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WEAK TIME-PERIODIC SOLUTIONS TO THE COMPRESSIBLE
NAVIER-STOKES-POISSON EQUATIONS*

HONG CAIT AND ZHONG TAN#

Abstract. The compressible Navier—Stokes—Poisson equations driven by a time-periodic external
force are considered in this paper. The system takes into account the effect of self-gravitation. We
estabhsh the existence of weak time-periodic solutions on condition that the adiabatic constant satisfies
v>3
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1. Introduction

In this paper, we study the existence of weak time-periodic solutions of the following
Navier—Stokes—Poisson equations with the time-periodic external force, which describes
the motion of compressible viscous isentropic gas flow under the self-gravitational force

Ogp+div(pu) =0,
O (pu) +div(pu®u)+ VP(p) — pAu— (p+ ) Vdivu+ pVE=pf, (1.1)

AP =4ng (p |Q|/pdm>

with the boundary conditions

o
w-v=0, [Du-v];=0, a:() for all t e Rz € 09, (1.2)

where v is the outer normal vector and [v(¢,2)], denotes the projection of a vector v(t,x)
on the tangent plane to 92 at the point z (see [7] for more details). And the unknown
functions p=p(t,x) >0, u= (u'(t,x),u?(t,x),u(t,x)), ®=®(t,r) denote the density, the
velocity and the Newtonian gravitational potential respectively. Furthermore, the vis-
cosity coefficients u, A satisfy the usual physical conditions p>0, A+ % ©w>0,and g>0
represents the gravitational constant. The pressure P is a nondecreasing function of the
density, more specifically, we assume that

P(p)=ap”, (13)

a>0 is a positive constant, v>1 is the adiabatic constant. In addition, f(t,z)=
(fi(t,x), f2(t,x), f3(t,2)) is the external force with a period w> 0, say

ft+w,z)=f(t,xz) for all t,z.
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1516 WEAK TIME-PERIODIC SOLUTIONS TO THE COMPRESSIBLE NSP EQUATIONS

Equation (1.1) is provided with the properties of the conservation of total mass

pdx and the total energy E:

Q
E@:A(%m2 m+‘//ny py)dzdy

= *II\TUHﬁ 7\\/)”7 - 7W‘1>||2,

where G =G(x,y) denote the Green’s function of the Poisson part, so that

) =9/§2G(x,y)p(y) dy

if and only if

A<I)47Tg<p|91|/ﬂpdx) in Q, Z—T:O in 09, /Q@dx:(),

where v is the outer normal vector.
Now, for simplicity, we assume €2 to be a cube, that is

Q=10,7]>.
Therefore, the boundary conditions (1.2) read

u'=0 on the opposite faces
{xi ZO,Z‘]‘ € [0777])]. #Z}U{Jh =m,x; € [O’ﬂ-]’j#i}’
ol
ox;
{xi:Oal‘j G[ ) ]a] #i}U{Jﬁi:ﬂ',l‘j € [O’ﬂ-]’j#i}’
0P
8$i
{z;=0,z; €[0,n],j #i}U{z; =m,x; €[0,7],j #i}.

=0 fori#j on

=0 on the opposite faces

(1.4)

Thus, throughout this paper, a suitable function—space framework is provided by

the spatially periodic functions, that is, functions defined on the torus

T = ([_77777] |{77r,7r})37
and for any (t,2) €Q, p,u,®, f satisfy the following geometrical conditions
p(t,Yi(a?)) Zp(t,.');‘),

ul(t,Yi(2)) = —u'(tx), u'(t,Yj(x))=u'(t,x), j#i,
O CI)(tY( )): az-q>(t7x)> a:viq)(tJYj(x)>:azi®(t7x)7 ]7&17

FiYi(@)==f'(ta), f(t.Y(@)=F(ta), j#i,
for any 4,7 =1,2,3, where Y; satisfies

Yilz1,. .y @iy @3] =21, =24y, 23]
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Note that u satisfying (1.6), then the Poincaré inequality is automatically satisfied, i.e.

/|u\2dx§0/ |Vu|? da. (1.9)
T3 T3

Since this paper is devoted to finding the existence of weak time—periodic solutions,
it is convenient to consider the time ¢ belonging to the one dimensional sphere

teS!'= [O,UJ} |{07w}.
Moreover, we set
Q=S xT3.

The Navier—Stokes—Poisson equation has been the subject of many studies by physi-
cists and mathematicians because of its physical importance, complexity, rich phenom-
ena, and mathematical challenges; for example, see [2, 3, 4, 5, 11, 14, 19] and the
references cited therein. Especially, in Ducomet et al. [4, 5] proved the existence of
global weak solutions of compressible barotropic self-gravitating fluids for the whole
and exterior domain case. In Kobayashi and Suzuki [14] studied the Navier—Stokes—
Poisson Equation (1.1) without the external force, on the fixed bounded domain §2
without radial symmetry or solid core, and show the existence of the weak solution in
a reasonable function space including the equilibrium state, emphasizing that the vac-
uum region {z € Q|p(x,t) =0} can exist inside this domain Q although the equilibrium
state is everywhere positive in this problem. Jiang [11] considers the global behavior of
weak solutions of Navier—Stokes—Poisson equations in time in a bounded domain with
arbitrary forces. It also should be noted that there are other forms of compressible
Navier—Stokes—Poisson system which are slightly different from the system of (1.1) and
can be used to simulate, for instance in semiconductor devices, the transport of charged
particles under the electric field of electrostatic potential force rather than the New-
tonian gravitational potential force. The reader can refer to [3] and references therein
for details. Donatelli [3], gave the existence of local and global weak solutions for the
bounded domain case.

A natural question of the existence of time-periodic solutions arise when the ex-
ternal force is time-periodic. Feireisl 7] first studied three dimensional compressible
Navier—Stokes equations driven by a time-periodic external force. They imposed so-
called no-stick boundary condition. Using the Faedo—Galerkin method and the vanish-
ing viscosity method, they obtained the existence of weak time-periodic solutions for
three dimensional compressible Navier—Stokes equations under the restriction

.
7>z

Recently, for ferrofluids driven by the time periodic external forces, use the ideas and
techniques in [7], Yan [18] showed that such system has the weak time—periodic solutions
for v> %

In this paper, inspired by [7, 8, 9, 11, 14] we will prove the existence of weak time—
periodic solutions to the problem (1.1)—(1.3), that is

pltt+w,z)=p(t,x), ultt+wz)=ultz), P(+wz)=2(2) (1.10)

for the adiabatic constant satisfies

23
>3
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which is an improvement of Feireisl [7].

The rest of this paper is devoted to the proof of Theorem 2.1 and organized as
follows. In Section 2, we state our main result. In Section 3, following the method in
[7], we show the existence of the weak time-periodic solutions to the approximate system
(3.1)—(3.4). By employing compactness arguments developed by Lions, et all. [1] and
Feireisl et all. [7, 10] of compressible barotropic flows, we pass to the limit for n— oco.
In Section 4, we obtain the vanishing viscosity limit in the framework [7]. In Section 5,
we pass to the limit in the artificial pressure term, unlike [7], we follow the idea in [9]
to prove the existence of the convex function ¥ and get the strong convergence of the
density.

2. Main result
Following the strategy in [7, 8, 12, 14], we introduce the definition of finite energy
weak solution (p,u,®) to the problem (1.1)—(1.3) in the following sense:

DEFINITION 2.1. We will call (p,u,®) is the finite energy weak solution of the problem
(1.1)~(1.3) if the following is satisfied.

(1) p,u belong to the classes
p>0, peL>(SHLLY(T?)), wu'eL?(SHWh(T?), i=1,2,3.
(2) The energy E(t) is bounded a.e. t €S and satisfies the energy inequality

d
GE@+ [ (vl e ldiveP)de<c(1+ [ plflluldz)
dt T3 T3

in D'(SY), where

1 a 1
Et)= | (5ol T [VO)de.
0= [ (ol + =257 = g I VOP)do

(3) The first two equations of (1.1) hold in the sense of D'(Q).
(4) @(t,x)=g [1sG(z,y)p(y,t)dy holds a.e. for (x,t) €Q.
(5) For any (t,x) €Q, there holds

/( p(t,z)de=m (2.1)
']1‘\5

with a given positive mass m and the conditions (1.5)—(1.7) hold a.e. on Q.

(6) The first Equation (1.1) is satisfied in the sense of renormalized solutions, it
means that

ob
%+div(b(p)u)+(b’(p)p—b(p))divu:0 (2.2)
holds in D'(Q) for any function be C*(RT) such that b'(z) =0 if z is large.

The main result of the current paper reads as:

THEOREM 2.1. Let fy>§ and suppose that f'€ L>=(Q), i=1,2,3, and satisfy the con-
dition (1.8) a.e. on Q, then there exists a weak time-periodic solution (p,u,®) of the
problem (1.1)—(1.3) in the sense of Definition 2.1.
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We shall follow the scheme [7] to construct the above weak time-periodic solution.
In more detail, the proof of this theorem will be carried on by means of a three-level
approximation scheme based on a modified system

8tp+div(pu):eAp—2ep+M(/ pdz), (2.3)
T3
O (pu®) +div(pu'u) — pAu’ — (4 N0y, (divu) + pd,, ® (2.4)
a0y, p7 400y, p° + eVt -Vp+2epu’ =pft, i=1,2,3, '
AD =g L/ i) (2.5)
=4arg\p |T|3 ’]1‘3p T), .

where €,6 >0 are small, 3> 0 sufficiently large and M (t) € C*=(R?!),

1, te(—o0,0],
M (t) =< a decreasing function on (0,m),
0, te[m,00).
Thus we obtain the actual weak time-periodic solu‘gions by vanishing the artificial vis-
cosity € and then the artificial pressure §. By the L5 elliptic estimate and Sobolev’s in-

equality, we obtain that, in the Poisson Equation (2.5), p€ LY (T?) implies 9, ® € L*(T?)
(1=1,2,3), for y> g. More precisely,

IVe[2<Cylple,

where C' is a constant determined by T2. Meanwhile, the total mass conservation
m=]||p|l1 and the interpolation inequality guarantees

lolls <m=llo]l?

1- 60 5
1 +—= 5’ so therefore, if v > %, then 260 <~ and the contribution of the Poisson
v

1
term —8—||V<I>||§ of the total energy E is absorbed into that of the pressure term
)

for

Pdzx. we note that this condition v > % is actually weaker than > g
T3
In order to prove Theorem 2.1, we shall use the following lemma on L' convergence
(see [14] Lemma 1.1).

LEMMA 2.2, If ¢:R— (—o0,+00] is a proper, lower semi-continuous, strictly convex
function, D CR™ is a domain with bounded measure, and

sip||vk|\p<—|—oo,

v —v  weakly in L*(D),

Y(v) —p(v)  weakly in L' (D),

/D (o) do— /D P(0)dz,
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with p>1, then it holds that
v —v  strongly in Ll(D).

Now, we introduce some notations which will be used throughout this paper.

Notations. Throughout this paper, for simplicity, we will omit the variables ¢,z of
functions if it does not cauchy any confusion. C denotes a generic positive constant
which may vary in different estimates. The norm in the Lebesgue Space LP(T3) is
denoted by |||, for p>1. Let WkP(T3) (1<k<o0,1<p<oc0) be the usual Sobolev
spaces. C(S'; Xyeax) is the space of function g:[0,w]— X which is continuous with
respect to the weak topology.

3. The Faedo—Galerkin approximation

In this section, our goal is to establish the existence of solution to (2.3)—(2.5) fol-
lowing the approach in [7] with some extra effort to overcome the difficulty arising from
the Newtonian gravitational potential. More specifically, we look for an approximate
solution (pn,un,®y,), of the following problem for any fixed n:

The equation of p,:

Oprn +div(ppun) =€Apy, —2epp, + M (/ pndx> , (3.1)
T3
with the initial data p,(0) satisfying

O<£(O)Spn(0)§ﬁ(0)a pn(O)EC(TB)mWLQ(TS)v pn(0,Y;(2)) = pn(0,2), (3.2)

where p(0) and p(0) are given constants.
The equation of u,:

% - Pty - Ydx
:/Tr3 (pn(un ®@uy) - Vo —uVu, - Vo — (u+ X)divu, - dive) de
+/11‘3 (ap%divz/)—kdpgdivw—eVun-Vpn~z/J) dx
+/qu (—2€pntin - —pu V@ -+ pp fr-9)dz, for all eX,, (3.3)
with the initial condition
un(0) € X,,.

The equation of ®,,:

1
Ad, =4mg <pn|T3|/ES pndx) , /T3 &, dx=0, (3.4)

so ®,, can be determined by p,, uniquely.
Here, for any fixed constant n,

fneC>®(Q), fn satisfies (1.8)
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and

il < flle=@), fi—f" stronglyin L*(Q), i=1,2,3.

Moreover, X,, is the finite-dimensional space defined by
Xn= {w = [1[1171/1271/}3] :djj = Z ag [ql}j]eikw’ where Ay, [k [W] = —ag [W];
[k|<n
ay, iy ["] = ax[0)1], j #i for all i:1,2,3}.
Here, and in what follows, the symbols ay, k€ Z* denote the Fourier coefficients. Ob-
serve that all ¢ € X, satisty (1.6).

The following lemma is taken from [7] which shows that the local solvability of
(3.1)-(3.2).

LEMMA 3.1. Given u, € C([0,T],X,) and the initial data p,(0) satisfies (3.2). Then
we have a unique solution p,(t) to (3.1)—(3.2) such that

(1) pn€C ([0, T);C(T*)NWL2(T?)) is a classical solution of (3.1)~(3.2).
(2) For any t€[0,T], pn(t) satisfies (1.5) and
0<p(t) < pn(t) <p(t),

where
¢
p(t)=p(0)exp <—et—/ I divunoods) ,
0
t
p(t)=p(0)exp (—et—l—/ [ div e, || o ds) +t.
0

(3) The map un+>ppluy,] acting between the spaces C([0,T];X,) and
C([0,T);Wh2(T3)) is locally Lipschitz continuous, where the Lipschitz
constant is small for T >0 small enough.

Now we are going to consider the momentum equation (3.3), The idea is inspired
by the work of [7].

LEMMA 3.2.

(1) For initial data u,(0) € X, then the problem (3.3) has a unique solution uy
in C([0,w]; X,,).
(2)  The period map

T:[C(T*H)NnWH2(T?)] x X, = [C(T3)NnWE2(T?)] x X,

T 1pn(0),un(0)] = [pn(w), un(w)]

is continuous and compact.

Proof. Introduce a family of linear self-adjoint operators: Flp,]: X, — X* by

(]—'[,on]v,w>X;Xxn:/ pnv-wdz, Yv, weX,.
T3
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Recall here that the crucial point is the fact that, given by the Lemma 3.1(2), we know
that p, is strictly positive which implies that these operators are invertible and the
inverse operators F~![p,]: X+ X,, are well defined. Moreover, it holds that

IF  oullleexs, x) <p (1)
In particular,
F ' 1= F o2l =F o’ (Flp*) = Flp') F e
Meanwhile, we can see the map
pn €LY (Q) = Fpn] € LX), X)) (3.5)

is well-defined and locally Lipschitz continuous on the set {p, > 1p(0)}.
Therefore, noting

(Glpn,unl, ) :/TS (pn(Un ®up) - V) — uVuy, - Vip — (p+ A) divu, - divey) dz

+/ (ap; divep+6pf dive) — eV, - Vp, ) da

T3

+/ (—2€Pnun'w—anq’n'lﬂ-i'Pnfn'lﬁ)d%
T3

we can rewritten the equality (3.3) as

n(8) = F [pu (O] (Flon(0)]un(0) + / Glpnsunl(s)ds). (3.6)

where ®,, involved in the definition of G[p,,u,] is determined by p, through (3.4).
Finally, by (3.4) and Lemma 3.1(3), we know that the nonlinear term

G:Wh2(T3) x X,,+— X is locally Lipschitz,

which, together with the properties of p,[u,], F~1[p,(t)] imply the contraction map-
ping principle in C([0,77;X,,) with T sufficiently small guarantees the existence of the
solution u, € C([0,T);X,) to (3.6) by the Banach fixed point theorem. Therefore, to
deduce the existence of global solution on [0,w], we have to show some suitable a priori
estimates for u,,.

For this purpose, we take 1) =u,(t) in (3.3), compared to the classical energy equa-
tion for what we can, of course, refer to [7], only one new term appears in NSP case:

/an@n-undx:f/ O, div(pnuy, )dr
T3 T3

:/ @natpnfeApnq)nJrZepn(I)n—(I)nM(/ pndx)dx
T3 T3

1
= (Aatq>n)<pn+e/ VﬁnV<I>ndx+2e/ pn®pde
47Tg T3 T3 T3
1 d €
= ®,|%dr—4 prd ——/ ®,|%d
8mg dt W'V I"da 7Tge/qrg,p"”“" 2mg WIV I"da

1
where p, =pn — m/ pndz, and we have use the fact that / P, dxr=0.
T3 T3
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Thus, the energy inequality reads:

d 1 2, 5 1 )
G L Grolu P+ =i 52— g V0 da

2 )
*/ (%IuP+u|wn|2+<u+x>|divun|2+ YTy Eﬁpﬁ)dx
T3 ’7—1 6—1

ary ] B—1
< | pulfnllun|d M ndz ) (—= d
,/Tgp |f\|u|90+/Ts (/Tsp x)(v_lpn 1P )x

€
—|V®,|? +4rgep? ) da. .
+ [ (G V0 amget ) do (3.7)

Considering (3.4), we obtain

57—6

[V, |ls <C|AD, s <Cllpns < Cllpall3 7 flpu 77

by the elliptic regularity, the interpolation inequality and the Sobolev embedding theo-
rem, then by Young inequality, in the case of v > %, we have

p(5y—6) /

1 Hpnllf” D (2\TT 1 (3a -1
— |V, |f<c™ L (= —{ =l
=6 a
< 3'7 4 Yy .
Cllpnlly 2<,y_1)||pn||'ya (3.8)

where p’=3(y—1)>1 and %—i— ﬁ =1. Similarly,

ea7

v—6
7HV<I> H2<Cllpn||3” S llenll3- (3.9)

The last term on the right hand of (3.7) can be estimates as follows:

B
Han2<Han1” > lonlls ™
we conclude that, in the case of 8>3

= dep
smgelloall3 < Clonly ™ + 575 loull:

Indeed, based on the above two inequalities, we can write

2
Araed? de < 8 (||P7?||1 i 2)
/11‘3 TGePpAL = OTTge |T3‘2 +||p H2

=2 def
< (lonll +0al ) + 520l (310)

which, together with (3.7)—(3.9) and the estimates in [7], we obtain from (3.7) that
/ [V, |3dt < C, (3.11)
St

and (3.7) also implies

sup ||/ pn (H)un (t)]|3 < C, (3.12)

test
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where the constant C' depends on the initial data p,,(0), u,(0), and €,d.
Since the dimension of X, is finite, it follows from Lemma 3.1 (2) and (3.11) that
there exists a constant K, = K(n,p,(0),u,(0)) such that

pn(t,z) > K, >0, forall t€[0,T). (3.13)

Now, combined with (3.11)—(3.13) and the fact that the L? and L*°-norms are equivalent
on X, yields

sup ([[un (t)lloo +[[Vun (t)[00) < C.

tel0,T)

Therefore, the solution is global and it may be extended in a unique way up to T =w.
At this time, by the same process as in [7], we can prove Lemma 3.2 (2). This completes
the proof of Lemma 3.2. O

At this stage, we shall look for a fixed point of the period map T to prove the
existence of a time-periodic solution.

ProprosITION 3.1. Suppose that €, § and B are given positive parameters. Then,
for any fized n, the system (3.1)=(3.4) has a time-periodic solution p,, u, and ¥,.
Moreover, p, € C1(S';C?(T?)) is a classical solution of (3.1) on S!, and there exists K
depending on n such that

pn>K >0, / pn(t)dz=mc, with2em,=|T3|M (m,). (3.14)
T3
The energy inequality

d
—E(;[pn,un]—i—/ (M|Vun|2+(u+A)\divun\2>dx§C(l—i—/ pn\fnuunux). (3.15)
dt T3 T3

holds on S*, where

1 a 1) 1
E nyUn| = (7 n n2 — B——VCI)nQ)d
slpncinl = [ (GralunP+ i+ 5ol g [V ) da

and the constant C' is independent of n,e,d.
Furthermore, there exists a constant Ey independently of n, such that

Eg[pn,un](()) <FE.

Proof. From [7] Lemma 2.2, we know there exist K1 = K7 (n,¢,0), Ko = Ks(n,€,0) >
0, my € (0,m), E1 = E(e,0) such that the periodic map 7 maps the set

DElz{ [Pnsun] | HanleQ('H‘L")ﬂC(TS)SKlypnZK27/3pndl‘§m17E5[ﬂnvun]SEl}
T
into

Des={ onstn] | lalwsancs) <Kaipu = Ko, [ pode <mn, Elpuun <Er—1}.
T
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Now, construct a bounded convex set

5:{ [Pnytn] | ||pn||W1v2('ﬂ‘3)ﬂC(11‘3)§K17anK2a/3pnd$§m17
T

/|un|2d <7/ ( ¢ d P —|V<I>|2>da;<E1}
Ky’ Jps 5 1

and a map L:

L([pnsun]) = [pns7 (P un)un],

with

1/2
. (fw 1p7L+/3 1Pn ™ 87rg|vq)| )d )
7(pn,un)=minq 1,
2[5 Pnlun|?dz+1
Then, from lemmas 3.1-3.2, the properties of p,,, u,, we get that the map £:S5 — Dg, C
§ is continuous and L|p,, , =Id. Moreover, from Lemma 3.2, we know that the map T
is continuous and compact, so there exists a fixed point of the map 7T oL in S coinciding
with a fixed point of 7 on Dg,_1, thus we get the periodic solution for system
(3.1)—(3.4). And the other estimates can be proved in a similar way as in [7]. 0

The next step in the proof of Theorem 2.1 consists of passing to the limit as n— oo
in the sequence of approximation solutions {p,,u,,®,} obtained above, we first observe
that the terms related to p,,u, can be treated similarly to Section 3 in [7]. So it remains
to show the convergence of the sequence of solutions {®,,}2>;. Now let us recall the
following result which is directly from the energy inequality (3.15) and some properties
about the LP-theory of parabolic equations.

LEMMA 3.3. If 8>4. Let (pn,un,®,) be the approzimation solutions constructed
above, then the following estimates hold:

llpnll Lo s1;0(T3y) < C, (3.16)
[un |2 (stwrz(rsy) <C, (3.17)
||\/p7nun||Loc(Sl’L2(']I‘d) SC (318)
Furthermore, for 1<p<2,r1>2, 19> and ¢ = 4ﬁ+3, it follows that
e/ lpnl? + |V pn|?dzdt < C, / IV ou|™ + | pn| 2 dadt < C, (3.19)
Q Q

/1 [0t onllf, +1[Apnlly, dt <C, (3.20)

s

where C' is the constant independent of n.

When n goes to infinity, by Lemma 3.3, we directly have
u, —u weakly in L*(S; WH2(T?))

by passing to a subsequence, also in all the below cases if necessary. At the same time,
we apply the Lions-Aubin lemma (see Theorem 1.5.1 of [13] or p.271 of [17]), the strong
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convergence of p, and Vp, are not perturbed by the presence of ®, also from [7], we
obtain some convergence results.

LEMMA 3.4. If’y>% and B >4, then the following convergences hold:

pn—p strongly in L™(Q) for a certain r3> (3, (3.21)
Vpn—Vp strongly in L™(Q) for a certain r4>2, (3.22)
pl—=pY, pP =P strongly in L™ (Q) for a certain rs>1, (3.23)
Vp,Vul, = VpVu' weakly in L5 (Q) for a certain rs>1, (3.24)
pnul, = pu'  strongly in L*(S'; W 2(T?)), (3.25)
pubul — putv? in D'(Q), (3.26)

where 1,7 =1,2,3.

Before concluding the present section, we confirm the following facts derived from
the above lemma. First, by the elliptic regularity, the interpolation inequality, the
Sobolev embedding theorem and (3.21), we have

V®, — Vo in L™ (S, W (T?)). (3.27)
Combining this with (3.21) yields
puV®, = pVd in L3 (Q). (3.28)
Here is now the existence result derived from the above limit n — +o00.

PROPOSITION 3.2. Given ’y>§, B>4, 0,e>0, then there exists a time—periodic
solution (p,u,®) of the problem

Op+div(pu) =eAp—2ep+ M (/ pdx), a.e. on Q, (3.29)
T3

Or(pu) +div(pu'u) — pAu' — (u+ )0y, (divu) + pd,, @
+ a0y, p" 460y, p° +eVuiVp+2epu’ =pft in D'(Q), i=1,2,3,

1
Ad=4mg <p— m/ﬁ pdx) , a.e. on Q. (3.31)

The density p>0 belongs to the class corresponding to (3.19), (3.20) and satisfies (1.5),
with

(3.30)

/p(t)dx:me, vV teSh, where 2emc=|T3|M(m,). (3.32)
T3

The fluid velocity u € L?(SY;WY2(T3)) satisfies (1.6) a.e. on Q. The energy Es[p,u] €
L>(SY) such that

d
—Eg[p,u]+/ <M|Vu|2+(u+/\)|divu|2)dz§C<1+/ p|f||u|d:1:) (3.33)
dt T3 T3

holds in D'(S*), where

Bilpal= [ (ol + 07+ 5207 - Vo) do
’ 3 \2 v—1 B—1 8mg

and the constant C is independent of € and §.

In the next two section, we will complete the proof of Theorem 2.1 by vanishing the
artificial viscosity and the artificial pressure.
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4. The vanishing viscosity limit

In this section, § is fixed and we will make € go to 0. Before starting the technical
part of the proof of Theorem 2.1, we establish a straightforward consequence of the
energy estimate first.

LEMMA 4.1. Let p>0, u satisfy

p€L®(SHLY(T?)), supllpli<m, weL?SHWEA(T?)).
test
Then there holds

supE(t)<C <1+/@P(p(t))dxdt) , (4.1)

test

where C'is a constant depending on pi, A, ||f||z~(q), P denotes a convex function such
that

5
p fory> 3,

P(p)= — 3

and
E(t)= L 2+ p - L vewP)drer (s
(t)= p()|u(t)]”+ P(p(t)) IVe(@)|]” )dze L'(S)
T3 2 87('9
satisfying the energy inequality

d
aE(t)+/w (M\Vu|2+(u+)\)|divu|2da:§0(1+/TBp|f||u|da:). (4.2)

Proof. Integrating (4.2) over S, it follows from the Poincaré inequality (1.9) and
the standard Sobolev embedding theorem that,

/ Juldt < (1+supllls / Julloat).
St test St
which implies
/ lull2dt < C(1+supllo]o)?. (4.3)
St teSt 2
It follows from the Holder inequality and (4.3) that
1
/ L o(t)lu(t) P ddt < Csup ol / Jul2dt
02 test 2 Jst

<C(1+sup|lpll3 (supllpll)?). (4.4)
test test °
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On the other hand, by (4.2), we have
E(t)—E(s)§C<1+/p|u\dazdt)
Q

1 1
< o4 e
_C<1+/Q(2p+2p|u )dxdt)

a 1
< — o2 - 2
_C<1+/82(7_1)||p||,ydt+2/Qp|u| d:rdt)
<C<1—|—/P(p)—L\VCI)|2+1p\u|2dxdt) (4.5)
- Q 8mg 2 ’ '

where we have used the Young inequality, the Holder inequality and the inequality (3.8).
Then integrating the above expression with respect to s over S yields

1
supE(t)gc(1+/ S olul + P(p)dedt). (4.6)
test Q 2
Next, observe that
lplls <llolli=**lIoll5*,
l—a «
lolle <llolly™**lloll52,
where aq = L, g = L. So by virtue of oy +2ag <7y, for v> §, we obtain
3(v=1) 6(y—1) 3
the desired result. This completes the proof of Lemma 4.1. 0

The estimates of p.,u. established in Proposition 3.2 are exactly the same as in [7]
Section 4. Here, we omit the proof of this lemma.

LEMMA 4.2. If >4, let (pe,ue,P.) be the approzimate solutions constructed in Propo-
sition 3.2. Then

¢ / A a—" / (R —
St St

B+1 E
||,0||L/3+1(@)a tS;lSIi 5[0

are bounded independently of € > 0.

At first, by Lemma 4.2, we deduce all necessary convergence of p.,u.,P. to pass to
the limit when € goes to zero. Indeed, Lemma 4.2 easily gives

ep—0 in L'(Q),
eVpe-Vu' =0 in LY(Q),
eAp.—0 in L*(S,W52(T?)).
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In fact, from Lemma 4.2, similarly as in [7] Lemma 4.3, using the standard Sobolev
compact embedding and the Arzela-Ascoli theorem, we can obtain the following con-
vergence results about (pe,ue, ) as e —0.

pe—p weakly in LPTH(Q), (4.7
pe—p in O(SY LY. (T%), (4.8)
ul —u' weakly in L*(SH;WH2(T?)),i=1,2 (4.9)
peu’ — pu’  weakly in L*(S'; L S +6 (T )) (4.10)
peul—pu’ in C(SY Lvig;k(im), i=1,2,3, (4.11)
peulul = pu'u?  weakly in L? (Sl;Lm (T3)) 1,j=1,2,3. (4.12)
On the other hand, by (4.8), we obtain
Vo, - VO  weakly —* in L=®(SH WA (T?)),
s s (4.13)
AD AR in C(S5L),,,(T)).
Therefore, the boundedness of
||P5V‘I)e||§ < ”pe”B”vq)eHB
gives the following convergence
p VD, — pVd  weakly —* in L°(S'; L2 (T3)). (4.14)

Now, at this moment, we have proved that the limits p, u, and ® satisfy the following
equations:

Orp~+div(pu) =0, (4.15)
O (pu') +div(pu' @u) — pAu* + pdy, divu+ 0y, F + pdy, & = f'p, (4.16)
in D’'(Q), where i=1,2,3, and the effective viscous flux
F.=ap) +6p° —(\+2p)divu, — F  weakly in L (Q).

Moreover, by (3.32), we have

= hm me=1lim | pedr= hm pdzx.
—0 €0 Jr3 T3

The only, but very important, difference with the n-limit is that we do not have a
strong convergence for the density any more. This can be proved in the same way as in
[7] Section 4 by means of the classical Minty trick. We omit the details here for briefly.
Now, since we have the strong convergence of p. and (4.13), we easily yields

Ad= 47rg |T3|/ pdx a.e. on Q
and

F=ap” +6p° —(\+2p)divu ae. on Q.



1530 WEAK TIME-PERIODIC SOLUTIONS TO THE COMPRESSIBLE NSP EQUATIONS

Thus we have completed the proof of the following proposition.

ProPOSITION 4.1. Given v > %, B>5,5>0. Then there exists a time—periodic solution
(p,u,®) of the problem

Op+div(pu)=0 in D'(Q), (4.17)
By (pu’) + div(pu'u) — pAu’ — (+N)0y, divu+ 8y, (ap” +6p°) (4.18)
+p0, ®=pf" inD'(Q),i=1,2,3, '
1
Ad=4rg (p— W/]IG pdx) a.e. on Q. (4.19)

Moreover, p, u and ® satisfy (1.5)—(1.7), and
pe L= (SHLAT?)NLPTHQ), we LS Wh(T?).

The Equation (4.17) holds in the sense of renormalized solutions and the energy Es|p,u]
satisfies

d
Bl [ (ulvaP + e NldivaP)de<os [ pifldds @20
T3 T3

in D'(SY), where

— 1 2 L Y L B L 2 oo (gl
Balpal= [ (GoluP+ =250+ 550"~ [ VOF )dre L(8))

and the constant C' is independent of §.

5. Passing to the limit in the artificial pressure term

In this section, our ultimate goal is devoted to letting 6 —0 in (4.17)—(4.19) and
complete the proof of Theorem 2.1. According, the weak periodic solutions constructed
in Proposition 4.1 above will be denoted by (ps,us,®s). We first derive the estimates
of ps,us independent of § > 0, the technique is inspired by [7, 11]

Consider the operators

Ai[v]:A_l[aliv]v 1=1,2,3,

where A~ stands for the inverse of the Laplacian on the space of spatially periodic
functions with zero mean. We have

1
T3] Jps

O, Ai[v] =v

vdx,

with the standard elliptic regularity results:
||A1[U} HWl,s(TS) < C(S,T3> HUHLS(TS)a 1<s< o0,

1.1 1
| A [v] || La(T3) §C(s,q,'ﬂ‘3)||v| L+(13), for g finite, provided — > — — 3’ (5.1)

q S

[ Ai [0]]| oo (73) < C(5,T%) o]

L=(T8), if s> 3.

With the help of the above operators, we have the following assertion, which plays
a crucial role in the proof of our main result.
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LEMMA 5.1. Let (ps,us,Ps) be the sequence of weak time—periodic solutions of problem
(4.17)-(4.19) obtained in the Proposition 4.1, then

/ ap:;’JH9 + 5p’§+19 dxdt,
Q

supE(;[p(;,u(;L ||u5||L2(Sl;W1’2('J1‘3))
test

are bounded independently of §, where 9 =min{ 2?3;3,%}.

Proof. Integrating the energy inequality (4.20) over S! and by (1.9), we obtain

[ Vsl yat < (14 [ 17l IV Frslizcen )
<01+ [ Il lluslzsdt).
S

which implies

l[us|[§yr.2 sy dE < C ( 1+supllps]|s |- (5.2)
st st 2

Since ps is a renormalized solution of (4.17), we obtain
Aipl +div(plus) + (9 —1)pydivus; =0 in D'(Q) (5.3)

for some ¥>0. Now, we take ¢;=A;[p¥], i=1,2,3, as the test function for (4.18).
This is possible because of (5.1) and the regularity results achieved in Proposition 4.1.
Consequently, we have

/ang9 —|—5p§+19 dxdt (5.4)
Q

1
:@ (/ ap§+5p§dx>/ p?dwdt—&—()\—&—?u)/pﬁdivud:cdt
st T3 T3 Q

+0-1) [ oy Al @ivus)| + Qs of s e
Q
+ [ 9s0u,®aAslpd) = s Aslpf) du (5.5)
Q

where the bilinear operator

Q, jlv,w]=vR,; j[w]| —wR; ;[v]
and

Rij=0p A0,

At this stage, the six integrals on the right hand side of (5.4) will be estimated in terms
of the norms of ps,us,®s. The main tools used is the fact that sup|p||; is bounded
test

independently of 4, the Holder inequality, the Sobolev embedding theorems together
with the estimates for A4; presented in (5.1). Therefore, one has the following:
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< [ sl lluslslAslpg divus) e
Sl Y

/ psub Ai[pd (divus)] dadt
Q

<C [ sl luslallof dive] o de
st v

<C [ loslh lusllol5f1 o IVl

2y—3
<Csupllpsl, [ luslys e (5.6)
test St

2v—3

where the constant C' is independent of § provided 9 <

‘ / usQ; ; (03, psus) dudt
0

< [ 1681 T Bll
St v

<Cupllpsl, [ lusly» (5.7)
test St

2y—3
where the constant C' is independent of § provided 9 < é .
gl

Lo Adpbiazat] <171 [ ool ARt

<c [ Ipslhlog1. a
<c, (.9

1
where s> 3, so the constant C' is independent of § provided ¥ < — < —.

S
Next, using Holder inequality, the interpolation inequality, the estimates for A;
presented in (5.1) and elliptic estimate of (4.19), we have, if 5 <y <3,

/Q pi0e, s Al o] < [ ool 10:. sl Al ot

<C [ ool 1A%l s 1.

4~y

<c [ sl losl g . (5.9)
st v
.. . 1 1
where s> 3, so the constant C' is independent of § provided ¢ < 3 < 3"
Then, for v=3, it easily yields
| pson s loldzt| < Csupllpal.. (5.10)
Q test

And, for g << 3, by the interpolation inequality, we obtain
4v—6

< a -« — )
losll sy <llosllTlloslhy ™ a=57—=5
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Consequently, in view of (5.9), we have

1533

‘/Pé&si@éd‘l (o] dz dt <C'SUP||P5H§(w K <CSUP||P5H7- (5.11)
On the other hand, if v> 3,
Qpaami‘l’afli[p?]dxdt §/51 195111110, sl oo [l Ai 03]l oo dt
<C [ 190w
Sl
<Csup|psly, (5.12)
test
where the constant C' is independent of § provided 9 < % %
Summing up the above estimates, we infer
[ +o0 dwie<C (14 supllpsI-+suplipsl, [ Juslieedt).  (513)
Q test test St
Meanwhile, by virtue of (5.2) and the interpolation inequality, we have
sup ||pal|w/ |IU6H%4/1,2dtSC(HSUPHpaIH SupllﬂaHg)
test st
<<7U=+bupHpM|)3” 7, (5.14)
which, together with (5.13), yields
-3
/ apgﬂg +5pﬂ+ﬂda:dt < C(l + sup 1ps3 + bup llpsllS SR ) . (5.15)
Q

Moreover, interpolating between the space L' and L7+ to deduce

_ (=D +7)

< 1-6 0 _ )
loslly < loslli~“losleon 0= 0

Seeing that, in accordance with Lemma 4.1 and the above inequality, formula (5.15)

reads

4v—3
/@apg+ﬁ+5p?+’9dzdtgc 1+/ ||p5|gdt+(/ ||pa\|§dt)ﬁ)

(v— BI;‘YT” (v i)ﬂ(wﬂ)
<c1+ / loslloig ™" dt+ / losll, o

dt)%)

<O ([ Mosl g an =+ | sl =),
St

Since the exponent ¥ = min{ 2?),73&}, we easily get

4v—-3

— < 1.
3v(y+9-1)

(5.16)
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Consequently, (5.16) implies that [, apl T’ +6p T dxdt is bound independently of .

And the boundedness of sup Es[ps,us), |[us]|r2st;w1.2(13)) follows from Lemma 4.1 and
test

(5.2). This completes the proof of Lemma 5.1. O

Then comes the equations of what happen when § goes to 0. Indeed, by Lemma
5.1, we have

5pi =0 in LY(Q).

As the uniform energy estimates in Lemma 5.1, similarly as in [7] Lemma 4.3 and
(4.7)—(4.12), we have

ps—p in C(SYLY,, (T?), (5.17)
ul—u' weakly in L2(SY;WH2(T3)),i=1,2,3, (5.18)
, ‘ 27
psul—pu’ in C(SLLITL(T?)), i=1,2,3, (5.19)
psusul — pu?  in D'(Q) i,j=1,2,3. (5.20)
While the elliptic regularity guarantees
V&5 Ve weakly —# in L>(S,;W7(T?)),
Ads— AP in C(SYLY . (T?)). (5.21)
Furthermore, Since W7 < L is compact for 1< ¢< %7 we have, in the case of
5
3 << 3,
3
Vb5 V®  weakly — % in L%(SY; LI(T?)) for 1<g< 377
-
Therefore, we are able to say that
3
psV®s— pV®  weakly —x in L= (SYLP(T?)) for 1<p< % (5.22)
The other case of 7> 3 is similarly as (4.14), we have
psV®s— pV®  weakly — in L=(S'; L3 (T%)). (5.23)

Nevertheless, we must be careful about the case of the pressure, indeed, Lemma 5.1
guarantees

py—p7 weakly in L= (Q),

but not more. So, the limit § — 0+ is quite clear, the only last proof will consist in
showing that the weak limit p7 of pJ, is in fact equal to p7.

Letting 6 —0 in (4.17)-(4.18), we obtain the weak time-periodic solution p,u,®
satisfy

Op+div(pu) =0 in D'(Q), (5.24)

Oh(pu’) +div(pu'u) — pAui — (A 1)y, (dives) +ads, (77) + pds, @ = pf' in D'(Q),
(5.25)

i
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where 1=1,2,3.

To prove p7 =p?, we show the strong convergence of the density which is the most
difficult task in our limit passage. unlike [7], we follow the idea of [8, 14] consist in using
cut-off functions to control the density. More precisely, let T'e C*°(R) be concave and
satisfying

z,if z2<1,
T(Z){z it 2>3,

then build a sequence of functions T} defined as follows
Th(2) :kT(%) for k=1,2,...
Recall that ps,us is a renormalized solution to (4.17) implies

9 (Ti(ps)) +div (Ti(ps)us) + (Ti(ps) ps — Ti(ps)) divus =0 in D(Q).

Passing to the limit for § — 04 to deduce that

3 Ti(p) +div (Ti.(p)u) + (T}.(p)p— Tk (p)) divu =0 in D'(Q),
where

Tr(ps) — Tr(p) in C(SY L2 (T?)) for all 1<p< oo,

weak
and

(Tx(ps)ps — Ti(ps)) divus — (T},(p)p— Ti(p)) divu weakly in L*(Q).

Now, we state the following lemmas. For the proof of these lemmas, we refer to
[8, 14] for details.

LEMMA 5.2. Let ps,us be the solutions obtained in Proposition 4.1, then it holds that

lim (apg—()\+2u)divu5)Tk(p5)dxdt:/(ap77—()\+2u)divu)Tk(p)dxdt.
5—0+ Q Q

LEMMA 5.3. There exists a constant C independent of k such that

limsup || Tk (ps) —Tx(p)|| Lr+1(@) <C for any k>1.
6—0+
The proof of the following lemma can be proved in a similar way as [8], the details
are omit.

LEMMA 5.4. The limit functions p,u obtained in this section is a renormalized solution
to (5.24), that is,

9¢b(p) +div(b(p)u) + (V' (p)p—b(p)) divu=0

holds in D'(Q) for any be C*(RY) with b'(z) =0, for z is large.

Now, we can complete the proof of Theorem 2.1. At this stage, we introduce
functions

zlnz, for 0< 2z <k,
— “T,
Li(2) zlnk;—|—z/ k(s) ds, for z>k.
k

52
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Noting that Ly can be written as
Li(2)=Brz+ Li(2),

where f/;(z) =0 for z > 3k. Then, ps,us is a renormalized solution to (4.17) with respect
to the function Lg(z). This reads

O L (ps) +div(Lg(ps)u) + Tk (ps)divus =0 in D'(Q), (5.26)
by L}.(2)z — Ly (z) =Tk(2). Similarly, by (5.24) and Lemma 5.4, we obtain
0Ly (p)+div(Lg(p)u) + Tk (p)divu=0 in D'(Q). (5.27)
In view of (5.26), we have
Li(ps) = Li(p) in C(SY L7, 1, (T?)), (5.28)
where
Ly (p) € BO(SH LY o (T?)), 1<a<y (5.29)

and the bound in (5.29) depends solely on «, in particular, it is independent of k (see
[16] Lemma 6.15 and 7.57 for details), and next,

610g,06 %plogp m C(Sl weak(Tg)) (530)

for 1<a<~y by approximating zlogz= L(z2). In particular, Ly (ps),Lx(p)€
C(SH;LY . (T3)), so taking ¢ € D(T3), ¢=1 for x €T3 as the test function for the

weak

difference of (5.26) and (5.27), then, we have for any 71 <79, integrating with respect
to t yields

[ @aos) = L) ryda— [ (Lalow)~ Lulp)(m)do
T3 T3

:/ / (Tx(p)divu—Tx(ps) divus) de dt.
T3

Passing to the limit for 6 —0 and by (5.28), we have

/ (Te(0) — Li(p)) (r2) i — / Te(0) — Li(p)) (m)
T3 T3

- lim/ /(Tk(p)divu—Tk(pg)divug)da:dt. (5.31)
d—0+ - T3

Now, Making use of Lemma 5.2, we can estimate the right-hand side of the above
inequality as

T2
lim / / (T (p)divu—Tg(ps) divus) dzdt
T1 T3

6—0+
T2
:/ / Tk(p)divudxdt— hm / / Tx(ps)divusdadt
T1 TS T1 TS
T2
T ( — lim 2 T,
/ /T3 k(p le“df”dH,\HMiw/n /1r3 apy — (AN +2p)divus) Ty (ps) dedt

Ty (ps) dzdt

/\—|—2,u 5*}04’/ ‘/]1‘3 otk (ps)da

:/ / Tk (p)divudzdt+ / / (ap” — (A +2p)divu) Ty (p) dzdt
n JT13 )\+2 T3

Tk (ps) dxdt,
)\+2,u5—>0+/71 /Tsaps k(ps)dx
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which, together with (5.31) implies
[ @G- Luto)(m)do - / T (o) — Li(p)) (m)
T3

=

/\+2M540+/ /TsapéTk ps) —ap Ty (p) dadt

/ / (T (p) — Ti(p))divudzdt. (5.32)
T3

At this stage, we shall need the following crucial lemmas, which can be proved in a
similar way as Lemma 6.1, Lemma 5.3 in [9)].

LEMMA 5.5. There exists a constant d>0, such that

hm/ /ap(;Tk ps) — A Tr(p) dzdt -+ (k) (s —71)
§—0+ - T3

zd/ﬁ w(/Tng( )~ Li(p)dz) dt,

where
r(k)—=0 fork— oo

and ¥ is the convez function from the following Lemma 5.6.

LEMMA 5.6. Fizne (=2

g 1) and consider the function ¥ (depending on 1) determined
by the relation

\I!(z”+z%):z’7+1 for all z>0.
Then W is convex, strictly increasing for z>0,¥(0)=0.

According, now the main idea is to let k— oo in (5.32), first, we have

SUP/ (plng_Lk(P))dﬂfSSUp/ plogpdx
{p>k}

test JT3 test

< sup(meas{p> k})pl(/ pY dx)P?
test T3

30(%)171 50, as k— oo, (5.33)

for certain p;,p2 >0 independent of k.
Then, by the definition of Ly (ps), we also have

sup/ (Lk(ps) — pslogps) da < sup/ Ly (ps)dx
T3 {p=k}

test test

ol
< sup/ W_‘i_s dx
teSt J{p=>k} Ps

<k Equp / pYdzx
test J{p>k}

<CEHteE (5.34)
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where ¢ is a sufficiently small constant, such that v>1+¢. Hence, passing to the limit
for 6 -0 in (5.34) and by (5.28), (5.30) to obtain

sup/ (Li(p) — plogp) dz < Ck™ 450, as k— oo. (5.35)
test JTs

At this moment, by virtue of Lemma 5.5, (5.33) and (5.35), one can pass to the
limit in (5.32) for £ — oo to conclude

/3 (plogp—plogp)(r2,z)dz — /3 (plogp—plogp)(r1,z)dx
T T

d (™ o
Ay /T1 W(/B(PlogP*Plogp)(t,x)daz) dt

<limsup / / (Ti(p) — T (p)) divudzdt|, (5.36)
k— o0 T3
where the term on the right—hand side can be estimated as follows,
(Ti(p) — Tr(p))divudadt
T3
T2 %
< / / ITi(p )dedt) / / \divu|2dxdt)
= %
< / / [Ti(p) ~ T o)zt i / / (Tilp) T (@) dadt) ™
x (/ |d1vu\2dxdt>§. (5.37)
T1 TS
Here,
Tk(pé)_p5_>Tk(p)_p in C(S LZJPHIC(TS))7
and hence it follows that, when 1 <p<~,
I3 (p) = Pl e (@) <liminf | Ti(ps) — psll e (@)- (5.38)
On the other hand, we have for 1 <p<~,
Telos) -pillir@ <2 [ |oaldad
{ps>k}
< 2p/ p(;p dzdt
{ps>k} p6
<orf=(r-p) / p) dadt
{ps>k}
<Ok~ (5.39)

Noting that T} is concave, and therefore, Ty (p) > Tk (p), also, by (5.38), (5.39) and the
fact that Ty (p) < p, we have

/ /\Tk T )|da;dt</ /|p T (p)| dwdt
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<20k~07Y 50 as k— . (5.40)

Thus, by virtue of Lemma 5.3 and (5.40) we have proved that the term on the
right-hand side of (5.36) tends to zero for k— oo.

By Lemma 5.4, p is the renormalized solution to (5.24), so from [16] Lemma 6.15
and 7.57, we have

p€BC(SYLY(T3)) for 1<a<y,
in particular,
plogpe BC(S'; L*(T?)) for 1<a<y. (5.41)

It follows from (5.29), (5.35), (5.41) and the convexity of plogp, we know that the
function

D(t)=/w (plogp—plogp) dx:

is continuous, bounded and nonegative on S'. Furthermore, (5.36) implies that, for any
T < T2

d [™

D(T2)_D(T1)+m
T1

U(D(t))dt<0

Consequently, D=0, then, by Lemma 2.2, we have the strong convergence of the
sequence pg, that is

ps—p in L'(Q),

which implies

and
1
A<I>:47Tg(p——/ pdx) a.e. on Q.
T3] Jps
Thus, we have proved Theorem 2.1.
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