coarse mesh can be used outside the patch or in the zoom
which is not suitable in our case since the multiscale structures are strongly varying in
). Hence, these methods and their analysis do not apply in the present context.

In this paper, we introduce our multiscale coupling method and provide an analysis
in the continuous case. In a forthcoming paper [3], a full analysis of the numerical
method together with numerical comparisons with other coupling strategies will be
presented.

2. Optimization-based, heterogeneous to homogeneous coupling

Recall that 2, a bounded domain, is decomposed as follows: Q= (Q\w)Uw =w;Uw.
Consider (1.1) and assume that a can be decomposed into a=ay,, +a*(1—x.), where
Xw 1s the indicator function on w. We further assume that wew; €2 and denote
the overlap by w; Nws =wg. Suppose that numerical homogenization holds in wsy, thus
in principle, the solution % can be approximated by u’+cu! in wy, where u® is the
solution of (2.2) and u® is a corrector term [6, 19]. In contrast, we want to compute a
fine scale approximation of w in the domain w where we do not assume scale separation
or stationarity. The above considerations lead to the following coupled problem: denote
I'=09Q, I'y =0w;, I's = 0w and consider u; € H'(w1), us € H*(ws) the solutions of

—div(aVui)=f, in wy, u3=¢1, on Iy, (2.1)
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—div(a®Vug) = f, in wy, uz =y, on Ty, uz =0 on 09, (2.2)

where the boundary conditions ¢; € HY/?(T;) and @y HY/?(T'y) are to be deter-
mined. The existence and uniqueness of u; and wy are given by the Lax—Milgram
Theorem provided that ¢; and ¢p are known. Let Hp(wp):={u€ H(ws)|u=
0 on I in the sense of the trace}. The weak formulations read: find u; € H'(w;) and
us € Hi (ws) solutions of

Bi(ui,fu):/w
0

where a1 =a and as =a".

We insist that, for practical calculation, a®(z) is not available as even in the locally
periodic case. Computing this tensor involves yet another boundary value problem;
hence, computing a”(x) amounts to solving infinitely many boundary value problems.
Thus, the multiscale method couples

ai.vuivvdag:/ fvdr=F;(v), YveH}(w;), fori=1,2, (2.3)

i

e a finite element approximation u, ; of u; in wy, where the mesh size h resolves
the fine scale in a(z);

e a numerical homogenization finite element approximation ug g of ug in wy re-
covering the macroscopic data a’(zr) using FEM in micro sampling domains
around macroscopic quadrature points xy.

This method, based on the finite element heterogeneous multiscale method (FE-HMM)
[1, 2, 10], is detailed in Section 3. Notice that the numerical homogenization method
relies on two meshes: a macro triangulation of wy with mesh size H and a micro trian-
gulation of the sampling domains with mesh size h controlling the accuracy of the data
a®(zg).

Solving problem (2.1)-(2.2) in a constrained optimization setting, as proposed in
[11], leads one to consider the artificial boundary conditions ¢;, i=1,2, as control
variables and the functions wu;, ¢ =1,2, as state variables. The cost functional to minimize
reads

1
J(UlaUQ):§||U1_U2||i2(w(’) (24)

under the constraints that u; and ug should satisfy (2.1) and (2.2). To solve the above
problem, it is convenient to split the solutions u; and wus into a part depending on the
controls and a part solving a homogeneous Dirichlet elliptic problem, as

uy =u1,0+v1(p1) and up =wuz 9 +va2(p2),

where u; 9 and ug solve zero Dirichlet boundary value problems in w; and ws, re-
spectively. The problem becomes: find (ug,,v1,u2,0,v2) € Ha(w1) x H(w1) x H (w2) %
H}(ws) such that

—div(aVuLo) :f in w1, U1,0=0 on Fl, (25)
—div(aVvy) =0 inwy, v1 =5 on Iy, (2.6)

and
—div (aOVquo) =finwy, ugo=00nT, usp=0 onTy, (2.7)

—div(a®Vvy) =0 inwy, va =0o0onT, va =, on I'y,
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where we note that the solutions u,,9 and uz can be computed before performing the
coupling since they are independent of the virtual controls. The unknowns become vy
and vs.

For a practical implementation, we use the Lagrangian formulation of the above
constrained optimization problem, obtained by introducing the Lagrange multipliers
A1 € H} (w1) and Ag € H} (w2) associated to the constraints. The problem then reads:
find (v1,A1,v2,A2) € H(w1) x H (w1) x HE(w2) X HY (w2), the critical point of the fol-
lowing Lagrangian functional

[,(Ul,)q,’Ug,/\Q) = J(Ul,’u,g) + (f—|—div(aVu1),)\1>H71’H1 + <f+diV(CLOVU2),)\2>H71’H1.
(2.9)

Considering next the critical point of (2.9) leads to a saddle point problem
/ (1 —vg)wldw—/ a-VwiVAidr= —/ (u1,0 —ug,0)wrde, Yw; € Hl(wl), (L1)
wo w1 wo
[ avavedo= [ fado- [ a-Vuoveds, e e H W), (L2)
w1q w1 w1

—/ (vl—vg)wgdaz—/ a0~Vw2V/\2dx:/ (ul,o—ugyo)wgdx,ngeH%(wg), (L3)
wo w2

wo

/ a® - Vv Véadr = / fé&dr— / a® - Vug o Véadz, V& € Hi(wo).  (L4)

We note that the well-posedness of the optimization-based problem can be established
from (L1)—(L4) using Brezzi’s theory [7].

3. Multiscale coupling method

The method couples the FEM in w; with the FE-HMM in ws, hence the mesh H
in we can be larger than ¢ and the mesh size h in wi should be smaller than the fine
scales; an example is illustrated in Figure 3.1. B

Let 7;, be a triangulation of w; with mesh size given by h=maxge7; hx. In addi-
tion, we suppose that the triangulation is admissible and shape regular in the sense of
8]
We define a FE space of degree p over T; by

VP(wy,T;)={we H' (w1)|w|x € RP(K),YK €T} },

where R? (K) is the space PP (K) of polynomials on K of degree at most p if the element
K is simplicial, or the space QP(K) of polynomials on K of degree at most p in each
variable if K is a rectangular FE. We use V{’(w1,7j,) to denote the elements of V? (w1, 7;,)
that vanish on dw;. For the FE-HMM in wsy, we need macro and micro partitions. Let
T be a triangulation of wy with mesh size H =maxxeT, hx that can be larger than e.
We suppose that Ty is also admissible and regular.

Macro Finite Element space.  The macro FE space over Ty is defined by

VE (wa, Tar) = {w € Hp (wo) |w|x € RP(K),VK € Tyr }.

We use V' (w2, Tr) to denote the FE space of degree p of functions that vanish on dws.
Within each element K € Ty, we consider integration points x; g € K with quadrature
weight w; g for j=1,...,J and around each integration point we construct a sampling
domain Kj, =z +0I, where I =(—1/2,1/2).
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FiG. 3.1. Illustration of a mesh over a domain Q=[0,1]% with wo in light blue and w in dark blue.

Quadrature formula (QF). We denote by K the reference macro element, and,
for all K €Ty UT;, we consider a mapping Fy such that FK(K):K. Suppose that
we have a QF on K with quadrature points and weights {i:j,u?j}j:l. A QF on K is
given via z; x = Fx(2;) and w; g =w;det(0Fk), for j=1,...,J. We state the usual
assumption for a QF when using a FEM with numerical integration (see [8, Chapter
4.1]):

Q1) @; >0, j=1,....J and 3] 1wJ|VP(%)\2>/\||VPH Vh(#) € RP(K);

(Q2) [pp(d)di= ijl w;p(25),Yp(&) € R (K), for o= max{2p— 2,p} if K is simpli-
cial and o =max{2p—1,p+1} if K is rectangular.
Micro Finite Element space. ~ On each of the sampling domains Kj,, we consider

a micro partition 7, of elements () with diameter hg, and we denote h=maxgeT;, hq,
h<e. The FE space of degree ¢ is given by

Sq(K‘Sj’ﬂL) :{U)GW(K(;J.) |w|Q GRq(Q)aQ 6771}7

where the Sobolev space W (Ks,) determines the type of coupling between the macro
and micro problems (W (Kj,) =W, (Kj,) for periodic or W (Ks,) = Hj (K5, ) for Dirich-
let).11

With the definition of the FE spaces, we state the discretization of Equation (2.3) for
uy. It reads: find u, ; € VP(wy,7T}), a solution of

Bl(ul’ﬁ,wh):/ a-Vu, ;Vwpdr= [ fwpde=Fi(w;), Yw;€Vy(w,T;).  (3.1)

For the discretization of (2.3) for us, we construct a macro bilinear form for ug g, ws i €

VIP(W27TH)7

a- Vu?Vw;?d%

J
By g (um,wi) Z Z
=

5|K5

h w" are micro functions defined on K, in the following way: find ugb such that

where u,w;
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U? —U2 H lin,j € Sq(ng ,’Th) and

/ aE-Vthdex:O, Vwe SY(Ks;, Th),
Ks,
where g 1 1in,j(2) =uo, 1 (2, k) +(x—xj k) -Vus m(xjx). Then, the discretization of
(2.3) for uy reads: find ug g € Vi (w2, Ta ), a solution of
By g (ug, g wo i) =Fo(we, i), Ywa,m € VY (wa, Tar)- (3.2)

The discrete system for the optimization based coupling problem is: find
(V) s AL s v2, A2, 1) € VP (wi, Tg) X Vi (w1, Ty) % Vi (wa, Trr) x Vi (w2, Trr ), a solution of

/ (vl,;l—vng)wl’;de—Bl(wlﬁ,)\lﬁ):—/ (ul’oﬁ—uZO’H)wlﬁdm, (L1b)

wo wo

Bl(vl,ﬁ’gl,ﬁ) =F (51,13) - B (u1,0,im€1,13)v (L2b)

*/ (Ul,,;*Uz,H)wszz*BQ,H(WQ,H,M,H):/ (uy g7 —u2,0,0)w2,mdr,  (L3Db)
wo wo

By 1 (vo,m,82,1) = Fa(&2,1) — Bo, 1 (u2,0,1,62,1), (L4b)

for all w, ;; € VP(w1,T5), & 7 € V5 (w1, T5,), wo,m € V¥ (wa, T ), and &o, i € VY (w2, Thr)-
Then, using a FE basis for 7; and Ty, we are able to write the system (L1b)-(L4b)

in a matrix form:
M BT
( s ) e

where U = (vy j,v2,1,\; }'L,AQ)H)T. This system can be solved without an optimization
iteration since it is poésible to solve the system using computational methods (this
approach is called the one-shot method [15]).

The algorithm is as follows:

1. Compute u, 7 €V (w1, T;) with (3.1) using FEM over Tj,.
2. Compute ug o g € VY (we, Tr) with (3.2) using FE-HMM over Tg.

3. Compute vy j, € VP(wy,T;) and vo g € VE (w2, T ) by solving the system (L1b)-
(L4b).

4. A priori error analysis
In this section, we discuss the accuracy of our coupling method. We emphasize
that we do not address the fully discrete analysis; that is postponed to a forthcoming
publication [3]. Let @ denote the solution of the optimization-based coupling given by
o Juotulen) %n w1, (4.1)
u2,0 +v2(p2) in wa \ wo,

where uq g, v1, ug,0, and vy are solutions of (2.5), (2.6), (2.7), and (2.8) respectively.
We give an analysis for the error ||V (u—1u)|12(.), where u is the solution of (1.1).
We first establish the well-posedness of the optimization problem (2.4) and consider

J(U17U2) = J(QO17<,02) defined as

1 1
J(p1,02) =5 [v1(p1) —v2(2) 1% 2 o) + S lluro— 2,0[172 ()
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+/ (u1,0 —u2,0)(v1(p1) —v2(p2))dx.

Let U:=H'Y*(I';) x H1/2~(1"2). The constrained optimization problem then reads: find
(¢1,02) €U such that J(p1,92)=1|lu1(p1) —uz(p2)|/r2(wy) is minimized subject to
equations (2.1) and (2.2). The necessary optimality condition is obtained by the Euler—
Lagrange equation: find (¢1,p2) €U such that

W({%vs@z},{m,#z}):*/ (u1,0 —uz,0)(v1(p1) —v2(pe))de, V(ui,p2) €U,  (4.2)

where the bilinear form 7 is given by

m({p1. 02t {p1p}) = [, (vi(p1) —v2(p2))(v1(p1) —v2(p2))dz. Following standard ar-
guments, it can be shown that 7 defines an inner product on the space U, and the
existence and uniqueness of a minimizer in the space U , obtained by completion for the
norm |||/ - @ induced by 7, is obtained using the Riesz-Representation Theorem (see
[11] for details).

We next establish an a priori error estimate for the coupling error by estimating
u—1u. Since u— 4 is a-harmonic in wy, the Caccioppoli inequality [12] can be used to
bound the H! seminorm on w by the L? norm on wy. Let 7 denote the width of wy and
recall that 0 <a < <400 are the coercivity constants of a given by (1.2); we then have

IV (u=u)llL2(w) <C(7, 8,0) [[u— L2 (@) -

For any couple of controls {s1,u2} €U, we define an operator P:U — HZ () by

w10 +v1(p1) in wy,
{p,pat = P({p1,p2}) = )
u2,0 +v2(p2) in we \wo,

which can be split into P=Uy+ @ where Uy is the constant part of P and

Q{pnspa}) = {wl) in wi,

va(p2) in wo \ wo.

Moreover, we define the trace operator v: Hi(2) —U by y(u)=(y1(u),y2(u)), where
yi s HY(wi) — HY2(T;), i=1,2, is given by v;(u) =u|r, (in the sense of the trace). Using
the exact trace of u as boundary condition in problem (2.8), we define

u’=1ug,0+v2(v2(u))

and observe that u|,, = (u1,0+v1(71(¢)))|w,. Then, we have

[u=all L2 () = [ = P({e1, 02 1)l L2 1)
< lu—= Py (W)l 2 () HIP(v (@) = P({p1, 02}l L2 (1)
=0

<@~ (w) = {1 etz @), (4.3)

where the norm of the operator @ is

”QH: sup ||Q({1LL17/*L2})||L2(Q).
(urzy s p2}]

L=U)

A bound on the norm ||7y(u)—{¢1,92}| is given in the next lemma, assuming local
periodic coefficients a in wy. For the proof we refer to [3].
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LEMMA 4.1. Let u be the solution of (1.1) and let {¢1,p2} be the minimizer of (4.2).
Then,

7 () = {1, 02} - @y < Nl =l L2 w)
Moreover, it holds that | — | L2 (wy) < Ce.
Finally, we obtain the following error bound.

THEOREM 4.2. Let u, u be solutions of (1.1) and (4.1) respectively. We have
IV(u—1)|r2(w) <Ce, (4.4)

where the constant C' depends on Q, T, «, 8, and on the domains wy and ws.

The last step for the error analysis is to bound the norm of the operator @ in (4.4) that
depends on the size of the overlapping domain and the size of the subdomains. This will
be discussed in [3] as well as an error estimate for the FEM - FE-HMM discretization
described in Section 3.

5. Numerical experiments

In this section, we present numerical experiments on two examples for our new
coupling method. Comparisons with other methods will be presented in a forthcoming
paper. In the two examples, we take a highly heterogeneous non-periodic tensor with
oscillations at several non-separated scales in w, denoted by a(x1,22), and a locally
periodic tensor in Q\w (with period ¢), denoted by a®(x1,z2) (see also Figures 5.1(a)
and 5.1(d)). We then

1. fix € and compute the H' norm of the exact solution for different widths 7 of
the overlap using a refinement of the fine scale mesh,

2. take different values of € and see the influence of the locally periodic wavelength
in the coupling strategy.

For simplicity, we suppose that the mesh is continuous in Q and that 7y and T;
are identical in wy. We use P;-FE and compute an approximation of u using FEM on
a very fine mesh over €. Figures 5.1(b)-5.1(e) indicate the convergence of the coupling
algorithm (for the numerical solution) with successive smaller mesh sizes in w (with
various sizes of overlap) while Figures 5.1(c)-5.1(f) illustrate the convergence of the
optimization-based solution stated in Theorem 4.2 for the numerical solution.

Example 1. Let a(z1,22) =a(x1,22)Xw(®1,22) +a®(21,22) (1 — X (21,22)) where

4 7
5 1 2 . T .
a(zy,x9) = 3+? E E j—f—lCOS(LS(ZIQH—ll)J +L15Ozx1J+L15Ox2J),

j=0i=0
1.14sin(27 (21 /) (z2 /)
1.14sin(27xy/€)

1
ag(:101,x2):6<

+sin(4a2z3) + 2> I.

1. Let e=1/160. The convergence rate ||u—uj,;||f1(w) is given in Figure 5.1(b)
for 7= (full), 7=1% (dashed), and 7=, (dotted lines).

2. For an initial DOF of N. =7 points per ¢, the error ||u—uj, ;|1 () is given in
Figure 5.1(c) for e=1 (full), =+ (dashed), and e =7 (dotted lines).
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0.35
Tas = 085

(a) Example 1: tensor a for
£=1/10.

O%as

(d) Ezample 2: tensor a for
£=1/10.

107 107 107
izein o

(b) Ezample 1: H' norm
for 7=3/16(full), T=1/8
(dashed), and T=1/16
(dotted), for e =1/160.

Number of points per epsilon

(c) Example 1: H' norm
for e=1/4(full), e=1/8
(dashed), and e =1/12
(dotted), for T=3/16.

107

10 10° 10° 107
eino

(e) Example 2: H' norm
for 7=3/16(full), T=1/8
(dashed), and T=1/16
(dotted), for e=1/160.

10° 10! 10°
Number of points per epsilon

(f) Ezample 2: H' norm
fore=1/4(full), e=1/8
(dashed), and e=1/12
(dotted), for T=3/16.

(g) Ezample 2: numerical
solution w19 for e=1/160
and T=3/16.

(h) Ezample 2:
solution w2 for e=1/160
and T=3/16.

numerical (i) Ezample 2: numerical

solutions w1 (full) and us
(transparent) for €=1/160
and T=3/16.

Fia. 5.1.

Example 2. Let a(x1,22) =a(x1,22) X0 (T1,22) +a®(x1,22)(1 — xw(21,22)) be given

- cos ( {8 (ixg - Zill)J + 150z, | + L150x2J) ,

a®(z1,22) = (2 1+ cos(2mxy /e) cos(2maa /<) +sm(4x1x2)) I

by

(.’1?1,.%2 =3+= ZZ

]OzO

1. Let e=1/160. The convergence rate ||u—uj ;||u1 () is given in Figure 5.1(e)
for 7= 2 (full), 7= {= (dashed), and 7= 2; (dotted lines). Numerical solutions
u1,0,U2,0, and @ are shown in Figures 5.1(g), 5.1(h), and 5.1(i) respectively.

2. For an initial DOF of N. =7 points per ¢, the error ||u—uj; |u1 () is given in
Figure 5.1(f) for e=1 (full), e= % (dashed), and e =75 (dotted lines).
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