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Abstract. In [C. De Lellis and L. Székelyhidi, Ann. of Math. (2), 170(3), 1417-1436, 2009] C.
De Lellis and L. Székelyhidi Jr. constructed wild solutions of the incompressible Euler equations using
a reformulation of the Euler equations as a differential inclusion together with convex integration. In
this article we adapt their construction to the system consisting of adding the transport of a passive
scalar to the two-dimensional incompressible Euler equations.
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1. Introduction

In this article, we present an adaptation of De Lellis and Székelyhidi’s nonuniqueness
construction [10] to the system obtained by adding a passive tracer equation to the two-
dimensional incompressible Euler equations. More precisely, we are concerned with the
system:

v+ (w-V)v+Vp=0
b+ (v-V)b=0 (1.1)
div v=0,

where v=uv(z,t) €R? is the velocity field, b=>b(x,t) R is the tracer, p=p(z,t) R is
the scalar pressure, and (z,t) € R? x R.

In what follows, we will produce a velocity field v € L>°(R? x R;R?) and a scalar
be L= (R? x R;R) which are compactly supported in space-time, such that both v and b
are non-zero in a set of positive measure in space-time, and such that v is a weak solution
of the two-dimensional incompressible Euler equations while b is a weak solution of the
linear transport equation with velocity v.

The initial motivation for the present work was to produce a wild solution for the
three-dimensional ideal incompressible magnetohydrodynamics (MHD) equations. We
have not managed to accomplish this and we will point out, later in this work, the
difficulty in achieving it. Nevertheless, we observe that, under a special symmetry,
the 3D MHD equations can be regarded as system (1.1). Thus, our construction may
be interpreted as the existence of wild solutions for the (symmetry reduced) 3D MHD
equations (see Section 4).
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1334 WILD SOLUTIONS FOR 2D INCOMPRESSIBLE IDEAL FLOW

We note, in passing, that the same results presented here can also be extended to the
system obtained by adding a passive tracer equation to the n-dimensional incompressible
Euler equations, for any n >3. However, in view of our initial motivation and the fact
that, for n >3, this system is not related to the n+ 1-dimensional MHD, we decided to
present only the two-dimensional case.

The construction of wild solutions has been extended to other problems, namely
for the incompressible porous media equations, see [5] and for a class of active scalar
equations, see [11]. Our work is yet another extension of De Lellis and Székelyhidi’s
work; in fact, as already mentioned, we will see that system (1.1) can also be interpreted
as a special case of the ideal incompressible MHD equations.

Let us now formulate more precisely the problem we address. We say that a
vector field (v,b)=(v,b)(z,t) € L} (R2 xRy;;R? xR) is a weak solution of (1.1) if, for
any test function ¢ =¢(x,t)€CP(R2xRy;R) and any test vector field ¥=W(x,t)€
C°(R2 x Ry;R?) such that div ¥ =0, it holds that

//(vﬁtlll—i—(v@v) : V) dzdt =0,

//(batgo—k (vb)-Vo)dzdt=0,

//U-Vgodxdtzo;

above v®wv is the 2 x 2 matrix given by (v®wv);; =v;v; and A: B stands for the Frobenius
product of two 2 x 2 matrices A= (a;;) and B=(b;;), given by (A:B) :Zij:laijbij.

Our goal in this paper is to construct a special class of weak solutions of (1.1) by
using convex integration. We are going to follow the approach presented in [10], where
De Lellis and Székelyhidi rewrite the Euler equations as a differential inclusion and use
convex integration to construct weak solutions of the FEuler equations with compact
support in time and space.

The main result of this paper is stated below.

THEOREM 1.1. Given a bounded domain 2 CRR? x R, there exists a weak solution (v,b) €
L*>®(R2 x Ry;;R? x R) of the Euler equations with a passive tracer (1.1) such that

(i) |v(z,t)|=1 and |b(z,t)|=1 for almost every (z,t) €Q);

(ii) v(x,t)=0, b(z,t) =0, and p(z,t)=0 for almost every (z,t) € RZx R\ Q.

The remainder of this article is divided as follows: in Section 2 we place system
(1.1) in the differential inclusion framework and we provide the main ingredients to
perform the convex integration scheme. In Section 3 we prove Theorem 1.1 and, finally,
in Section 4 we apply the result to the ideal incompressible MHD system and we add
some concluding remarks.

2. Convex integration scheme
Following the usual approach, we rewrite (1.1) as a system of linear PDE’s

Oww+div M+Vg=0
diveo=0 (2.1)
atb+le sz,

where

2
1
q:p+%7 M:v®vf§|v|212, and w=bv. (2.2)
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We define the constraint set K by K:=K x [—1,1] with
1
K:{(b,w,v,M)E{—l,l}xSlelXSS:MZUQ@U—ZIg,w:bv},

where S! denotes the one dimensional sphere and S% is the set of symmetric 2 x 2
matrices with vanishing trace.

It is clear that any solution (b,w,v,M,q) of (2.1) with image contained in K is a
solution of (1.1).

We introduce the following 4 x 3 matrix field

M+qls v
V= vt 0 (2.3)
wt b

and a new coordinate system y = (z1,72,t) €R3. In this setting, equation (2.1) reduces
to

div, V =0. (2.4)

Let M35 be the set of symmetric 3 x 3 matrices A such that Az 3=0 and Myxs
the set of 4 x 3 matrices A such that (A; ;)i j=1,23€ Msxs. Observe that the following
linear maps are isomorphisms

2 2
X .
R XSOXR—>M3 3 (2 5)
M+qlz v
(/UaM7q)’—>( tq 20)7
R x R* — R? (2.6)

(byw)— (w' b),

R xR? x R? x §Z x R — My (2.7)
M+qls v
(b,w,v, M,q)— vt 0
wt b

As the equivalent representations above are the most natural ones, we will, from
now on, not distinguish which one we will be considering, as it should be clear from the
context.

Recall that a plane wave solution of (2.4) is a solution V, as in (2.3), of the form
V=V(y)=Uh(y-&), where h:R—R and U € Myx3. The wave cone is then the set
of states of the planar solutions, that is, the set of states U € Myx3 such that V(y)=
Uh(y-€) is a solution of (2.4) for any h. In our case, the wave cone is given by

A={U € Myx3:3¢ €R*\ {0} such that U{ =0},
or, equivalently,

M+qls v
A={ (byw,v,M,q) ERxR*xR?x SZ x R:3¢ € R3\ {0} s.t. vt 0 ]&=0

wt b
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We introduce the relaxed set
U=int(K x[-1,1]),

where K is the convex hull of K. One property which is important and not hard to
verify is that 0 €Y. The proof goes along the same line as the one presented in [10].

We say that (b,w,v,M,q) is a subsolution of (1.1) if be L} (R2xRyR), w,ve
L? (R2 xR;;R?), MeLlOC(Ri xRy;S?2), ¢ is a distribution, (b,w,v,M,q) is a solution
of (2.1), and the image of (b,w,v,M,q) is contained in U.

The idea of the convex integration scheme is to construct a sequence of oscillating
solutions which are obtained from adding localized versions of plane wave solutions to
subsolutions of (1.1). In order to do so, it is important to have the wave cone A large
enough so that it is possible to construct oscillating solutions collinear to a suitable
fixed direction. In our case, it is easy to see that, for all b€ R, v € R?, and M €S2, there
exist ¢ € R and w € R? such that (b,w,v,M,q) € A, which guarantees that the wave cone
is large.

The following result provides the “good” directions to oscillate in the sense that,
by adding localized versions of plane waves in these directions to a subsolution, one still
obtains a subsolution.

LEMMA 2.1.  There exists a constant C >0 such that, for each (b,w,v,M,q) €U, there
exists (b,1w,v, M) ER xR2 xR2 xS satisfying

(i) (Bu? v,M,0)€A;

(i3) the line segment with endpoints (b,w,v,M,q) = (b,w,v,M,0) belongs to U;

(iii)

|(@,0)] > C (2~ ([v]* + b)) (2.8)
Proof.  Let h=(b,w,v,M)€intK. By Carathéodory’s theorem there exist \; €
(0,1) with ZNH)\ =1 and h; = (b;,w;,v;, M;) € K for i=1,...,N+1 such that
N+1

h=">"Aihi,
=1

where N =7 is the dimension of R x R? x R? x SZ.
Suppose that A\; =max\; and define ¢* the index such that

)\2*( + |b1* —bl|2) :max{)\z(m —’U1|2+ |bl —b1|2> = 17...78}.

Observe that, since h= Zl 1 Aih; and h— hl—z 9 Ai(hi —hy), we obtain

<Z\/)\ (J0i — v1]2+ bs — b1]2)

<7y/max{)? (|vl—v1|2+|b —bif2) =18 =Ty AR (fose — a2+ [bie —ba2).

Thus, [v—vi[>+[b—b1[? <AINZ(
h:= %)\1* (hl* — hl) that

8
|(v—v1,b—b1)|: —v,b;

i+ —b1]?). Then, it follows by defining

1
28/2

2 1 2 _ 2
(2= (Jo* +[p]*) < ((1—|v|)+(1—|b|))§m\/§\/(1—lvl) +(1—1o])

1
1442

1 _
\/|U U1|2+|b b1|2<ﬁ7>\i*\/|'Ui*_'U1|2+|bi*_bl2:‘(1_1,b)|-

_14
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Therefore, |(6,l;)|ZC’(_Q—(|U|2_—|—\6|2)).
It is easy to see that (h,0) = (b,w,v,M,0) € A. Indeed, write v;» = (vi,v2) and vy =

1
2 2 1.2 12 :
(v},v?), and set £ =(—1,0,v1) if v} =v} and f:( o vi,l,—v e ) if vl #of.

Vi — vl — vy
Then,

132 "2, 1,2 1.2 1 _ 1

401, & V)2 = (v1)? ViV —vivi Vi —v]

2 1 2,0 2.1 (22 (0 2\2 2 92
=t 0]e=2N v vy (vh)? —(v1)? vk —vg £=0
Y 15T 27 ok =l v — v} 0 e

m) b [ 1 1

bl*”U blvl bl*'U bl'Ul bz**bl

REMARK 2.1. In the proof of Lemma 2.1, we showed that, if 21,29 € K, then z; — z5 € A.
Thus, the A-convex hull of K coincides with the convex hull of K (see [8] for more
details). In contrast, for the 3D MHD system case we were not able to prove this type
of result and, consequently, we could not perform the convex integration.

It is clear that the only compactly supported plane wave is the trivial one. Although
we cannot work with an exact wave solution, in the next result we construct a plane
wave-like solution, which is a compactly supported solution of (2.4) living in a small
neighborhood of the line spanned by a fixed wave state.

PROPOSITION 2.2. Let V €A be such that V3 3#0 and (V;3)i=127#0. Let o be the line

joining the points —V and V in Myys. Then, for every e >0, there exists a smooth
4 x 3 matriz field V' given by

M((E,t) +q($7t)12 ’U(itﬂf)
V(z,t)= v(w,t)t 0 ,
w(w,t)t b(z,t)

where M €S3, v,weR?, beR, satisfying the following properties:

(i) div(z )V =0;

(i1) supp V C B1(0);

(15i) ImV Co. ={A€ Myxs:dist (A,0)<e};

(iv) [lv(y)ldy>alv| and [|b(y)|dy>alb|, where 5= (V;3)i=1,2, b=Va3, and a>0

is a dimensional constant independent of V.

M +qly ©
serve that U is exactly the matrix arising in the differential inclusion associated to the
incompressible Euler equations, see [10]. Therefore, we can use [10, Proposition 3.2]
to obtain the existence of a matrix field U:R2 x R; — M3x3 such that div(,,nU =0,
supp U C B1(0), ImU C{A € M35 :dist (A o) <e}, where o is the line joining the
points —U and U in Msy3, and [1Ues(y)|dy > a|v].

Now, we will construct W :R2 x R, %]RS such that dlv(gc nW =0, supp W C B1(0),
ImW C {a€R3 dist (a,op ) <e}, where oy is the line joining the points —W and W

in R%, and [|W(y)-es|dy>alb|. Once we have done this we define V = (Wt) so that

Proof  Let us write V= (g/t) where Uz( > and W = (w,b). Ob-

it is clear that V satisfies conditions (i) to (iv) and the proposition is proved.
~ In order to do so we divide the construction in two parts. First, we suppose that
W = (0,w2,b) with b#0. Let ¢:R?>—R be a smooth cutoff function such that |¢| <1,
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¢=1 on By/3(0), and supp (¢) C B1(0). Define
1 [ OFa(w2sin(Ny1)) +0F5(bgsin(Ny1))

= — 0% (wapsin(Nyy))
—0?,(bpsin(Nyy))

W(y)

Note that W is a smooth divergence-free vector field with support contained in
B1(0). Moreover, for y € By /2(0) we have that W (y)=Wsin(Ny1), thus

JW@-esly= [ (w)-ealdy=I-esl [ fsin(Ny)ldy > 20,
B1/2(0) B1/2(0)
for some a > 0.
0
Define W = wasin(Ny;) | and observe that [[W = oW ||oo < Zlléllcz.
bsin(Ny1)

Therefore, by taking N sufficiently large we have that ||V — ¢W || <e.

Finally, since |¢| <1 and W takes value in oy the image of ¢W is contained in oy
Thus the image of W is contained in the e-neighborhood of o .

Next we consider the general case. By hypothesis Wtes#0 and Wt =0 for some
£eR3\{0}. Clearly, £ and e3 are linearly independent. Set n€R3\ {0} in such way
that {&,n,e3} is a basis of R3, and let A be the 3 x 3 matrix given by Ae; =¢, Aea =1,
and A€3 =e3.

Define B= A'W. It is clear that B€R3, B; =0, and B3 #0. Thus we use the above
argument to construct a smooth divergence-free map B:R? — R? with compact support
in B1(0) and image lying in the ||A~!||~!e-neighborhood of the line segment 7 with
endpoints —B and B.

Set W (y) = (A71)!B(Aly). First observe that W is supported in (A~1)!B;(0). Since
the isomorphism T: X+ (A71)*X maps 7 into oy, we have that the image of W is
contained in the e-neighborhood of oy,. The following straightforward calculation shows
that W is divergence-free:

[ W) oty [ (A7) B) - Tol(A™)2) et 4) ds
= (detA)_l/B(z)~V(¢((A_1)tz))dz:0 for all ¢ € C°(R3;R).
Finally, we have

[ W= [ A7) BAY) ey
(A=1)B1(0) (A=1)tB1(0)

. dz_ 2a|((A")'B)tes] _ 2a|(W)'ey
= A™HEB(2))! > _
/| T BE) el g = X i

To conclude, we observe that using the same argument of covering and rescaling as
the one presented in the proof of [10, Proposition 3.2] one can rescale W in such way
that all desired properties remain valid. 0

Let Xo be the set of vector fields (b,w,v,M,q)€C>(R?xR) that satisfy (i), (i),
and (i4i) below:
(i) supp(b,w,v,M,q) CQ,
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(i) (b,w,v,M,q) solves (2.1) in R? xR,

(iii) (b,w,v,M,q)(z,t) €U for all (z,t) € R? xR.

We endow X with the topology of L>-weak* convergence and we define X as the
closure of X in this topology.

It is straightforward that, if (b,w,v,M,q) € X is such that |v(x,t)|=1, |b(x,t)|=1
for almost every (z,t) €Q, then v, b, and p:=q— %|v\2 are a weak solution of (1.1) such
that v(z,t) =0, b(z,t) =0, and p(z,t) =0 for all (x,t) eR* xR\ Q.

Next we prove a key result to implement the convex integration scheme in the proof
of Theorem 1.1.

LEMMA 2.2.  There exists a constant >0 such that, for each (bg,wo,v0,Mo,q0) € Xo,
there exists a sequence (bg,wy, vk, Mk,qx) € Xo such that

||UkH%2(sz)+kuH%2(Q)2||UO||%2(Q)+||b0||%2(9)+5(2|9|—(HUOH%z(Q)+||bo||2L2(sz)))2
and (b, wk, v, My, q1) — (bo,wo,v0, Mo,q0) in L.

Although the proof of Lemma 2.2 is a simple adaptation of the proof of Lemma 4.6 of
[10], due its crucial role in this paper we are going to reproduce the main steps of the
proof.

Proof. Let zq:=(bg,wo,v0,Mo,q0) € Xo. We apply Lemma 2.1 to each element of
the compact set Im(zp) CU to obtain that, for each (z,t) €, there exists a direction

Z(x,t) := (b,w,v,M,0)(x,t) €A

such that the line segment with endpoints zo(z,t) & Z(x,t) is contained in U, and

[o(z, )] + [b(z,t)] > \/Ifﬁ(ﬂc,t)\%L [b(a,t)|2 = C(2 = (Jvo(@,1)]* + [bo (,£)[*)).-

Since zo € Xo, observe that |v(z,t)|+|b(z,t)| >0 for all (z,t) €R? xR. Also, it is clear
from the construction of (b,w,v, M) and the fact that (bg,wo,vo, Mg,qo) is uniformly
continuous that there exists € > 0 such that, for any (x,t), (xo,to) € Q with |z —xo|+ |t —
to| < e, the e-neighborhood of the line segment with endpoints zq(z,t) £ Z(z0,t0) is also
contained in U.

Now, since b#0 and ©# 0 we can use Proposition 2.2 with (b,w,v,M,0)(zg,te) € A
and £>0 to obtain a smooth solution (b,w,v,M,q) of (2.1) with the properties stated
in Proposition 2.2. For every r <e¢ let

— t—1t
(brawmvraMm(Ir)(xyt):(b7w7vaM7Q) (m -7307 O>~
r r
Therefore, (b, w,,v.,M,,q,) is also a smooth solution of (2.1), satisfying the following
properties:
(i) supp((br,wr,vr, My, qr)) C Br(zo,to),
(ii) Tm((b;,w,,v;,M;,qy)) is contained in the e-neighborhood of the line segment
with endpoints +(b,w,v, M ,0)(zo,to),
(iil) [|v|dzdt > alv(xo,to)||Br(xo,to)| and [ |b.|dzdt > a|b(zg,to)||Br(z0,to)]-
It is clear from the above properties and the fact that the line segment with end-

points zo(xz,t) £ Z(x0,t0) is contained in U that, for any r < e, we have (by,wo,vo,Mo,q0) +
(brawravr7Mr7QT)€XO~
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Now, since vg is uniformly continuous, one can find a radius ry >0 such that, for
any r <rg, there exists a finite family of pairwise disjoint balls B, (x;,t;) CQ with 7; <r
such that

/( — (Jvo(w,t)|* + |bo(,t)|?))dxdt

<2Z (o0 (7)1 + [bo(5.£) 2D By, (25.15). (2.9)

Next we fix k € N such that 1+ <min{ro,e} and we choose a finite family of pairwise
disjoint balls By, , (zk,j,tk,;) CQ with radii 74 ; < for which (2.9) is valid. In each
ball By,  (xkj,tx ) we apply the construction above so that we obtain a sequence of
smooth solutions of (2.1), namely (by ;,wk ;,Vk ;. Mk ;,qk,;), satisfying the appropriated
versions of properties (), (i), and (i43). In particular, we have that

(bkawkvvkka7qk) = (b07w0aU07M07q0)+Z(bk,jawk,j7vk,jaMk,j7Qk,j) 6)(0
J

and, by property (4i7) and (2.9),
/(\fuk—vo|+|bk—b0\)dxdt> —/ (|vol? + |bo|?)dxdt. (2.10)

Finally, observe that (b, wg,ve, Mk, qr) — (bo,wo,vo, Mo,qo) in L. Consequently,
timinf (o 30 + 04 130y)
=lvoll72(q) +Hliminf(2(vo, v —vo) + [k —vol%2())

+1bol|72 () + liminf (2(bo, b — bo) + [[bk — bol| 72 ()
k—o0

1.
ﬁhkn_lgf(ﬂvk —wollr) + 1ok —bollLr())? (2.11)
In view of (2.10) and (2.11), we get

= [|vollZ2 q) +I1bollZ2 () + |

C?a?

1) (219] = (llvolIZ2 + l1bol172))*.

timinf(|fox /|72 + [10x[72) > llvollZ2 + 1boll72 + a7

Thus we have proven the lemma with 8= C:SIQ . ]

3. Proof of the main theorem
Proof of Theorem 1.1: The idea of the proof is to construct a sequence {z=
(b, Wi, v, My, qr )} C Xo satisfying the following conditions:
(i) there exists z = (b,w,v,M,q) € X such that z; — z strongly in L?(R2 x R;);
(ii) ka§||iz+ubk+1uiz > Jlvell2 + 106172 + 821, = (orll72 + [ ]72))?  for all
€

Then, using (i) we can pass to the limit in (4¢) in order to obtain
[0]1Z 20y + 11172 ) = 1101172 (0 + 101172 ) + BRI = (0] F 20y + 16|72 (0)) 7,

and hence ||vHL2(Q +||b||%2(ﬂ):2|ﬂ|. Since |v|<1, [0 <1 in Q, and since they are
supported in €, we conclude that |v]| =1q=b|. Clearly (b,w,v,M)e K for a.e. (z,t)€
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Q since (b,w,v,M,q) € X. This implies that (b,w,v,M)(z,t) € K for a.e. (z,t)€Q, as
we wished.

It remains to construct a sequence {z} € Xo satisfying (¢) and (i7). In order to do
so, we set (by,w1,v1,M7,q1) =0 in R? x R. This is possible since one can prove that 0 €.
Let p. be a standard mollifying kernel in R2 x R;. The sequence (by,wg,vi, My, qx) €
X is constructed inductively, as well as an auxiliary sequence of numbers n; >0, as
described below. Once we have obtained z; := (b;,w;,v;,Mj;,q;) for j <k and m1,...,nx—1,
we choose

e <27F (3.1)
in such way that
||Zk_zk*pnk||L2(Q) <27k (32)

We then apply Lemma 2.2 to obtain zg41 = (bg+1,Wk+1,Vk+1, Me+1,qk+1) € Xo such
that

o172 () F 14111720
> NlokllZ2 0y + 10k 1172 ) + BRIQ| = (vr 1720 + 11bxF2(0)) (3.3)

and ||(zk+1— 2k) * pn, | L2() <27F forall j<k. (3.4)

Since the sequence {2} is bounded in L>(R2 x R;), there exists a subsequence, which we
still denote by 2z, and a vector field z = (b,w,v,M,q) € X such that z, -z in L>(R2 x

R;). Moreover, the sequence {z;} and the corresponding sequence {n;} satisfy the
properties (3.1), (3.2), (3.3), and (3.4). Then, for every k€N

oo oo

12 % P = 2% Py p2() €D l2kts * P — Bt * ol 2y < 27 FH) <27k,
=0 =0

and since

2k = 2l L2 () < 12k — 2k * Py | L2(Q) + 128 % Py, — 2% pyy [ L2(0) + 12 % Py — 2l L2 (02)»

we deduce that z; — z strongly in L?(Q2). This concludes the proof. a

We point out that the proof of the main theorem could be done using a Baire
category argument but we preferred to use an approximating procedure, which is more
constructive and could be useful for doing a numerical visualization, along the lines of

[1].
4. Application to the MHD equations and concluding remarks
Consider the 3D magnetohydrodynamics equations (MHD),

Ou+ (u-V)u—(curl b) xb+Vp=0
Ob—curl (uxb)=0

divu=0

div b=0

(4.1)

where u=u(z,t) €R3 is the velocity, b=>b(z,t) €R? is the magnetic induction, p=
p(z,t) €R is the pressure, and (z,t) € R3 x R.
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The system (4.1) describes the motion of an ideal incompressible conducting fluid
interacting with a magnetic field. Note that, by taking b=0 in (4.1), we obtain the
Euler equations.

Observe that, if we restrict ourself to the class of solutions that preserve the following
symmetry:

u=u(z,t) = (u1(z,t),us(z,t),0),
b:b(xat) = (0,0,b(x,t)),
(z,t) = (z1,22,t) ER* xR,

then system (4.1) is reduced to

2
Au+ (u-Viu+V <p—|—|b> =0

2
b+ (u-V)b=0
div u=0.

(4.2)

System (4.2) can be rewritten as the incompressible Euler equations with a passive
tracer by defining p=p+|b|?/2. Therefore, by Theorem 1.1, we can conclude that weak
solutions for these equations are not unique. In particular, solutions of (4.2) are solutions
of the full 3D MHD, so that weak solutions of the 3D MHD are not unique.

We add some concluding remarks. The work of De Lellis and Székelyhidi has gener-
ated substantial ongoing activity concerning weak solutions of the incompressible Euler
equations, mainly along the following direction: the construction of dissipative solu-
tions together with improving the regularity of the velocity field in wild solutions, see
(2, 3, 4, 6, 7, 9] and references therein. This line of investigation naturally suggests a
direction for future research, that of constructing dissipative solutions of system (1.1)
and seeking wild solutions of (1.1) with improved regularity. In addition, it would be
interesting to find a broader class of examples of this construction for the ideal MHD
system and to provide a computational visualization of these solutions along the lines of
what was done in [1] for Shnirelman’s example. In fact, it is more natural to construct
such a visualization for the passive-tracer example, than it would be for the original De
Lellis and Székelyhidi construction.

Acknowledgments. Research of Helena J. Nussenzveig Lopes is supported in
part by CNPq grant # 306331/2010-1, and by FAPERJ grant # E-26/103.197,/2012.
Research of Milton C. Lopes Filho is supported in part by CNPq grant # 303089/2010-
5. Anne C. Bronzi’s research is supported by Post-Doctoral grant # 236994/2012-3.
This work was supported by FAPESP Thematic Project # 2007/51490-7 and by the
FAPESP grant # 05/58136-9. The research presented here was part of Anne C. Bronzi’s
doctoral dissertation at the Mathematics graduate program of UNICAMP. The authors
thank C. De Lellis and L. Székelyhidi for useful observations.

REFERENCES

[1] A.C. Bronzi, M.C. Lopes Filho, and H.J. Nussenzveig Lopes, Computational visualization of
Shnirelman’s compactly supported weak solution, Physica D, 237, 1989-1992, 2008.

[2] T. Buckmaster, Onsager’s conjecture almost everywhere in time, preprint, arXiv:1304.1049v2,
2013.

[3] T. Buckmaster, C. De Lellis, and L. Székelyhidi Jr, Transporting microstructure and dissipative
Euler flows, preprint, arXiv:1302.2815v2, 2013.



(4]
(5]
[6]
[7]
(8]
[9]
(10]

(11]

T A Q a Q

A.C. BRONZI, M.C. LOPES FILHO, AND H.J. NUSSENZVEIG LOPES 1343

. Choffrut, C. De Lellis, and L. Székelyhidi Jr, Dissipative continuous Euler flows in two and

three dimensions, preprint, arXiv:1205.1226v1, 2012.

. Cordoba, D. Faraco, and F. Gancedo, Lack of uniqueness for weak solutions of the incom-

pressible porous media equation, Arch. Rat. Mech. Anal., 200(3), 725-746, 2011.

. Isett, Hélder continuous Euler flows in three dimensions with compact support in time,

preprint, arXiv:1211.4065v3, 2013.

. De Lellis and L. Székelyhidi, Dissipative continuous Euler flows, Invent. Math., 193(2), 377—

407, 2013.

De Lellis and L. Székelyhidi, The h-principle and the equations of fluid dynamics, Bull. Amer.
Math. Soc. (N.S.), 49(3), 347-375, 2012.

De Lellis and L. Székelyhidi, On admissibility criteria for weak solutions of the Euler equations,
Arch. Rat. Mech. Anal., 195, 225-260, 2010.

. De Lellis and L. Székelyhidi, The Euler equation as a differential inclusion, Ann. of Math. (2),

170(3), 1417-1436, 2009.

. Shvydkoy, Convez integration for a class of active scalar equations, J. Amer. Math. Soc.,

24(4), 1159-1174, 2011.




<<
  /ASCII85EncodePages false
  /AllowTransparency false
  /AutoPositionEPSFiles true
  /AutoRotatePages /None
  /Binding /Left
  /CalGrayProfile (Dot Gain 20%)
  /CalRGBProfile (sRGB IEC61966-2.1)
  /CalCMYKProfile (U.S. Web Coated \050SWOP\051 v2)
  /sRGBProfile (sRGB IEC61966-2.1)
  /CannotEmbedFontPolicy /Error
  /CompatibilityLevel 1.7
  /CompressObjects /Tags
  /CompressPages true
  /ConvertImagesToIndexed true
  /PassThroughJPEGImages true
  /CreateJobTicket false
  /DefaultRenderingIntent /Default
  /DetectBlends true
  /DetectCurves 0.0000
  /ColorConversionStrategy /CMYK
  /DoThumbnails false
  /EmbedAllFonts true
  /EmbedOpenType true
  /ParseICCProfilesInComments true
  /EmbedJobOptions true
  /DSCReportingLevel 0
  /EmitDSCWarnings false
  /EndPage -1
  /ImageMemory 1048576
  /LockDistillerParams false
  /MaxSubsetPct 100
  /Optimize false
  /OPM 1
  /ParseDSCComments true
  /ParseDSCCommentsForDocInfo true
  /PreserveCopyPage true
  /PreserveDICMYKValues true
  /PreserveEPSInfo true
  /PreserveFlatness true
  /PreserveHalftoneInfo false
  /PreserveOPIComments true
  /PreserveOverprintSettings true
  /StartPage 1
  /SubsetFonts true
  /TransferFunctionInfo /Apply
  /UCRandBGInfo /Preserve
  /UsePrologue false
  /ColorSettingsFile ()
  /AlwaysEmbed [ true
  ]
  /NeverEmbed [ true
  ]
  /AntiAliasColorImages false
  /CropColorImages true
  /ColorImageMinResolution 300
  /ColorImageMinResolutionPolicy /OK
  /DownsampleColorImages false
  /ColorImageDownsampleType /Bicubic
  /ColorImageResolution 300
  /ColorImageDepth 8
  /ColorImageMinDownsampleDepth 1
  /ColorImageDownsampleThreshold 1.50000
  /EncodeColorImages true
  /ColorImageFilter /FlateEncode
  /AutoFilterColorImages false
  /ColorImageAutoFilterStrategy /JPEG
  /ColorACSImageDict <<
    /QFactor 0.15
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /ColorImageDict <<
    /QFactor 0.15
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /JPEG2000ColorACSImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /JPEG2000ColorImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /AntiAliasGrayImages false
  /CropGrayImages true
  /GrayImageMinResolution 300
  /GrayImageMinResolutionPolicy /OK
  /DownsampleGrayImages false
  /GrayImageDownsampleType /Bicubic
  /GrayImageResolution 300
  /GrayImageDepth 8
  /GrayImageMinDownsampleDepth 2
  /GrayImageDownsampleThreshold 1.50000
  /EncodeGrayImages true
  /GrayImageFilter /FlateEncode
  /AutoFilterGrayImages false
  /GrayImageAutoFilterStrategy /JPEG
  /GrayACSImageDict <<
    /QFactor 0.15
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /GrayImageDict <<
    /QFactor 0.15
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /JPEG2000GrayACSImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /JPEG2000GrayImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /AntiAliasMonoImages false
  /CropMonoImages true
  /MonoImageMinResolution 1200
  /MonoImageMinResolutionPolicy /OK
  /DownsampleMonoImages false
  /MonoImageDownsampleType /Bicubic
  /MonoImageResolution 1200
  /MonoImageDepth -1
  /MonoImageDownsampleThreshold 1.50000
  /EncodeMonoImages true
  /MonoImageFilter /CCITTFaxEncode
  /MonoImageDict <<
    /K -1
  >>
  /AllowPSXObjects false
  /CheckCompliance [
    /None
  ]
  /PDFX1aCheck false
  /PDFX3Check false
  /PDFXCompliantPDFOnly false
  /PDFXNoTrimBoxError true
  /PDFXTrimBoxToMediaBoxOffset [
    0.00000
    0.00000
    0.00000
    0.00000
  ]
  /PDFXSetBleedBoxToMediaBox true
  /PDFXBleedBoxToTrimBoxOffset [
    0.00000
    0.00000
    0.00000
    0.00000
  ]
  /PDFXOutputIntentProfile ()
  /PDFXOutputConditionIdentifier ()
  /PDFXOutputCondition ()
  /PDFXRegistryName ()
  /PDFXTrapped /False

  /CreateJDFFile false
  /Description <<

    /BGR <>
    /CHS <FEFF4f7f75288fd94e9b8bbe5b9a521b5efa7684002000410064006f006200650020005000440046002065876863900275284e8e9ad88d2891cf76845370524d53705237300260a853ef4ee54f7f75280020004100630072006f0062006100740020548c002000410064006f00620065002000520065006100640065007200200035002e003000204ee553ca66f49ad87248672c676562535f00521b5efa768400200050004400460020658768633002>
    /CHT <FEFF4f7f752890194e9b8a2d7f6e5efa7acb7684002000410064006f006200650020005000440046002065874ef69069752865bc9ad854c18cea76845370524d5370523786557406300260a853ef4ee54f7f75280020004100630072006f0062006100740020548c002000410064006f00620065002000520065006100640065007200200035002e003000204ee553ca66f49ad87248672c4f86958b555f5df25efa7acb76840020005000440046002065874ef63002>
    /CZE <>
    /DAN <>
    /DEU <>
    /ESP <>
    /ETI <>
    /FRA <>
    /GRE <>

    /HRV (Za stvaranje Adobe PDF dokumenata najpogodnijih za visokokvalitetni ispis prije tiskanja koristite ove postavke.  Stvoreni PDF dokumenti mogu se otvoriti Acrobat i Adobe Reader 5.0 i kasnijim verzijama.)
    /HUN <>
    /ITA <>
    /JPN <FEFF9ad854c18cea306a30d730ea30d730ec30b951fa529b7528002000410064006f0062006500200050004400460020658766f8306e4f5c6210306b4f7f75283057307e305930023053306e8a2d5b9a30674f5c62103055308c305f0020005000440046002030d530a130a430eb306f3001004100630072006f0062006100740020304a30883073002000410064006f00620065002000520065006100640065007200200035002e003000204ee5964d3067958b304f30533068304c3067304d307e305930023053306e8a2d5b9a306b306f30d530a930f330c8306e57cb30818fbc307f304c5fc59808306730593002>
    /KOR <FEFFc7740020c124c815c7440020c0acc6a9d558c5ec0020ace0d488c9c80020c2dcd5d80020c778c1c4c5d00020ac00c7a50020c801d569d55c002000410064006f0062006500200050004400460020bb38c11cb97c0020c791c131d569b2c8b2e4002e0020c774b807ac8c0020c791c131b41c00200050004400460020bb38c11cb2940020004100630072006f0062006100740020bc0f002000410064006f00620065002000520065006100640065007200200035002e00300020c774c0c1c5d0c11c0020c5f40020c2180020c788c2b5b2c8b2e4002e>
    /LTH <>
    /LVI <>
    /NLD (Gebruik deze instellingen om Adobe PDF-documenten te maken die zijn geoptimaliseerd voor prepress-afdrukken van hoge kwaliteit. De gemaakte PDF-documenten kunnen worden geopend met Acrobat en Adobe Reader 5.0 en hoger.)
    /NOR <>
    /POL <>
    /PTB <>
    /RUM <>
    /RUS <>
    /SKY <>
    /SLV <>
    /SUO <>
    /SVE <>
    /TUR <>
    /UKR <>
    /ENU (Use these settings to create Adobe PDF documents best suited for high-quality prepress printing.  Created PDF documents can be opened with Acrobat and Adobe Reader 5.0 and later.)
  >>
  /Namespace [
    (Adobe)
    (Common)
    (1.0)
  ]
  /OtherNamespaces [
    <<
      /AsReaderSpreads false
      /CropImagesToFrames true
      /ErrorControl /WarnAndContinue
      /FlattenerIgnoreSpreadOverrides false
      /IncludeGuidesGrids false
      /IncludeNonPrinting false
      /IncludeSlug false
      /Namespace [
        (Adobe)
        (InDesign)
        (4.0)
      ]
      /OmitPlacedBitmaps false
      /OmitPlacedEPS false
      /OmitPlacedPDF false
      /SimulateOverprint /Legacy
    >>
    <<
      /AddBleedMarks false
      /AddColorBars false
      /AddCropMarks false
      /AddPageInfo false
      /AddRegMarks false
      /ConvertColors /ConvertToCMYK
      /DestinationProfileName ()
      /DestinationProfileSelector /DocumentCMYK
      /Downsample16BitImages true
      /FlattenerPreset <<
        /PresetSelector /MediumResolution
      >>
      /FormElements false
      /GenerateStructure false
      /IncludeBookmarks false
      /IncludeHyperlinks false
      /IncludeInteractive false
      /IncludeLayers false
      /IncludeProfiles false
      /MultimediaHandling /UseObjectSettings
      /Namespace [
        (Adobe)
        (CreativeSuite)
        (2.0)
      ]
      /PDFXOutputIntentProfileSelector /DocumentCMYK
      /PreserveEditing true
      /UntaggedCMYKHandling /LeaveUntagged
      /UntaggedRGBHandling /UseDocumentProfile
      /UseDocumentBleed false
    >>
  ]
>> setdistillerparams
<<
  /HWResolution [2400 2400]
  /PageSize [612.000 792.000]
>> setpagedevice


