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WEIGHTED DECAY FOR THE SURFACE
QUASI-GEOSTROPHIC EQUATION*

IGOR KUKAVICAT AND FEI WANGH#

Abstract. We address the weighted decay for solutions of the surface quasi-geostrophic (SQG)
equation which is given by

Ot +u-VO+A220=0, (0.1)

where A= (—A)'/2. The first moment decay ||z||| 2 was obtained by M. and T. Schonbek in [M.
Schonbek and T. Schonbek, Discrete Contin. Dyn. Syst., 13(5), 1277-1304, 2005]. Here we obtain the
decay rates of |||z|?0| 2 for any b€ (0,1) and the rate of increase of this quantity for b€ [1,1+«) under
natural assumptions on the initial data.
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1. Introduction
In this paper, we address the weighted decay for solutions of the subcritical Surface
Quasi-Geostrophic (SQG) equation. The 2D SQG equation is given by

0; +u-VO+A**0=0, (1.1)
u=R* 0= (—Rz0,R,0), (1.2)

with the initial condition
u(0) =y, (1.3)

where R; is the i-th Riesz transform, a € (0,1], and A=+/—A is the square root of the
negative Laplacian. Here the nonlocal operator A? is defined by

(A7) (&) =1¢1° F (), (1.4)

where f(¢&)= (2m)~t [ f(z)e~**dx is the Fourier transform of f. The scalar function 6
in the above equation represents the potential temperature, and u stands for the velocity.
In particular, when a=1/2; the SQG equation describes the temperature distribution
on the 2D boundary of a rapidly rotating fluid with small Rossby and Ekman numbers
[9]. Besides the physical interpretation of the SQG equation, it also serves as a simplified
model for the 3D Navier—Stokes equations.

Equation (1.1) is referred to as subcritical when 1/2 <a <1, critical when a=1/2,
and supercritical when 0 <a < 1/2. Recently, this equation has received a considerable
interest from many mathematicians. The global weak solutions and classical solutions
locally in time to the SQG equation are known to exist for o€ (0,1] [30]. Furthermore
the maximum principle is provided for this equation in the same reference as well.
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In [9], Constantin and Wu proved that the solutions are smooth on the whole space
under the subcriticality assumption and obtained the decay result

1612 <C(1+8)71/, (1.5)

for «€(0,1). Later, M. and T. Schonbek obtained in [34] the decay of higher order
derivatives

1APG] 12 < C(1 1)~ (A2, (1.6)

for 8 in a certain range. Additionally, they established a weighted decay estimate on
[l|x|€]| 2. For other results on the well-posedness of the SQG equation, see [4, 5, 6, 7, 8,
12, 13, 24, 23, 10, 11, 17, 18, 33, 38, 39| and reference therein, for the decay results on
Navier-Stokes equations cf. [14, 15, 16, 22, 27, 31, 32, 37], while for the weighted decay
for the Navier—Stokes equations, we refer the reader to [1, 2, 3, 19, 20, 21, 25, 26, 28,
29, 36).

Motivated by [35], we address here the weighted decay for solutions of subcritical
quasi-geostrophic equations for more general weights |||z|°0]| ;> with b€ [0,1+«). (Note
that the technique used in [35] depends essentially on the fact that the power of z is an
integer.) For technical reasons we need to divide the proof into two cases: 0 <b<1 and
1<b<1+a. Combined with the case b=1 covered in [35] and b=0 in [9], this gives a
complete range of weights 0 <b<1+«a. We obtain decay with the exponent (1—b)/2«
when b€ (0,1) and an increase with the exponent (b—1)/2« when be (1,14 ).

For 0<b<1, the main difficulty we are faced with is that = appears in the de-
nominator when taking the derivative of |z|’. In order to overcome this problem, we
introduce the weight ¢(x,t) = (|z|?+ (1+¢)*/*)1/2, for which the bound

V! (x,t)| < C(14¢)~ (02 (1.7)

is available. Another difficulty is that we face the commutator [|¢p®A%6 — AP (4°0)||L»,
which we estimate here using the representation formula for A?f. The third difficulty is
the decay property of ||A?8]|1q for ¢ €[1,2); the only available estimate is for for ¢ >2 in
[34] (cf. Lemma 2.5 below). We obtain this in Lemma 2.6 below using ideas from [20].
At last, applying Gronwall’s lemma directly does not give the desired result. Instead, we
conclude using the integral representation of the solution. For the range 1 <b<1+a, it
seems difficult to find a commutator estimate for ||)?*A%0 — AP (4?°0)|| 1 directly. We
instead consider [ (Y2*A%0—AP(12°6)) APOdx for 1(x)=(|z|>+1)"/? (cf. Lemma 2.8
below).

2. The main result
First, we state the main result on the weighted decay for solutions of the SQG
equations.

THEOREM 2.1. Assume that 6g € L' H'*O for some 6 €(0,1). Furthermore, we sup-
pose that |x|°0g € LY N L2, where be (0,14 ). Let 0 be a weak solution of (1.1)—(1.3)
with o€ (1/2,1). Then

ll2]76]l > < C(1+1) =772 (2.1)

for all r€[0,b].

In the case b=1, the theorem was proved by M. and T. Schonbek in [35]. The proof
is divided into two parts corresponding to the cases b€ (0,1) and b€ (1,1+«). In order
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to prove this theorem for b€ (0,1) we need the following three lemmas. The first one
contains a commutator estimate.

LEMMA 2.2. Let ¢(z,t) = (|z|>+ (1+1))V/2] for x €R?, where t >0 is a fired param-
eter. Suppose 6 € S(R?) and assume that B€[0,2) and b€ [0,1) are constants. Then

|¢° AP0 — AP (¢°0) || r <C(14+1)~=9/22 V0| Lo + C(14+) " D/220]|La  (2.2)

where p,q € (1,00) satisfy 1+1/p=0/2+1/q.
Proof. Rewriting ¢ A% — AP(¢%0) in the integral form, we have

¢"A%0(x) — A% (6"0)(x)

o) [0 L —0y (0°0)(y)
=00 [y O/ g
—end®(z _Aye(y)
+CO/Ay(¢b(y))9(y)+2vy¢”(y)~Vy9(y)+¢b(y)ﬂy9(y) dy (23)
lz—yl|? ’ '

where ¢g is the normalizing constant. After a rearrangement, we obtain

¢"AP0(x) — AP (¢"0)(x)
(@) =9 (2) A 0(y) V' (y)-Vy0(y)
o [ SR e [y
Dy (6°(y)0(y)
+CO/ oyl Y
=L +1,+1;. (2.4)

A direct computation shows that

V! (x,t)| < C(1+¢) (702 (2.5)
and

|AQP(2,)| <C(1+1)~(b)/2 (2.6)

where 0 <b< 1 and where C is a constant depending on b. Postponing the treatment of
the term Iy, note that

- V,0(y)|
L <C(144-a-v/za [ VO], 2.7
By the Hardy-Littlewood—Sobolev inequality, we get

| L)z < C(1+1)~=0/2%|V0)| L, (2.8)

where we choose p,q € (1,00) so that 1+1/p=03/2+1/q.
Using the bound for A¢? above, we similarly estimate the I3 term as

1Z5]|» < C(L+1)~E=0/22j6)| L, (2.9)
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where p and g are same as above.
We treat the term

(6°(y) = 0" (2)) 2y 0(y)
Ilzco/ Y p—E Y gy (2.10)
next. Let
. (0" (y) = 6" (2))2,0(y)
L= O/ac—ylze w—yl? dy. (2.11)

Integrating by parts, we obtain

ILi.= _Co/pc—yze Vy <¢b(y)_¢b(x)) -V, 0(y)dy

= y[?
¢*(y) — " (x) 90
_C°/|x-y|—e|x—w@n<y>d0<y>v (212)

where n is the outer normal vector to the ball B(0,e). By the mean value theorem, we
obtain

16°(y) — 8" (@) = | (Jy|> + (L +) /)2 — (|| >+ (1+1) 1/ *)b/2]
=[b(|z[>+ (1+)/*) "2z (y — )|
<b(144) "0/ 20y g, (2.13)

where z=x+ A(y—x) for a suitable A€[0,1]. Therefore, for ¢ >0, the second term on
the right hand side of (2.12) is bounded by

C(1+t)~ (1702025 (2.14)

which converges to 0 as e —0. Thus we obtain

: ¢ (y) — ¢ ()
Note that
b\ _ b
‘vy <¢ (y) (rbﬂ(m)) ‘ §0(1+t)7(1’b)/2°‘/|x7y|6 (216)
|z =yl
and thus
(- Vy0(y)|
L|<c( a-v/2a [ VOO, 2.1
nl<c-+) N (2.17)

Using the Hardy-Littlewood—Sobolev inequality, we obtain
11| e <CL+1)~A=D72) 70| 1o (2.18)

Then the lemma follows by combining (2.8), (2.9), and (2.18). |

We state a Gronwall type lemma next.
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LEMMA 2.3. Let 0<ay,7; <1 and 8; >0 for j=1,2,...,m, where m € N. Suppose that
a continuously differentiable function satisfies

F'(t) < CiF(t)a-f (1+4t) Pt (2.19)

Jj=1

for all t where it is bounded, where C'>0 is a constant and F(0) <oo. Then for

1-Bi—m 1=Bm—m
= 2.2
v max{(), Iar " 1oa. , (2.20)
there exists K(C,m)>0 such that F(t) <K(1+t)".
Proof. First, (2.19) implies
F'(t)<CY F(t)*t™. (2.21)
j=1

Since t~7% are integrable around 0, we obtain using the Gronwall lemma a uniform
bound for F(t) on [0,1]. Shifting the initial time to 1, we may thus assume without loss
of generality that

F'(t)<CY F(t)* (1+t) %7, (2.22)
j=1
The rest then follows by a standard application of the Gronwall lemma. 0

Next, we recall the following result due to Constantin and Wu on the decay of L?
norms of solutions of (1.1)—(1.3).

LEMMA 2.4 ([9]). Let a€(0,1] and 6y € L*(R*)NL*(R?). Then there exists a weak
solution 0 of the SQG equations (1.1)—(1.3) such that

10(- )| 22y S C(14) 712, (2.23)

where C' is a constant depending on the L' and L? norms of 0.
We also need a result [34, Theorem 3.2].

LEMMA 2.5 ([34]). Let a€(1/2,1] and m>a. Assume that 0 is a solution of (1.1)
with the initial data 6o € L*NH™. Then

[APO(t) || <C(A+1t)~BFD/2a - g<p<m,  t>0 (2.24)

where C' is a constant which depends only on the norms of the initial data.

In order to obtain an upper bound for ||Af(-,t)|/Le, we need the following interpo-
lation type lemma.
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LEMMA 2.6. For q€[1,00] and v € C§°(R? x [0,00)) for t>0, we have

1-1/2a 1/2a
||VU(73)LGSC< sup ||U(8)||Lq> ( sup |Ut(5)+A2°‘U(S)||m>

SE[t/2,t] SE[t/2,t]

+Ct2 sup |lo(s)|ze (2.25)
sE[t/2,t]

where a€ (1/2,1].
The proof uses ideas from [20].

Proof. Denoting f =uv, +A?*v, we may write v in the integral representation form
t

vat)= [Kalo—pt-tooluto)dy+ [ [Kalo—yt=9)fs)dyds,  (226)
to

where K, is the kernel for the operator v; +A%*v. Here to € [t/2,t] will be determined
below. Taking the derivative of v with respect to x, we get

Vv(x,t)z/VKa(z—y,t—to)v(y,to)dy—F/t /VKa(x—y,t—s)f(y,s)dyds. (2.27)

By Minkowski’s and Young’s inequalities, we obtain
t
IIVv(t)HLqSHVKa(t—to)llLlIIU(to)IILq+/ IVEa(t—=s)lc[f(s)llLads
to
t
SC(t—to)’l/Mllv(to)HLq+C/ (t=5) "2 f(5)|lLads (2.28)

to

where we also used the inequality

2707 05 Ko (t)|| o < CN1=1PD/20=5=(a=1 /a1y |8 4 2amax (4,1},
7=0,1,2,3... (2.29)

for 1<g<oo, from [35, p. 1301]. Since o € [t/2,t] and a € (1/2,1], we get from (2.28)

IVo()|[La <C(t—to)"/** sup [o(s)|La+C(t—to) "/>* sup | f(s)||ra- (2.30)
sEt/2,t] sE[t/2,t]

Next we consider two cases. If t>2supycp /o4 10(8)|La/SUPsepr)2,q 1 f(5)l|La, then we
let

su V(s q
b gy = st/ [v(s)lz (2.31)

B SUDse[t/2,1) £(s)| e

and arrive at

IVolle <C( sup fo(s)]za)'~"/2*( sup ]Ilf(S)IILq)I/%‘. (2.32)

s€[t/2,t] s€(t/2,t
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On the other hand, if t <2supsepy /o 4 1[v(8) | La/SUPsepr 2,4 |1 f(5)]|La, We choose to=
t/2 and obtain

IVolla <CEY2 sup [[o(s)za+CE2 sup [1£(s)zs

SE[t/2,t] SE[t/2,t]
<Ct™Y? sup |u(s)]|a- (2.33)
SE[t/2,t]
The proof is completed by combining (2.32) and (2.33). d
By [35, p. 1287], we have
10(, )l <C (2.34)

where C' depends on the initial data. The next lemma provides an upper bound for the
derivative.

LEMMA 2.7. Assume that 0 € L* "H'? for some 6 € (0,1). Then we have

[A6(-,1) (2.35)

C
||L1SW

fort>0.
Proof. For t>0, we have by (2.34) and Lemma 2.6

1-1/2c 1/2c
t1/2“||V0(.,t)||L1 gC( sup ||9(5)||L1> ( sup s||9t(s)+A2“0(s)||L1>

SE[t/2,t] SE[t/2,t)

+C sup [|0(s)]| L
SE[t/2,t]

<CO( sup  s|0(s)+A20(s)|| 1) /2> +C. (2.36)
SE[t/2,t]

Now,

16+ A0 1 < tllull = [ VO] 1 < CHIAPull 22 A 0017 V6| s

< CH|A 00| A6 27 V6]
S(lf’sl/a|V0|L1§Ctl/2°‘|V0|L1 (2.37)
where we used a <1 in the last step. Above we also employed the inequality
lullzoe < CIAPul A u] 122 (2.38)
which can be proven by first establishing
lullz~ < Cllull 2 +CIA ul 22| ATPul| 27 (2:39)

from ||ul|pee < C||lu|| g1+ by rescaling, and then removing the first term on the right side
of (2.39) again by rescaling. Therefore, for every T'>0 we have
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sup sl/2a||V9(-,s)HL1 <C( sup 8||9t(8)+A2a9(S)HL1)1/2a+C
s€[0,T s€[0,7

<C( sup s2¥|VO(-,s)||1)Y 2 +C. (2.40)
s€[0,T]

If the expression F(T') =sup,c(o15/?*|VO(-,s)| 1 is finite, we may use 1/2a<1 in
order to obtain F(T) <C uniformly in T. For the general case, we approximate the
initial data 6 with 6 for which ||63||z: <oc and apply the above argument on the
approximating sequence. 0

Under the conditions of Lemma 2.7, we now claim

C

He('7t)||Lq Smy

1<g<o0 (2.41)
for all ¢ >0. It is sufficient to check (2.41) for ¢=1 and ¢=o00. For ¢=1, this is simply
(2.34), while for ¢=o00, we write

C

16-Ollze= <A O IA 012 < s (242)

for all t>0, where we used Lemma 2.5.
Also, interpolating between (2.35) and ||Af]| > <C/t'/*, which holds by Lemma 2.5,
we obtain under the conditions of Lemma 2.7

C
< t(/a=1/2)/a(t 1) (@~2/a) /o

[|AG(-,¢) qg€(1,2] (2.43)

for all £>0.
Proof. (Proof of Theorem 2.1 for the case b€ (0,1).) Let

(,t) = (|2 + (1+8) /)12 (2.44)

and
F(t)= / % (2,)0° (x,t) da. (2.45)
Taking the derivative, we obtain
F(t) = / 0,(6202) dr = / (62),6% da + / 6 (0%), do
:/(¢2b)t92dm+2/¢2b0(—u-VG—AQO‘G)dx
= / ()10 da —2 / $*0u-Vodr —2 / P*ON**0dx (2.46)
where we used the SQG equation in the third equality. Thus we obtain
F’(t)+2/|A“(¢b9)|2d:p:/(¢2b)t02d:r—2/¢2”0u-V0dx
+2 / @°0(A**(¢"0) — ¢"A**0) du
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=1 +1y+I5. (2.47)

A direct computation shows that
=2¢"

%(gf)b) <CPP(141)~17b/20) (2.48)

where C' is a constant depending on b and «. Therefore,

(¢*)

9
ot

[ <CL+) =702 / ¢"6°de <C(1+6)" 12 6%0| 1216 2
<C(A+t)~ A0/ 2amlpl/2(, (2.49)

where we used Lemma 2.4 in the last inequality, and where C' is a constant depending
on HooHLl and ||00HL2.
Integrating by parts, we get

1
/¢2b9u-V6dx:—5/92u-V(¢2b)dx (2.50)
where we used the divergence free condition. This implies
B [ 0 9(6™) dn < )02 0] ] 12]0]
< C(l +t)7(172b)/2a71/2a71/2a71/a :C(l +t)7(572b)/2a' (251)

In the last inequality, we used Holder’s inequality, Lemma 2.5, and the bound

c c

)< < : 2.52
IV(¢™) < (|22 + (1 +)1/e)1/2=b = (1 41)(1-2b)/2a ( )

By Holder’s inequality and Lemma 2.2 used with p=2 and
— 2 2 (2.53)

q_ 3—204 ) ) .
we have
I3 <|[0°6] 2| A**(¢°6) — " A**6)| 2

<CO1¢%0|| g2 ((1+)~=/2% V0| o + (1+1) =702/ 9] 14). (2.54)

By (2.41) and (2.43), we get
I3 S CF1/2(t) (t(l/q—l/Q)/a(l +t)—(2—1/2a—b/2a) =+ (1+t)—(1/2(x—b/2a+1)) ) (255)
Summarizing, we obtain

F/(t) SOF(t)l/Q(l_‘_t)f(lfb)/Qafl_|_C(1_|_t)7(572b)/2a
+CF1/2(t)(tu/q—lm/a(l+t)—<1+b)/2a+(1+t)—<1—b/z>/a—<1—1/q>/a). (2.56)

Using Lemma 2.3, we arrive at

Ft)<C,  t>0. (2.57)
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Next we improve this bound by writing an equation for ¢*0. We first have

(0°0): + A2 (¢°0) = (¢°):0 + ¢"0; + A** (¢°0)
= (904" (—u-VO—A>*0)+ A**(¢"0) (2.58)

and then write the solution in a integral form as
t
POBO) =Kot (00) o+ [ Kalt=5) (69005 + 6" (~u- V0)(s)) ds
0
t
+ / Ko(t—s)* (A2 (¢°0) — " A%*6)(s)ds, (2.59)
0

where K, is the kernel for the operator 8; +A2*6 and the symbol * denotes convolution.
Taking the L? norm of both sides, we get

H(z)b(t)e(t)HLz§|‘Ka*(|x|b00)||Lz Jr/o ||Ka(t*8)*((¢b)t9(5)) 2 ds
+/ [ Kal(t—35)%(¢°(—u-VO)(s)) || 12 ds
0

t
4 / 1 Ka(t— )5 (A(6°6) — §°A26) (5)|| 2 ds
=Ji+Jo+J3+ J4. (260)

Using the assumption ¢*0|;—¢ € L' and Young’s inequality, we obtain the bound

J1 < | Kallzz[[6°6]i—oll 1 < O3, (2.61)
where we also used the inequality (2.29).
By
9 b 2 1 - c
— ("] <C I ) 2.62
51 (0| SCUaP + 1+ /) < i (262)
and Young’s inequality, we get
¢
T2 2C [ Ea(t=8) 2 (1) 02 0] e
0
¢
gc/ (t—s)712(145)" (7020 gg < 0= (1=0)/ 20 (2.63)
0
where we also used (see [35, p. 1288])
, cte ifb>1
/ ds <{ Ct-e(1+log(1+t)) ifb=1 (2.64)
—_— o if b= .
o (= W) =) L
Ct=*(1+1t) if0<b<1

provided 0<a<1. Rather than deal with the term Js directly, we instead use the
product rule to write
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J3:/O [ Ko (t—s)* (¢"div(ud)) || 12 ds
:/0 H(VKQ)(t—s)*(¢bu9)(s)—Ka(t—s)*(UQVQ’)I’)(S)Hdes

t t
< / IV Kt — )| 60112 1l o s +-C / 1Ko (t— )| 2 [6]22 (1-+5)~ -0/ 20 s,
0 0

(2.65)
from where we get, using (2.29) and (2.57),
J3<C/ 1/2a ].+S) 1/adS+C/ 1/2a(1+ ) l/af(lfb)/2ocds
gCt—l/Qa. (2.66)
For the last term J4, we denote
A=A (¢b0) — pP A26. (2.67)
By Lemmas 2.2 and 2.6, we have
1Al < CL+6)~0=D2290] 1o + C(1+8) =226 o
SCt_l/Qa(l+t)_(3_b)/2a+l/aq, (2.68)
where 0<1/¢g=2—a—1/p<1and 1/p'+1=a+1/q. By Young’s inequality,
t t
/ ||Ka(tfs)>kA||L2ds§/ | Kol || All e ds
0
/ C (2/r 2)/2c —1/2@(1+S)(b 3)/2a+1/(qu8
<C(141)~(=0/2 (2.69)
Note this is possible since we choose r=1+¢; and ¢g=1+¢5 such that
1+1/2=1/r+1/p'=1/r+a+1/q—1 (2.70)
holds, where €1,€2 >0 are sufficiently small.
Summarizing, we obtain
[6°0]| L2 < C(141) =102, (2.71)

This proves the theorem for the case r=5b. When 0<r <b, we proceed by using the
Holder inequality

[0l = < |z |°6]75 161127 < O (L)~ 2, (2.72)

The proof for the case b€ (0,1) is thus complete. 0
Next we turn to the proof of Theorem 2.1 for the case b€ (1,14 «). In the proof we
need a different commutator estimate which is stated next.
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LEMMA 2.8. Leta€[1/2,1) and be (1,1+a). Denote 1(x) = (|z|*+1)'/? and assume
0€S(R?). Let p and q be given by
2

(1—a)b+1 (2.73)

p =
and

2
1+b—a’

q= (2.74)

then

/ (W?PA%0 — A* (1*°0)) A*O da
<Cl[9°0l| 2 [ A0 Lo + Ol 0l 2 [P A0l 2 | A0l
+ Ol A0 2|01 2o + Cl[wP A 2 [P0l 2 101 1 (2.75)
holds.
Proof. Rewriting the commutator in integral form, we get
w2bAa9_Aa(w2b9)
2b 2b
- (0 (z) =9*(y)0(y)
=cop PV/ = ‘2+a dy—c PV/ \:c EE dy

Mg(y)dy) (2.76)

|z —y[2

:C()P.V.

where ¢g is the normalizing constant. Using

[¥*(y) = (2)| < Cly — 2| (>~ (y) +9*~ (@), (2.77)
we get

e ) R e C))

2b A _ AQ(,2b <C.
[ A% (z) — A (p70)(z)| <C-P.V. FiEn 10(y)|dy
wa 1 ,(/)217 1 )
=C- PV/| |1+a|9 y)|dy+C- PV/| |1+a\0(y)|dy
— Ay + Ay, (2.78)

Next we estimate A; and Ag. Using ¥*~1(y) < C(|¢(y) — ¢ (z)|>~ 1 +¢°~1(x)), we obtain

b—1 b— 1
M<c. PV/W Slbldreey. [ |1+)a *()10(y)dy
0y
<C- PV/| |2+a bd +C-PV. x(_)y||1(+a)w*’ Yx)d
=An+Ap (2.79)

where we also used

[(x) = (y)| < lz—yl. (2.80)
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For the term Aq1, we have
/Au\/\a@Idx <N Avall o 1A%0] o < Cl[9°0] L2]| A0 La (2.81)
where we used the Hardy-Littlewood—Sobolev inequality, and where ¢,¢’ € (1,00) sat-

isfy1=1/q+1/¢ and 1+1/¢' =(2+a—5)/2+1/2, which give g=2/(1+b—«). Now we
estimate the term involving A5 as

b
/A12|Aa9|da: c /7’” |1+a dy "~ ()| A0 (z)| dzx
b

<cnwbeupnwb LA 1
<[40 2 A 15 |0 1Y, (2.82)

where we used the Hardy—Littlewood—Sobolev inequality and where 1+1/9'=1/2+ (1+
«)/2 with 4" denoting the conjugate exponent of v, and Holder’s inequality with 1/y=
(b—1)/2b+1/bp. A simple calculation shows that p=2/((1—a)b+1). Summarizing,
we get

[ 4ala0lde <02 460 oo+ ol lwP a0l 2 AL, (283)

In order to bound the term involving A5, we write the corresponding term in double
integral form and use Fubini theorem

2b— 1
/A2|A°‘9|dm c//fp |1+a 0(y)|dy|A®0(z)| da
2b— 1 AO‘Q
_c//w |1+a( W dalo(y)) dy. (2.84)

Note that [ As|A“6|dz has the same structure with [ A;|A“6|dz, and therefore, we get
the estimate

/ A3|A%9|da < CWPA“E]| 1218 Lo + C [P A6 2|06 2|10 127 (2.85)

We conclude the proof by combining (2.83) and (2.85). 0

Since the case b=1 has already been addressed in [34], we only need to consider
be (1,14 a).

Proof. (Proof of Theorem 2.1 for the case be (1,1+a).) Let F(t)="0]2,=
[?*6%dx. Taking the derivative with respect to ¢, we get

1dF

S ar /1/12b99td$ /2/}269(—U~V9—A2a9)dx

=— / V20(u-Vo)dr — / Y2ON2 Y dx. (2.86)

Adding fwzb )|A%8]2dx to both sides of the above equation, we obtain

1dF

§E+/¢2b|Aa9|2dCE:—/’L/J2b9(uva)dl'—f—/(¢2bAa9—Aa(¢2b9))Aa9d{L‘
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=L +1. (2.87)
Integrating by parts, we get

I =— / $2°0(u- V) dr = / div(¢?°0u)0 dz

= / 02u;0;(*°) dx + / V20 (u-V0)dr, (2.88)
which implies
1
11:i/e%jaj(@p?b)dm:b/wb*la?ujaﬂydz. (2.89)
Therefore, using Holder’s inequality, we obtain
I < CJ(0) P Labs oo [[ul| pas |61 Lo
<O 0N E " ull o 011 = CF 22 ]| o 6] (2.90)
For Iy, we use Lemma 2.8 in order to get
Iy < C[y*0]| 12 | A%6]| o +Cl[0°0] 2 [P A0 12 /P [ A0 1
+ O A0 L2|6]| o +C WP A6l 2 [0°0] 1= l611 7. (2.91)
Using Young’s inequality leads to

IO e [ M) P A6 P < L b A6)2 + 0] 2/ O+ A 2LE+D)

Lr = 4
(2.92)
Similarly,
1
Cllo* A6 2 6] o < 7 [ A6]13 +CI6]1 (2.93)
and
Il A 2 b0 5 o) < & A0l +C 0l 2™ 6117 (2.94)

Using (2.87) with (2.90)-(2.94) and absorbing the [|¢*A*||2, terms in (2.92)-(2.94) by
the left side of (2.87), we arrive at

AF 1, ooy
— 4+ —[[A%0|| 72
o lutace)

<CF Qb—”/%nunw||0\|”"+CF1/2HA‘*9||L +COFY/ D A 20
+C)|0)2, +CFV|g) 2 (2.95)

from where

dF 1
E"‘*HWAO‘@HZB
Sc(l+t)—1/a—1/2abF(2b—1)/2b+Ct—(b—a)/2a(1+t)—(1+a—b)/aF1/2

+Ct7(17a)(b+2)/2(1+t)7(3(171)(17b+ab)(2+b)/2be/(b+1)
+C(1+t)_(1+a_b)/a+C(l—l—t)_(l_(l_a)b)/abFl_l/b. (2.96)

The conclusion then follows by using Lemma 2.3. ]



IGOR KUKAVICA AND FEI WANG 1613

Acknowledgments. The authors were supported in part by the NSF grant DMS-
1311943.

REFERENCES

[1] L. Brandolese, Asymptotic behavior of the energy and pointwise estimates for solutions to the
Navier—Stokes equations, Rev. Mat. Iberoamericana, 20(1), 223-256, 2004.

[2] L. Brandolese, Space-time decay of Navier—Stokes flows invariant under rotations, Math. Ann.,
329(4), 685-706, 2004.

[3] L. Brandolese and Y. Meyer, On the instantaneous spreading for the Navier—Stokes system in
the whole space, ESAIM Control Optim. Calc. Var., (electronic), A tribute to J.L. Lions., 8,
273-285, 2002.

[4] A. Cérdoba and D. Cérdoba, A mazimum principle applied to quasi-geostrophic equations, Com-
mun. Math. Phys., 249(3), 511-528, 2004.

[5] P. Constantin, D. Cordoba, and J. Wu, On the critical dissipative quasi-geostrophic equation,
Indiana Univ. Math. J., no. Special Issue, Dedicated to Professors Ciprian Foias and Roger
Temam (Bloomington, IN, 2000), 50, 97-107, 2001.

[6] D. Chae and J. Lee, Global well-posedness in the super-critical dissipative quasi-geostrophic equa-
tions, Commun. Math. Phys., 233(2) 297-311, 2003.

[7] L.A. Caffarelli and A. Vasseur, Drift diffusion equations with fractional diffusion and the quasi-
geostrophic equation, Ann. of Math., 171(3), 1903-1930, 2001.

[8] P. Constantin, A. Tarfulea, and V. Vicol, Long time dynamics of forced critical SQG, Commun.
Math. Phys., to appear.

[9] P. Constantin and J. Wu, Behavior of solutions of 2D quasi-geostrophic equations, STAM J. Math.
Anal., 30(5), 937-948, 1999.

[10] P. Constantin and J. Wu, Regularity of Hélder continuous solutions of the supercritical quasi-
geostrophic equation, Ann. Inst. H. Poincaré Anal. Non Linéaire, 25(6), 1103-1110, 2008.

[11] P. Constantin and J. Wu, Hélder continuity of solutions of supercritical dissipative hydrodynamic
transport equations, Ann. Inst. H. Poincaré Anal. Non Linéaire, 26(1), 159180, 2009.

[12] M. Dabkowski, A. Kiselev, L. Silvestre, and V. Vicol, Global well-posedness of slightly supercritical
active scalar equations, Anal. PDE, 7(1), 43-72, 2014.

[13] M. Dabkowski, A. Kiselev, and V. Vicol, Global well-posedness for a slightly supercritical surface
quasi-geostrophic equation, Nonlinearity, 25(5), 1525-1535, 2012.

[14] C. Foias and J.-C. Saut, Asymptotic behavior, as t — 400, of solutions of Navier—Stokes equations
and nonlinear spectral manifolds, Indiana Univ. Math. J., 33(3), 459-477, 1984.

[15] C. Foias and J.-C. Saut, On the smoothness of the nonlinear spectral manifolds associated to the
Navier—Stokes equations, Indiana Univ. Math. J., 33(6), 911-926, 1984.

[16] T. Gallay and C.E. Wayne, Long-time asymptotics of the Navier—Stokes and vorticity equations
on R3, R. Soc. Lond. Philos. Trans. Ser. A Math. Phys. Eng. Sci., 360(1799), 2155-2188, 2002.

[17] A. Kiselev, Some recent results on the critical surface quasi-geostrophic equation: a review, Hyper-

bolic problems: theory, numerics and applications, Proc. Sympos. Appl. Math., Amer. Math.
Soc., Providence, RI, 67, 105-122, 2009.

(18] A. Kiselev, Nonlocal maximum principles for active scalars, Adv. Math., 227(5), 1806-1826, 2011.

[19] 1. Kukavica, On the weighted decay for solutions of the Navier—Stokes system, Nonlinear Anal.,
70(6), 2466—2470, 2009.

[20] I. Kukavica, Space-time decay for solutions of the Navier—Stokes equations, Indiana Univ. Math. J.,
Dedicated to Professors Ciprian Foias and Roger Temam (Bloomington, IN, 2000), no. Special
Issue, 50, 205222, 2001.

[21] I. Kukavica and E. Reis, Asymptotic expansion for solutions of the Navier—Stokes equations with
potential forces, J. Diff. Egs., 250(1), 607-622, 2011.

[22] R. Kajikiya and T. Miyakawa, On L2 decay of weak solutions of the Navier-Stokes equations in
R"™, Math. Z., 192(1), 135-148, 1986.

[23] A. Kiselev and F. Nazarov, A variation on a theme of Caffarelli and Vasseur, Zap. Nauchn. Sem.
S.-Peterburg. Otdel. Mat. Inst. Steklov. (POMI)370, no. Kraevye Zadachi Matematicheskoi
Fiziki i Smezhnye Voprosy Teorii Funktsii., 40, 58-72, 220, 2009.

[24] A. Kiselev, F. Nazarov, and A. Volberg, Global well-posedness for the critical 2D dissipative
quasi-geostrophic equation, Invent. Math., 167(3), 445-453, 2007.

[25] I. Kukavica and J.J. Torres, Weighted bounds for the velocity and the vorticity for the Navier—
Stokes equations, Nonlinearity, 19(2), 293-303, 2006.

[26] 1. Kukavica and J.J. Torres, Weighted LP decay for solutions of the Navier—Stokes equations,
Commun. Part. Diff. Egs., 32(4-6), 819-831, 2007.



1614 WEIGHTED DECAY FOR THE SURFACE QUASI-GEOSTROPHIC EQUATION

[27] P.G. Lemarié-Rieusset, Recent Developments in the Navier—Stokes Problem, Chapman &
Hall/CRC Research Notes in Mathematics, Chapman & Hall/CRC, Boca Raton, FL, 431,
2002.

[28] T. Miyakawa, Notes on space-time decay properties of nonstationary incompressible Navier—Stokes
flows in R™, Funkcial. Ekvac., 45(2), 271-289, 2002.

[29] T. Miyakawa and M.E. Schonbek, On optimal decay rates for weak solutions to the Navier—Stokes
equations in R™, Proceedings of Partial Differential Equations and Applications (Olomouc,
1999), 126, 443-455, 2001.

[30] S. Resnick, Dynamical problems in non-linear advective partial differential equation, Ph.D. thesis,
University of Chicago, Chicago, IL, 1995

[31] M.E. Schonbek, L? decay for weak solutions of the Navier-Stokes equations, Arch. Rat. Mech.
Anal., 88(3), 209-222, 1985.

[32] M.E. Schonbek, Large time behaviour of solutions to the Navier—Stokes equations, Commun. Part.
Diff. Egs., 11(7), 733-763, 1986.

[33] L. Silvestre, Eventual regularization for the slightly supercritical quasi-geostrophic equation, Ann.
Inst. H. Poincaré Anal. Non Linéaire, 27(2), 693-704, 2010.

[34] M.E. Schonbek and T.P. Schonbek, Asymptotic behavior to dissipative quasi-geostrophic flows,
SIAM J. Math. Anal., 35(2), 357-375, 2003.

[35] ML.E. Schonbek and T.P. Schonbek, Moments and lower bounds in the far-field of solutions to
quasi-geostrophic flows, Discrete Contin. Dyn. Syst., 13(5), 1277-1304, 2005.

[36] S. Takahashi, A weighted equation approach to decay rate estimates for the Navier—Stokes equa-
tions, Nonlinear Anal., Ser. A: Theory Methods, 37(6), 751-789, 1999.

[37] M. Wiegner, Decay and stability in L, for strong solutions of the Cauchy problem for the Navier—
Stokes equations, The Navier—Stokes equations (Oberwolfach, 1988), Lecture Notes in Math.,
Springer, Berlin, 1431, 95-99, 1990.

[38] J. Wu, Dissipative quasi-geostrophic equations with LP data, Electron. J. Diff. Egs., 56, 13, 2001.

[39] J. Wu, Global solutions of the 2D dissipative quasi-geostrophic equation in Besov spaces, SIAM
J. Math. Anal., 36(3), 1014-1030 (electronic), 2004/05.




<<
  /ASCII85EncodePages false
  /AllowTransparency false
  /AutoPositionEPSFiles true
  /AutoRotatePages /None
  /Binding /Left
  /CalGrayProfile (Dot Gain 20%)
  /CalRGBProfile (sRGB IEC61966-2.1)
  /CalCMYKProfile (U.S. Web Coated \050SWOP\051 v2)
  /sRGBProfile (sRGB IEC61966-2.1)
  /CannotEmbedFontPolicy /Error
  /CompatibilityLevel 1.7
  /CompressObjects /Tags
  /CompressPages true
  /ConvertImagesToIndexed true
  /PassThroughJPEGImages true
  /CreateJobTicket false
  /DefaultRenderingIntent /Default
  /DetectBlends true
  /DetectCurves 0.0000
  /ColorConversionStrategy /CMYK
  /DoThumbnails false
  /EmbedAllFonts true
  /EmbedOpenType true
  /ParseICCProfilesInComments true
  /EmbedJobOptions true
  /DSCReportingLevel 0
  /EmitDSCWarnings false
  /EndPage -1
  /ImageMemory 1048576
  /LockDistillerParams false
  /MaxSubsetPct 100
  /Optimize false
  /OPM 1
  /ParseDSCComments true
  /ParseDSCCommentsForDocInfo true
  /PreserveCopyPage true
  /PreserveDICMYKValues true
  /PreserveEPSInfo true
  /PreserveFlatness true
  /PreserveHalftoneInfo false
  /PreserveOPIComments true
  /PreserveOverprintSettings true
  /StartPage 1
  /SubsetFonts true
  /TransferFunctionInfo /Apply
  /UCRandBGInfo /Preserve
  /UsePrologue false
  /ColorSettingsFile ()
  /AlwaysEmbed [ true
  ]
  /NeverEmbed [ true
  ]
  /AntiAliasColorImages false
  /CropColorImages true
  /ColorImageMinResolution 300
  /ColorImageMinResolutionPolicy /OK
  /DownsampleColorImages false
  /ColorImageDownsampleType /Bicubic
  /ColorImageResolution 300
  /ColorImageDepth 8
  /ColorImageMinDownsampleDepth 1
  /ColorImageDownsampleThreshold 1.50000
  /EncodeColorImages true
  /ColorImageFilter /FlateEncode
  /AutoFilterColorImages false
  /ColorImageAutoFilterStrategy /JPEG
  /ColorACSImageDict <<
    /QFactor 0.15
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /ColorImageDict <<
    /QFactor 0.15
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /JPEG2000ColorACSImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /JPEG2000ColorImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /AntiAliasGrayImages false
  /CropGrayImages true
  /GrayImageMinResolution 300
  /GrayImageMinResolutionPolicy /OK
  /DownsampleGrayImages false
  /GrayImageDownsampleType /Bicubic
  /GrayImageResolution 300
  /GrayImageDepth 8
  /GrayImageMinDownsampleDepth 2
  /GrayImageDownsampleThreshold 1.50000
  /EncodeGrayImages true
  /GrayImageFilter /FlateEncode
  /AutoFilterGrayImages false
  /GrayImageAutoFilterStrategy /JPEG
  /GrayACSImageDict <<
    /QFactor 0.15
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /GrayImageDict <<
    /QFactor 0.15
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /JPEG2000GrayACSImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /JPEG2000GrayImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /AntiAliasMonoImages false
  /CropMonoImages true
  /MonoImageMinResolution 1200
  /MonoImageMinResolutionPolicy /OK
  /DownsampleMonoImages false
  /MonoImageDownsampleType /Bicubic
  /MonoImageResolution 1200
  /MonoImageDepth -1
  /MonoImageDownsampleThreshold 1.50000
  /EncodeMonoImages true
  /MonoImageFilter /CCITTFaxEncode
  /MonoImageDict <<
    /K -1
  >>
  /AllowPSXObjects false
  /CheckCompliance [
    /None
  ]
  /PDFX1aCheck false
  /PDFX3Check false
  /PDFXCompliantPDFOnly false
  /PDFXNoTrimBoxError true
  /PDFXTrimBoxToMediaBoxOffset [
    0.00000
    0.00000
    0.00000
    0.00000
  ]
  /PDFXSetBleedBoxToMediaBox true
  /PDFXBleedBoxToTrimBoxOffset [
    0.00000
    0.00000
    0.00000
    0.00000
  ]
  /PDFXOutputIntentProfile ()
  /PDFXOutputConditionIdentifier ()
  /PDFXOutputCondition ()
  /PDFXRegistryName ()
  /PDFXTrapped /False

  /CreateJDFFile false
  /Description <<

    /BGR <>
    /CHS <FEFF4f7f75288fd94e9b8bbe5b9a521b5efa7684002000410064006f006200650020005000440046002065876863900275284e8e9ad88d2891cf76845370524d53705237300260a853ef4ee54f7f75280020004100630072006f0062006100740020548c002000410064006f00620065002000520065006100640065007200200035002e003000204ee553ca66f49ad87248672c676562535f00521b5efa768400200050004400460020658768633002>
    /CHT <FEFF4f7f752890194e9b8a2d7f6e5efa7acb7684002000410064006f006200650020005000440046002065874ef69069752865bc9ad854c18cea76845370524d5370523786557406300260a853ef4ee54f7f75280020004100630072006f0062006100740020548c002000410064006f00620065002000520065006100640065007200200035002e003000204ee553ca66f49ad87248672c4f86958b555f5df25efa7acb76840020005000440046002065874ef63002>
    /CZE <>
    /DAN <>
    /DEU <>
    /ESP <>
    /ETI <>
    /FRA <>
    /GRE <>

    /HRV (Za stvaranje Adobe PDF dokumenata najpogodnijih za visokokvalitetni ispis prije tiskanja koristite ove postavke.  Stvoreni PDF dokumenti mogu se otvoriti Acrobat i Adobe Reader 5.0 i kasnijim verzijama.)
    /HUN <>
    /ITA <>
    /JPN <FEFF9ad854c18cea306a30d730ea30d730ec30b951fa529b7528002000410064006f0062006500200050004400460020658766f8306e4f5c6210306b4f7f75283057307e305930023053306e8a2d5b9a30674f5c62103055308c305f0020005000440046002030d530a130a430eb306f3001004100630072006f0062006100740020304a30883073002000410064006f00620065002000520065006100640065007200200035002e003000204ee5964d3067958b304f30533068304c3067304d307e305930023053306e8a2d5b9a306b306f30d530a930f330c8306e57cb30818fbc307f304c5fc59808306730593002>
    /KOR <FEFFc7740020c124c815c7440020c0acc6a9d558c5ec0020ace0d488c9c80020c2dcd5d80020c778c1c4c5d00020ac00c7a50020c801d569d55c002000410064006f0062006500200050004400460020bb38c11cb97c0020c791c131d569b2c8b2e4002e0020c774b807ac8c0020c791c131b41c00200050004400460020bb38c11cb2940020004100630072006f0062006100740020bc0f002000410064006f00620065002000520065006100640065007200200035002e00300020c774c0c1c5d0c11c0020c5f40020c2180020c788c2b5b2c8b2e4002e>
    /LTH <>
    /LVI <>
    /NLD (Gebruik deze instellingen om Adobe PDF-documenten te maken die zijn geoptimaliseerd voor prepress-afdrukken van hoge kwaliteit. De gemaakte PDF-documenten kunnen worden geopend met Acrobat en Adobe Reader 5.0 en hoger.)
    /NOR <>
    /POL <>
    /PTB <>
    /RUM <>
    /RUS <>
    /SKY <>
    /SLV <>
    /SUO <>
    /SVE <>
    /TUR <>
    /UKR <>
    /ENU (Use these settings to create Adobe PDF documents best suited for high-quality prepress printing.  Created PDF documents can be opened with Acrobat and Adobe Reader 5.0 and later.)
  >>
  /Namespace [
    (Adobe)
    (Common)
    (1.0)
  ]
  /OtherNamespaces [
    <<
      /AsReaderSpreads false
      /CropImagesToFrames true
      /ErrorControl /WarnAndContinue
      /FlattenerIgnoreSpreadOverrides false
      /IncludeGuidesGrids false
      /IncludeNonPrinting false
      /IncludeSlug false
      /Namespace [
        (Adobe)
        (InDesign)
        (4.0)
      ]
      /OmitPlacedBitmaps false
      /OmitPlacedEPS false
      /OmitPlacedPDF false
      /SimulateOverprint /Legacy
    >>
    <<
      /AddBleedMarks false
      /AddColorBars false
      /AddCropMarks false
      /AddPageInfo false
      /AddRegMarks false
      /ConvertColors /ConvertToCMYK
      /DestinationProfileName ()
      /DestinationProfileSelector /DocumentCMYK
      /Downsample16BitImages true
      /FlattenerPreset <<
        /PresetSelector /MediumResolution
      >>
      /FormElements false
      /GenerateStructure false
      /IncludeBookmarks false
      /IncludeHyperlinks false
      /IncludeInteractive false
      /IncludeLayers false
      /IncludeProfiles false
      /MultimediaHandling /UseObjectSettings
      /Namespace [
        (Adobe)
        (CreativeSuite)
        (2.0)
      ]
      /PDFXOutputIntentProfileSelector /DocumentCMYK
      /PreserveEditing true
      /UntaggedCMYKHandling /LeaveUntagged
      /UntaggedRGBHandling /UseDocumentProfile
      /UseDocumentBleed false
    >>
  ]
>> setdistillerparams
<<
  /HWResolution [2400 2400]
  /PageSize [612.000 792.000]
>> setpagedevice


