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GLOBAL WELL-POSEDNESS OF A SYSTEM OF NONLINEARLY
COUPLED KDV EQUATIONS OF MAJDA AND BIELLO*
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Abstract. This paper addresses the problem of global well-posedness of a coupled system of
Korteweg—de Vries equations, derived by Majda and Biello in the context of nonlinear resonant interac-
tion of Rossby waves, in a periodic setting in homogeneous Sobolev spaces HS, for s > 0. Our approach
is based on a successive time-averaging method developed by Babin, Ilyin and Titi [A.V. Babin, A.A.
Ilyin and E.S. Titi, Commun. Pure Appl. Math., 64(5), 591-648, 2011].
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1. Introduction

The present manuscript is motivated by a work of Babin, Ilyin and Titi [1] explaining
the regularization mechanism for the periodic Korteweg—de Vries (KdV) equation. In [1]
the authors exploit the dispersive structure which introduces frequency dependent fast
oscillations by means of successive integrations by parts and time averaging. Our aim
is to adapt this method in order to obtain analogous well-posedness results for a certain
system of coupled Korteweg—de Vries equations (cKdV):

Ar=aAzzr—(AB), (1.1)

Bt = Ba:x:v - AAm
introduced by Majda and Biello (see [2, 3, 4, 14] and references therein). This sys-
tem arises in the study of nonlinear resonant interactions of equatorial baroclinic and
barotropic Rossby waves, and is a model for long range interactions between the tropical
and midlatitude troposphere. In (1.1), A is the amplitude of an equatorially confined
(baroclinic) Rossby wave packet, and B is the amplitude of a (barotropic) Rossby wave
packet with significant energy in the midlatitudes, and « is a parameter close to 1.

Several conservation laws are known for (1.1):

Ellz/Ad$, EQZZ/BdLC, (12)

and most important for our purpose, the total energy
E;:/A2+32dz,
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which bounds the L?-norm. In addition, as elaborated in [4], system (1.1), enjoys a
Hamiltonian structure, where the Hamiltonian is given by

1
H::i/aAi+Bi+Azde.

In contrast to the 1-d KdV no more conservation laws are known for (1.1) and so it
is not necessarily completely integrable. However, to show the global well-posedness
of weak solutions of (1.1), with initial data in L?, we only use the conservation of the
total energy and, in particular, we will not take advantage of the conservation of the
Hamiltonian.

In [2], Biello used the change of variables U = %(\/ﬁB—i—A) and V= 12 (V2B —A)

S

to transform (1.1) into an idealized “symmetric” model (when a=1)

{Ut = Upaw —UU, + 3(UV), 13)

and studied its soliton solutions. In this paper we will consider system (1.3) subject to
periodic boundary conditions with basic periodic domain T =[0,27] which is equivalent
to considering (1.3) on the unit circle. Note that there are two invariant subspaces,
U=0or V=0. In case of U =0 the solution for V' evolves according to a standard KdV
(respectively U if V' =0 is taken).

Since system (1.3) is closely connected to the KdV equation, us =tz +ut,, we
now briefly review some important results concerning the KdV with periodic boundary
conditions. In his seminal papers [5, 6] Bourgain introduced a new type of weighted
Sobolev spaces X**(RxT) for functions in time and space, the so-called dispersive
Sobolev spaces which is the closure of the Schwartz space under the norm

||u||X5vb(]R><’lT) = || <k>s<7-+ k3>ba(7—7k) HLEZ%(RXZ) ) (14)

where (-) = (14|-|>)*/? and @ denotes the Fourier transform in space and time. These
spaces reflect the fact that the Fourier transform of a solution of the unperturbed
(dispersive) part of the KAV is supported on the characteristic hyperplane 7+ k3 =0
described by its dispersion relation. In fact, the X spaces are an efficient tool to
capture the phenomenon that solutions to the KdV, after localization in time, have
space-time Fourier transform supported near the characteristic surface. Thus, the non-
linearity does not significantly alter the space-time Fourier “path” of the solution, at
least for short time (see [18]). The definition can of course be adapted to account for
other dispersive PDEs like the Schrodinger equation. Using this, Bourgain proved local
well-posedness of the KAV in L?(T) by means of Banach’s Fixed Point principle. This
result was improved by Kenig, Ponce, and Vega [12]. They proved a sharp bilinear
estimate for the norm in (1.4) and showed local well-posedness in H~/(T). The cor-
responding global well-posedness result in H~/2(T) has been proved by Colliander et
al. [7] by employing the I-method (or the method of almost conserved quantities). The
letter “I” stands for a mollification operator acting like the Identity on low frequencies
and like an Integration operator on high frequencies. Kappeler and Topalov [13] were
able to prove global well-posedness in H~*(T) by using the complete integrability of the
KdV.

The Majda—Biello system (1.1) is a member of a wider class of KdV-type systems.
Another model among several other systems of this class is for example the Gear—
Grimshaw system [8]. In [15], Oh investigated system (1.1) by employing X **-estimates
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and obtained local well-posedness results depending on the value of the parameter «.
For a=1 he obtained local well-posedness in (a cross-product of) H~'/2(T) and he
proved local well-posedness for almost every o€ (0,1) in H*(T), s >1/2. The reason for
this is that if a# 0 certain nontrivial resonances occur (which can be described by using
Diophantine conditions) because the space-time Fourier transforms of solutions of the
two linear parts of the system are supported on different hyperplanes described by their
dispersion relation. Corresponding global well-posedness results have also been proved
by Oh [16] using the I-method. If =1 system (1.1) is globally well-posed in H~'/2(T)
while for almost every a € (0,1) it is globally well-posed in H*(T), s>5/7.

In this paper we use the technique of successive differentiation by parts introduced
by Babin, Ilyin and Titi [1] on system (1.3) with periodic boundary condition. The first
step of the method is to apply the transform

Up(t) = ety (), Vi(t) = e % tuy (1), k€ Z, (1.5)

on the Fourier coefficients. This transform represents the action of the unitary group
generated by the third derivative, U(t)=e%", on each Fourier coefficient. In the ter-
minology of quantum mechanics transform (1.5) means the transition to the so-called
interaction representation [9]. This can be interpreted in terms of the spaces X*P:
a function u of space and time is in X if and only if its interaction representation
U(—t)u(t) is in the mixed Sobolev space HYH?. The transform (1.5) introduces a fast
rotation term into the equation. Then several forms of the system are derived using
successive differentiations by parts in time (which correspond to integrations by parts
in time) after resonances are singled out. The equation becomes of higher algebraic
order but we can take advantage of smoothing properties of the higher order operators
involved which allow less regular solutions. In principle, this is similar to the idea of
normal forms by Shatah [17]. After establishing the global existence in the homoge-
neous Sobolev space H* for s >0 by using the Galerkin method, we prove uniqueness of
solutions by means of the Banach’s Fixed Point Theorem. In [1] the authors inverted a
linear operator that involves the initial value in order to construct a strict contraction
mapping. The inversion and a time-independent estimate on its inverse were done by
finding an explicit solution to a boundary value problem for an ODE. However, for the
Majda—Biello cKdV system, we run into the difficulty of now having to solve a system of
1D boundary-value problems explicitly. In order to bypass this obstacle we use a proper
splitting of solutions based on high and low Fourier modes and recast the differentiation
by parts procedure to terms involving only high frequencies. This idea avoids treating
the invertibility of a linear operator and simply takes advantage of the time-averaging
induced squeezing. Such a strategy was first introduced in [1] to deal with the less reg-
ular initial data in H*(T) for s€[0,1/2]. The authors of [11] followed the idea from [1]
to obtain unconditional well-posedness of modified KdV in H*(T) for s>1/2. Also, it
is worth pointing out that the successive differentiation by parts technique introduced
in [1] was recently applied to establish the unconditional well-posedness of the cubic
nonlinear Schrédinger equation in H*(T) for s >1/6 in [10], where an infinite iteration
scheme was developed. Finally, we must stress that the present work does not aim
to improve the results in [15, 16]. Our purpose is rather to provide another example
of employing the techniques in [1] which is general enough to apply to other nonlinear
dispersive and wave equations for establishing global well-posedness. Although the X
spaces are a powerful tool to study dispersive equations, in this paper, we simply use
the standard Sobolev spaces H® in a systematic and natural manner.

This paper is organized as follows. In sections 2, 3 and 4 we derive several forms of
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the cKdV (1.3) analogously to [1]. In Section 5 we prove global existence of a solution in
the homogeneous Sobolev space H*®, for s >0, using a Galerkin scheme and we establish
uniform bounds for the solution on each finite time interval. Section 6 is dedicated to
regular initial data, that is s >1/2, where uniqueness is obtained by means of Banach’s
Contraction Principle. Section 7 addresses less regular initial data, i.e., s€[0,1/2]. For
the sake of convenience we use similar notations as in [1] due to the fact that most
of the nonlinear operators occurring in this work have the same mapping properties
as the ones proven there. Therefore, throughout this work, most relevant estimates of
nonlinear operators will be taken from the appendix section and their proofs can be
found in [1].

Throughout, we adopt the following notations: (u,v) represents the vector <Z),

[I(u,v)||x2, defined by |lu||x + ||v|/x, is the norm of a vector (u,v) in the product space
X?2=XxX.

2. Transformations of the system and main results

In this section, we write the cKdV (1.3) in terms of Fourier coefficients and transform
its variables in order to introduce oscillating exponentials into the nonlinear term. Based
on the transformed system we shall define a notion of (weak) solutions and state the
main results of the present paper.

As mentioned in the introduction, we consider the Majda—Biello system

Up=Usze —UU, + 3(UV),
Vi=Viza = VVa+3(UV), (2.1)
U0,2)=U"(z), V(0,2) =V"(z),

where z€T=]0,2nr] with periodic boundary condition U(¢,0)=U(t,2w) (V respec-
tively). Here, U and V are real-valued functions. If (U, V') is a smooth solution of (2.1)
we observe from (1.2) the conservation of the mean values, i.e.,

d 2w

d 2m
— t,x)de=— t,z)dz=0.
i/, U(t,x)dx dt/o V(t,x)dx=0

We assume from now that the initial data and the solution both have spatial mean value
Z€ero.
Denote Zg:=Z\{0}. We make a Fourier expansion for U

. 1 27 )
U(t,x):ZUk(t)elkm,Uke(C,Uk(t):%/o Ult,x)e *dz, ke, (2.2)
k€Zo

as well as for V. Furthermore, we observe that Uy =U_}, since we are seeking real
valued solutions. Therefore, we denote by H*(T) the homogeneous Sobolev spaces of
order s on T which is a subspace of L!(T) functions with mean value zero endowed with
the norm

2 X
U5 =D [k[**|UR[,
kEZo

For s=0 this is a normalized version of the L2-norm

2 1 2
1010 = 51U
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Plugging (2.2) into Equation (2.1) yields the infinite coupled system

0.Uy, = —ik3Uy, + %ik2k1+k2:k (UkIVk2 — Uklng)
O Vi =—ik3Vj + %Zkzkl T ho=k Uk, Vi — Vi, Vi) (2.3)
Ue(0)=U;", Vi (0)=V,",

for k€ Zy. We now apply the transform
Up(t) = * tug(8), Vi(t) = e oy (t), k € Zo, (2.4)
in order to eliminate the linear terms in (2.3). By means of the identity
(ky+ k)2 =3(ky + ko) ey ko + k3 + k3 (2.5)

Equation (2.3) becomes

Ortur = 51k Y2y, iy €2 (g Oy — ey Uy
Oy = %ikzk1+k2=k eBikkikot (ukl Vksy kalv;%) ,k€Zy. (2.6)
ug(0) =ul?, vy, (0) =vid

We emphasize that the fast oscillating term e3**1%2¢ in (2.6) reduces the “strength” of
the nonlinear term and makes it milder which is the underlying mechanism for prolong-
ing the lifespan of the solutions [1].

Observe that identity (2.5) was also used in the original work of Bourgain [6]. Also,
notice that transform (2.4) is isometric in H*. Using the same notation as in [1], we
can write (2.6) as

()= (B By ) ke 2

with (u(0),v(0)) = (u'®,v™), where the bilinear operator B;(¢$,1) is defined by
1. .
Bi(¢,9)i:= 5ik D Pkt . (2.8)
ki+ka=k
We now define our notion of a (weak) solution of (2.6).

DEFINITION 2.1. Given initial data (u™,v™™) € (H®)? we call a function (u,v) a solution
of (2.6) over the time interval [0,T] if (u,v)€ L>®([0,T);(H®)?) and if the integrated
version of (2.6), that is

i t
Uk (t) . uzg: — llk/ E eSikkleT Uy Vkg — Uk Uk dT, (29)
Vk (t) Uk 2 0 T uklvkz - ’Ukl Ukz

1+k2=

is satisfied for every k€Zy. By means of (2.4) we ultimately get a (weak) solution of
the Majda—Biello system (2.1).

REMARK 2.1. It is readily seen from the Cauchy—Schwarz inequality that

SRR (g (£, (£) — g, (), (1)
k1+ko=k

sup

2
< (w,0) e (foyzy - (210
te[0,T] ”( )HL ([0,T];(H©)2) ( )
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Therefore, by (2.9), ug(t) is absolutely continuous (for every k) over the interval [0,7
which implies ug(¢) is differentiable a.e. on [0,T] (same for vy (t)). Consequently, Equa-
tion (2.6), the differential form of (2.9), is satisfied for almost every ¢ € [0,7]. Also, the
continuity of ug () and vg(t) implies that (u,v) is a weakly continuous function mapping
from [0,77] to (H°)2.

The main result of this manuscript is the global well-posedness for the cKdV (2.6)
in the space (H*)?2, for s >0. More precisely, we have the following:

THEOREM 2.2 (Global well-posedness). Let s>0, (u™,0™) € (H*)2, and T > 0.
Then there exists a unique solution (u(t),v(t)) € C([0,T);(H*)?) of the cKdV (2.6), in
the sense of Definition 2.1, with (u(0),v(0))= (u™,v™) such that

()| oo 0,9 20y2) £ € ( | @™, 0™)| 70 7T78) ~ (2.11)

Moreover, the quantity
E(u(t),v(t)) :=2[[u() | o + 21w () [0 + 1u(t) = v() [0 (2.12)

s conserved in time. In addition, the solution depends continuously on the initial data
in the sense that

H(U,U) - (ﬂaﬁ)”LW([o,T];(HS)?) S L ||(uinavin) - (ﬂinaﬁin)H(Hs)z ’
where (u,v), (@,0) are solutions of (2.6) corresponding to the initial data (u'™,v™),
(@™, 9™ respectively.
L>0 depends on T, s, and Inax{||(ui’“,vi“)H(HO)2 , ||(ﬂi“,17m)||(H0)2}.

3. First differentiation by parts in time

As already mentioned above we want to derive different forms of the ¢cKdV (2.6)
in order to obtain operators which have better mapping properties than Bj, given
in (2.8), and whose regularity is specified in Lemma A.1. This will formally be done
by the differentiation by parts procedure as described below. One observes that (2.6) is

equivalent to
3ikky kot
()1 5 St (e
v 6 kik Uy Vkgy — Vhgy U
k k1t Rk 1R2 k1 Vkz k1 Vkz
1 e3lkk1k2ta Uy Vioy — Uy Uy (3.1)
= E — 0 . .
6 Ty ke k1 Ukz ™ Ukt Uk
Notice that since we assume the spatial means are zero, the indices k, k1, and ks in
the above expressions are never equal to zero. That is, there is no resonance between

the nonlinearity of the cKdV system and the linear operator 93.
We look at a typical term on the right-hand side of (3.1). By using (2.6) we deduce

63ikk1 kot e3ik}k}1 kot
——— 0 (up, vg,) = (U, OV, + Vi, Opuky )
k1ko k1ko
k1+ko=k k1+ko=k
Bikkikat
= E ———— (ug, O, + Vg, Oru,)
K1k

k1+ko=k
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e3ikk1 k}zt Z

3ik t
= > k1 k ke > R g, (ugvs —vavp) + 0k, (Uavs —taug)]
kytho=k 12 a+B=k;
Z’ e3i(k1+k2)(k2+k3)(k1+k,‘3)t
= Z k (Uk1 Uy Vg — Uky Vo Vkey
k1 +ka+ ks =k 1

T Vg Uy Uk — Vi Uy uk3).

In the same manner, we can manipulate every term on the right-hand side of (3.1) to
arrive at the first form of the cKdV:

ug \ [ Ba(uw,v)p —Ba(u,u)g \ | _
o |:<Uk> (B2(U,U)kBg(v,v)k =R (u,v)k, (3.2)
where the bilinear operator Ba(¢,v) is defined by

63ikk1 kot

1
BZ(QSaw)k::é Z klkg

k=Fk1+k2

Ol Uy s (3.3)

and all terms in each component of R3(u,v) have the structure i%Rg(QZSﬂ,[},f), where

e3i(k1 +k2)(k2 +k53)(k1 +k§3)t
13}

Ra(@%f) = Z

k=k1+ko+k3

Oy koo ks - (3.4)

Each ¢, ¥, £ may be either u or v. For the sake of conciseness, we do not provide the
exact formula of Rg(u,v).

REMARK 3.1. The mapping properties of By and Rs are better than those of B
(see the Appendix). So the first form (3.2) is “milder” than the original ¢cKdV (2.6)
which is the purpose of the differentiation by parts procedure. On the other hand, we
remark that these two forms, (3.2) and (2.6), are not equivalent. Clearly, any smooth
functions that satisfy the original Equation (2.6) are also solutions of the newly derived
Equation (3.2). The converse may not be true. Nonetheless, if one is able to show the
uniqueness of solutions to (3.2), then it follows that (2.6) cannot have more than one
solution. Hence, in order to prove the uniqueness for (2.6), our strategy is to consider the
equation after the first (or the second) differentiation by parts procedure (see Section 6
and 7 for details).

4. Second differentiation by parts in time

In order to establish a priori estimates for higher order Sobolev norms than H°,
namely in H#, for s>0, we cannot use the operator R3 due to its restricted regularity
properties. Therefore, we need to perform a second differentiation by parts in time. But
before doing this we must take care of the nonlinear resonances which reveal themselves
as obstacles for this procedure. Our aim is to decompose Rs(u,v) into a sum of two
parts:

Rg(u,v) :RBres(uav)+R3nres(uav)v (41)

where the first part Rges(u,v) involves the resonances and the second part Rspres(u,v)
is suitable for the differentiation by parts procedure (non-resonance part). Recall every
term in R (u,v) has the structure of 15 R3(¢,%,€) defined in (3.4), where each of ¢, 1),
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and £ may be either u or v. Thus, the decomposition of R3(¢,1,£)r = Rares(®,90,&)k +
Ranres(¢,1,8)x describes the split (4.1). Indeed, we set

Rires(0,0. )= Y %

k1+ko+ks=k

s kGZ(), (42)

where the summation is carried out over the set of subscripts ky, ks and k3 satisfying
(k1+k2) (ko +k3)(k1+k3) =0 (the resonances). Also, we denote

nonres 3i(k1+ke)(katks)(k1+ks)t
(&
R3nres(¢7w)£)k = Z kl

k1+ka+kz=k

Ok Vi ks k € Lo, (4.3)

where the sum is taken over all kq, ko and ks such that (ki + ko) (ke +ks) (k1 +ks) #0
(the non-resonances).
Let us first consider the resonances. The set of subscripts k1, ko and k3 satisfying
(k1 +Ek2) (ko +k3) (k1 +k3)=0and ki + ko + ks =k € Zy is, see [1], the union of six disjoint
sets S1,...,5:
51Z{k1+k‘2=0}ﬂ{k2+k‘3=0}®k1Zk, ko=—k, ks=k;
SQZ{kl + ko ZO}Q{kg-i-]ﬁ =0}<=>k1=k7 ko=—k, k3=—k;
53:{k2+k3:0}m{k3+k1 :0}<:>k1:k, ko=k, ks=—k;
542{/{51 + ko ZO}Q{/{2+I€3 #0}ﬂ{k3+k1 #0}@
k1=j, ka=—j, ks=k, |j| #kl;
S5={k2+/€3 =0}ﬁ{k1 + ko #O}Q{kg-i-]ﬁ 750}<=>
klzka k2:j7 k3:7j7 |]|7é‘k|7
SGZ{]C3+]€1 ZO}ﬂ{k‘l + ko #0}ﬂ{kj2+k‘3 #0}@
kl :ja k2 :k7 k?) = _ja |j| # ‘k|7

where j € Zg. As a result,

R3res(¢ 'Q[J f k= Z Z ¢kl¢k32€]€3

m=1S,,

PuV—rlk | Puth—r€—k | PkVRE- Pjv—;
:kkkk+kkk k+k£k+§k 3 iV

. - J
J€Zo, |51#| k|

+% Z i€+ Z &

) - ) - J
JEZo,|71#k] JEZo,|71#|k|

Consequently, we deduce the following mapping property of Riaves: HS™ 1 x H® x H® —
H*, >0,
[ Rsres (0.9, o C (N gre—s 1911 o €11 gro + 1€ e 1] gr—1 11901l o
0l grams 191 o €11 7o + 191l g 1] -1 1€l 70 ) -

Notice that 1/k; in the definition (4.2) of Rares(¢,9,£) has a smoothing effect on the
variable ¢. Since every term in Ragyes(u,v) has the structure of +15 Rares(9,1,6), where
o, ¥, and & may be either u or v, it follows that

R (10 ey < 0,0} oy 10,0 oy for 5201 (44)
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Next, we perform differentiation by parts to the non-resonance part Ragpres(u,v).
Since every term in Rapres(u,v) is in the form of :I:%Rgnms(qﬁ,zb,f), where ¢, 1, and &
may be either u or v, it is sufficient to work on a typical term Rsnres(u,u,v) in order to
demonstrate our strategy. Observe that

R3nres (u,u,v)k
nonres egi(k‘l—‘rkg)(kg—‘rkg)(k‘l—‘rkg)t

= k uklukzka

o+ +hg=F !

1 1 nonres e3i(k1+k2)(k§2+k}3)(k1+k3)t
=—0tBs(u,u,v) — —

31 Ba w0 § e R (Rt Ee) (k) (R )

X (6tuk1 Uy Vg + Uk, at’u,k2 Vky + Uk Uk 8tvk3), (4.5)
where the trilinear operator B3(¢,,€) is defined by
nonres e3i(k}1+k2)(k2+k3)(k¢1+k23)t

B3 (,%,)k ::mk;ks:k k1 (k1 + k) (k2 +k3) (k1 +ks3)

Oy Vi Eiy - (4.6)

Using Equation (2.6) we observe

nonres e3i(k1+k2) (k2 +k3)(k1+ks)t

P ey S k1(k1+k2) (ko +ks) (k1 +ks)
7

nonres ei@(k)t

2 k1+k2§+k4:k (k1 +k2) (k1 + ks +ka) (k2 + ks + ka) (Ve iy Uy Dy = Uk Wi Wi Ui )

nonres

(Op kg Uy Vig + Ukey Ot Uiy Vg + Uy Uy g Vi)

eid)(k)t(k:3 + k4)

+ > (Uky Vky Uky Vky — Wky Ve Uk Uy )
btk ko L (R Fk2) (k1 + ks + ka) (k2 + ks +Ka)

nonres

eid)(k)t(k:3 + k4)

+ >
btk ks k1(k1+k2)(k1+ks+ka) (ke + ks +ka

)(Uklmzwsvm—Uklwczvkgvm) , (4.7)

where k:= (]411,k2,k3,]€4) and q)(k) = (kl + ko + k3 +/{J4)3 — k? — k% — kg — kg However,
the exact expression of the phase function ®(k) is not important in our case. Proceeding
in the same manner for each non-resonance term, we obtain a sum of expressions in the
structure

nonres eZ@(k)t
Bi(,9,&m)k= > Phey Voo s My
bt et kak (F1 ko) (k1 + ks +ka) (ko + k3 +ka)
or
nonres ez(b(k)t k; +k
BE(@%&W)k: Z ( > 4) Py oy Ehos My -

s o e s ky(k1+ko) (k1 4ks 4 ka) (ko + k3 +ka)

We are now able to write the cKdV (2.6) in its second form, namely

(1) - (el =Bttt ) s mugws
=Rires (1, 0)p +By(u,0)p, kEZg, (4.8)



1270 GLOBAL WELL-POSEDNESS OF A COUPLED KDV SYSTEM

where every term in Bs(u,v); has the format :I:;%Bg(d),d),{)k with each of the three
arguments being either u or v. Hence, by the smoothing property of B3(¢,,£) provided
in Lemma A.4, one has

1Ba(w,0)]] o292 < C8) [ (1,0)[0y2 s for 50, (4.9)

On the other hand, each term in By (u,v)y, is either +:5B1(¢,v,£,n) or £5B3(¢,1,£,n)
with each of the four arguments being u or v. Due to Lemma A.8, the multi-linear
operator By(¢,v,£,n) defined by

By(¢,0,&,m) := Bi(6,0,&,m) + B3 (6,,6,1) (4.10)

has nice a smoothing property which yields
4
1Ba(w,0) o2 < Cs,) 11,0 [ 510y (4.11)

for s>0 and €€ (0,1).

5. Global existence for s>0
In this section we address the global existence of solutions of the cKdV (2.6). For
this purpose we utilize a Galerkin version of Equation (2.6) which reads

u ) A (Pul ) (Pol¥) — (Pud ) (Pul))
) k _1 Pk B 3ikkykat k1 ko k1 ko
' <U,fy ) 3PED ki€ ( (Pul ) (PuN) = (Pul ) (Pul)

ukN (0) = uikn ) 'UIJCV (0) = U}€n7
for k €Zy. Here P denotes the projection on the low Fourier modes |k| < N, that is,

uy if |k‘|§N

0 if [k|> N (5:2)

Pu= Z ure™ and PukZ(Pu)k:{

|k|<N

We stress that the operator P depends on N. For the sake of conciseness, we choose
the notation P instead of Py.

It is easy to see from (5.1) that dul =08,v) =0 for |[k|>N. Therefore, (5.1) is
effectively a finite system of ODEs.

The following proposition follows by standard arguments of ODE theory since the
nonlinearity in cKdV is locally Lipschitz.

PROPOSITION 5.1.  Let the initial data (u™,v™) € (H°)2. For every positive integer
N, there exists T >0 such that problem (5.1) has a unique solution (u™ (t),v™(t))€
(H)? on the time interval [0,T]. The solution can be extended to a mazimal inter-
val of existence [0,Tmax) such that either Tyax =400, or, if Tmax s finite, one has
limsup, , - H(uN(7f),11N(t))||(HO)2 =+o00.

max

The next result shows that the solution (u™N,v™) of the Galerkin system cannot
blow up in finite time in (H°)2, and therefore Ty = +00.

PROPOSITION 5.2.  Let (u'™,v™) € (H°)2. Then the solution (u¥,vo™N) of the Galerkin
system (5.1) exists globally in time. Furthermore, the quantity

£ (#),0N (1)) =2 (8) || 0 + 2 [[0™ (8)] 50 + [ (£) = 0V (6) ]| o
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is conserved in time.

Proof. By Proposition 5.1, it is sufficient to show the conservation of
E(uMN(t),vN(¢)) on the interval [0,Tiax). Thus, in the proof, we consider t € [0, Tinax)-
Let us rewrite the quantity &(u™ (t),0™(t)) as

EN (), 0N (1)) =3][uV +3][v" —2(u (t),0N (1)),

D)l )l 5o

where (-,-) denotes the scalar product in H°. Differentiating £(u™ (t),v™ (t)) yields

RHE (WM (),0N (1)) =6 (0™ ,u™) +6 (0™ 0N )y —2(uN 0™ ) —2(9p™ ,u™)

= Z (60pup uy + 60, v v, — 20pup vV, — 20,0 ul,)
0<|k|I<N

where we have used 7y =u”, and the fact that 9,ul) =9,v) =0 for |k| > N.
Plugging in the expressions for the derivatives of uév and v,iv using the Galerkin
system (5.1), after collecting similar terms, we obtain

N N () — 7. —3ikikskst o N N N N,N, N
OE(u™ (t),v" (b)) = E ikge {Bug up, up, +3v vp, v,
k1+ko+kz=0
o<k | ko | [hg| <N

N, N, N N, N, 6 N N, N
—2uklvk21}k3 —2uklvk2uk3 —Ukluk2'l/k3 Uklvkzukg}
=:A. (5.3)
Now, writing ks = —(k1 +k2) one has

HE@N ()N W) == Y ke PR BuTul ufl + 3ol vl

kq+kotksy=0
0<|ky|slk2|,[kg|<N

N N, N N__N_N_N
—Quklvbvks 20, Uy Uy — Upoy U Uiy — vklvk2uk3}
- —3Zk}1k2k3t N N, N
- E tkoe {3uk1uk2 Uy "‘3”1@1”1@2”1@3

k1+kot+k3=0
0<|kylslk2l, k3| <N

N N, N __N_ N_ N
72uklvk2vk3 2uk1vk2uk3 Upe, Upoy Vg — vklvbuks}

By exchanging k1 and ks in the first sum and k2 and k3 in the second sum, we have

AE (WM (1), 0N (1) = — Z ikge3hrkakst LGy Nyl ull +6uf vp viy

ki+ko+kg=0
0<]ky|,k2l,|k3|<N

N N N N,N _,N,N,N
3uk1vk2vk3 Suklvkgukg 2uk1uk2vk3 QUklkaukg_ Vlgy Uy Uy — vkluk2vk3}
Since
N, N, N | N N, Ny_ N N N_ N, N N
E K3 (Vg o, Uy + Uk, Uk, Viy ) = E Feg (U, Uiy Uy + Uk, Vi, Vg )
ki4ko+k3=0 kq+ko+k3=0
o<lk1 k2l ikg| <N o<kl k2l [k3|SN

we conclude that
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HEWN (t),vN (1) =— Z ik;ge_giklk2k3t{6ukNlu,1€i,u£; —|—6v,1€\iv,1€\£v,i\;

ky+ko+ks=0
0<|ky],lkal;|k3|<N

—4u£§v,1€\gv,i\g —4u£§v£§uk]\; —QukNIui\gvg —2v,i\§v,i\;ukNg}
=—2A. (5.4)
Comparing (5.3) and (5.4) yields A=-2A, and thus A=0, i.e., the quantity
E(uMN(t),vN(¢)) is conserved. |

Now we address estimates for higher order Sobolev norms of the global solution of
the Galerkin system (5.1). In order to do that we utilize the second form of the equation.
Taking the solution (u",v"V) of our Galerkin system (5.1) we see that it satisfies the
Galerkin version of the second form (4.8) of the cKdV introduced in Section 4, namely

up \ (u U )k_BN(U uN )k NN N
o[ (05 ) = (Bha o) o i)t ) +BE G
:Rges(uN,vN)k—FBiV(u Ok, k€Zg, (5.5)

where we use the notations

BY (¢,4):=PBs(Pp,P), BY (6,9):=PB3(Pp,P),
R o (6,0) :=PRies(Po, PY), BY (¢,9):=PB4(Po,Py).

The next result states that the high order Sobolev norms of the Galerkin system
solutions (u¥,v") are bounded on [0,7] uniformly in N for any 7 > 0.

PROPOSITION 5.3.  Assume s >0, (u™,v™) € (H*)?, and T >0. Let (u™(t),0™(t)) be
the solution of the Galerkin system (5.1) over the interval [0,T] with the initial data
(u™,v™). Then (u™(t),0™N (t)) solves (5.5) and satisfies the estimate

||(uN(t)’UN §C<H(Uinvvm)“(f10)2’T’S)’ for all te€]0,T), (5.6)

where the bound is independent of N.

Proof.  Due to the fact that we are dealing with a finite number of ODEs (and
finite sums) we observe by straight forward calculation (differentiation by parts twice)
as in Section 3 and Section 4 that a solution of (5.1) also solves (5.5).

Throughout, we consider ¢ € [0,T]. By (5.1) (or (5.5)), it is clear that, ; (uy ,v5 ) =0
for |k| > N. Therefore,

1= P) @ (0.0 )] oy = | =PV )| oo <[00 oy (BT)

It follows that ||(u™ (t),0™ )H(Hs)2
is to show that the bound on the H*-norm is uniform in N.
n (5.5) we set

is bounded for every ¢t €[0,T]. Our goal, however,

N N( N N N(, N , N
N (uy ) By (0" )g =By (u,u g N (N
z; = (Uljcv> (Bév(uN,vN)k—Bév(vN,v N, +B3 (u Vi, (5.8)

then (5.5) can be rewritten as

oz =REY (u o) +BY (N o)k, k€ Z. (5.9)
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Since By gives a maximal gain of € < 1/2 spatial derivatives according to (4.11), we
fix a positive integer ng such that s/ng=¢c<1/2. Once we establish the uniform bound
in (H €)2, we can iterate the argument and after ng steps we will have the desired bound
in (H®)2.

Let My:= H(uin,vin)H(Ho)z. Due to the conservation law established in Proposi-
tion 5.2 one has

H(uN(t),vN(t))||(Ho)2 < C(My), for all t€[0,T]. (5.10)

Here C(Mp) is a constant depending on My, and it may change hereafter from line to
line. It is clear that the mapping properties of R . and BY are the same as the ones
of Rayes and By, and thus by (4.4), (4.11), and (5.10) we obtain

3res

HRN (u]\/,vl\[)|‘(l-{e)2 + HBfLV(uN,UN)H(HE)Z SC(Mo)(H(uN,vN)H(I-{E)2 —|—1). (5.11)

Taking into account Equation (5.8) and the smoothing properties of By and Bjs (see
Lemma A.2 and the estimate (4.9)) we have

™0™ ey < 1Y gy + OO, (512
and therefore together with (5.11) one has
[ RGhes (™ 0N oo + B @ 0™ 7ey2 SCMo)([|27] 7002 +1). (5.13)
Then, we see from (5.9) and (5.13) that
10627 || 722 < C(Mo)([[2" | 70y +1)- (5.14)

By (5.8) and the fact that H(ul\/(t),vj\[(t))H(HS)2 < oo for each t€10,T], it is clear
that ||z (t)H(Hs)z is also finite for every ¢t €[0,T]. Thus, we calculate

2 2 2
& ||ZN||(HE)2 =2(0z" 2") )2 S HatzN”(Hs)? + HZNH(HE)2

<C(Mo)(| 2V {rey2 + 1)

(H®

where (5.14) has been used. Then, by means of Gronwall’s inequality, we have
12 )] e <C(Mo,T),  t€[0,T],
and along with (5.12) it follows that
1™ (®), 0" (O)]| jg2y2 C(Mo,T), t€[0,T].
Finally, we iterate the above argument ng times and conclude
1™ (@), 0" (O)| 792 <C(Mo,T,5),  t€[0,T],

where the bound is uniform in N. It is worth mentioning that the uniform bound above
depends on the H%norm and not the H*-norm of the initial data. 0

We now establish the existence of global solutions (without uniqueness) which is
stated in Theorem 2.2 for the case s >0. Also, we prove the conservation law (2.12) and
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the bound (2.11). The uniqueness and continuous dependence on initial data for s>0
will be justified in Section 6 and 7. The case s=0 will be treated in Section 7.

Proof. (Proof of Theorem 2.2.) Let s>0 be given. As before, let (u” (¢),0™ (t)) be
the solution of the Galerkin system (5.1) on [0,7]. Taking some 6 > 3/2, thanks to (5.1)
and the mapping property of By provided in Lemma A.1 as well as the conservation law
in Proposition 5.2, we obtain

10N (1,0 (D) y-0y2 < CO @™ (1,0 O)][7 012 < CO) | 0™) |7 0 -

That is, d; (u™ (t),v™ (t)) is bounded in L>°([0,T]; (H~%)?)  LP([0,T];(H~?)?) uniformly
with respect to N. Furthermore, by virtue of Proposition 5.3 we observe that the se-
quence (u™,vN) is uniformly bounded in L ([0,T);(H*)?) c L?([0,T);(H*)?). There-
fore, due to Aubin’s Compactness Theorem, for 0 < sg < s, there exists a subsequence,
which we also denote by (u,vV), converging strongly to (u v) in LP([0,T); (H*°)?) and
sx-weakly in L ([0,T]; (H*)? ) and along with (5.6), we infer that (2.11) holds.

Since the subsequence (uY,v™) converges strongly to (u,v) in LP([0,T];(H°)?) we
can extract a further subsequence (u'¥(t),v™(t)) converging strongly to (u(t),v(t)) in
(H°)? for almost every t€[0,T]. Moreover, by means of Proposition 5.2, we have
E(uN (t),0N (t)) =E(u™,v™) for every t, and therefore &(u(t),v(t)) =& (u'™, ““) for al-
most every ¢ € [0,77].

Now we must show that the weak limit (u,v) is indeed a solution of the cKdV (2.6)
in the sense of Definition 2.1. For this purpose we utilize the fact that each (uf,vf) is
a solution of the Galerkin system (5.1) and hence a solution of

up (1)) uf“
() ()
_ /t <P31 (PuX (1), Pv™ (1)) —PBl(PuN(T),’PuN(T))k> & (5.15)
PBy(PuN (1), PvN (1)) — PB1(PuN (1), PN (1)) ' ‘

Using the symmetry of By and setting Q:=1—"P we can rewrite (5.15) as

()~ (%)

:/t<7> 1(PuN PN — )+ PBy(P(uN —u), Po)i )
B1(PulN , P(vN — ) +PB1 (PN —u),Pv)
(P (PN =), P(uN +u))p +PB1(u, Qv +PBi(Qu,Pv) )dT
PBi(P(0Y —v), PN +v))i+PBi(u,Qu)r + P By (Qu,Pv)y
(PBl(Qu JPutu)g — OB (u,v)+ QB1 (u,u)k )dT
PB1(Qu,Pv+v)— QB (u,v)r+ QB1(v,0)k

B (u,v); — By (u,u)g
+ ’ ’ dr, keZy. 5.16
A(&wmmeWn m ek (510)
First, we observe that due to the convergence of the subsequence (ul, o )= (u,v)
strongly in the space LP([0,T]; (H*°)?) and due to the fact that (u,v) € L>([0,T]; (H?)?)
the first three integral terms on the right-hand side are finite and converge to zero as
N —o00. We demonstrate this for a typical term fOtPBl(PuN,P(vN —v))rdr (terms

of the same structure are of course treated similarly). By using the Cauchy—Schwarz
inequality, for 6 >3/2, we deduce:
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t
/ P By (PulY,P(vN —v))dr
0

1/2
t
<[kl / S PB (PuY POV —o)), | ar

JE€Zo

t
§|k|9/ | BL(Pu, PN =) ;0 dT
0

t
<O [ o [0 =] o 0

<C|k|® HUN_vHLl([O,T];HO) —0 as N—oo, (5.17)

where we have used the mapping property of B; provided in Lemma A.1 and the uniform
boundedness of the H%-norm of u”V. Next, we treat the term QB (u,v)y.

2
1QB1 (u,0)[F-0 <C Y Ikl2(1_9)< > IUklllvk2>

|k|>N k=k1+ks

<Cllulpo ol Y KPO® 50 as N— oo,
|k|>N

due to 6> 3/2. Thus, with similar arguments as in (5.17) we derive

t t
/ OB (u,0) dr g\k|9/ 1QB: (u,0) | 50 AT — 0, as N — 00, (5.18)
0 0

where we have wused Lebesgue’s Dominated Convergence Theorem with
lw(®)|l go llv(t)]| o (which is bounded a.e.) as a majorant. The remaining terms
are treated in the same manner. Passing to the limit in (5.16) and using that the
subsequence (up (t),v) (t)) = (uy(t),vx(t)) for each fixed k € Zg a.e. on [0,7] we obtain

we(®) (i _ [ Bulu(r),w(m)e—Buu(r)u(r)i ) 4
()= CE) =L (B Bimnione Jore - 619
which is true for almost every ¢t € [0,7]. Since uy(t) and v (t) is absolutely continuous

over the interval [0,77] (see Remark 2.1), this identity holds for every ¢t €[0,T]. That is
(u,v) is indeed a solution of the cKdV (2.6) in the sense of Definition 2.1. d

6. Uniqueness for s>1/2

In the previous section we established global existence without uniqueness of solu-
tions to the cKdV system (2.6) in the space (H*)? for s> 0. Here, we will use Banach’s
Fixed Point Theorem to establish the uniqueness of solutions, as well as the continuous
dependence on initial data for s>1/2. The case s €[0,1/2] will be treated in the next
section.

In [1], where the periodic KdV was studied, the authors also used the contraction
mapping argument to establish the uniqueness. However, their technique depends on
the invertibility of a linear operator which relies on the fact that one can solve a 1d-
boundary value problem for an ODE explicitly and estimate its solution. But such a
method is infeasible to adopt here for our cKdV system since the linearization of the
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left-hand side of (3.2) may not be invertible, where the difficulty lies in explicitly solving
a boundary value problem for a system of two coupled ODEs in which the situation is
much more complicated. In order to bypass this obstacle, we split solutions properly
into high and low Fourier modes, and recast the differentiation by parts procedure to
terms involving high frequencies for the sake of taking advantage of the time-averaging
induced squeezing. A similar idea was also used in [1] to treat less regular initial data
(0<s<1/2), and in [11] (following [1]) to study the unconditional uniqueness of the
modified KdV equation for s>1/2. We believe that this kind of approach is more
natural and general, especially for systems. Since it avoids studying the invertibility of
a linear operator it is easier to implement to other dispersive equations for establishing
uniqueness of solutions. In fact, one of the main purposes of this paper is to demonstrate
this idea for such a typical system.

Let N>1 be an integer that will be selected later. Recall that P defined in (5.2)
denotes the projection on the low Fourier modes |k| < N. In addition, we define Q=
I —"P, where I is the identity map. Observe that P and Q both depend on N.

We decompose Bj(u,v) by splitting the Fourier modes of v and v into high and low
modes. More precisely,

B (u,v) = B1(Pu,Pv) + [B1(Pu, Qu) + B1(Qu,v)].

Thus, the original cKdV (2.7) can be written as
at<§f> =B (u,0) +BY (u,v), (6.1)

where vector functions B (u,v) and B? (u,v) are defined by

L Bl(Pu,Pv) 731(7)11,,7)11,)
B (u,0):= (Bl(Pu,Pv) ~ B,(Pv,Pv) ) : (62)
and
Q ~ ( Bi1(Pu,Qu)+ B1(Qu,v) B1(Pu, Qu)+ B1(Qu,u)
By (u,v):= <Bi(Pu,Qv)+Bl(Qu,v)) B <31 (Pv,Qu) +Bi(Qv,v) > ' (6.3)

Unlike the first differentiation by parts performed in Section 3 we now apply the
differentiation by parts procedure for B (u,v) only and leave BY (u,v) untouched. We
demonstrate the computation for a typical term Bi(Pu,Qu). In fact, for k € Z,

1. i
B1(Pu,Qu), = 51/{ Z el kk1k2t73uk‘,1 Quy,

k1+ko=k
_1y, < y SR Puy, Qu )
6 i k1ko
1 e?)ik}]itl k?zt
- Z —— (Pug, 0 Qu, + Qui, O Pug, ). (6.4)

kik
kitha=k 172

If we denote

_f Uk, Uk, if |k1+k2| <N
7D(“’“’”’f?)_{o if [k +ko| >N



Y. GUO, K. SIMON, AND E. S. TITI 1277

and

_ | Uk, Vg, if|kl+k2‘>]\f
e R i

then by (2.6),
1. i
Oy Puy = §Zk Z eSikkikat (D, ) = Plug, up,)),
ki+ko=Fk
and
1. i
@ Q’Uk = 51]{1 Z @3 kkikat (Q(ukl Uk'z) - Q(”h Ukz)) .
ki+ko=k
Therefore, for k € Zg,

1 eSikklkgt
5 X T (P dQui, + QuidPu,)
k1+ka=k

1 3i(k1+k2)(k2+ks)(ks+k1)t
oy
12

k1
ki+ko+ks=k

[Pukl Q(ukz Uks) - Pukl Q(Uk2 vka)

+ kal P(ukg ng) - thp(uk’zuks)]
=:f%. (6.5)

Combining (6.4) and (6.5) yields
B (Pu,Qu)i = 0¢Ba(Pu, Qu)k + fr, k € Zo,

where fy is defined in (6.5). Similarly, we can apply differentiation by parts for all terms
in BiQ(u,v) defined in (6.3), and obtain the modified first form of the cKdV:

o, KZ) —BQQ(u,v)] =BP(u,v) + RS (u,0), (6.6)

where BP (u,v) is defined in (6.2) and BY (u,v) is defined by

_( Ba(Pu,Qu) + By (Qu,v) By (Pu, Qu) + Ba(Qu,u)
B (u,v) = (BQ(PU,Q’U)"‘BQ(QU,’U)) B (BQ(P'U,QU)"‘BQ(Q'U,U) ) ' (6.7)

For the sake of conciseness, we do not provide the exact formula of R?(u,v). But
notice that fi defined in (6.5) is a typical part of R3Q (u,v)k. Thus, all terms in each
components of R3Q (u,v)x can be written in the form

1 ) esi(k)l-‘rkz)(kz-‘rkg)(kg-‘rkl)t
i > i Pry Uk Eks s K € Lo, (6.8)

ki+kot+hkg=Fk
{k1,k2,k3}€D

where D CZ3 is a set of indices that might vary for different terms in R3Q (u,v), and
each of ¢, 1, & is either u or v. For instance, the first term of fj defined in (6.5) is

1 - 3i(k1+ka)(ka+k3z)(k3+ky)t s
150D k) 4kt ha—k o Puk, Q(uk,Vksy ), and for the purpose of writing
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it in the form of (6.8), we take (¢,%,£) = (u,u,v), and carry out the summation over the
set D:{{kl,kg,kg}ezg : ‘k1| SN, |k2+k3‘ >N}

Expression (6.8) is essentially Rs3(¢,%,£) with summation over a set D. Therefore,
by the mapping property of R3 provided in Lemma A.6, we have

[RE @) . <C@ ) (6.9)
and
RS (w,0) —R?@L@)H(Hsy
<C(s) 101,0) = (@) oy (11 00) o2 + 1@ D)) (6.10)
for s>1/2.

Concerning BY (u,v), the following result shows that the smoothing property of BY
is better than the one of B; provided in Lemma A.1.

LEMMA 6.1.  For s>0, the operator BY defined in (6.2) maps H® x H° into H® x H*
and satisfy

BT (10) | 702 < Cls. N (1, 0) [0y (6.11)
and
HB{D(“’U) Bl w,v H(Hs)z
O, N)u0) = () oy (1,0} ggors + 1@ [ groys ) (612)

Proof. We consider a typical term Bj(Pu,Pv). The estimates of the rest of the
terms are similar. Indeed, by the definition (2.8) of By,

2

[|1B1(Pu, Pv) IIHs_ ) il I SR (VS

|k|<2N ki1+ko=k
[k1l,|k2|<N

1 2 2
< N2 N1 1) ol ol
In addition, since By (¢,1) is a bilinear operator, it follows that

| B1(Pu,Pv) — By (Pu, Po)]| -
<C(s,N)([lu =l go 1]l o + 1o =0 o 12l 170)-
|
Furthermore, the operator B2Q defined in (6.7) has the following mapping property

stated in Lemma 6.2 which indicates that the corresponding constant decreases to zero
as N — oco. This reflects the time-averaging induced squeezing.

LEMMA 6.2.  For any real number s >0, the operator BY defined in (6.7) maps (H*)2
into (H®)? and satisfies

[BS )|, <C)x Il (613)

(Hs)z
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and

|BS twv)-BE @0,

<O(s) e 1w 0) = @) e (M) g 1D ) (6:14)

Proof. Observe that every term in B2Q (u,v) contains the operator Q (projection on
high frequencies |k| > N) which is the reason that 1/N appears in the estimates (6.13)
and (6.14). To see this, let us consider a typical term, say, Ba(Pu,Qu). The rest of the
terms can be estimated similarly. Let z be an element in H~5. Consider

|Pug, || Qui, ||2k|
|(Bz2(Pu,Qu),z)| < — Z Z =
kezok1+k2 k (R [z

Z Z |uk1 |U1€2 |Zk1+k2|
kllk2|

0<\k1|<N|k2\>N

and set Uy = |ug||k]|™%, Vi =|vk||k|®, Zk =|2k||k| %, where s >0, 0<a<1/2. Then

|(Ba(Pu, Qu),

Z Z Ukt Vi || Zy 15 | |1 + 2|
|k1‘1 a|k2|1+s

cn \

0<|k1|<N |k2|>N

INA
| =

Z Z Uk [ Vio || Zky 1, [ 2K2

1— 1+
0<|k1|<N |k2|>N |k1| 0‘|k2\ ’

Z Z |Uk1HVk2 |Zk1+k2|
|ker [P ke

0<|k1|SN‘k2|>N

1 Uk, |
SC(S)N Z |11,a Z ‘Vk2||Zk1+k2|

k1
0<|k1|<N |ka|>N
1 1\’
D5 | 2 | 0o V1o 1 2] o
kE€Zo
1
<O(s,0) 5 lull o loll o 1z - -

By duality, this implies

1
1B2(Pu, Qu)ll g < C(s,0) 7 lull gr-a lol e, for s20,0<a<1/2.
Furthermore, by the bilinearity of Ba(¢,1) it is easy to see that

| B2(Pu, Qu) — Ba (P, Qu)| ;-

1 - - -
<C(s,a) r (lu=all g-o I/l 7 + N1l - 0 =0l )

Obviously, |||l g-o <|[¢]l g for >0 and a€[0,1/2) and hence (6.13) and (6.14) hold.
O

Now, with the mapping properties of BY, ng, and R3Q discussed above, we have
the tools to prove the uniqueness of solutions and continuous dependence on initial data
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which are stated in Theorem 2.2, for s>1/2. The less regular case s€[0,1/2] will be
considered in the next section.

Proof. Integrating the modified first form (6.6) gives us
(4) 0 (1) ©=Bfo.o) - B 0).000)
Jr/ {Bf(u(r),v(r))+R3Q(u(7'),11(7')) dr. (6.15)
0

Let (y(t),2(t)) = (u(t),v(t)) — (u™,v'"). In terms of the new variables (6.15) reads
(4,2)=F(y,2) (6.16)
where
Fly,2)(t) =BF (y(t) +u™ 2(1) +0™) ~BF (u™, ™)
+ /0 t [BY (y(r) +u™ (1) +0") + RS (y(r) +u, 2(7) +0™) | . (6.17)
For T* >0, which will be chosen later, consider the Banach space
Co([0,T7]: (H*)?) :={(y,2) € C([0,T"]; (H*)?): (y(0),2(0)) = 0}..
We aim to show that the nonlinear operator F maps the ball of radius A, which is

{(y,2) € Co([0. T (H*)) : 1y, 2l o, o2y < A (6.18)

into itself, and it is a contraction map provided that 7™ is sufficiently small.
Let (y,z) and (g,Z) be in the ball (6.18). Then by (6.9), (6.10), (6.11), (6.12), (6.13),

(6.14), and the definition of F (6.17) we find
1 in _ iny |2
1F (5 2) Ol greye <) 5 (42410 0™)[E012)

+T* [C(S,N) (A2+ H(uin,vin)H?Ho)z) +C(s) (A3+ H(uin,vin)Hf’Hs)z)} .

Notice that the left-hand side, i.e., |7 (y,2)(t)| z.)> is independent of N. Moreover, we
also have

1. 2)(0) — F@2) (1) ey
<w:2)(0) ~ (320 e { ) 5 (A+ [0 0™ | 1)
+ 7 [C(s,N) (A+ ][ 0™) | oy2 ) +C () (A2 + ]| (0™ 25 ) | B,
for all ¢ €[0,7%]. We observe once again that the left-hand side of the above inequality

does not depend on N. Therefore, for any A >0, we can choose N sufficiently large and
T small enough so that || F(y,2) ()| a2 < A, |F(G,2) ()| fs)2 < A, and

IF(y,2) () = F(,2) ()| g7+)2 < % 10y, 2)(8) = (4, 2) (D (£142 »
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for all t € [0,7*], where T™* depends on A and || (ul™, i) H(HS)Q. By Banach’s Fixed Point

Theorem, there exists a unique solution (y,z) of (6.16) on [0,77*] in the ball (6.18) which
immediately implies the local existence and uniqueness for the integrated modified first
form (6.15) in the space C([0,T*];(H*)?), for s>1/2.

It can be shown by elementary analysis that any solution of the original cKdV (2.6)
in the sense of Definition 2.1 also satisfies the integrated modified first form (6.15).
Therefore, the uniqueness of solutions to (6.15) on [0,7*] implies the uniqueness for (2.6)

n [0,7%]. By extension, the global solution constructed in Section 5 is the unique

solution of (2.6) and it is in the space C([0,T];(H*®)?) for any T>0 and s>1/2.

It remains to prove the continuous dependence on initial data. Let T'>0 be given.
We take two different solutions (u,v) and (@,%) evolving from two initial points (u!®,v™)
and (@'™,9™). Thus, by (6.15)

U—1u . u —11”‘ Q Qi -
(425 ) o= (i ) + BSe.00) - BS 0. it0)
(BQ( in 1n) BQ( in ~1n))
t
+ / {Bf(u,v)fo(ﬂ,ﬂ)JngQ(u,v) RS (i, @)} dr. (6.19)
0
Due to (2.11), which has been proved in Section 5, there exists M >0 such that
||(Ua”)”Loo([o,T];(Hs)2) and H(ﬁaﬁ)||Loc([o,T];(Hs)2)SM’

where M depends on T, s, max{”(u ||(H0 27” T “)||(H0)2}. Thus, by taking
the (H*)2norm on both sides of (6.19) and using (6.10), (6.12) and (6.14) we deduce

for t€[0,77],

1,0) = (@) | e (0 sz < 100 0™) = @5 | o

O3 MO 00) = (89) | o iy [0 — (B,

+ O, NYT* | (1,0) = (8) | e g0 g2y (M + D).

in "’11’1

ﬁz
@z

Mzreya)

Therefore, if we choose N large enough such that C' (s)%M < % and T sufficient small
such that C(s,N)T*(M+M?)< %, then

1 0) = (80| oo 0 - 11y) <A @™ 0™) = @ 5™)| -
By iterating the above procedure [T'/T*]+1 times we obtain

(T/T*]+1 H(Uin,’l}in) _ (ﬁm ~1n

[[(w,0) = (@, 0) | e (0,77 (775y2) S 4 M 202

where T* depends on T, s, and max{” in_pin) H(HO)2,H(ﬂin,ﬁi“)||(H0)2}. d

7. Uniqueness for s€[0,1/2]

Notice that the mapping property (6.9) of R? only holds for s>1/2. In order to
prove the uniqueness for the case s€[0,1/2] we shall perform the integration by parts
procedure to R?(u,v) to obtain operators with nicer mapping properties in H* for
$€[0,1/2]. On the other hand, for the purpose of constructing a contraction mapping,
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our strategy is similar to the one used in the previous section, i.e., decomposing R? (u,v)
appropriately according to high and low Fourier modes so as to take advantage of the
time-averaging induced squeezing.

Recall that all terms in R?(u,v)k are in the form of (6.8). As in Section 4 we
single out the resonant terms (i.e., when (k1 +k2) (k2 +k3)(ks+k1)=0) in R? (u,v)y by
splitting

RS (u,0) =R (u,v) + RS, o (u,0). (7.1)

Q

It is easy to see that the resonance Ry,

R3rcs(u,v), i.e., for SZO,

(u,v) has the same mapping property as

R v)| . <) oy 1 ,0) o (7.2)

(H#)?
and
R, (1) RE,.0.9)|
H 3res(u U) Sreb(u ’U) (HS)Q

<C(,0) = (@) reys (100 ey + 110 reye)- (73)

Next, we decompose Rstes(u,v) by appropriately splitting the Fourier modes of u
and v into high and low modes. By (6.8) all terms in RS, (u,v)x can be expressed in
the structure

. nonres 3i(k1+ka)(kat+ks)(ks+k1)t
7 e
iﬁ Z ¢k1'¢}k2§k37 k€ Zo, (74)

ki+ko+hkg=k 1
{k1,k2,k3}€D

where D CZ3, where each of ¢, ¢, £ is either u or v. Since the explicit structure of
D is irrelevant to the following argument, we see that (7.4) is essentially the same as
Ranres(0,1,&)x defined in (4.3) which can be split into two parts by adopting the idea
in [1]:

RBnres(éawa g)k = R3nres0 ((ba wvf)k + RSnresl (¢7 ¢7 g)ka (75)
where
R3nre50(¢7wa£)k = R?)nres((ba Qw, Qg)k
nonres e3i(k1 +k2)(k2+k3)(k3+k’1)t
= > ’ Ok, Qur, Qb,. (7.6
k1+ko+ks=k 1
and

RSnresl(¢7w7£)k
::R3nres(¢7¢7£)k - RSnreS(¢; Qﬂ% Qg)k
:R3nres(¢7lpw7§)k + R3nres(¢7 Q%Pf)k

nonres - 3i(ky+ka)(katks)(ks+ki)t
= Z (¢k17)'¢}k2 §k3 + ¢/€1 kaz 7)5763 ) (77)

k1
ki+kotks=k
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It has been remarked in [1] that Rsnreso(¢,%,€)r has only one smoothed factor Phy

k1
However, every term in Ranres1 (¢,%,€)r has two smoothed factors: % and Py, or

P&,. The following mapping property of Ranres1 (¢,1,€) is a special case of Lemma A.7:

[ Rsurest (€1, 7+ < CON"FH 1l 7o 181l 70 1€l 0 + CN 161l o 19l o 181 7o, (7-8)
for s€0,1].
By decomposing every term in RS, (u,v)) according to (7.5) it follows that

R?nres (’U,,’U)k = RSQnresO (U U)k +:R‘Bnresl(u?v)k? (79)

where all terms in RS, (u,v) are in the form

Z’ nonres e?)i(kl +k2)(k2+k3)(1€3+k1)t
ST P Ok, QUk, Qb kEZo,  (7.10)

ki+kothkg=Fk
{k1,k2,k3}€D

while all terms in RS, ., (u,0)), have the structure

nonres eSi(kl+k)2)(k¢2+k3)(k3+k1)t

1
+15 >, s (Or, Pk ig + Py Qi Péiy)s k € Lo,
ki+ko+kg=k
{kq ,k2,k3}ED

where D CZ3 and ¢, 1, & is either u or v. By (7.8) we infer, for 0<s<1,

[RE a0 L < OOV 00 g 10,0 (7.11)
and

[RE s ()~ RGr@)|

OW.9) 1 w:0) ) oy (100) s 1@ D) Bye) . (712

where C'(N,s) — 00 as N — 0.
Now, we apply the differentiation by parts to R?;Qmeso(um). Note that all terms in
RS, 0 (u,0)) are in the form (7.10). We can take the following term as an example:

7: nonres e3i(k1+k2)(k2+k3)(k3+k1)t

12 K
ki4kotkz=k
{k1,k2,k3}€D

Ugy QUi, QUi (7.13)

where D= {{k1,ka,k3} €Z3: k1| <N, |ka+ks| > N} corresponds to the first term of fj
defined in (6.5). If we ignore the explicit structure of the set D, which is irrelevant to
the following argument, then (7.13) is essentially the same as Rsnreso(,u,v); defined
in (7.6) to which we carry out the differentiation by parts:
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RSnresO (U, u, U)k:
nonres e31(k1+k2)(1€2+k3)(k3+k1 )t
= Uy Qukz kas

k1
ki+ko+ks=k
1
:Q(ath,O(u,U,U)k—gk), (714)
where
nonres e3’i(k‘1+k’2)(kg—‘rkg)(k:l—‘rkg)t

Bao(¢,0, k= Y

ki+ko+ks=

o (R + ) (s + i) (R + Ky Py Q¥ Qks (7.15)

and
nonres 3i(k1+k2) (ka+ks) (ks+k1 )t

ky(k1+k2) (ke +k3)(ks+ k1)

9k = O (ug, Qui, Quy, ). (7.16)

ki+ko+ks=k

Analogously to (7.14), one can apply the differentiation by parts procedure to all
terms in RY, ..o (u,v). Hence

R res0 (1,0)5 = 0: B (u,0) 1+ B (u,0)i (7.17)
For the sake of conciseness, we do not provide the exact formulas of BéQO(um) and
B%(u,v). But notice that, 3-Bso(u,u,v); is a typical term in B?O(u,v)k7 so by virtue
of Lemma A.5 one has, for 0<s<1,

[BS @) ... <A ) e (7.18)
and
|BS e B @)
<y(N,) l(,0) = @) oo (10000 R + 1 @) (7.19)

where v(N,s)—=0 as N —oo. In addition, g defined in (7.16) is a typical term in
B%(u,v)k. Clearly, gi can be treated in the same way as (4.7) and generates terms in

the same structure as B} (¢,,&,n) or B3(¢,1,£,m). By means of the mapping property
of By provided in Lemma A.8 one has, for s>0,

[B& @] ., <O, (7.20)

(He)?

and

<C(3) 11,0) = (@) ey (10,0) g0y + 1) e ) (7.21)
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By virtue of (7.1), (7.9) and (7.17) we can write R?(u,v) as

R?C? (u,v) R?C?res(u7v) +R3nreb( U)
:R?res(u7v) + RBnresl( ) + RBnresO (u U)
=R (1,0) + R oy (1,0) + 0B (w,0) + B (u,0). (7.22)

Substituting (7.22) into the modified first form (6.6) we obtain the following modified
second form of the cKdV:

O [(5) —BQQ(u,v)—BgQO(u,v)
_Bp(u ’U) + R3rcs (’LL U) +R3nrcsl( ) + BA(LQO(U‘?U)' (723)

We now use this form of the cKdV to prove the uniqueness of global solutions and
continuous dependence on initial data in the space (H*)? for s€ (0,1/2].
Proof.  The integrated form of (7.23) reads

(1) 0= (%) 0= B w0 +BS 0] () [BF w0+ B (w)] (0)

v v
t
[ [BE00) 4 RE s (00) + R s (00) + B )| (. (7:28)
0

Let (y(t),2(t)) := (u(t),v(t)) — (u™,v™). Using the new variables y and z (7.24) can be
written as a fixed point equation

(v:2)=F(y,2) (7.25)

where
F (y.2) (1) =BF (y(t) +u™, 2(t) +v™) + B (y(t) +u™, 2(t) +v'™)
—BQ( in in)_BgQO(uin,vin)
[ [BEG) #200) 0 RE ) 27) )
+RE o () +u™, 2(7) + 0™ + B (y (1) + i, 2(7) +0™) |dr. (7.26)
We intend to show .# maps the ball of radius A, which is
{(9:2) € Col0, T (F*)2): (9 )l e 1o oy < A (7.27)
for s€10,1/2] into itself and is a contraction map provided that T* is sufficiently small.
To see this, we let (y,z) and (¢,Z) be in the ball (7.27). Then, due to the mapping

properties (6.11), (6.12), (6.13), (6.14), (7.2), (7.3), (7.11), (7.12), (7.18), (7.19), (7.20),
(7.21), and the definition of .# (7.26) we deduce that for s€[0,1/2]

C o o
17(:2)(0) | grey2 < % (A4 ) e ) (V) (A0 ™0™ )
+ T O, W) (A2 4| (0|72 ) +C (A% [ 0™) [

+C(N,s) (A3+ H(uin,vin)H?HEV) +C(s) (A4+ H(ui“,vin)H?Hs)Q) }
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One observes that the left-hand side, i.e., [|.#(y,2)(t)[| ()2 is independent of N. In
addition,

1.7 (y,2) () = Z (5, 2) ()l 772y2 < 1y, 2) () = (7, 2) ()] 172
C(s in i 2 in _ iny |2

X{ ](V)(A—FH(UIH,UIH)H(Hs)z)+’7(Na5)<A +H(u U )H(Hb)z)
+ T [C (s, N) (A+ | @ 0™)| ) +C (A2 4[| 0™) [P )

Weiers) 1

where v(N,s) =0 as N — co. We observe once again that the left-hand side of the above
inequality is independent of N. Thus, for any A >0, we can choose N sufficiently large
and 7™ small enough such that |7 (y,2)(t)|| fey2 <A, [ F(5,2)(E)] ey < A, and

+O(N,8) (A2 4| (W 0™) e ) +C ) (A7 4| (0™

17 (y,2) (1) = F (5, 2) (D) | oy < % 1(y,2) (&) = (9, 2) D)l (£7+2

for all ¢t € [0,7*], where T* depends on A and ||(u™,v™) H froy2s BY Banach’s Fixed Point

Theorem there exists a unique solution (y,z) of (7 25) on [0,7*] inside the ball (7.27)
which yields the short-time existence and uniqueness of the solution (u,v) to (7.24) in
the space (H*)? for s€[0,1/2].

It can be shown that any solution of the original cKdV (2.6) in the sense of Defini-
tion 2.1 also satisfies the integrated modified second form (7.24). Also, recall in Section 5
we have already proved the global existence of solutions for the original cKdV (2.6) for
s$€(0,1/2]. Therefore, according to the uniqueness result proved above and using some
extension argument we conclude that the global solution of (2.6) is unique and contained
in the space C([0,T7];(H*)?) for any T>0 and s € (0,1/2].

Finally, similar to the proof in Section 6, we can also show the continuous depen-
dence on the initial data for the case s€(0,1/2]. O

REMARK 7.1. Notice from the above that the contraction mapping argument is valid
for s=0. Hence, provided there is a solution of (2.6) for the case s=0 we also obtain
the uniqueness and continuous dependence on initial data for Equation (2.6) if s=0.

It remains to show the existence of a solution to (2.6) for the case s=0. This will
be done by using density arguments.

Proof. We approximate the initial data (u™,v™) € (H°)? by a sequence of smoother
functions (uzn, ;n) (H*)?, 5>0. Let us fix an arbltrary T >0. We have already shown
that for each j there exists a unique solution (u;(t),v;(t)) € C([0,T7]; (F°)?) such that
(u;(0),v;(0)) = (u},v}*) and the quantity £ (u;(t),v;(t)), defined in (2.12), is conserved.
By Remark 7.1 we 1nfer

”(ujavj)_(uK’UK)HLOO([oyTL(HO 2 <LH ] Uy ) (ué vvé H(Ha)za (728)

n

where L depends on T and H i . Since (uijn,v}“) is a Cauchy sequence in

") oy
(H°)2, we deduce from (7.28) that (u;,v;) is a Cauchy sequence in C([0,77;(H°)?), in
which case we denote the limit as (u,v). Now, using the mapping properties of By, one
can pass to the limit in Equation (2.9) similarly as in Section 5 (where we proved the
existence for s >0) and deduce that (u,v) also satisfies (2.9) and conserves &(u(t),v(t)),
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defined in (2.12), for all € [0,7]. Finally, again by Remark 7.1, we obtain the desired
uniqueness and continuous dependence on initial data in the (H")? norm. |

Appendix A. Relevant estimates. In this section we collect all relevant esti-
mates for the nonlinear operators used in our equations. The notations are not, or just
slightly, different from the ones used in [1], where all of the proofs can be found.

LEMMA A.1.  Let 6>3/2. Then the bilinear operator By defined in (2.8) maps
Hx HO into H=? and satisfies the estimate

1B1(@: ) 110 S CODl] 7o 9] 70

LEMMA A.2. Let s>—1/2. Then the bilinear operator By defined in (3.3) maps H* x
H? into H5%! and satisfies the estimate

1 B2(¢, )| grasa < C()|l] gy 190l -
LEMMA A.3. Let s+a>0, a<3/4, s>—3/4. Then the bilinear operator Bs defined

in (3.3) maps H* x H® into H** and satisfies the estimate

1B2(0, )| oo < C(s,0)[[0]] gro 191l -

LEMMA A.4.  Let s>0. Then the trilinear operator Bs defined in (4.6) maps (H®)3
into H12 and satisfies the estimate

1B3 (0,10, 6)| g+ < (5)[|pll =

Dl s ll€l g7

LEMMA A5, If0<s<1, then the trilinear operator Bsy defined in (7.15) satisfies
the estimate

C
[ Bso(u,w,0) || g7« + | Bso (w,v,u) || gr= + | Bso (v, u,u) || = < ﬁ\luﬂéo [0ll s
If s<0 and p=—s<1, a>0, p+2a<5/3, and a<5/6, then

C(p,a)
1Bso (s w,0) e + [ Bso (v, )| e + | Bao (v, ) e < 53

lullFo o1l .

LEMMA A.6. Let s>1/2. Then the trilinear operator Rz defined in (3.4) maps (H*)3
into H® and satisfies the estimate

[1B3(0,9: ) 1z <C(3) |91l -

Dl g

Ell s

LEMMA A.7. Let 0<s<1, a>0. Then the operator Rsures1 defined in (7.7) satisfies
the estimate

[ Rsnrest (6,46l 7« < ON*TH 6l o [0l o 1€l zro + CNT* 6]l o 1901 gy 1€ 7 -
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LEMMA A.8. Let s>0 and €€ (0,%). Then the multi-linear operator By defined
in (4.10) maps (H%)* into HT¢ and satisfies the estimate

1Ba(0,0,&:m)l| grase <C(s,) 101l o 191l -

Ell e

Nl g -
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