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STABILITY OF 2D SOLITONS FOR A SIXTH ORDER
BOUSSINESQ TYPE MODEL*

JOSE R. QUINTEROT

Abstract. We study orbital stability of the solitary wave of least energy for a nonlinear 2D
Benney—Luke model of higher order related to long water waves with small amplitude in the presence
of strong surface tension. We follow a variational approach which includes the characterization of the
ground state solution set associated with solitary waves. We use the Hamiltonian structure of this
model to establish the existence of an energy functional conserved in time for the modulated equation
associated with this Benney—Luke type model. For wave speed near zero or one, and in the regime of
strong surface tension, we prove the orbital stability result by following a variational approach.
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1. Introduction

Benney—Luke type equations have been used to describe the evolution of three-
dimensional, weakly nonlinear water waves, including the effects of surface tension,
whose horizontal length scale is long compared to the water depth (see [1, 8, 10, 11, 16,
17]). In this work, we consider a generalization of the Benney—Luke model, derived by
L. Paumond in [11], of the form

Oy — AP+ 1u(aA?® —bAD,) +e(BA D, — AA3D)

2
+e (n@tcp;—l@m +n® ) D, + ot (@pt! +¢>g+1)t> =0. (L.1)

In the case n=1, the Benney-Luke-Paumond model (1.1) describes the evolution of
dispersive and weakly nonlinear long water waves with small amplitude under the effect
of surface tension where € represents the amplitude parameter (nonlinear coefficient), u
is the long-wave parameter (dispersion coefficient), a,b, A, B are real numbers such that

1 1 1
—b=0c—=, A-B=—+(a— -
a—b=o 3 I (a b)(b 3),

o is related with the surface tension (¢! is named the Bond number), and the variable
® represents the rescaled nondimensional velocity potential on the bottom z=0 (see the
work by L. Paumond [10], and for related models, see also [1, 6, 16, 13]). As happens
with the modified KP equation, the Benney—Luke—Paumond model (1.1) for n =2 could
be relevant in describing water waves on the (x,y)-plane in situations when, like with the
mKP (or even the mKdV equation), it is necessary to consider the cubic nonlinearity.

We want to point out that the Benney—Luke-Paumond equation (1.1) corresponds
to a generalization for values of o — % ~ 0 of the Benney—Luke model
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(I)tt —Ad +/14(QA2(I) — bAq)tt)

2
(n<1>t<1> Ty + DDy 1GI>W+—(GI>”+1+<I>”+1) ):0. (1.2)

derived by J. Quintero and R. Pego in [16] under the assumption that o— % #0 and
n=1. Unlike the generalized KP equation and the Benney—Luke model (1.2), we note
that the critical case o =1 is included in the Benney-Luke-Paumond model (1.1).

As done by J. Quintero and R. Pego for the Benney—Luke model (1.2) (see [16]), L.
Paumond showed that the Benney—Luke—Paumond equation (1.1) reduces in a suitable
limit to a fifth order generalized KP type equation for a —b=0u and e=pu? (see [10]).
In fact, if we set ®(xz,y,t) = f(X,Y,7) where X =z —t, Y =/ey and 7 = §t, we find that
f=nx satisfies the fifth order gKP equation (up to order u),

1
(nT—eain+ 456§<n+<n+2>n"8xn> +05n=0. (1.3)
X

Note that in the case of strong surface tension, a—b=0 — % >0, the previous equation
corresponds to a fifth order gk P-I model, and in the case a—b=0 — % <0, it corresponds
to a fifth order gKP-II model. We want to mention that for a model very close to
the Benney-Luke-Paumond equation for n=1 and in the case of wave speed c<1, P.
Mileswki exhibited the shape of localized travelling solution of the Benney—Luke type
model (2.14) in [9] for either 0<1/3 or o>1/3 (see Figure 4.3). In particular, P.
Mileswki showed that the solution on the left of Figure 4.3 in [9] is a solution to (2.14)
with o >1/3 obtained by using as the initial condition the (KP-I) profile,

A(z—ct)? 3eAZy?
4 so—173) + 5iee—im 1

2
A(z—ct)? 3eA2y?
(_ 8(c—1/3) + 64(c— 1/3) + 1)

77($>y7t): s C:1+%€A, A<O. (14)

We note that the solution of (2.14) obtained in [9] is very close to the KP-I lump (see
[7]). For n=1, L. Paumond in [10] established the existence of travelling wave solution
(weak) for the Benney-Luke model (1.1) in the same fashion as done by J. Quintero
and R. Pego in [16], but this can be adapted to the case n>1. This fact follows by
noting that there is a variational principle in which travelling wave profiles u are critical
points of the action functional, meaning in this case that the functionals I.+G. must
be stationary, where the functional I. and G. are defined by

{ —P)u? +u + p(a—bc?)u?, + p(2a — be? )u +,uau
1 (A= Bc?)(Aug)? + p* A(Auy)? } dady,

2
Ge(u)= nc-il-il/ {ul ™ +ugu ”+1}dxdy

Existence of solitary waves for the Benney—Luke-Paumomd equation (1.1) is proved by
using either the Concentration-Compactness principle or the Mountain Pass Theorem
for a—bc? >0, A— Bc? >0, and 0< c< 1 in the space V3= H3(R?) (for n=1 see [10] by
L. Paumond), but this can be extended to the case n>1. More concretely:
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THEOREM 1.1. Letn>1, a—bc*>0, A—Bc*>0 and 0<c<1. If {um }m>1 CC5°(R?)
18 a minimizing sequence for

Len=inf{I.(u):ueV? with G.(u)=(-1)"""}, (1.5)

then there is a subsequence (denoted the same), a sequence of points (T, ym) € R?, and
a minimizer ug € V2 of (1.5) such that then translated sequence vV, =tm (- +Tm,* + Ym)
converges strongly to ug in V3, and so L., =1I.(ug).

We want to mention that the Benney—Luke-Paumond equation (1.1) in the variable
(®,p) (p is a conjugate type momentum variable) is equivalent to a system with the
canonical Hamiltonian form given by

()-+()

where 7 is a skew symmetric operator on a Hilbert space. As is well known for evolution
models of the form (1.6), M. Grillakis, J. Shatha, and W. Strauss have a general result
that characterizes orbital stability of solitary waves for a class of abstract Hamiltonian
systems (see [4]). In this case, solitary waves of least energy are minimums of an action
functional F, and the stability analysis for a solitary wave W, consists of showing that
F'(W.) is positive definite in a neighborhood of the solitary wave, except possibly in two
directions (one associated with the eigenfunction ¥, of F”(¥.) with eigenvalue zero and
the other with a unique negative simple eigenvalue for F”(¥.)). Even though this is a
theoretical result used to analyze the stability of travelling waves, the spectral hypothe-
ses imposed in Grillakis et al. cannot be applied straighforwardly to 2D problems in
general making the stability analysis much harder than in the 1D case. For instance, if
we consider the one-dimensional version of the Benney—Luke-Paumond equation (1.1),
it was shown by J. Quintero et al. in [12] that this equation fits into a class of ab-
stract Hamiltonian systems studied by Grillakis et al. when 0<c<1, a—bc?>0 and
A—Bc?>0. In this case for n= Z—; such that (n1,n2)=1 and ny,ny are odd integers,
we have that solitons are given, up to translation, by

ge(x) — asech (%x) (1.7)
where o and v are defined as
:_((n+1)(n—|—4)(3n—|—4)(a—bc2)2)711 L a—bc? (18)
2c(4+ (n+2)2)2(A— Be?) ’ VA+ (n+2)2(A—Be?) '

and the spectral analysis of the operator F(¥,) reduces to analyze the spectral prop-
erties of the operator £ defined by

£ <§ 2,) LD =(A=BE) " —(a=b) [+ (1= + (n42)eq™) .

with B a positive operator. We see that L has a zero eigenvalue, and since q is a negative
even function and ¢’ changes sign exactly once, then oscillation theory implies that L
has exactly one negative eigenvalue. On the other hand, the continuous spectrum of L
is the interval [1 —c?,00) contained in the positive real axis. In other words, L is strictly

positive except for two directions which are associated with the two degrees of freedom
of the solitary wave, and the operator B is positive definite in any direction. This fact
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implies that the 1D version of Equation (1.1) fits into the class of abstract Hamiltonian
system studied by Grillakis et al. [4]. So, the convexity or concavity of the function
dy(c) =F1(¥.) will determine the orbital stability or instability, respectively. In the 1D
case, J. Quintero et al. in [12] show for wave speed 0<c<1, orbital stability of the
travelling wave solutions (1.7) for 1 <n <8, and instability for n > 8, as happens to the
Kawahara equation which is the 1D model corresponding to the Benney—Luke-Paumond
equation for a —b=0p and e=p?, when p is small enough.

In this paper, we give sufficient conditions for orbital stability of the solitary waves
of the 2D Benney-Luke-Paumond equation (rescaled with p=1),

Oy — AP +aA?P —bAD, + BA2D,, — AN3D
2
n—1 n—1 n+1 n+1 o
+n® 7 P,y 4+ 0D, D <I>yy+—n+1(<1>z + o )t*O'

We will see that solitary waves ®(x,y,t) =u(x—ct,y) are stable with respect to the
lowest energy solution set of

(¢® = Dtgy — tyy + (@ —bc?) Atyy + aluy, + (Be® — A)A%uy, — AN uy,

—c((n+2)uf gy +nuugty My +2uiuzy) =0 (1.9)

when a>b, A> B and the wave speed c€(0,1) is near zero or 1. As has been done
for some other 2D dispersive models (see [15, 2, 5, 3]), we prove orbital stability of
solitary waves for the Benney—Luke-Paumond equation directly by using the variational
characterization of the function d defined as

d(C):%(Ic(vc)Jrgc(vc)) (1.10)
1 2 c\2 c\2 _ 02 VE 2 al Ve 2
—5 | 0= + 0+ (a=b) Vs +alVas

+ (A= Be?)(AvE)? + A(AvS)* + ()™ + S (ve)" ) dady,  (1.11)

n+1
where v is a least energy solitary wave solution of speed ¢ for Equation (1.9). Then
the condition of stability is characterized as follows.

THEOREM 1.2. Let co€(0,1). If the function d is strictly convez in a neighborhood of
co, then v is orbitally stable.

This paper is organized as follows. In Section 2, we establish the Hamiltonian
structure of Equation (1.1). In Section 3, we show existence and uniqueness of solutions
for the Cauchy problem associated with the Benney-Luke-Paumond equation (1.1).
In Section 4, we prove some properties of the function d which are analogous to ones
obtained by J. Shatah in [18] (see also J. Quintero for the Benney-Luke equation in
[15]). In Section 5 , we prove the strict convexity of d for 1<n <4 and ce(0,1), but
near either 0 or 1. In Section 6, we use the conservation in time of the energy function &,
for the modulated equation associated with solutions of the form ®(¢,x,t) =v(t,z — ct,y)
of Equation (1.1) to prove directly the orbital stability result by following a similar
approach to the one used by J. Shatah in [18] and J. Quintero in [15], in the case of
strong surface tension a —b=0 — % >0.

NOTATION 1.3. We will use the following standard notation through the paper. For
s€R, we define the Sobolev space of order s, denoted by H*(R™), as

H®R™) ={feS'®™): (1+1¢P)F FEL2R™, [ l2 =1+ K2 Fllzam, (112)
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where S'(R™) s the space of tempered distributions on R™ associated with Schwartz
space S(R™), and for feS(R™)

FO=] f@e=da.
RmM

We note that H*(R™)=L?(R™). Moreover, for k€ NU{0}, we have that W*2(R™) =
H*R™), where for an open set U CR™, the Sobolev space W*2(U) is defined as the
closure of C>(U) with respect to the norm

1

2

lulweewy =4 35 [ Drulds
U

0<r<k
We see that W*2(U) is a Hilbert space with respect to the inner product
(u,v) w2y = Z / D"u-D"vdzx.
o<r<k’U
Now, for k€R, we denote V¥ the closure of C5°(R?) with respect to the norm given by
W[5 = 10 Fpis + [0y s
Note that (V*,||.|[yx) is a Hilbert space with inner product
(u,v)pr = (Ux,vx)Hk—l(R2) + (uy,vy)Hk—1(Rz).
Finally, let f be a real function defined in a neighborhood of 0. Then,
f(s)
s

f(s)=o(s) if and only if ligl =0.

0

In the inequalities below, C' denotes a generic constant whose value may change from
instance to instance.

2. Hamiltonian structure in R?>*!

In order to discuss the Hamiltonian structure for the Benney-Luke-Paumond
(rescaled) equation, it is convenient first to define the variable r=®; and the oper-
ators

A=I—aA+AA?, B=I-bA+BA?

where a,b, A, B are considered positive constants. From this, we see that the Benney—
Luke-Paumond equation (1.1) formally becomes in the following system

G=r (2.1)

1
= 2 +1 +1
ri=A(AD) — (rd7), — (rd?), +bAr, — BA rt—nTl(@g + o7 )t. (2.2)
We observe that the second equation can be formally rewritten as

Hrill’ﬁ"l (@ + 00 | =0,87 [AD, —r @]+ 0,87 [AD, —rd}].
t
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So, we introduce the conjugate momentum variable as

1 — n n
p:T+n+1B 1<¢x+1+¢y+1)'

We note that the Benney-Luke-Paumond equation (1.1) arises as the Euler-Lagrange
equation for the action functional

ty
S:/ L((®,®,)dt, (2.3)

to

where the Lagrangian £ is given by
1
E(@,\If):i/ (T2 +b|VT|? + BIATV > - |VO|> —a|AQ|? — A|V(A)D|?
R2
2
n+1 n+1

+—n+1@(q>x + @7 )) drdy. (2.4)

Then, the Hamiltonian in terms of the variable (®,p) is given by

1 1 1
(I) _ = _ —1 ¢n+1 @'ﬂ—‘rl _ —1 (I)n+1 (I)’n,—‘rl
H(®,p) 2/}}@((}? a8 (@ Ty )>B<p L G A ))
+2, A9, +P,A2,) dzdy. (2.5)

We find that

Hy(®p) = (p- g 5@ o)) ) — B, (26)

Ho(®,p) =—B(p:). (2.7)

This computation shows formally that the Benney—Luke-Paumond equation (1.1) is
equivalent to the system (2.6)-(2.7), which is in the canonical Hamiltonian form

() =7 () 7=(s ") (28)

The Hamiltonian in (2.5) is formally conserved in time for classical solutions of the
Benney-Luke-Paumond equation (1.1). Moreover, the Hamiltonian is translation-
invariant, so by Noether’s Theorem there is an associated momentum functional N
(charge) which is also conserved in time. In this case, the charge is given by

— — 1 n+1 n+1
N(é,p)—/RzB(p)fbxd:cdy—/R <B(<I>t)+n+1(<1>x +o7 ) O, dzdy.

2

3. The Cauchy problem

For the sake of completeness, we include a short discussion on the Cauchy problem
associated with the 2D Benney-Luke-Paumond equation (1.1) in the energy spacer
V3 x H?(R?), in contrast with the existence result given by L. Paumond which is stated
in a smaller space H>(R?)x H?(R?) than the energy space (see ([10]) and [14] for the
Benney-Luke equation). We first perform the change of variable r=®;. It is easy to
see that Equation (1.1) formally becomes into the following system
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Q=T
B(ry) = A(A®) — (r®}), — (r&y), — ®yre — Oyry,.

From this, we conclude that in the variable U= (®,t)! the Benney-Luke-Paumond
equation (1.1) can be expressed as the first order system

() -4(0)<()

(0 T a7\ _ 0
M= (ABlA 0) wmd @ (T) - (—Bl (<?"‘I>Z)z+(T¢Z>y+@¥’“w+@27‘y>>

where M :VF*1 x HF - VE x HF=1 is a linear operator and G is a function defined on
VF+HL s H*. We see directly 7 defined in V¥t x HF .= X* as

. sin((C[A(O))
F 0 cos([C|A(Q)?) — 7 F O
T(t)= - A ,
<0 d ) —ICIA()sin(CA(O)) cos(CAC)D) (” )

where F stands for the Fourier transform on R? and

 [iracPrAlCH
MO=\ T3l Bl

Hereafter, we say that a couple (®,r) € C°(Ry; H*) is a mild solution of the Benney—
Luke-Paumond equation (1.1) with initial data (U°)!=(®q,ro), if (®,r) satisfies the
integral equation

(Byo=10 (%)« [Te-v6(Hwa=s(D)o. 62

We note first that 7 is a bounded semigroup. We will use the following Sobolev Multi-
plication Law (SML) to establish the nonlinear estimates.

where

LEMMA 3.1 ([19]). Let s, s1, S2 be real numbers such that
1. s<51,82, S1+82>0, s<s1+52—1,
2. s<581,82, S1+8522>0, s<s1+s2—1,
Then,

Hu’UHHs(Rz) < CHU”H“l (R2) HU”HsQ(Rz). (33)

Now we proceed to estimate the nonlinear terms for k>3 and n>1.

LEMMA 3.2. Let k>3 and suppose that ®€V* and r€ H*='. Then we have the
following nonlinear estimate for j=1,2:

1B=10;(r(9;2)" )| -1 < Cllr[| pre—110; @] s
1B71(3;7(9;@)" )| -1 < Ol 11105 Pl a1
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Moreover, if we set
Gja(r,@)=B719;(r(9;®)"), Gja(r,®)=B"1(9;7(9;9)"), (3.6)
then for ®1,®o €V, ri,ro € H* 1, and a=1,2
[|Gja(r1,®1) = Gja(re, ®2)|lgr-1 S C(n,r2®1, Po)[|(P1 — Po,r1 —72)|[xr, (3.7

where C(n,r, ®,W) =C(n)(||r[| -1 +[|®[lve +|[T[|yr)".

Proof . Note that B! has order -4, then form the (SML) inequality (3.3) with
s=k—4, s1=s2=k—1 we have that

1B710;(r(0;@)")|| s <|r(9;®)" [ rn—a < Cl[r]| g1 [1(0; @) || sy
<Cllrllas-1110;2|[ a1,

where we are using that H*~1(R?) is an algebra for k> 2 and that 9;® € H*"1(R?). On
the other hand, for s=k—5, s1k—2, and s, =k —1 we have that

1B=(0;7(9;9)")| -1 < 107(0; @)™ )| s < Cll0sr]| pre—2110; P s

Note that

Gia(r1,®1) = Gja(ry, ®2) =G (r1 —r2, @) +B710;[r1 ((9;01)" — (9;82)")].
Then from the first estimate (3.4) and its proof we conclude that

|G 1 (r1 =72, P1) || r—1 S Cllry = 7af | a1 [10;Pa|[Fn—,
and from the proof of the estimate (3.4) we conclude that
1B=10;[r((9;21)" = (8;®2)" M| x—1 < [[r1((0;®1)" = (9;®2)")|| -
<l a1 1[(0;®1)" = (9;92)" [ -1

But we have that if H*~! is an algebra for k> 2, then

[1(0;@1)" = (9;P2)" || -+ < (10; @1 [ s + 110 Po[Frr-1) [[0;P1 — 0 Do -1

From these facts we reach the desired estimate (3.6) for a=1. The estimate (3.6) for
a=2 follows in a similar fashion after noting that

Gj2(r1,®1) = Gja(ra, ®2) =G o(r1 —12,82) + B~ [0;r1((9;®1)" — (0;82)")].

PROPOSITION 3.3.  For any T >0, the operator S maps C°([0,T]; X*) into itself.
Proof .  We only need to study the continuity of the operator

K(t) = / T(t—y)G(U)(y)dy.

Let tg be fixed and t € R near ty3. To prove the continuity of S at ¢y, we need to estimate
K(t)—K(to) in X*. Note that

to

K ()~ K(to) = / TGO =) dy= [ TECW)ta—9)dy
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= [T (Gt —y)—CoU)(to—9)) dy+ | Tw)CU)(t—y)dy.

0 to

Thus we obtain that

HIC(t)*iC(to)IIXkS/O OIIT(y)(G(U)(t*y)*G(U)(twy))kady
+ ITWGU)E—y)lxedy. (3.8)
As we showed above,

ITW(GU)(E—y)—GU)(to—y)) | x*
<C(a,b,A,B)|G(U)(t—y) = G(U)(to —y)l x*
Sc(aabaAaB)Hé(tfy)7é(t07y)”Hk*3a

where
G=Gr1(r(-),2()+G21(r(-), () +G12(r(-), () + G2 (r(-), ®(-)).
From this fact and estimates in Lemma 3.2, we are able to conclude that
ITW(GU)(E—y)—GU)(to—y)) [l xx
<Co(n)|[(2(t—y) = (to—y), (r(t—y) —r(to—y)) || x*

where Cs(n) is defined as

Ca(n)= C(”)(2||¢||Loo([o,T],vk) + 7] |L°°([O,T],H’“*1))”'

Moreover, we also have that if
t=|@(t—y)—2(to—y)llyx and t=[[(r(t—y)—7r(to—y))| g

are continuous functions, then the Dominated Convergence Theorem implies that
t

0 to
Jim [ 19(0—)~®(to—9)lvedy=0 and Jim [ (0t =9) =r(to=3)) e =0,

Moreover,
¢
IT ) (GW)) (E=y)l|xr < Ca(n)(t—to)-
to
Using previous estimates in (3.8), we conclude that
i ()~ Kt | =0.
0

Now we are in position to establish the local existence and uniqueness result for the
Cauchy problem associated with the Benney-Luke-Paumond equation.

THEOREM 3.4. Let k>3. If ®y€V* and roc H*"1(R2), then there exists T =
T(®o,70) >0 such that the integral equation (3.2) has a unique solution (®,r) such that

e CO([0,7),VF), recC®((0,T],H* 1 (R?)(C'([0,T], H*2(R?)).
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Moreover, the Benney—Luke—Paumond equation (1.1) has a unique classical solution
o e CO([0,T],V%) with

;€ CO((0,7), H* 1 (R))(CH ([0, TIH"*(R?)),
that satisfies the initial conditions

V‘I)(O,)ZV‘I)(), q)t(07'):T0-

Proof . The strategy of the proof will be to show that for some R>0, S is

a contraction on Br C C°([0,T],X*). If (U°)" = (®g,r)) € V¥ x H*~1(R?), then using
that 7 is bounded we have that

|TU°|| . <C|IU°

lex <CNU° i

Moreover, if Ut = (®1,r1) and V= (®3,75), then following the same computations as in
the proof of Proposition 3.3 we have that for some constant C3 (independent of T'),

IS(U) =SV xr <TC5 (U]l oo jo.17,x%) + 1V oo (jo.77,5x%)) " 1T = V]| oo 0,177, x%)

and

IS () lIxx < CIU°||xx +TCs U7 E o 71, x0)-
Let R=2C(a,b)||[U°|| L= (0,1}, x*) and choose T'> 0 satisfying 2R"T'C3 <1. Under these
conditions we have that S maps Bg into Bg. Then, the Contraction Mapping Theorem
guarantees the existence of a fixed point. In other words, there exists a local mild
solution for the integral equation (3.2). In order to establish that a mild solution is
already a classical solution, we have to use the regularizing effect due to the good
behavior of the nonlinear part, since G already maps X* into X*.

Finally, we are able to prove the existence of global classical solutions for the
Benney-Luke-Paumond equation (1.1) in the energy space X®, as a consequence of
the conservation in time of the energy, on classical solutions of Equation (1.1), given by
the Hamiltonian

H <q)> _1 B(r)r+ A(®,)®, +A(®,)®, dxdy.

T 2]R2

We use strongly that v/ defines an equivalent norm in the space X3. More precisely,
The first observation is that there exists a positive constant C'=C/(a,b,A,B)>1 such

that
2
() =)=
T/ llvsx m2(r?)

From this fact, we have that a local solution in X2 can be extended in time to be a
global solution. ]

c! (3.9)

V3 ><H2(]R2

4. Variational properties of d
As we know, the 2D Benney—Luke-Paumond equation (1.1) has nontrivial solitary
waves @ (z,y,t) =u(x—ct,y) with wave speed ¢ >0, provided that Equation (1.9) has a
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nontrivial solution u. Note that Equation (1.9) is the Euler-Lagrange equation of the
action functional defined on V3 by

Folw)= 5 (Ie(u) + Gew)
where

Ic(u):/Rz [(1—cQ)ui—i—uz+(a—b02)|Vur|2+a\Vuy\2+(A—Bc2)(Aum)2

+A(Auy)?] dzdy,
2c

Ge(u) :n—i— 1 /111{2 (uZ+2 +umu2+1) dzdy.

If we set Ac(u,v)=1I.(u)(v) and Be.(u,v) =G (u)(v) for u,v € V3, then we say that u e V?
is a weak solution of (1.9) if

Ae(u,v) 4+ Be(u,v) =0, for all ve V3.

A ground state solution is a solitary wave (or travelling wave solution of finite energy)
which minimizes the action functional F. among all the nonzero solutions of (1.9). In
order to characterize these special solutions, we define the functional

Ken(u)= Fe(u)(u)
n-+2

— L(u)+ (2) G (),

and the “artificial constraint” for minimizing the functional F. on V3 is given by the
set

M, ={ueV?*\{0}:K.n(u)=0}.

We will see that the analysis of the existence of the ground state solutions and the
analysis of the stability of this type of solution depend upon some properties of the
function d defined by

d(c):=inf{F.(u): uve M.}
Moreover, the set of ground state solutions
Ac={u€M.:d(c)=Fe(u)}

can be characterized as

A= {u€V3\{O}:d(c) - (2(nn+2)) L(u)= —ch(m} c M.

The first result we present gives another characterization for d(c). This is a clever way
to prove some basic properties of d which are analogous to the ones proven by Shatah
in [18]. Recall that n denotes a rational number n= L such that n, is an odd integer

and ged(ng,ng)=1.
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LEMMA 4.1. Leta>b, A>B and 0<c<1.

1. d(c) exists and is positive.

2. 1nf{<2( o )1 () : Ko (1) <O, w0} =inf{Fo(u): ue M.}
3.

n+2

d(c)= 2771 Yen , where Yo =inf{l,(u):G.(u)=(—1)"""},
(n+2)=

Proof . 1. For u€ M. we have that

Folu) = 1) - <(ni2)) L(u) = <2(n”+2)> L(u)>0.

This implies that d(c) exists. Now, by Young’s inequality and since H*(R?) C L"*2(R?),
we have that

9. (u >_( il) / (1l 4 g Qa2 (Dl 42) ) oy 0

(4.2)
Since u € M,., we have that
n n
c =\ 57 a7 Ic =~ > Yec
Fulw) (Q(M)) (w)=—"26.(u)
12 2 11)%
cn nt2
< — . 1. 2
n—|—1maX{1—027a—b62’A—BCQ’a’A} (fe)
= eN(a.b, A, B.e.n) (I(w) %
where
12 2o 1 1%
n
N(a,b,A,B =— - = . 4.
(a,6,4,B,c,n) n+1max{1—62’a—b62’A—B027a7A} (4.3)
This inequality implies that
nt2
n (2(7:;2))
— | [ (u) > ~———5—>0.
(2(n+2)) ()2 i N= ”
In other words, we have shown that
nt2
(T” ) Ni(a,b,A,B
d(C)Z 2( :‘2) _ _ l(a'a ) 2’ ,c,n) >0. (44)
cnNn cn

2. For ue V3 such that K., (u) <0, we have that G.(u) <0. Define a €[0,1) by

() i
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Then we can see that K., (au) =0. In other words, au € M,.. As a consequence,

2

nf (Fu(u): we M.} < Fofou) = (2(’;‘12)) < <2<nn+2>> I(u).

Thus we obtain the first inequality,

inf {F.(u): ueMc}ginf{< )Ic(u): /cc,n(u)go}.

2(n+2)

Now let we M,. Then F.(u)=
have that

(M) I.(u) since we know that K., (u)=0. So, we

inf{F,(u): ueMC}Zinf{<2(nn+2)> L(u): /cc,n(u)go},

obtaining the conclusion.

3. Let u€ V3\ {0} be such that K, (u)=0. Then we have that G.(u) <0 and

)= ("42) 6.0 = (52 ) Getwl. o) = (5 ) e

Now we define v= (%

Ton <10~ (15 )"2“10(1»

1
) "™ 4. Then Ge(v)=(—1)"*1. Thus, we conclude that

Exo)
< (”‘;2) BT S
< (”‘2”) (2(”:2))%2 (Fulw) ™8

This means that

2-n
2w n+2
<( 2)112)&,,:; <d(o).
n+ n

Now, suppose that u#0 is such that G.(u)=(—1)""1. Define t € R such that

n+2

Ic(u)+<2>( n"tin=0 < (—t)”=<ni2>lc(u).

Then we have that that K., (tu) =0, and so

2
(0) < Fultu) = 5 (1 (w)+ (-1 1e")

<L (25 ) o

25" n nt2
< (W) (Le(u)) .
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In other words, we have shown that

2—n
o)< (220 )i
(n+2)=

Moreover, we also have the following theorem.

THEOREM 4.2. Let a,A,c be as in Lemma 4.1. Then we have the following:

1. For a given minimizing sequence (ug)r, C V2 of d(c), there exists a subsequence
of (uk)r (denoted the same), a sequence of points {(zk,yx)}x CR?, and v.€
A, such that ug(-+xk,+yr) converges strongly to v. in V3 and d(c) = F.(v.).
Moreover, v, is a weak solution of Equation (1.9).

2. Let {ug} CV?3 be such that

(M) I.(ug) —d(c) and Fe(ug)—dy <d(c).

Then there exist a subsequence of {ux} which we denote the same, a sequence
{(z1,y%)}, and v. € M, such that uy(-+ 1, +yi) converges strongly to v, in V3

and dy =d(c) = (m> I.(ve).

Proof .
1. This result was established by L. Paumond in ([10]) for n =1 using the Concentration-
Compactness Principle. The analysis for n>1 is obtained in a similar fashion, even
though ruling out dichotomy is a little harder than for n=1 (see also J. Quintero and
R. Pego in [16]).

2. Note that }"Au@z(ﬁ) Ic(uk)+n%_21Ccm(uk)%d1gd(c). Then for k large

enough, ., (ug)<0. In other words, from (ii) in Lemma 4.1 we have that the se-
quence {uy} is a minimizing sequence for d(c). Then by (1), there exist a subsequence
of {ur} (which we denote the same), a sequence {(zy,yr)}, and v.€ M, such that
ug(-+ K, +yx) converges strongly in V3 to v.. In particular, K., (v.)=0. Then we

conclude that dy =d(c) = (ﬁ) I.(ve). 0

PROPOSITION 4.3. Let a,A,c be as in Lemma 4.1 and for u€V? define
Z(u):/(ui+b|Vum\2+B|Aum\2)dxdy.
R

Then, we have that

1. If ¢1 <cg with (c1,¢2) C(0,1), then d(c) and L(u®) are uniformly bounded for
c€[er,ca] and uf € A..

2. If 0<c1 <ca<1 and ur € A,y

d(ce) <d(c1)+ mE(ucl).

In particular, d is a strictly decreasing function of c€ (0,1).
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3. If c1 <cg with ca—cq close to zero and u® € A,

) 2 (2.2
cid(er) <cgd(ca)+ <62(62261)> Y(u®)+o(cg—cy)

and
2
N N (22
ey d(ce) <cpd(cr)— <01(02201)> S(u?)+o(cg—eq).
Proof .

1. Let ¢; < cg be such that (¢1,co) C(0,1). Let u€ V3 be such that G (u) #0. Note that

Kom(teu) =06 " = — (TL;) fg% _ (n@ é(é))

Then by the characterization of d(c), we have that

10 <7.0=(503) <niz> (L) Bol)

v G (u) e 91 (u)

Now, from the definition of N(a,b,A,B,c,n) in (4.3), it is clear that N is a increasing
function of ¢, and so Ni(a,b,A,B,c,n) in (4.4) is a decreasing function of ¢. Using this
fact, we have for c€[cq,cq] that

Ni(ca,n) _ Ni(e,n
2 < 2

) <d(c).

w c
Co

This fact implies that d is uniformly bounded for ¢ € [c1,c2] C[0,1]. Now, let u¢€A..

Then
1= (g 72 (A

since 1—¢%?>0, a—bc®> >0 and A — Bc? > 0. In other words, ¥(u) is uniformly bounded
for c€[er,c2] C[0,1].
2. First note that K., ,(u®)=0 and that G, (u®) <0. On the other hand,

n+2)(ca—cq)

Kenn (1) =Koy () + (¢~ () + PE2= g )

If we suppose that ¢; < ca, then we conclude that K., »(u°) <0. This fact implies that

<d(c1)+ (W) E(u).
This also implies that d(ce) < d(c1) provided 0 < ey <co <1.
3. We want ¢ such that ., ,(tu®) =0 which guarantees that d(c1) < (m) I, (u®?).
Note that
(n+2)tn+2

Keyn(v) :t2101 (u)+ 2

Ge, (u?)
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[t (G- s+ AT g (e
2 [(Cg — )% () + (n+2)(20012tn702)gc2 (UCZ):| .

So we need ¢t to be

Then we have that

)< (g ) o) =0 (e ) o)+ gy =)
<t? (d(02)+n(ci_c%)2(u62))

Moreover, since (1 —i—x)nT+2 =1+ (2£2) 24+ O(2?), for x small, we conclude that for ¢; —

n
co close to zero,

2

crd(cr) < cjd(cz) + (

As before, we want ¢ such that C, ,,(v) =0. In this case

= (2) (- sz ™)

dlen) < 5y ) Tata®)
<t (d(cl) _nle=d) z(uq))

Then we have that

2 2(n+2) 2

But (1—2)™ =1—(2£2)z+O(2?) for « small. Then for ¢; —c; close to zero, we have

o

c3d(eg) < cl%d(cl) — (CT(C%_C%)> S(u)+o(cg—cy).
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5. Convexity of d
In this section we will prove that d is strictly convex for a >b, A> B, and 0<c <1,
near zero and near 1. We must remember that,

Now, we analyze the behavior of d and d near zero and 1. We begin by computing d (c)
and its behavior. Hereafter we assume that a>b and A > B. Note that the condition
a>b means that we are in the case of strong surface tension since

1
7b7— - 0.
a g 3>

THEOREM 5.1. Let 1<n<4, 0<c<1 and u€ A.. Then we have that

1.
lim d(¢)= lim Y., =0. (5.1)
c—1— c—1—
2.
N 2d(c) C N
d'(e)= (cZ(u)—i— s and 01_1)r61+d (¢)=—o0. (5.2)

Proof . 1. For ueV? given, we define v€ V3 by the formula u(x,y)=av(X,Y)
where X = (1—c?)2z, Y =(1—c?)y, and a = (1—¢2)T#5 . Then a simple computation
gives us that

~ 2 n
Ge(u)=G.(v)= c / (v;“—k(l —62)%1U;+1U3;) dx dy
R2
L) = (1= )T L. (v)
where I, is defined by

Ic(v):/ [vi—i—vz—|—(a—bcz)vfm+(1—02)(2a—bc2)v2y+a(1—02)2v§y
R2
+(A—=BA)(1 -2, +(BA— B (1—-c*) %2, +(3A—-2Bc*)(1—c?)%v?

Txy Yy
+A(1- 02)41)?2/%} dzdy.

Moreover, it follows that
Ton=(1-c2)75T,(c) where Tp(c)=inf{l.(v):Ge(v)=(—~1)"*"}.

In a similar fashion to Quintero and Pego in [16] Lemma 5.4, we are able to prove that
for 1<n<4,

lim T, (c)=",(1) with T, (1)=inf{l.(v):G(v)=(-1)"T}.

c—1—

This implies that

lim Y., = lim (1— )72 T, (c) =0.
c—1— c—1—
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Moreover, we conclude that

2. The first part follows by taking appropriate limits in Proposition 4.3 part 3. On the
other hand, inequality (4.4) in the previous section implies that

lim d(c) =400

c—0t

which implies that lim d'(c)=—o0c. O

c—0t
Finally, we study the behavior of d near 1.

PROPOSITION 5.2. Let 1<n<4 and 0<c<1. Then we have that

lim d (c)=0.

c—1—

Proof . By (5.2) in the previous theorem, we only need to show that for any
u€A,,

lim ¥(u)=0.

Cj*}lf
Let ¢;—+17 as j— oo and assume that u€ A.,. Then

n

iley) = (g ) o ()= = 265 ().

Then a simple computation shows that

1., (— (M’ch)> Mu) =T, ., and G, (— (411?0]-)) i2u> —(—1)"*,

1
In other words, w=— (ﬁ) "** 4 is a minimizer for I.;. Now, we define v € V3 by the
J -

formula w(z,y) = av(X,Y) where X = (1-¢2)/%z, ¥ =(1-)y, and a= (1—c2) 77,
Then we have that v is a minimizer of Tn(cj). We must recall that

lim T, (c)=T,(1).

c—1—

Thus, in particular, the following functions are bounded in L?(R?) as j — oc:

1 1 3
Vgy Vgz, (1—65)21133% (1—0?)21)3%%, (l—c?)vmy, (1—c§)zvxyy.

As a consequence of these bounds, we have that
4d(c;)\ 7+
/ u? drdy = ((Cj)> (1—(:?);;2 (l—c?)_%/ v2dxdy
R2 n R2

2
2 2—n\ nt2
m(’l’LZ") Con—3n2 . 2
~(3) 7t DT 1) [ ddedy
(n+2)? J R2
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:A(n)i‘i(cj)/ vZdxdy,
R2

where

2 2-n\ n+2
4\ 2 (1’L2 " ) 9 8—2n—3n2
Aln)=1{ - —s (1—cj) 2n(nt2)
Similar computations give us

[ itededy=AoTi )1 [ o2 dudy
R2 R2
[ e ydedy=an T2 [ o2, dedy
R2 R2
T 213
[y dedy =M T ()= [ o2, dody

/ W, drdy=A(n) T3 (c;)(1—c2)? / o2, dedy
R2 R2

330

[ et =A@ TE 0= [ o2, dody

These estimates show that for any u; € A,

lim ¥(u;)=0.
j—o0

So, the conclusion of the proposition follows from (5.1) and (5.2) in Theorem 5.1.
0

Moreover, from the previous result we have the convexity of d.

PROPOSITION 5.3.  For 1<n<4, we have that d is strictly convex for 0<c<1, near
zero and near 1.

Now we are in position to establish the basic criteria to prove the stability result.

PROPOSITION 5.4. Let 1<n<4 and 0<co<1 near zero 0 or 1. Then for c close to
co, there exists n(c) >0 with n(co) =0 such that

d(c) —d(co) > (co—c) COZ(uCO)mlCOd(CO) +n(e).

In order to prove this result, we have to combine Proposition 4.3, Proposition 5.3, and
the following result of Shatah.

LEMMA 5.5 (Shatah’s Lemma [18]). Suppose that h is a strictly convex function in a
neighborhood of c¢y. Then given € >0, there exists N(€) >0 such that for |cc—co| =€ the
following hold:

1. If cc<co<c and |c—co| < 5,

h(c.)—h(c) < h(co) —h(c) 1
ce—c T cp—c N(e)’
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2. If c<co<ce and |c—co| < 5,
hﬁ%)_JwC)z

Ce—C

h(co) —h(c) 1
Tn—
N(e)

Co—C

Proof of Proposition 5.4. Let c<cy with ¢ close to ¢g. Then by Shatah’s Lemma,

for c<cog<eyq,

So, we have that

(CT—CS)d(cl)éd(co)_d(cl)_( 2

2
n
Co

Moreover, we also have that

d(co) —d(c1) > ( T
0

Thus, for ¢y < ¢y, we conclude that

d(cgiii(cl) < ( - {-d ) d(er) (C“;CO> 5 () + 7"(51__;0).
e (co—c1) 0
Using the continuity of d as ¢; — ¢o,
A=A < i) - B0 - -
This inequality gives us that
co—c

d16) = d(e0)> (=) (i) + =) ) + G

Now let ¢y < ¢ be ¢ close to ¢y with ¢; <cp <ec. Shatah’s Lemma implies that,

d(c)—d(c1) _ d(co)—d(c1) 1
= co—c1 + N(e)’

c—(C,

Using Proposition 4.3, we have that

2 2 co (¢
cl"d(cl)gcé‘d(co)—i—< it 5
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which implies that

2

( —cf ) d(er) < d(eo) —d(er) + (CO_Cl) S(u®) +o(e1 — co).

n 2
Co

Moreover, we also have that

d(co) —d(e1)> (Cf —;g ) d(cy) — (Cgf) S(u) +o(c1 — o).
Co

Thus, for ¢; <c¢p, we conclude that

2

d(co) ~d(e) ( of —cf ))d(cl) <C1+CO>E(UCO)+O(QCO).

o~ e (co—c

Again, by using the continuity of d as ¢; — ¢y,

do—dle) 2 1
c—cop 2 ncod(o) 0 )+N(e)'

This inequality gives us that

C—Cp

N(e)’

d(c) —d(co) > (co—c) <n2(:0d(co) +COE(uCO)> +

6. Orbital stability of the solitary waves

As we discussed in Section 3, we have the existence and uniqueness of classical
solutions for the Cauchy problem associated with the Benney—Luke—Paumond equation
(1.1) with initial condition (ug,u;)€V?x H2(R?). Now we look for the modulated
equation associated with the Benney—Luke-Paumond equation (1.1). In other words,
if we have solution of the form ®(x,y,t) =v(x—ct,y,t), then v satisfies the modulated
equation

MBL(v,¢) — 2cv41 4+ 2bcAvyy — b2 Av,, — 2BcA?v, + B A%,
—c((n+2)vPvee + nvwv;’_lvyy +20, Ugy) =0, (6.1)

where the operator M BL is given by

MBL(v,¢) =vs + (¢* — 1)vgp — Vyy +aA?v —bAvy + BA%v, — AN

(v;tJrl +U;+1)t'

2
n—1 n—1
+ 1 (00 " g F 00, 0y ) + — (6.2)
It is not difficult to show for 0<c<1 that classical solutions v of (6.1) conserve the

modulated energy functional on V3 x H?(R?) given by

Eu(v,m0) = 35 (w) + Fulo),
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where $(v) = [, v? +b|Vo|? + B|Av|?dzdy. Note that S(v,)=2(v). In particular, so-
lutions ® of the Benney—Luke-Paumond equation (1.1) correspond to ¢=0, and the
energy in this case is

50(q>,q>t):%i(q>t)+fo(q>)

1
_ 5/ (@2 + 0|V, |2+ BIAD,[2 + [VO[2 + a| ADJ2 + A|VAD|?) da dy.
RQ

Following Shatah’s approach as in [18], we introduce regions R’, i=1,2, in the space of
the finite energy V3 x H2(R) by

n

1. 3 2 -
R, :={(u,v) eV’ x H*(R): &, (u,v) <d(c), 5 +2) I.(u)<d(e)},
2._ 3 12 (T - n
RZ:={(u,v) eV° x H*(R) : E.(u,v) < d(c), Sn+2) I.(u)>d(c)}.
LEMMA 6.1. The regions RL, R% are invariant under the flow of the modulated

equation (6.1).

Proof . Let (ug,u;) € R'. Suppose that v(t) satisfies the modulated equation (6.1)
with initial conditions v(0) =wug and v;(0)=w;. By the characterization of d(c) and
the definition of R}, we must note that K., (ug) has to be positive. We are going to

argue by contradiction. By the continuity of K. ,,, there exists a minimum ¢y such that
Ken(u(t)) >0 for t€[0,t9) and K., (u(to)) =0. Now observe that

d(c) < m

n
<liminf ——— 71 .(u(t
T ototy 2(n+2) (u(t)

Le(u(to))

1

( n
t—t; \2(n+2) ¢
=liminf F.(u(t)

t—ty

<liminf&.(u(t),us(t))

t—ty

<& (up,u1) <d(c).

Kenu(t)

This contradiction shows that R! is in fact invariant under the flow of the modulated
equation (6.1). A similar argument proves that R? is also invariant under the flow of
the modulated equation (6.1). |

Now we establish the main result to prove the orbital stability with respect to the
ground state solutions in the case of strong surface tension a —b=0 — % >0.

LEMMA 6.2. Let 1<n<4, a>b, A> B and suppose that cy is near 0 or 1 and (ug,u1) €
V3 x H%(R?). If ® is a solution of the Cauchy problem associated with the Benney—Luke—
Paumond equation (1.1) with initial data ®(0)(-) =up and ®(0)(:) =uq, then for every
K, there is 6(K) such that if

[0 = u [[ys + 4/ Sty +co(u),) < 5(K),
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then we have

d<CO+I1(> < ﬁ@g@)(t)) §d<co ;{) for all teR.

Proof . Let K be fixed. We define ¢; =c¢y— % and co =c¢p+ % Let v* be defined
as

O(t)(x,y) =0 (t,x —cit,y).
Then v* satisfies the modulated equation
MBL(v',¢;) — 2¢;vt, +2bc; Avt, —be2 Avt, —2Bc; A0l + Be2 A%t
—c ((n +2) (v;)"v;x + nvfb (v;)”_lv;y + 2(1}2)"1}%) =0,
with initial conditions:
v(0,-) =wup(-) and v(0,-) =uq1(-) +¢;(ug)z(+)-

Using that F,, (u) =F,, (v'), we see that in terms of the modulated energy, the energy
for this equation can be expressed as follows:

Ee, (", (v")e) = Ec, (uo,ur +ci(u0)a) = Ec, (u, (v'):).

On the other hand, since V'3 is like a norm and ¥ (ug) =2 (u), we conclude from the
triangular inequality that

V4 i o)) < /S + o)) + e — 5|y /S ) + c4y/S(u — o).

This inequality implies that for some constant C/(c¢;,c¢p),

S (us ¢ (u0)e) < |co — i 2D () +C (i(m Feo(u)y )+ S(uc —uo)) .

We want to have §(K) such that

\/ B (1 4 co(u0) )+ /S(uco —ug) =0(6).

If we combine previous inequality and the last observation, we have that
S(uy4¢i (o)) < |co — ] *Z(u) +0(6).
We note that a direct computation shows that for some M (depending only on ¢),
Lo, (u) = L, (10| < M [u =gl ys ([ [lys + v,
which implies that
I.,(u®) =1, (ug) +0O(9). (6.3)
On the other hand, for any ¢, ¢y and u we also have that,

L(4) = Ly (w) + (& — )5 (u). (6.4)
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From this, we conclude that
Le, (u®®) = Iy (u®®) + (c§ — ) B (u),
which by using (6.3) and (6.4) implies that
Leg (u®) = I, (uo) = (cf — ¢} ) S(u) + O(9),
and so

n n n
d(co) = 5—c}

mfco (u®) = mfa (uo) — m(% —¢;)E(u®)+0(9).

Recall that we proved that d is strictly decreasing meaning that
d(eg) <d(ep) <d(cy).

Using the previous equality and the previous inequality, it is possible to choose § small
enough such that

n

d(Cg) < m

Ici (’LL()) < d(Cl).
Now note that G, (u®)=—2d(co). Then we also get that
Fei(uo) = Fe, (u®) +0(0)

= Fo ) + 9 sy LD 0y 10(s)

> (o) + 297 4oy +0(9).
nco

But (co—¢;)?+cg —c?=2co(co—c;). Then for § small enough,

1~
Ee, (up,ur +ci(ug)e) = iz(ul +ci(uo)z) + Fe, (uo)

(co—¢i)® /o
S E(u®)+Fe, (uo) +O(6)

< ((Coci)QJr(C(z)Cf 2(co —c¢i)d(co)

e +d(co)+0(9)

< D s+
<o) (S (u) 4 2dla) ) (o) +O0).
But using Proposition 5.4, we have that
(o000 (@S0 + - dlcn) ) +lcn) +0(8) < O ~fes) + ).
and so we conclude that
Ee, (uo,u1 +ciuo)e) <O(0) —n(ci) +d(ci).

So, as a consequence of the previous estimate, we can choose d >0 small enough such

that
25(K)<min{n <0011(> ,77<CO+[1(>}
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to conclude that
€Ci(u0,u1 +Ci(U(])I)<d(CZ'). (65)

Then using Lemma 6.1, we have that for all ¢t € R,

£ (u(t) v (1) <d(er) - d(es) < g, (ult) de).

Now, recall that ¢ < ¢p < co and that 3(u) >0, so, using the equality (6.4), we have
that
n n 5 o n

d(c1)> m—rcl (u(t))= m(fco (u(t))+(cg—c1)B(u(?))) > mfm (u(t)).

In a similar fashion, we have that

n n n
—] =— A1 2_c2)% < 1,
Ae2) < gy oo (0(8) = g e (u(0) 4 = 3)B(0(8) < 5 ey (1)

In other words, we have the desired inequality,
1 n 1
— )< — < _

d(CO+K>_2(n+2) CO(u(t))_al(co K)’
since clzco—% and 02200—1—%. 0

Finally, as proved by J. Quintero in [15] for the Benney—Luke equation (n=1),
we are able to establish the orbital stability of solitons for the Benney—Luke—Paumond
equation (1.1) when 1<n<4 and o> 1.

THEOREM 6.3 (Orbital Stability). If 1<n<4, a>b, A>B, and 0<co<1 is near
0 or 1, then the ground state solitary wave solutions of the Benney—Luke—Paumond

equation (1.1) are stable in the following sense: Given € >0, there exists 6(e) such that
if (ug,u1) € V3 x H2(R?) satisfies

o = [y + \/ E(us + o (u0),) < 5(e),

then a unique solution ® of (1.1) with initial condition (ug,u1) exits for all t R and
ie%f @ () —v|ys +\/ 2P (t) + covs) <€ for all teR.
vEGe,

Proof . We will argue by contradiction. Suppose that there exist sequences
{tr} CR, €, and {(uf,u¥)} C V3 x H?(R?) such that

lim <|ulg—uc‘)Hvs—&—\/i(u’f—l—co(uco)x)) =0 (6.6)
k— o0

and

(|<1>k<tk>—vvs +ﬁ(<<bk>t<tk>+cm>> e, (6.7)

inf
vEch

where ®* denotes the unique solution of (1.1) with initial condition(u§,uf). Now from
Lemma 6.2, for any given m, there is §(m) such that if

lluo —u flva + 1/ S(ur +co(ue)s) < 5(m),
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we have

1 n 1
< — T < - — .
d(co+m>_2(n+2)1c0(‘1’(t))_d<00 m) for all teR

So, using the condition (6.6), we conclude that there is a subsequence k,, such that

a1 ||y + /S + o (ueo).,) < 5(m)

and

1 n k 1
~ )< m < — ).
d(C()—‘r km> < 2(n+2)100(q) (tkm)) <d (Co /ﬂm>

In other words, there is a subsequence of {®*(#;)}, which we denote the same, such that

d(co+;> < sy o ((80) Sd(cO—;).

In particular, we conclude that

lim (W)fm«bk(tk)):d(co),

and so {®*(t;)}x is bounded in V3. On the other hand, from the proof of the previous
lemma (see (6.5)), it is possible to show that

s (@4 (01),042(10)) = ST (1)) + Foo (@ (14)

<d(02)<d(00)<d(00—;> s (68)

where c; =co+ 1 and ®*(t)(z,y) =v*2(t,x — cat,y). Now,

c2—c3 1
P (0) = Foa @ (00) + (D52 ) 2@ ) + (1) (@00
From the inequality (6.8) and the fact that +G;(®*(t)) —0, as k— oo,
Feo(®F(tr)) — d1 < d(co).
Then by Theorem 4.2, there exists v € A, such that as k— oo,
@k(tk) — v in V3,

(2(n+2)) Loy (9% (tx)) —> d(co) =,

Feo (D8 (t1)) — d(co).
Now, using the convergence stated above and inequality (6.8), we conclude that

lim (v () =2 (OF (t) (x) + 2@ (i) (2)) =0.

k—oc0
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We also have that

VEL@ ) (t) + €006y )a] </ ST®F ) (1) + (@8, (12)]
o — sy S @8 (0] + o/ S U@ (t) —ve0), .

This implies that,

lim 3 [(®%),(tg) +co(v*0),] =0.

k—o0

This contradicts the assumption of instability since we also have that
% (tr) — v ||ys — 0 as k — oo.

|
REMARK 6.4. Results in this work are still valid in the case of wave speed 0< |c| <1
by introducing minor changes. In particular, we have orbital stability of solitons for
wave speed 0< |cp| <1 with |¢o| near 0 or 1.
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