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ON THE CAHN-HILLIARD-BRINKMAN SYSTEM*

STEFANO BOSIAf, MONICA CONTI#, AND MAURIZIO GRASSELLI®

Abstract. We consider a diffuse interface model for phase separation of an isothermal, incom-
pressible, binary fluid in a Brinkman porous medium. The coupled system consists of a convective
Cahn-Hilliard equation for the phase field ¢, i.e., the difference of the (relative) concentrations of the
two phases coupled with a modified Darcy equation proposed by H.C. Brinkman in 1947 for the fluid ve-
locity w. This equation incorporates a diffuse interface surface force proportional to ¢V where p is the
so-called chemical potential. We analyze the well-posedness of the resulting Cahn—Hilliard—Brinkman
(CHB) system for (¢,u). Then we establish the existence of a global attractor and the convergence of
a given (weak) solution to a single equilibrium via a Lojasiewicz—Simon inequality. Furthermore, we
study the behavior of the solutions as the viscosity goes to zero, that is, when the CHB system ap-
proaches the Cahn—Hilliard—Hele-Shaw (CHHS) system. We first prove the existence of a weak solution
to the CHHS system as limit of CHB solutions. Then, in dimension two, we estimate the difference of
the solutions to CHB and CHHS systems in terms of the viscosity constant appearing in CHB.
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1. Introduction

The so-called Brinkman equation was proposed by H.C. Brinkman in [6] as a mod-
ified Darcy’s law in order to describe the flow through a porous mass. If we assume
that the incompressible fluid occupies a bounded domain Q C R¢, d=2,3, for any time
te(0,T), T >0, the Brinkman equation for the (divergence free) fluid velocity u reads

—V-[vD(u)]+nu=—Vp,

in Qx(0,7). Here 2D(u)=Vu+ (Vu)", v>0 is the viscosity, n>0 the fluid perme-
ability, and p is the fluid pressure.

More recently, a diffuse interface variant of the Brinkman equation has been pro-
posed to model phase separation of incompressible binary fluids in a porous medium
(see [21]). Let us suppose that both the fluids have equal constant density and indicate
by ¢ the difference of the fluid (relative) concentrations. Denoting by u the (averaged)
fluid velocity, the resulting model is the following;:

O+ V- (dpu)=V-(MVpu), (1.1)
p=—cAé+1f(9), (1.2)
=V-[vD(u)]+nu=-Vp—1¢Vyp, (1.3)
V-u=0, (1.4)

in Qx (0,T). Here M > 0 stands for the mobility, € >0 is related to the diffuse interface
thickness, f is the derivative of a double well potential describing phase separation, and
~v>0 is a surface tension parameter.
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This model consists of a convective Cahn—Hilliard equations (1.1)—(1.2) coupled
with the Brinkman equation through the surface tension force y¢Vu. For this reason,
(1.1)—(1.4) has been called the Cahn-Hilliard-Brinkman (CHB) system. Such a system
belongs to a class of diffuse interface models which are used to describe the behavior
of multi-phase fluids. We recall, in particular, the Cahn—Hilliard—Navier—Stokes system
which has been investigated in several papers (see, e.g., [2, 3, 4, 7, 12, 13, 14, 19, 23,
30, 31], cf. also [16] for a recent review on modeling and numerics).

The CHB system has recently been analyzed from the numerical viewpoint in [9]
(see also [10]). More precisely, the authors have considered system (1.1)-(1.4) with M,
v, and n possibly depending on ¢ and endowed with boundary and initial conditions

u|pa =0, on 9N x(0,T), (1.5)
Ond=0nu=0, on INx(0,T), )
$(0) = o, (1.7)

where ¢g:Q—R is a given function. Here n stands for the outward normal vector to
0N which is supposed to be sufficiently smooth.

The main goal of this contribution is to establish some theoretical results on (1.1)—
(1.7) in the case when M, v, and n are constant. First of all, we analyze the well-
posedness of the problem, proving the global existence and uniqueness of a weak solution
and its continuous dependence on the initial datum. Secondly, we study the longterm
behavior of the CHB system as a dissipative dynamical system by proving the existence
of a global attractor. Then we investigate the long-time dynamics of any given weak
solution by showing that each trajectory does converge to a unique stationary state with
an explicit convergence rate. Our results include the case n=0 (see [22] and references
therein).

In the second part of the paper, we analyze the behavior of solutions when v goes to
zero. Observe that when v =0 system (1.1)—(1.4) becomes the so-called Cahn—Hilliard—
Hele-Shaw (CHHS) model. This is a particularly challenging problem which finds ap-
plications in tumor growth dynamics (see, e.g., [20] and its references) and has been
recently studied from the theoretical viewpoint in [20, 27, 28] (see also [11, 17, 18] and
references therein).

We are able to prove that there is a global weak solution to the CHHS system
which is the limit of solutions to the CHB system with (1.5)—(1.7) (compare with [11,
Thm.2.4]). Notice that uniqueness of weak solutions is still an open problem. On the
contrary, a strong solution is unique, but, if d=3, only local existence is known so far
unless the initial datum is a small perturbation of a suitable constant state (see [20]).

In dimension two, we also provide an estimate of the difference of (strong) solutions
to CHB and CHHS systems with respect to v.

The plan of this paper goes as follows. In the next section, we state the main results
along with some notation and basic tools. Section 3 is devoted to proving certain a priori
estimates. Then, in Section 4, we establish the well-posedness of problem (1.1)-(1.7)
and a global dissipative estimate. In Section 5, we obtain some higher-order estimates
which are helpful to prove the existence of the global attractor as well as to show,
in Section 6, the convergence to the equilibrium of a given weak solution. Finally, in
Section 7, we analyze what happens when v goes to zero while in Section 8 we estimate
the difference of (strong) solutions to CHB and CHHS systems.
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2. Preliminaries and main results

Here we list our assumptions on f and the potential F(s):= fls fly)dy, and we
introduce some notation. Then we state our main results. This requires us to formulate
our problems rigorously. We also recall a pair of Gronwall-type lemmas.

Assumptions on F and f. We assume that f €C!(R), with f(0)=0, is such that

[F(s)[ <e(1+]s]?), (2.1)
and

F(s)>—c, (2.2)

for all s € R and some ¢ > 0. During the course of the investigation, we shall need further
assumptions such as

[1(s) = f1 () <els=r[(L+ s+ r]), (2.3)
or the stronger condition that f€C?(R) such that
[ (s)| < e(1+]s]). (24)
We shall also make use of the following dissipation condition,

Sirelﬂfkf’(s)>—oo. (2.5)

A typical example of (regular) double well potential is
F(s)=(s*—1)%, (2.6)

which complies with (2.1)-(2.5). More generally, one can take a fourth degree polyno-
mial with positive leading coefficient.

Functional spaces. Let Q CR? d=2,3, be either a smooth bounded connected
domain or a convex polygonal or polyhedral domain. For any positive integer r, let
H" () =Wm2(Q), the usual Sobolev space, and denote the norm ||-|[wr2(q) by ||l
Throughout the paper, we set H=L?(Q2),

— H'(Q
V={peC>®(Q): dnd=0 on 00} (), and H ' =H"(Q)NV,

endowed with the norm ||-||,. Similarly, we denote the norm ||-||z2 by ||-||. The short-
hand (-,-) will stand both for the scalar product in H and for the duality product between
H" and its dual space H™". The same symbols will also be used for the scalar product
and norm in spaces of vector-valued elements.

Additionally, let V be the space of divergence-free test functions defined by

V={veCr(QR?):V-v=0}.
We shall use the following spaces:
7(H1)3

3
H=y"" and v=V

In particular, we recall that if v € V| then v|pg =0, and if v€ H, then v-n=0 on 0N
(see, e.g., [26, Chapter I)).
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Notation. Without loss of generality, we will set M =e=~=1. Throughout the
paper, ¢>0 will stand for a generic constant and Q(-) for a generic positive increasing
function.

2.1. Statement of the main results. Let us introduce the definition of a
weak solution to the CHB system with boundary and initial conditions (1.5)—(1.7).

DEFINITION 2.1. Let v>0, ¢pg€H, and T>0 be given. A pair (¢,u) is a (weak)
solution to system (1.1)—(1.4) endowed with (1.5)—(1.7) if

¢eC((0,T],H)NL*(0,T;H)
satisfies
<at¢(t)7w> + <V ) (¢(t)u(t))vw> + <v:u‘(t)7 vw> =0, (27)
VweH' a.e. t€[0,T],
On¢ =0, a.e. on 0N x(0,T),
¢|t:0:¢07 a.e. in Qv

with p€ L*(0,T;HY) given by (1.2) and
we L*(0,T;V)
fulfills
v(Vu(t), Vo) +n(u(t),v) = —(o(t)Vu(t),v), YveV, a.ce. t€]0,T]. (2.8)

REMARK 2.1. It is straightforward to observe that any weak solution satisfies mass
conservation. Namely,

(¢(t)) = (o), Vt=0, (2.9)

where

(9(1)): o(x,t)da.

192l e

REMARK 2.2. As we shall see in Section 3, the regularity assumed in Definition 2.1
yields

V- (¢u)€ L*(0,T;H7Y),
so that 9;¢ € L?(0,T;H~1) by comparison. Moreover, we have
¢Vpue L¥°(0,T; H)NL*(0,T; V™).
REMARK 2.3. As usual, the pressure term is dropped in the weak formulation of the

Stokes problem. Indeed, the pressure can be recovered (up to a constant) thanks to a
classical result (see, for instance, [26, Theorem 1.1.4]). In particular, since

S=vAu—nu+¢VuecL*(0,T;V*),

we know that there exists a (unique up to an additive function of ¢ only) function
p€ L*(0,T;H) satisfying Vp=S.
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Global existence and uniqueness of a weak solution is given by the following theorem.

THEOREM 2.2. Let v>0, n>0, and f satisfy (2.1)—(2.2). Let ¢o€H! be given.
Then, for every T >0, there exists a pair (¢,u) which is a solution to the CHB system
according to Definition 2.1. If (2.3) holds, then the weak solution is unique.

We also have continuous dependence estimates.

THEOREM 2.3. Let v>0, n>0. Under the same assumptions as in Theo-
rem 2.2, if (¢1,u1) and (¢2,u2) are two weak solutions to the CHB system such
that {($1(0)) =(#=2(0)), then, for every T >0, there exists Cp>0 depending on R=
max{||¢1(0)]|1,||¢2(0)]1} such that the following continuous dependence estimates hold:

[61(8) = B2 (B)]7 < [161(0) — $2(0)[[ 77/, (2.10)

and

[ @) (0 <11610) = 620 (1+Cre /7)) (21)

for every t€[0,T).

REMARK 2.4. In the case n=0 (cf. [22]), the same continuous dependence estimates
hold by replacing /v with v in (2.10) and (2.11).

The next result shows that any weak solution converges to a single stationary state
as time goes to infinity.

THEOREM 2.4. Let v>0, n>0, and let f be real analytic satisfying (2.2)—(2.5). For
every fized ¢o € HY, the global solution ¢ originating from ¢o converges to an equilibrium
¢* as t— oo with the following convergence rate:

Cvy

||¢(t)—¢*||1§m’ vt >t (2.12)

for some 0=0(¢*) € (0,3), cv=cu(||¢o]1) =0 and t*>0. Here ¢* €H? is a solution to
the stationary system

—Az+ f(z)=const in Q, Onz=0 on 09, (zy={¢o)-

Furthermore, the velocity field w vanishes and satisfies

Cy

Hu(t)”lsm’ vVt >t (2.13)

Here ¢, o0 as v— 0.

Let us now introduce the definition of a weak solution to the CHHS system endowed
with (1.6)-(1.7) and

u-n=0, ondQx(0,T). (2.14)
DEFINITION 2.5. Let ¢ € H' and T >0 be given. A pair (¢,u) is a (weak) solution to
the CHHS system endowed with (1.6)~(1.7) and (2.14) if

$€Cw([0,T],HNL?(0,T;H3)
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satisfies

(0rg(t),w) + (V- (¢(t)u(t)),w) + (Vpu(t), Vw) =0,

YweH', a.e te[0,T],

=0, a.e. on 8 x (0,T),

bli—o=0d0, a.e inQ,
with pe L2(0,T;HY) given by (1.2) and

we L*(0,T;H)
fulfills
n{u(t),v) = —(d(t)Vu(t),v), YveV, ae te[0,T].

REMARK 2.5. It is worth noting that the regularity assumed in Definition 2.5 yields
V- (pu) e L¥5(0,T;H™Y)  whence  dipe L¥5(0,T;H™Y).

The following theorem says that a weak solution to the CHHS system can be found
as a limit of solutions to the CHB system as viscosity vanishes.

THEOREM 2.6. Let >0 and let f satisfy (2.1)—(2.2). For ¢o€H!, let {v,}nen be a
sequence of positive numbers such that v, =0 as n— 00. Let (¢n,uy,) be the sequence of
weak solutions corresponding to the CHB system with v =v,, originating from ¢g. Then,
up to a subsequence, (¢n,u,) converges to a weak solution (¢,u) of the CHHS system
according to Definition 2.5 in the following sense:

bn—¢  weakly in L*(0,T;H?) and strongly in L*(0,T;H?),
w, —u  weakly in L*(0,T; H).

Finally, in dimension two, we state a result about the estimate of the difference
between a solution to the BCH system and a solution to the CHHS system. Indeed, it
is known from [20] that the CHHS system endowed with (1.6)—(1.7) and (2.14) admits
a unique strong solution provided that ¢y € H2, which is also global when d=2. In this
case, we have the following result.

THEOREM 2.7. Let d=2 and n>0. Let f satisfy (2.2)—(2.3). Take ¢¥,¢0 € H? such
that (¢g) = (¢o) and set

R::sg%{||¢5||2a [$oll2} < oco.

Let (¢, ,u,) be the unique weak solution to the CHB system with v >0 originating from
ok and (¢,u) the solution to the CHHS system with initial datum ¢o. Then, for every
T >0, there exists Cr >0 (depending only on R) such that

||¢u(t)—¢(t)llf+/0tIIUV(y)—U(y)2dy§ |65 = ol|7e“™ +Crv'/?, Vie[0,T).
In particular, if ¢f = ¢o, then
b, —¢ in L=°0,T;H') as v—0,
for all T >0.
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2.2. Basic inequalities. We will exploit the classical inequalities due to
Sobolev, Gagliardo and Nirenberg, Agmon, and Poincaré, respectively, which are stan-
dard (see, e.g., [24, 26]).

We also need a pair of Gronwall-type inequalities: the uniform Gronwall lemma
([25, Section 1.1.3]) and the differential Gronwall lemma, respectively.

LEMMA 2.8. Let 1y be an absolutely continuous nonnegative function and let 11,12 be
two nonnegative functions satisfying, almost everywhere in R™, the differential inequality

%1/)0 <ot + 2.

Assume also that

t+r
sup/ P, (T)dTr <m;, i=0,1,2,
t>0.J¢

for some positive constants m, and r>0. Then,

Yo(t+1) < (@erz) e™ . Vt>0.
T

LEMMA 2.9.  Let 9 :[t*,00) = R be an absolutely continuous function, which fulfills for
almost every t >t* the differential inequality

%w)ww(t) <(+)77,

for some a>0 and B>0. Then, there exists ¢>0 such that for every sufficiently large
time t

Y(t) <c(1+v(t")(1+8)7".

3. Basic estimates
In this section, we let ¢ € H' and we denote by (¢,u) a weak solution to the CHB
system originating from ¢y. Our aim is to prove a number of a priori estimates for

(6u).

To this aim, in the following we denote by Q(-) a generic, increasing, and positive
function which is independent of v. All the energy estimates are formal, but they can
be performed rigorously within a Galerkin approximation scheme (see Section 4 for
references).

3.1. Energy estimates.
LEMMA 3.1.  For any given R>0, the following inequality holds:

¢(t)||?+/ooo (IIVu(y)||2+V7IIU(y)||2)dy+V/OOO IVa(y)|*dy < Q(R), (3.1)

for every initial datum ¢o with ||¢o|l1 < R. Moreover, for every T >0, we have

T
| i+ lewl)ay < @r(r). (32)

for some increasing positive function Qr depending on T .
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Proof. Taking w=p in (2.7), v=u in (2.8), and summing up the resulting
equalities, we have

d /1
a(gIIWIIZHF(cﬁ),D) + IVl +v||Vul|? +1||u|? =0. (3.3)
In light of (2.1), this yields

lo()llr < ll¢olls +2(F(¢0),1) <Q(R), Vt=>0.

A subsequent integration in time of (3.3) completes the proof of (3.1).
Now, multiplying (1.2) in H by the constant function 1, we get

<:u71> = <f(¢)’1>a
which, by (2.1), gives

() <1+ /Q 6P) < e(1+]16]) < Q(R).

Thanks to (3.1), we obtain, for every T'> 0,

T
/0 lu(w)|2dy < Qr(R).

hence p € L?(0,T;H'). Let us now multiply (1.2) by —A2¢ in H. This yields
(Vi, VA) =~ VAG|* +(f'(¢)V$, VAP).
On the other hand, recalling (2.1) and (3.1), we have

(f' @)V, VAR < f'(9) 22|Vl 16| VAS)|
<Q(R)|Vo|'2 VA2 VAY

1
<Q(R)+ 7V A6l

which gives

1

§HVA<Z5||2 <|Vull® +Q(R).
From (3.1), we find

T
| lewizas< or(r). (3.4

so that ¢ € L?(0,7;H?), completing the proof of (3.2). 0
REMARK 3.1.  Since ¢ € L=°(RT;H')NL?(0,T;H?), we easily get by interpolation

T T T
| oliars [ el ol dr<e [ ol *at<oo it p<a
0 0 0

Thus

T
/0 l6()lidy < Or(R), (3.5)

that is, ¢ € L*(0,T;H?).
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3.2. Further estimates.

The term V-(¢u). For weH!, using the Agmon inequality and interpolation, we
compute

(V- (pu),w) = (pu, V) < || Vw|l[|u]|[| 6]
<[Vl o165 < QR)|[Vwllu]llo]3 .

This implies
T T 1/4
[ 9wyt <o) [ Ivullulelar

<o ([ 1vwan)” ([ ) ([ ronar)”

As a consequence, invoking the fact that w € L?(0,7;H) and ¢ € L?(0,T;H?), we get

T T 3/8
\/ <V-(¢u),w>dt\gQT(R)(/ |Vwl¥2at) ",
0 0
which gives
V- (pu)e L¥?(0,T;HY).

We stress that this control is independent of v. Exploiting the v-dependent estimate
w€ L?(0,T;V), we can improve the previous estimate. Indeed, we have

(V- (¢u), w) = (¢, V) < [Vl 3]l co < QR [Vl [[ul| /2] ?,

providing
T T 1/2
[ 9wyt <o) [ vl ) a

<o ( [ 1wuitar)” ([ puiular)”

Cr T 5\ /2
< — .
< V1/4(/0 |Vwl2dt)

Therefore, if v >0, then
V- (¢pu) € L2(0,T;H ).
The term ¢Vu. Let ve H. Thanks to Agmon’s inequality, we infer

{0V v) <|vll[Vellollre
<llllIValllgl* Iy < QR vV allisly.

On account of (3.5), we can estimate as follows:

T T 1/2
[ @norad] <o) [ 1ol Ival o)y
0 0
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<o ( [ toa))” ([ wmear) ([ otgar) "
< QT(R)(/OT||U||8/3dt>3/8

which yields, independently of v,
¢Vpue L¥5(0,T; H).

4. Well-posedness for v >0

The aim of this section is proving Theorem 2.2. As a matter of fact, due the
appearance of regularizing term —vAw in the Brinkman equation, the (global) existence
can be easily obtained by using a standard Galerkin procedure based on the formal
energy estimates in the previous section. We refer the reader to [20, 28] for some details
on the procedure; see also Section 7 where the argument needed to pass to the limit in
the suitable Galerkin scheme is detailed in a weaker setting. Instead, the continuous

dependence estimates (2.10) and (2.11) (hence uniqueness) are more delicate and we
prove it in some detail, showing the crucial role played by v > 0.

4.1. Continuous dependence and uniqueness. Let v>0 and >0 be fixed,
and consider (¢1,u1) and (¢2,u2), two weak solutions to the CHB system, such that
(¢1(0)) =(¢2(0)). Their difference ¢=p1 — pa2, W =17uy — Uz solves a.e. t€[0,T]

(0e(t),w) +(V - (¢1(t)a(t)),w) + (V- ($()uz(t)),w) + (VA(t), Vw) =0, VweH',

(4.1)
v(Va(t), Vo) +nu(t),v) = —(1(t)Vi(t),v) = (¢(t) Vs (t),v), YweV, (4.2)
where
fi=—=A¢+[f(d1) = f(¢2)]
and (@) =0.
Taking w=—A¢ in (4.1), we get
deWﬁHQ + (1@, VAP) + (fuy, VAG) — (VI, VAP) =
with
(Vi, VAG) =~ ||VAG|* +(V[f(¢1) — f(¢2)], VAS).
Thus we obtain
S IVEIP +IVAS?
— (1w, VAG) — (pua, VAP) + (V[f($1) — f(¢2)], VAP). (4.3)

Taking v=wu in (4.2) yields
v||Val? +nlal® = — (61 Vi, a) — (¢Vis,a).
Note that, by definition of &, we have
—(01Vi,a) = (91 VA, @) — (61 V[f(¢1) — f(¢2)]. @),
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so that the terms +(¢1u, VA@) get canceled when adding with (4.3). Therefore we end
up with

d1,_- . ) _
23 IVOIP + VA +v[[Val* +nl|u|®

=— (Qu2, VAG) — (¢V g, w) — (01 V[f(d1) — f(d2)], @)
+(VI[f(¢1) = f(¢2)],VAP).

We now estimate the right hand side in light of the energy estimates in Section 3. This,
in particular, gives

iglg(l\aﬁl(t)lll +llP2()]1) < Q(R),

with R=max{]||¢1(0)]|1,]|¢=2(0)|l1}. First of all, we have

_ _ - -1 - h(t), -
(s, VAG) < [l ua /2 a2V AG) < HIVAGI + 0 2

where h(t) := cv/?||uy(t) ||| ua(t)]|: and ¢>0 is independent of v.

Next, observe that the following estimate holds:

- B — v, n, k(t) -
—(@Vpz,u) < |[@ll1[|wf r: [Vue| < §HVU||2+Z||U||2JFWWH%: (4.4)

where k(t):=c||Vua(t)||* for some ¢>0, independent of v.

In order to deal with the term
(VIF(61) = F(6:)].VAS) < [V1F(6n) ~ (62 [VAS]
< JIVAGI+CIVIF(6) - F@IP,
we observe that

IVLf(61) = F(@)I1* < NI (01) = £/ (62)]V ou | + 11 (02) VI,

We estimate the latter term on the right hand side in light of (2.1), (3.1), and interpo-
lation, that is,

1 (¢2) Vol SC/Q(H |62V < e(1+ g2l I6]1F
<Q(R)(1+ o224l

and arguing analogously for the former, we get

I (61) — 1 (92 Ven|? <e / (L |61] 4+ |62 3V 2 < QR G121 12-
This proves

IV[f(d1) = F(@)]II7 <L) 13, (4.5)

where £(t) ;== Q(R)(1+||¢1(#)||3+|¢2(t)||3). In order to control the remaining term, we
exploit (4.5) in the following way:

(1VLf(01) = f(d2)],m) <@l Lol VIS (1) — f(d2)]ll[|w]| L2 (4.6)
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< Q(R)|la||2IVall 2|V If(¢1) — f(¢2)]]

Vioanz s T2 £(t) 7012
Collecting the above estimates, we get
d 22 V-2, Ty-12 g(t) 12
G191+ S1val®+ Dhal? < S0 191, (47)

where g(t):=h(t)+k(t)+£(¢). On account of (3.1) and (3.2), g(¢) satisfies

T
/ 9(y)dy < Or(R).
0
Hence, an application of the standard Gronwall lemma gives

b1 (8) = da(B)]|2 < [|61(0) — b (0) | 267 "2 s 9lw)dy,

which proves (2.10). Integrating (4.7) yields the further bound (2.11). Finally, letting
$1(0) =¢2(0) in (2.10) and (2.11), we obtain ¢1(t) =¢2(t) and uq (t) =u2(t) for almost
every t, i.e., uniqueness.

We observe that, when 7=0 (see Remark 2.4), the only changes needed in the proof
of the continuous dependence estimate are in (4.4) and in (4.6) which now become

_ E(t)
{6V < vl + U gz

o)

—(01VIf(61)— f(@2)) @) < SlIVal* +—=[9]]1.

R ORI

4.2. The semigroup S, (t). Let I €R and consider the subspace of H!
Vi={peH": (¢)=1}.

An immediate consequence of the results of Section 4.1 is that for any fixed v > 0 system
(1.1)—(1.6) generates a semigroup

Sy(t)ZV[%‘/[

defined by the rule S, (t)¢o = ¢(t) where (¢,u) is the unique global (weak) solution to
system (1.1)-(1.6). Furthermore, due to the continuous dependence estimate (2.10),
the semigroup is strongly continuous, namely, S, (¢t) € C(V,Vr). Notice that the energy
estimates of Section 3 yield, in particular, the boundedness of each trajectory

1Sy () ol =llo()]l1 <e, VE=0, (4.8)

where, from now on, ¢>0 denotes a generic constant that may depend on ||¢g||1 but is
independent of the particular ¢q.

Moreover, if the nonlinearity f satisfies further dissipativity assumptions stronger
than (2.2), it is possible to prove that the dynamical system (Vr,S,(t)) is dissipative
for any fixed I €R (and v>0). This means that there exists a bounded absorbing set
B C Vi with the following property: for every R >0 there exists tg >0 such that

Sy(t)po €B, Vi>tg,
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for every ¢g € Vi with ||¢o||1 <R. This is witnessed by the following result.

PROPOSITION 4.1.  Let the assumptions of Theorem 2.2 hold, and let us assume that
for some ¢ >0, ¢; >0, i=1,2, and qg>2 there hold

f(s)s>c1F(s)—co and F(s)>ca|s|?—co,
for all seR. Then,
1S, (t)dollr < Q(llgoll1)e ¥/2+ Ry, Vt>0, (4.9)

for some k>0 where Ry >0 depends on I=/{¢g) but is independent of ¢g.
The proof is standard and it is therefore omitted.

5. Higher order estimates

Here we proceed formally, relying on the Galerkin approximation scheme introduced
in the previous section. For the sake of simplicity, from now on we set n=1 (see Remark
6.1, however).

PROPOSITION 5.1.  Let the assumptions of Theorem 2.2 hold and suppose, in addition,
f€C?(R) satisfies (2.4). Then the following estimate holds:

t+1 1
ol [ loizanse (1), vex. (5.1

Proof. Taking v=w in Equation (2.8), we get
vVl + ul® = (1Y u). (5.2)
By (2.1) and (4.8), we have
[ull <Al +[1f (D) < c(L+][Ag]).
Thus, for v >0, we can estimate the latter term as follows:
(Vo u) <[Vl ollwl s < c(1+ [ A AG]|[lal /2| Va2
(L+]1Ael?) ] Ag].

c

1 v
<2 2,V 2
< llul®+ 1Vl + 7

From this, we deduce
c
Vl\Vu||2+IIUI|2§W(1+IIA¢|I2)HA¢H2- (5.3)

Let us now take w=A?@ in Equation (2.7). This yields

1d
2 dt
On the other hand, we have

IAGI? +[[A%6]* = (Af(9), A%¢) + (uV, A%p).

(AF(6),4%6) < 7|40 +el| Af ()7,
where ||Af(¢)||? can be controlled in the following way. Observe that
Af(@)=V(f(¢)Ve)=f"(d)Vel* + ' (6)A¢.
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Then, using (2.4), by the Agmon inequality we get

1F" @)V < c(1+ 1 gll=)VSlITs < c(1+]|Ag] /) Ag)*/2,
1F' (@) Al < c(1+[[ll7) I Al < c(1+[IAg]) [ A

Therefore, we obtain
IAF (D)7 <c(1+[IAgI) | Ag]. (5.4)
In order to deal with the remaining term, exploiting (5.3), we find
(uVe,A%p ><C||UIIL3HV¢HL6HA2¢||<||u||1/2||VU||1/2||A¢||||A2¢||
L+lAgDIAl?A%0] < - ||A2<Z5H2 (1+||A¢||2)HA¢||4~

1/2

We thus end up with the differential inequality

5 dtHAchz ~1A2]2 <e(1+ I\A¢|\2)IIA¢IIS+§(1+ 1Ag]%) ]| Ad]*.

Recalling that ¢ € L*(0,7;H?) (see (3.5)), Lemma 2.8 yields the claimed result. ad

REMARK 5.1. Estimate (5.1) requires that the weak solution ¢ is indeed a strong one
for t>1 (see (1.1)). In addition, if Q is of class C1'1, then the regularity of uV¢ implies
that the weak solution u to (2. 8) belongs to L7, .((1,00; (H?(£2))?) and the pressure p (see
Remark 2.3), unique up to an additive function of ¢ only, belongs to L .((1,00); H*(£2))
(see, e.g., [5, Theorem IV.5.8]). Thus Equation (1.3) is also satisfied almost everywhere
ift>1.

We conclude this section by proving the existence of the global attractor.

THEOREM 5.2.  Let f satisfy all the assumptions in Proposition 4.1 and Proposition
5.1. Then the dynamical system (V1,S,(t)) possesses a (unique) global attractor A which
is bounded in H2.

Proof. On account of the assumptions on f, thanks to Proposition 4.1 and Propo-
sition 5.1, we infer the existence of a compact absorbing set (bounded in H?) for the
semigroup S, (t). Hence, by standard results (see, e.g., [25]), the proof follows.

d

REMARK 5.2.  We recall that the global attractor A is the smallest (under inclusion)
compact set of the phase space which is invariant under flow (i.e., S, (t) A=A, Vt>0)
and attracts all bounded sets of initial data as time goes to infinity; namely,

VB CVr bounded,  dist(S,(t)B,A)—0 ast— o0,

where dist denotes the Hausdorff semi-distance between sets in H!.

6. Convergence to equilibria

In what follows, we let v >0 be fixed omitting in the notation the dependence on
v. The aim of this section is to discuss Theorem 2.4, showing in particular that for
every fixed ¢o € H! the global solution ¢(-) =S(-)¢g originating from ¢ converges to an
equilibrium ¢* as t — oo with a certain convergence rate.

To this end, we first recall that the w-limit set of ¢¢ is defined as

w(po)=4{o* eH': O(tn) — ¢* in H!, for some {tntnen, th =00},
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and that the set of stationary points associated with ¢ is
S(po)={z€H?: —Az+ f(2) =const, (z) = (¢o) }.
Recall that by (5.1) we have
o)z <c, t>1, (6.1)

where, in this section, ¢>0 denotes a generic constant possibly depending on ||¢gl1
(and increasing as v —0). Hence, due to the compact embedding H? < H*, the w-limit
set of ¢y € H! is a nonempty, compact subset of H'.

With this notation, the main step in the proof of Theorem 2.4 consists of showing
that each w-limit set consists of one single stationary state, as stated in the following
proposition.

PROPOSITION 6.1. There exists ¢* € S(¢pg) such that w(pg)={d*}.
Notice that since w(¢g) # 0 there exists ¢* € H! and t,, — oo such that

¢(tn) —¢* 1 —0, asn—o0. (6.2)

moreover, due to (3.3), it is easy to realize that the functional
1
E(2)=5|IV2]* +(F(2),1)

with z€ H! is a Lyapunov functional for S(¢). Thus, by standard results on gradient
systems (see, e.g., [8, Chapter 9]), we learn that w(¢g) CS(dp) proving in particular
that ¢* €S(dp). As a consequence, the proof of Proposition 6.1 will follow by showing
that the whole trajectory ¢(-) converges to ¢*; namely,

Jim [|6(t) — ¢* [ =0. (6.3)

The proof of this fact can be obtained by a well-known contradiction argument due
to [15] (see also [30] and references therein) known as Lojasiewicz—Simon approach. We
omit it since it can be obtained by reasoning as in [27, Section 3.3] with minor changes.
Let us only mention that the key tool in our situation is the following version of the
Lojasiewicz—Simon inequality (see [1, Proposition 6.3]).

THEOREM 6.2. Let (¢p,u) be a solution of system (1.1)-(1.4) with initial datum
do€ H' and let z€w(po) CS(po). If f is real analytic and satisfies (2.5), then there
exist 0=0(z) >0, 0€(0,3), and c=c(z) >0 such that

1B(¢) ~E(2)|' " < |P(Ad— f(9))lla-1, (6.4)

whenever ¢ fulfills ||¢p—z||1 <<. Here P:H—H is defined by P(u) =u— (u).

The next step consists of obtaining the rate of convergence of the trajectory to the
equilibrium. This is witnessed by the following proposition.

PROPOSITION 6.3. Let 0=0(¢*) € (0,%) as provided by Theorem 6.2. Then,
c
H¢(t)—¢*\l1ém7 (6.5)

for some c=c(¢o) >0 and every t >t*, for some t* >0.
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Proof. Reasoning as in [27, Section 3.4] (cf. also [30, 5.2]), it is easy to prove that
(6.5) holds for the weaker norm ||¢(t) — ¢*||;z-1; namely,

()= lhw-++ [ IVnt0) |y < g 2t (6.6)

In order to complete the proof, we set

and observe that for ¢ >¢* and almost everywhere in Q (cf. Remark 5.1) there holds
0P +u-V(0+¢ ) =A(-AD+[f(¢) — f(¢7)])- (6.7)
Recalling (5.2), we have
v Vul® + ull® = (¢Vu,u) < [[Vallulll¢]l -
< IVl el 61328132 < 5 ol + T
Moreover, since ¢* € S(dg), then p*:=—Ad* + f(¢*) is constant, and we can estimate

Vel = IV (p =) < IVAR[+[V(f(0) = F(@)DI < [VAR[ +c[[ V|
<[ VAR +c| @]y VAR < cl| VAD|| + ||

In particular, we obtain
1
V[Vl + 3 llul® <l Vul* <c| VAR + ¢ D[ (6.8)
Taking the product of (6.7) with —A® in H, we have

3 dt 0|2+ [V AG2 = —(ALF(6) — F(6)]. M) + (u- V(@ +6%), A0).

Observe that
(A[f(¢) = f(¢")],—A®) < HV[f(¢>)—f(¢*)]IIIIVA<I>||§C||V<I>H2+%||VA@II2~
The latter term can be estimated in light of (6.8) as
(u- V(@ +0¢"),~AD) <||Vo| o |ul| | A s < cl|ul/| A2|"*| VA
< ([ VAD|+ @] ) [VAR| 525 < LI TAB| e @

We thus obtain, on account of (6.6), the inequality

2, - 2 2 c
IV SIVAR? <l < iy

Recalling that |[V®(t*)|| <c¢, an application of Lemma 2.9 yields (6.5). O
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Convergence of the velocity field u. In order to complete the proof of Theorem
2.4, we are left to show that ||u(t)||; decays to 0 as t—oo. This requires a different
argument than in [27], so we detail the proof. First we need a further regularization of

0.
LEMMA 6.4. The following inequality holds:

Vel +VAe@)|<e, vi=2.

Proof. Taking w= A%y in (2.7), we have
(06, A1) = (uV o+ Ap, A’ ) = —(V(uV ), VAu) — [V Ap|?.
Exploiting the definition of u, which gives pu; = —Ag; + f'($) ¢, we obtain
(0, 0% 1) = (= A¢p, = Ap) = (e, = Apr) = (f'(6) e, — Apa)
= Il (7 (0) A~ ) +(7(6) (V) ~ A
Hence, we deduce that

1d
5 IVl + 9 A2

== (f"(@)Ap,Ap) +{f($)(uV$),Ap) = (V(uV ), VAp).

Let us estimate the terms on the right hand side. Observe that, in light of (6.1), we
have

1 (@)L <e.
Thus we get
—(f (A1 Ap) < f(O)ll= | Apl® < el Apl?
< VApllIVal < iHVAquJrCIIVuIIZ,
and

(F'(@) Vo), Ap) <[ f' (@)l Apl[[w]l 4]Vl s
< @)oo IV a2 7 A2 a4l P V0] 4 V2]

< IV AP eVl el V]
Furthermore, by the Agmon inequality, we get
(V(uVe), VA <|[VAL| IV [Vl o + lull o[Vl 2)
< | VAR Vull|VAg|'? < iHVAMH2+C||Vu||2||VA¢||-
Note that Vu=—-VA¢+ f'(¢)V¢. Then we infer

IVASI < IVl + 1 (D)= Vol < (I Vull+c), (6.9)
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so that
1
(V(uVe),VAp) < ZHVAMHZ + | Vaul]? + |Vl V).

We thus end up with the differential inequality
1d
2dt

Recalling that [ (|[Vau(y)||*+ || Vul*)dy <c (see (3.1)), Lemma 2.8 yields

IVpt+1) <e, t>1.

1
IVl + ZIVAUP < e+ [Vl + [ Val* + [ Val*[[Val?).

Finally, by (6.9), we also have
IVAG(t+1)|><c, t>1,
as claimed. |

We are now ready to prove the convergence of u to zero. To this end, let us observe
that since p* is constant the equation for the velocity field u* associated with ¢* reduces
to

{—VAu*+u*:—Vp*
V.-u*=0.
Therefore, by multiplying by u* and integrating over €2, we deduce
V[Vt |2+ u 2 =o0.
This implies w* =0, and the following equation for the pressure p* holds:
Vp* = Ve* =V (™).
Subtracting this last equation from (2.8), we deduce
VAU U=~V (p—p*)+ (= 1) V(D +§*) + u VB + V(9" "),
Testing this relation by u, we obtain
V[Vl + [l = (= 1)V (@ +6*)u) + (1 VD, )
<l = w* s [ V(@ + ") | Lol + [ [[[ V][]
<= 17219 (= )2 D2 llaall + el V[
< %HUHQ+C||A‘I’H2+C||#—N*||HVMH-
Since ||u—p*|| <||AD|| 4| f (@) — f(&*)|| < c||AD||, we have the estimate
VIIVHHQJr%IIUIIZ <c|AQ|(|AR]+ IV il),
and, by exploiting the boundedness of Vi and A®, this yields
Julf<e A,

for every t>2. Finally, by interpolation and invoking the boundedness of |VAg||, we
have

lullf <e |VOI2 VAR <c, Ve[ =, |V (6 — ")/
Therefore, Proposition 6.3 gives (2.13).

REMARK 6.1. All the results and the estimates performed in this section and in
Section 5 can be carried out in the case =0 with minor changes.
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7. The limit v —0
Before studying the convergence of solutions to the CHB system as v — 0, we recall
the following compactness result (see, e.g., [Thm.I1.5.16, 4]).

THEOREM 7.1. Let Xg—— X — X1 be three Banach spaces. Let 1<a,b<oco and
define
W*(0,T; X0, X1) ={2€ L*0,T;Xo) : ;2 € L*(0,T; X1)}.
Then
Wb(0,T; X0, X1) =< L*(0,T; X).

7.1. Proof of Theorem 2.6. Let ¢o € H! and let {1, }nen be a sequence of
positive numbers such that v, —0 as n—o0o. Consider the sequence (¢,, ,u,, ) of weak
solutions corresponding to the CHB system with v =v,,. From the previous sections, we
know that the following bounds on {¢,,, }nen, {4y, }nen, and {u,,, tnen are independent
of n:

6w,

|, | 20,7311y <c,
IV (bu, v, ) s/50,mm-1) + 100w, | L3750, -1) <

oo o,7:11) + | Pw, | L2(0,75m3) < ¢,

||u’/n HLQ(O,T§H) S C,
pv, Vi,

Thus we deduce that there exists a relabeled sequence {v;, }nen such that

L¥/5(0,T;H) < C-

by, —¢ weakly in L?(0,T;H?),
fhy, =2z  weakly in L?(0,T;H"),
w,, —u weakly in L?(0,T;H).

By the boundedness of d;¢,, in L3/5(0,7;H~') and by the uniqueness of L? and distri-
butional limits, we also have

Orpy, — 0y weakly in L¥°(0,T;H™).

Applying Theorem 7.1 to ¢,, with X;=H"! and Xq=H?, up to a further subsequence
which will be relabeled v,,, one has

b, —¢  strongly in L*(0,T;H®),
for all 0<s< 3 and
v, —¢ ae. in Qx(0,7).

Moreover, from the regularity of the potential f, it follows that z=—A¢+ f(¢) =p.

We can now consider the nonlinear terms appearing in (2.7) and (2.8). Let h be a
positive real number. First of all, we show convergence of ¢, V., to ¢Vu in the
following (weak) sense:

t+h
/ (bv,, V i, — OV p,0) dt — 0, YvoeV.
t
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The integrand can be rewritten as

<(¢un - ¢)Vﬂun 7v> + <¢[V/qun - V/L]/U>~

The first term in this expression is bounded by

(D0, =)V, 0) <lldw, =l LV i, [l[[0]] L,

so that

L2(0,T;H1) ||v||v —0.

t+h
[ =0V 00| <61, = bllao o s,
t
Recalling that ¢ € L2(0,T;L>(2)), the weak convergence of u,, in L?(0,7;H") implies
(¢[V i, —Vu],v) = 0.

Similarly, we can deal with the convergence in V- (¢, u,, ). Indeed, we have

t+h
/ (b, w,, —dpu,Voydt —0,  VoecH.
t

This can be easily seen by rewriting the integrand as
((¢v, = P)u,, V) +(d[uy, —ul,Vv).
Indeed, the second term vanishes as n— oo in light of the convergence
w,, —u  weakly in L?(0,T; H)
and recalling the bound ¢e€ L?(0,7;H%)C L?(0,T;L>(Q2)), which yields ¢Vve

L?(0,T;(H)3). Concerning the former, we observe

t+h t+h
[ =0l Torae| < [ 1ol s, ol

t+h 1/2 t+h 1/2
<IVoll ([t 2a) ([ o, —olar)
v ) () i)

An application of Theorem 7.1 yields the compactness of the sequence {¢,, } in
L?(0,T;L>=(Q)), proving the required convergence.

Finally, let us consider the term involving the time derivative of ¢. In particular,
recalling that v is constant in time, we have

t+h
/t Brpodt = (p(t+h) — d(t))v.

Thanks to the boundedness of d;¢ in L8/° (0,T;H~1), the Lebesgue Theorem also gives

A=A L o.6(0)  ae. tef0.7]

A repeated application of the Lebesgue Theorem implies that the couple (¢,u) sat-
isfies (2.7)—(2.8) for almost every time t€[0,7]. Moreover, observing that ¢ in
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L>(0,T;H') and ¢€C([0,T];H™1), it follows that ¢ is also weakly continuous taking
values in H!.

Finally, we show that
lim (¢(t),v) = (¢o,v), for allveH .

t—0

Let ¢: [0,7] =R be a C* function such that ¥(0)=1 and ¢ (T)=0, and let v€ H' be
arbitrary. Multiplying (2.7) with v >0 by v and integrating over Q x [0,7], we obtain

T

T T
—/ <¢l,n7wv>dt—|—/ <¢,,nu,,n7z/1Vv>dt+/ (Y, ,vVo)dt = {¢pg,v).
0 0 0

As before, we can pass to the limit as v, — 0, obtaining

T T T
7/<¢¢ww+/’wm¢vwm+/<vM¢vww:@mw
0 0 0

Proceeding analogously as in the case v =0, we deduce

T

- /0 (6, ) dt -+ /0 (G, Vo) dt + /0 (V1,0V} dt = (6(0),0).

Finally, a comparison between these last two equalities and the arbitrary choice of v € H!
gives $(0) = o.

8. The CHB system in dimension N =2

In this section, we analyze the closeness between the solution to the CHB system
and the solution to the CHHS system which originated from regular initial data in H2.

Before proving our main result, i.e., Theorem 2.7, we derive some regularity esti-
mates for the solutions of the CHB system in 2D which are uniform with respect to
v>0. Hence, from now on, let ¢g € H2, and denote by ¢>0 a generic constant which
may depend on ||¢g||2 but is independent of v.

8.1. Higher-order bounds independent of v. = We shall exploit in a crucial
way the following well-known inequalities which hold in dimension two:

IF1Zs < cUAIIV I+ L), (8.1)

IF1Zs <cllFIIV £, i (f) =0, 8.2

1£1Ze <cll IS N a2

PROPOSITION 8.1. Let v>0 be fized and let ¢(t) =S, (t)po. Then, the following esti-
mate holds

t+1
|wwm+[ low)2dy<ec, V0. (8.4)

Furthermore, we have

t+1
jg[ (@) dy<c. (8.5)
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Proof.  On account of (5.2) we find
1 1
VIVull? + [[u]® = (uVé,u) < S ull + 5 1nVel*,
which yields
[l < |V o>
Moreover, by (8.1) and (8.2) we get

1uV ol < NlulZs IVl Zs < cllullIVel+ ) IVl Ael.

Since standard computations in light of (2.1) and (4.8) yield

lull <AG+1f (@) <1+ Ad]),
IVl <IVAS[+[V (o) <c(1+(VAg),

we end up with
[ul? < c(1+ [ A¢]1*) [V Ag). (8.6)
By taking w=A?¢ in (2.7), we obtain

1d

S IAGIP+1A%]2 = (AF(6), A%0) + (u-V6,4%).

We estimate the first term on the right hand side as follows:
1 1
(Af(0),8%0) < ZIIA%GI° + | AF(D)IIP < I A%GI +e(1+ [ Ad]*) [ A,

where we exploit the 2D analog of (5.4) to control |Af(¢)||. Then we handle the
remaining term as

(u-V§,A%0) <cllu-Vo|[|A%g|| < %HA%II +eflu-Vol*.
Due to (8.6) and the Agmon inequality (8.3), we infer
[u-Vol* < [[ul?[VolZ < [ul?IVo [ VA <c(1+[A¢]*) VA
<cl|A IV AG|* + e[| Ag|l[| A% < (14 HVA¢||2)IIA¢||2+iI\A%IIQ-

Thus we obtain the differential inequality

1d
2dt
where, in light of (3.4), g(t):=c(1+||A¢(t)||>+|VA¢(t)|*) satisfies

1
1A6]2+ S 1A%8]1* < g(1) | A¢lP, (8.7)

t+1
sup / g(y)dy <c.
t>0.J¢

We can thus apply Lemma 2.8, obtaining

|A(t)]?<e, VE>1.
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In order to prove the required estimate for ¢ € [0,1], it is sufficient to apply the usual
Gronwall lemma on [0,%] to the inequality

d
&HMII“‘ <29(t)| A2
Indeed, this yields
[AG(H)|1 < | A(0)]|2e2¢®),

where

Hence, we have
[AgB)[I* <e, Vtelo,1].

On account of this bound, a final integration of (8.7) on [¢,t+1] concludes the proof
of (8.4). In order to show the validity of (8.5), note that by again estimating ||Af(¢)]|
as in (5.4), we get
liall3 < cCllel® + 1 Apel?)
<c(lF @) + 12017+ IAF ()] + [ A%6]1)
<c(L+[1Ag]* +[1Ag]* +[1A%¢]),

which, in light of (8.4), implies the integrability of pu. d
REMARK 8.1.  The following estimate also holds uniformly in v >0. Exploiting the
Agmon inequality and the uniform H2-estimate for ¢, we have
11Vl <Vl + ViV |® +[|lnv2e]*
<pl< VoI + VRl Lal Vol Ls +cllulli- | Ael
<c(L+]lpll3).

In particular we deduce that uVe € L2(t,t+1;H!) uniformly for ¢ >0 and v >0.

8.2. Proof of Theorem 2.7.

Proof. Let ¢Y,¢o € H? such that (¢4)=(¢o). Then denote by c¢ a generic positive
constant depending on R where R:=sup,-¢{l|®§ll2,|¢0l2} <oo. Let (¢,,u,) be the
weak solution to the CHB system with v > 0 originating from ¢§ and (¢,u) the solution
to the CHHS system with initial datum ¢o. Note that the difference ¢=¢, — ¢, =
u, —u is a weak solution to

Ko+ V- (ppu)+V-(¢u)—Ap=0, (8.8)
u=Vp—o¢,Vi—oVu+vAu,, (8.9)
V-u=0, (8.10)

where

and ()

|
e
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Taking —A¢ as a test function in the weak formulation of (8.8), we obtain

% % IV + (dou, VAG) + (du, VAG) + (Vi, VAG) =0.

On the other hand, we have

(Vi,VAG) =~ VA +(V[f (o) = f(9)],VAP),

so that

IV [VAGI =~ (6,8, YAG) ~ (6u, VA + (VIf(6,)~ F(9),VAG). (811)

Let us now take @ in the weak formulation of (8.9). Adding —v(Vu,Vu) to both sides
of the resulting identity, we get

VIV a8l =~ (6, Y 8) — ($V s, 8) —v(Vu, Va). (5.12)
Note that, by definition of fi, there holds
—(¢ Vi, @) = (¢, VAS, @) — (¢, V[f(¢) — f(9)],@).
Hence, adding (8.11) with (8.12), we end up with
C SIVOI HIVAG 4| Val + ] = v {Veu, Vi) — (u, VAG)
{6V ) ~ (6, V11 (6) ~ J(6)8) + (VLI (6,) ~ F(8)), VAG).
We now estimate the terms on the right hand side. First of all, we have

_ _ _ | _ _
—(pu, VA) <c|[¢[1[lul1[[VAg[ < ZIIVA¢\I2+CHUH?II¢H?-

Moreover, the following inequality holds:
_ ~ — 1. _
~(@Vpw) <[l$lllalllI Vil s < Sllall* +cl Aul*ll6]1

We are left to deal with the term
(VIF(6) — FOLVAG < [V1F(6) — FITAH
< 2NV A+l V17 (6,) - S,
where

IVLf(60) = F@ONZ < NILf (60) = F (@)1 |” + I £ (0) VI

By exploiting the uniform H2-estimates both for ¢,, and ¢ obtained in (8.4) and condition
(2.3), we have

||f’(¢)V<5H2=/Q|f’(¢)V<13IQS||f’(¢)|\%oo|\v<5l\2
<c(L+10lL)IVel* < cllgll3,
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and, analogously,

170~ 1 @190 <c [ 101+ 10l +16)3Vo,
<cll8I34 Vo0 3 <l
Thus we have the control
IV17(60) — F@NI? <cldl}
Using again (8.4), the remaining term involving f can be treated in the following way:
(BT (6) ~ F(@)]. ) < 00 1~ IV 1 (00) — F(@)] ]
< 2l + el VI (90) — FONIP < 3l +cl bl
In addition, we have
(Ve V)| <[Vl 4 vV, T )| < 0] Tl 20t [+ V).

Thanks to [20, Lemma 2.1], Remark 8.1 implies that we L%(¢,t+1;V) for all ¢>0.
Moreover, recalling (3.1), it holds that

k()= vl[Vul® + (1+012) | Vul? € L1(0,T),

for every T >0, uniformly with respect to v > 0.

Collecting all the above inequalities, we end up with
d 2o, 1 0 M2 ,,1/2
o+ g lal” <h@ll+v77k (),

where h(t)=c(1+|Au(t)||?+||u(t)||?). Thanks again to [20, Lemma 2.1] and Re-
mark 8.1, h€ L'(0,T) uniformly with respect to v>0. Therefore, an application of
the Gronwall lemma provides, for all t € [0,7],

t
1 (8) = (D)1} < Il — o Felo »@) % +”1/2/ k(y)dy,
0
which, in particular, shows that
6w (6) = (1) <16f — goll e +11/2Cr,

setting Cp = max{fOT h(y)dy, fOT k(y)dy} < co. Integrating the differential inequality on
[0,t], t<T, up to enlarging Cr, we also obtain

t
/ ety —ull? < 165 — ol 26T + w12
0

d
REMARK 8.2. Since we are dealing with solutions which are uniformly bounded in H?,
the convergence of ¢, to ¢ in H2~? for every § > 0 easily follows. On the contrary, proving
the convergence in H? seems to be out of reach, due to the fact that the semigroup
associated to the solutions of the CHHS equation on H? is not strongly continuous but
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just closed with a continuous dependence estimate with respect to the H'-norms, see
[20, (6.13)].
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