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A WELL-POSED SIMULATION MODEL FOR MULTICOMPONENT
REACTING GASES*

JACQUES SCHNEIDER'

Abstract. We aim to present a relaxation model that can be used in real simulations of dilute
multicomponent reacting gases. The kinetic framework is the semi-classical approach with only one
variable for the internal energy modes. The relaxation times for the internal energy modes are assumed
to be smaller than the chemistry characteristic times. The strategy is the same as in [S. Brull and J.
Schneider, Commun. Math. Sci., 12, 1199-1223, 2014]. That is, a sum of operators for respectively
the mechanical and chemical processes. The mechanical operator(s) is the “natural” extension to poly-
atomic gases of the method of moment relaxations presented in [S. Brull and J. Schneider, Cont. Mech.
Thermodyn. 20(2), 63—74, 2008] [S. Brull, V. Pavan, and J. Schneider, Eur. J. Mech. (B-Fluids), 33,
74-86, 2012]. The derivation of the chemical model lies on the chemical processes at thermal equilibria.
It is shown that this BGK approach features the same properties as the Boltzmann equation: conserva-
tions and entropy production. Moreover, null entropy production states are characterized by vanishing
chemical production rates. We also study the hydrodynamic limit in the slow chemistry regime. Finally,
we show that the whole set of parameters that are used in the derivation of the model can be calculated
by softwares such as EGlib [A. Ern, V. Giovangigli, http://www.cmap.polytechnique.fr/www.eglib/ ]
or STANJAN [B. Reynolds, http://www.stanford.edu/].
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tion, hydrodynamic limit.
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1. Introduction

The Boltzmann equation for multicomponent reacting gases features many phenom-
ena that may occur at the microscopic level: elastic and nonelastic collisions, transfer of
energy between the different internal energy modes, chemical collisions, etc. An exten-
sive literature on the different Boltzmann equations, as well as mathematical modeling,
can be found in the book of Nagnibeda and Kustova [33]. Simplified models under
strong non-equilibrium assumptions rely essentially on the Chapman—FEnskog expansion
in a state-to-state approach or, equivalently, under the different time scales of each phe-
nomena. Once the relative scales are set, this requires one to evaluate the corresponding
transport coefficients on one side and to write evolution equations for the densities on
the other side. For example, one can consider the evolution of the concentrations of rota-
tional quantum levels for each species. The collisions resulting in vibrational exchanges
and/or chemical reactions are then averaged on the velocity space under suitable as-
sumptions on the translational and rotational distributions (Maxwell-Boltzmann). This
results in source terms that can be evaluated by analytical methods and/or experiments
(see for example [14]).

In the present article, we will not address the strong non-equilibrium regime. The
physical framework will be that of a moderately non-equilibrium regime with slow chem-
ical reactions. The corresponding Boltzmann equation is stated in the semi-classical ap-
proach for which the internal energy states for a given species are described by a single
variable. This theory was derived by Waldmann and Triiddenbacher [37] for a nonre-
active gas mixture. Ludwig and Heil [31] would eventually include reactive collisions
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(dissociation). The generalization to dissociation and recombination, including triple
collisions, was given by Kuscer [29] and Grunfeld [25] and can also be found in classical
textbooks [16, 19]. In the present paper, we intend to derive a simplified model for
dilute polyatomic gases undergoing chemical reactions. For the Navier—Stokes system
of equations for reactive collisions, BGK [4] type relaxtion operators may bring more
information than the corresponding moment method. Notice also that those moment
equations are the “simplest” model in the hierarchy of Nagnibeda and Kustova [33].
Our aim is to construct a kinetic model based on one side on mechanical relaxation
processes and on the other side on chemical reactions near thermal equilibria. The
seminal model of Bhatnagar, Gross, and Krook must be generalized and improved in
order to keep as much information as possible coming from the non-equilibrium distri-
bution functions. We only retain some of the advances that were obtained in the case
of gas of monatomic gas mixtures, namely the works of Garsd, Santos, and Brey [24],
Andries, Aoki, and Perthame [1], and finally Brull, Pavan, and the author [11]. The
first of these models is actually used in practical applications. The second has brought
a nice mathematical setting — positivity of its solutions, H-theorem, etc. — together
with the right collision frequencies in the case of Maxwellian molecules. The last one
proposes a systematic way to construct well-posed relaxation models based, more or
less, on the study of the linearized Boltzmann operator and on the transport coeffi-
cients of the hydrodynamic limit (Navier—Stokes equations). To our knowledge, BGK
type models addressing chemical reactions have been mainly investigated by Groppi,
Spiga, and other researchers in Parma [5, 6, 21, 22]. In the same vein, one should also
cite the works of Kremer, Pandolfi, and Soares [28]. Their framework is that of a four
component gas mixture undergoing a bimolecular reversible reaction

My + My =Mz + 9y

with only one quantum internal energy per molecule. Thus mechanical collisions are
elastic and treated as in [1]. Those pioneering works constitute a solid basis for further
investigations despite the fact that they are unlikely to be generalized to real polyatomic
gases. A good analysis of them, as well as a perception of their drawbacks, can provide
insight about what could be done.

The aim of this article is to introduce a BGK model that goes beyond such an anal-
ysis. We do not only intend to design a well-posed simulation model (H-theorem, etc.)
but also to address physical simulations of multicomponent reacting gases. We adopt
the strategy that was introduced in [10] and employ a sum of BGK models that fea-
tures the natural distinction between nonreactive and reactive collisions. This strategy
applies especially in the case where the difference between the respective characteristic
times of each phenomena is of a sufficiently large order of magnitude. The founding idea
is to bring information from the macroscopic level to the kinetic one. In this vein, we
extend to polyatomic gases the method of moments relaxation introduced in [8, 11]. The
real novelty lies in the derivation of the chemical operators by making use of chemical
processes at thermal equilibrium. We construct for a given species i a single BGK type
model that takes into account all chemical reactions where 4 is either a reactant or a
product (or both).

The paper is organized as follows. We first introduce the notations and all neces-
sary materials for the rest of the paper. In particular, the semi-classical approach is
briefly described for the sake of consistency. In Section 3, we recall two formulations of
the Navier—Stokes equations for polyatomic mixtures after a short introduction on the
method of moments relaxation (MMR). In the first one, the fluxes are expressed using
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the thermodynamics of irreversible processes [32, 13, 18, 11]. It is the natural frame-
work of the MMR. Yet, our method is for the moment incomplete and is constructed
assuming that only the diffusion matrix is known (second formulation [37, 31, 20, 16]).
We then present the derivation of the mechanical operator in two steps. Some neces-
sary assumptions are proved a posteriori in the third step together with the H-theorem.
Section 4 is devoted to the chemical relaxation model. We firstly address the case of a
single reaction and secondly construct the operator for a full chain of reactions. Finally,
we prove that all physical properties are satisfied: conservation of atom mass concen-
trations, mean velocity, and total energy together with entropy production. In Section
5, we study the whole model: 1 - states corresponding to null entropy production, 2 -
hydrodynamic limit. We also summarize the steps of the whole construction. In partic-
ular, we show that the whole set of parameters that are used in the construction of the
model can be calculated by softwares such as EGlib [17] or STANJAN [36].

2. Boltzmann equation and notations

2.1. Notations. We consider a set S of polyatomic gases composed of p species.
For the purpose of notation, we often use the same letter/index i to denote either a
species in S or its number in {1,---,p}. Then for each species i €S, we denote with
fi(t,x,v,T) the distribution function where t,x, v, I are respectively the time, position,
velocity, and index for the internal energy states of the i*" species. Each internal energy
is denoted with E;; which includes both the I*" quantum energy state together with the
energy of formation. Macroscopic quantities are obtained, as usual, from the distribution

functions f; in the following way. The number density of the it? species is given by

n'= Z / fidv
IeQy
so that its mass density per unit volume is

pl=m;n'= Z /mifidv

IeqQ,;

where m; denotes the mass of the molecules of the i*" species. The hydrodynamic
velocity u is given by

pu= Z /mivfidv

i€S

1€9;
where p=3._¢p; is the total mass density. We may also define the total density
n=7y ,cgn’ which is often used when there are no chemical reactions. The internal
energy £ per unit volume is given by

1 1

gpu2+5: E /(imiv2+Eﬂ)fi(t,x,v,Eu)dv. (2.1)
i€S
1€Q;

The kinetic entropy S per unit volume is defined by

S5 (£) = Z /fi(log(ﬂufi)*l)dv
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where the statistical weight (3;; is given by

Here h, is the Planck constant and a,; is the degeneracy of the I** quantum energy
shell of the i*" species. Let us point out that S¥™ corresponds to the physical kinetic
entropy, contrary to the mathematical entropy H which is often used for mathematical
convenience and is of the opposite sign.

2.2. Boltzmann equation. In this section, we briefly recall the reactive ki-
netic Boltzmann equations in the semi-classical approach. The non reactive Boltzmann
equation for polyatomic gas mixtures that we consider is obtained in a semiclassical
approach. It was derived by Waldmann and Triiddenbacher [37] and can be found in
different textbooks [16, 19], etc. The chemical source terms were derived by Ludwig
and Heil [31] and generalized by different authors [29, 25] and can be found again in
the above textbooks. This operator will not be detailed because it is required in the
present work. The Boltzmann equation without external forces reads as

O fi+v.Vufi=Si(f)+Ci(f), i€, (2.2)

where S;(f) is the nonreactive, or scattering, source term and C;(f) is the reactive, or
chemistry, source term.

The nonreactive collision term. This term reads as

a;ra; g
§ § j / fLE— — f W dvdviav, (2.3)
JES I'eqy airr @j.g

JESZ

J/er

where I and J are the indices for the internal energy states of the i** and j** species
before collision and I’ and J' are the corresponding numbers after collision. The symbols
f! and f]’ are the classical notations for the distribution functions after collisions, that is
fi=fi(t,x,vi,I") and f}= f;(t,x,v},J’). Finally W”I 7" is the transition probability for
for the above collisions. In the case where COHlblODb are possible, the following condition
on reversible collisions holds:

1JIr'jy’ I'J'1J
Wij CLZ]a]J—W airragjgr. (2.4)

Finally, we recall that other formulations involving cross sections, and thus angular
deviation in the integral, are possible (see e.g [34, 23]).

The chemistry collision term. For a given species ¢ € S, the chemical process
is composed by an arbitrary number of elementary reactions. Those reactions occur
at the microscopic level collisions between two molecules. Collisions involving more
molecules are, in principle, very unlikely to occur. However, triple reactive collisions
may be considered in an abstract kinetic framework and will be considered here. All
chemical reactions are of the form

D= 9, reR (2.5)

kes” lesr

where §" and B" are respectively the indices for the reactant and product species.
Correspondingly, the stoichiometric coefficients of the i*® species in this reaction are
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b, and we set v, =vP —vl . We also denote with S,
the set of reactants, products, or both in the reaction r. Finally, the reactive source
term in (2.2) reads as

respectively denoted by v{, and v

Ci(f)=>_Ci(f) (2.6)

reR
where C7(f) is the term corresponding to the chemical reaction r for the species i.

2.3. Collisional invariants of the non-reactive collision operator. This
space is of particular interest in the case of slow chemical reaction. It is spanned by the
following list of vectors:

1 0 MU, mivy myv, %mlv2 +FEy

0 0 MUy MoV Mav, §m2V2 + FEor
PR ) ; ) )

0 1 My Vg My Uy My Vs %mnv2 +FE,r

This space is of dimension p+4, and the above list of functions is denoted 4!, [ € [1,p+4].

DEFINITION 2.1. The space of collisional invariants of the non reactive collision terms
18

K=Span{ ¥',1=1,...,n+4 }. (2.7)

The momentum invariants ¥P*”, v =1,2,3, and the energy invariant ¥?** are also
collisional invariants for the reactive collision operator C. But this is not the case for
the species type invariants 1!, [=1,---,p, and one must rather consider conservation of
atom mass concentrations. However, the description of those invariants is not required
in our work as will be shown later on.

2.4. Entropy production and Maxwellian distributions. The entropy
source term can be split into

Ukin — US +UC

where v° is the nonreactive contribution

0% =k Z /Si(f)log(ﬂufi)dvi

i€S
1€Q;

and v© is the reactive contribution

00 = —ky Z/Ci(f)log(ﬁﬂfi)dvi.
réa,
Each quantity is nonnegative and thus yields a generalization of the celebrated H-
theorem. In particular, one can specify the form of the distribution functions for which
v =0 or equivalently S;(f) =0 for all i by using (2.4) and the specification of the space
of collisional invariants K. We denote with M = (M*,..., MP) the set of those functions
with

i Loy m; o Ei
M= ‘exp{ 2kBT(vl v) k‘BT} (2.8)
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where @; is the full partition function of the species 7 per unit volume. This function is
the product of the partition function for internal energy

QM= Z ai1 exp(— F: ) (2.9)

1€y kBT
with
Qt»rz 2mm kT 3/2
(3 h}Q) °
2.5. The linearized non reactive source term. For any list of functions

W= (11, - ,1p) and ® =(¢1,---,P,), we introduce the dot product

i=p 4
<\p,¢»>:;/w Vi M d.

This definition extends to lists of tensors by applying tensor contraction. Next we
denote with Lg:=(Ls,1, -+ ,Ls,p) the linearized operator of the non-reactive source term.
Without entering too much into detail, Lg satisfies the properties

Ker(Ls) =K, (2.10)

Lg is continuous, invertible and self adjoint negative on K*. (2.11)

A mathematical proof for monoatomic mixtures can be found in [3].

3. A relaxation operator for mechanical processes
In this section, we extend the BGK model derived in [11] to polyatomic gas mixtures.
This approach was developed in different steps which are presented here.

1. In the simple case of a monoatomic gas, the collision term reads Q(f,f)=
QT (f.f)—v(f)f where v(f) is the collision frequency. In particular, when v
does not depend on f (Maxwellian molecules), the above form is very close to
a BGK model R(f)=v(G—f). The comparison between Q" (f,f) and R(f)
not only suggests that one consider G as a relaxation function (the classical
BGK model [4]) but as an approximation of QT (f, f). This founding idea was
presented in [35] as a Galerkin method where G is defined via a maximization
problem under constraints. More precisely, G is the nonnegative function that
is the maximum of the entropy of all functions whose moments are equal to
those of QT (f,f). The number of moments is chosen arbitrarily.

2. Unfortunately, this idea cannot be generalized to any type of interaction poten-
tials. Then, the second idea consists of considering the formal linearized form of
R(f) in such a way that its eigenvalues are more or less those of the linearized
operator of Q(f,f). This leads one to set constraints such as

/R(f)mi(v)dv:—ki/fmi(v)dv, i=1,..N

where (1/););,(m;(v)); are more ore less equivalent to the eigenvalues and eigen-
vectors of the linearized operator of Q(f,f). With those constraints at hand,
one can perform a Chapman—Enskog under suitable assumptions. The corre-
sponding Navier—Stokes equations are then compared with those obtained from
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the Boltzmann equation. Then a proper choice of (A;,m;(v)); allows one to
match the first system of equations with the second. In a previous publica-
tion [8, 9], we were able to reinterpret classical relaxation models such as the
ESBGK model [26] and its generalization to polyatomic molecules [2].

3. Yet, this new interpretation becomes a systematic method for constructing
relaxation models. This was applied with success in the case of monoatomic
gas mixtures [11].

In our method, the formulation of the fluxes is very important. The mass and heat
fluxes are written as

Ji==Y LV (%)~ LipnV (= 7).

_ (3.1)
Jq= _Z;;Il)LPHJV (QTJ) —Lpy1pt1V (_%)
where (g;); are the specific Gibbs free energies per species. Finally the momentum flux
is

Ju=—aV-ul—nD(u) (3.2)

where « is the volume viscosity and 7 is the shear viscosity. We denote with D (u) the
classical Reynolds tensor

D(u)= [qu+ (qu)T] S (Vxu) L (3.3)

1
3
This formualtion was derived from the thermodynamics of irreversible processes (TIP)
by Meixner [32] and from the Boltzmann equation for monatomic gas mixtures by
Chapman and Cowling [13] and De Groot and Mazur [18]. We quickly describe in
an appendix the derivation of the coefficients from the kinetic theory of polyatomic
gas mixtures (see Remark A.2 in Appendix A.4). Yet, another formulation of the above
fluxes is more suited to real applications since it is written in terms of phenomenological
forces:

Ji:_zgzlpiDijv;’j — 04 3L, Vie {1;4}, -

Jq==AVT—p> 1,0,V + 5L hi;.

Here, D=(D;;);; is the diffusion matrix, (6;); are the thermal diffusion coefficients and
A is the partial thermal conductivity. This formulation was derived from a kinetic theory
of polyatomic gas mixtures by Waldmann and Trudenbacher [37]. Rigorous derivation
of these equations was then given by Ludwig and Heil [31] and later on by different
authors (see e.g [13, 20, 16, 19]). The set of coefficients in the two formulations are
related by algebraic relations that were found by Kurochkin, Makarenko, and Tirskii
[27]. In our approach, if the above coefficients are approximated by some formulae or
algorithms (see e.g [16]), the Onsager matrix L =(L; ;)i j=1,.. p+1 Obtained from those
relations must be symmetric nonnegative, a nonnegative, and n positive.

3.1. The mechanical operator. It will have the form

RM (f) = oM (MM - f) (3.5)
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where o™ is a mechanical relaxation frequency and M = (MM ,MII)VI ) is the set of
relaxation functions. We impose constraints on this operator such that the Chapman—
Enskog expansion of the kinetic equations

atfz +vafL - (fz) iES, (36)

coincides with that of the Boltzmann equation (2.2) (without chemical terms). To this
end, we set

MZ/ MM fi) W ==X Z/ JiwWrj- (3.7

JES jES
JEQ JEQ

Up to now, we were only able to construct an operator based on the matrix L=
(Lij)iyjzl,”_’p. It is not our purpose to go beyond this result but just to extend it
to the case of polyatomic molecules. Note that the symmetric nonnegative matrix L is

related to the symmetric nonnegative diffusion matrix D = (D;;); j=1,...p by the formula
[27]

- RpLi;
Y pipim’

i,j€S, (3.8)

where R is the perfect gas constant and m is the mean molar mass of the mixture:

Np
4 7
Dic1

(N is the Avogadro number). We are now going to briefly recall and eventually modify
the results obtained in [11] in the next sections.

m=

3.2. Step 1: Definition of the relaxation coefficients and related mo-
ments.
DEFINITION 3.1. Let C; be the vector whose i*" component is v—w and whose other
components are 0. Denote by Pk the orthogonal projection on K and by Z the identity
operator. Then we define C as the space generated by the vectors (Z—Pxk)(C;),i €[1,p].

th

The following lemma and proposition were proven in [11].
LEMMA 3.2. The symmetric nonnegative matrix D* defined by

_ \/PinD

ij T nkBT YR Za] € [17p]7 (39)
always diagonalizes in an orthonormal basis,
=WTAW.

Up to some permutation in W and A, the corresponding eigenvalues (d), are non null
forr=1,..,p—1 and d};=0. Moreover, the vectors defined by

n Cs
w=> Wy r=1,..p—1 (3.10)
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form an orthonormal basis of C while

Ps Cs — Cs 1 1
= Ls =+ W, = gl grt2 grtsT 3.11
v Z p Csll ; PIe vakT L ) (311

PROPOSITION 3.3. Set
Ae=dh A, =0, (3.12)

in (3.7) where (wy), is defined as above. Then under suitable properties on the linearized
operator of R(f), the mass fluzes obtained from the Chapman—Enskog expansion of (the
rescaled) Equation (3.6) are

P
Vp; ‘
Ji==S"pip,; i es 3.13
> D= (3.13)
j=1
We refer the reader to the proof given in [11]. The required conditions on R (f) will
be further detailed and proven.

3.3. Step 2: Defining RM (f). The form of RM (f) in (3.5), together with
the constraints (3.7) and the conservation laws, imply that M* must be in the set of
functions

g>0a.e,Vle([l,n+4], jes f]R?’ — fi)dv =0,
geK(f)< (3.14)
Ar _
Vre(l,n—1] ,Zligegi fRS W <gi — (1 — Hr ) fl) dv=0.

Denote respectively with U= (ul,...,u?)” and U= (uy,...,u,)” the mean velocities of f
and g and with N and A the diagonal matrices whose diagonal terms are respectively
(\/P15--+,1/Pp) and (A1,...,Ap). Then one can deduce from Lemma 3.2 and (3.7) that

- 1 —
U-U=N"'w" (IQMA>WN(UU) (3.15)

where U= (u,---,u)T. Now we need to prove that K(f) is non-empty. The conservation
of internal energy reads as

E= Z/( m;(v—u) +Eu~>fldv = Zl ‘(u' —u)?4-£* (3.16)

i€S =1
IeQ;
1
—Z/( m;i(v—u) +Eu>gzdv = Z* (u—u)® + &,
i€S =1

Ie SZ
where

=Y mz/v w)’fidv, E.=) m,/v w;)%gidv. (3.17)

i€S i€S
IeQ; IeQ;

It is clear that a necessary condition for K (f) to be non-empty is

1 - () 1 £ i
B E p'(u —u)2—§ E P (u;—u)? >0 (3.18)
i=1 i=1
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(we will see in Definition 3.4 that this condition is actually sufficient by exhibiting a set
(gi)i of nonnegative functions satisfying all constraints). The constraint it imposes is
that o™ must be larger than

~M Z ||V1H2

SEYAE where V=WN (U-U) (3.19)

which is obtained by minimizing

P 1 _
> o ptwi—u)’ = [[w” (I Q]\/[A> V2.
i=1

Equation (3.18) is then satisfied since

p p
i Ar Qi
Zpl(ui _u)2 gmrax(l - QM )ZZP (11 _u)27 VQJM > 07 (320)

i=1

(W is orthonormal). We will see later on that the entropy production is more or less
maximal when o™ = g™ (Proposition 3.6). Yet, 1/0™ should be considered as the mean
relaxation time of the mixture for the translational and internal degrees of freedom to
come to equilibrium. For a single polyatomic gas, this time is proportional to the volume
viscosity [20]

where p is the pressure, c™ is the internal specific heat per molecule and c, is the

constant-volume specific heat per molecule. We may as well consider the same quantities
for the mixture with

p=p—T (3.21)
m

and define o™ with the above formula. This is, of course, subject to the condition
o™ > 6™ and leads us to the definition of our model.

DEFINITION 3.4. Set

2 int
oM =max (pc 7 @M>. (3.22)
3a ¢,

Denote with MM = (MM ... M) the set of functions such that

Skin(pM) = max Skin(g). (3.23)

Those functions read as

MY =5 -

m;
Bv[ Ql 2kBT*

where Ty is implicitly defined by

(0w~ ot} (3.24)

6= nChTATAL), BAL)=

EzI
o Z a”ElIexp( ) (3.25)
i€s Qi ( IGQ ks T
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(see (2.9) for the definition of Q™) together with
5*51H<13VA>WUVUJUNP. (3.26)
2 0
Then the mechanical relazation operator RM (f) reads as
RM(ﬂ:@M(Aﬂ4fﬂ- (3.27)

REMARK 3.5. In [1] different collision frequencies are considered for each molecules.
However their model is only valid for Maxwellian molecules and its derivation is very
different from the essence of the method of moments relaxation. We may impose in
(3.22) that o™ >max, oM where o is a typical mechanical collision frequency of the
rt" species. This is important as regards the assumption of slow chemistry but it seems
somehow artificial. Thus considering multiple collision frequencies in our framework
should be investigated.

3.4. Step 3: General properties and linearized operator. The whole
construction of the model R (f) relies on its ad-hoc linearized form and on the derivation
of the hydrodynamic limit. The required conditions of Proposition 3.3 are given in the
sequel. It is firstly necessary that the order —1 in the Chapman—Enskog expansion of
(the re-scaled) Equation (3.6) vanishes if and only if

R(f)=0<=f'=M.

M

PROPOSITION 3.6. The non-reactive entropy source term v is nonnegative and van-

ishes if and only if f= M or, equivalently, R(f)=0.

The proof, which differs from that given in the monoatomic case, is left to the
appendix. Then, the second conditions are given in the following lemma (see [11]).

LEMMA 3.7. The linearized operator Ly of RM reads as
Ly =0 (Px+RoPc—1)

where Pc denotes the orthogonal projection C and R is the linear operator defined on
C by the formula

Vre([l,p—1],R(w,) = <1 :&) Wy

As a conclusion, Ly satisfies the same properties as Lg. Moreover, Ker Ly =K, and
L is continuous and self-adjoint negative.

4. A BGK model for chemical reactions

In this section, we firstly construct a BGK model for a single reaction r € R (2.5)
and secondly consider the whole set of reactions. Then we prove the conservation laws
and the H-theorem. Finally, we reflect upon the meaning of this model.

4.1. A single reaction. The aim is to construct a relaxation model that
allows us to approximate the molecular production rates of [ C7(f)dv and still satisfies
conservation laws and entropy production. In the slow chemistry regime, it is reasonable
to assume that [C7(f)dv~ [CI(M)dv. However, the slight departure of the averaged
macroscopic fields in a subset S, from those of the Maxwellian functions in the same set
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does not allow us to make this approximation. More precisely, macroscopic quantities
in the subset S, are defined by

Pr=ies, 2orea, J mifidv,
pru” = ZiEST ZIEQ,- fm,»vfidv, (41)
%pr|ur|2+gr = ies, 2o1eq; f(%mivg+Eu)fi(t,x,v,Eu)dv

where p”, u”, and £" are respectively the total mass per unit volume, the mean hy-
drodynamic velocity, and the internal energy of the species. It is easily seen that, in
general, u” #u and

T

3 _

E" n' *kBT+Ei T
# 30ty (r))
(see (3.25) for the definition of FE;). We may associate to the above quantities
Maxwellian distributions M" = (M®");cg., which we do not define here, and the corre-
sponding molecular production rates [C}(M")dv. The latter can be considered, to a
certain extent, as approximations of [ C7(f)dv in the slow chemistry regime. They read
as

/CZ(M")dv = v Tr(t,X), €S,

where 7, is the zero-order rate of progress of the reaction at (¢,x) defined by
_ nk Vlfw‘ nk ”ll;r
e () -5} (42
keS kes

(here the dependance of all quantities on (¢,x) is omitted for the sake of brevity).
Essentially, X, is an average of all reactive collisions (either forward or backward but
not both) with respect to the distribution functions

my 2 E; .
eXp{_QkJBT”" (v—u") _k‘BT’“}’ i€ Sy,

where T" is implicitly defined through the equation
) 3 _
=Y n'(SkT +E;(T")). (4.3)
€S 2

Then we consider S, as an isolated system. The construction of our model relies on
the evolution equations of those species at thermodynamical equilibria and constant
internal energy when only chemical reactions occur. Those equations read as

dspi(8) =muv Tr(8), VieS,,
pi(0) =m;nt(t,x), (4.4)
E(s)=E"(t,x), Vs >0,

where 7,.(s) now depends on n;(s) and T;.(s) is implicitly defined through (4.3) replacing

(n?) with (n;(s)). The usual progress of this reaction at time s is, in absolute value,

SOR () du.
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Here, the time s is independent from ¢ and d; is the classical derivative with respect to s.
Note that the temperature T,.(s) is implicitly defined at any time through Equation (4.3)
(replacing n’ with n;(s)) and the conservation of internal energy £”. We may as well
write the evolution equation for T,.(s) coupled with the ones for (p;(s))ies,) taking into
account the conservation of internal energy. However, we will see that the construction
of the model relies essentially upon the conservation of mass atoms concentrations and
internal energy all along the chemical process. So as a first step, we are suggesting the
following definition.

DEFINITION 4.1. Set

T, :ni —i—VirgT(S), Vi e Sr, (45)
and
1 ny 1m;(v—u")? E; } )
Mi=— " _oxpd—= - , i€, 4.6
Bir Qi(Ty) p{ 2 kI, kel (46)
where T, =T,.(s). Then the chemistry BGK model for the reaction r is defined by
7-(0)
Ri(fi)= M —fi). 4.7
()= gy M= £ (47)

The whole construction allows one to recover the averaged Maxwellian production rate
of the 7" reaction at (¢,x) whatever the choice of s:

Z/Rf(fi)dv:uiﬁr(t,x), Vies,.

Ieq,

The instantaneous variation of higher “physical” moments of the distribution functions
should be recovered for the smallest values of s. But this is true only if those functions
were at thermal equilibrium. As an example, we have

E VR () dv=m;u"v;, T 7 (0) " —u'
IeQi/ml Ri(Dd i Vi T(OH_ET(s)p(u )
_urdpi 77"(0) iur_ui

The first term is an approximation of ) 3; ¢, J m;vCl (f)dv (2.6) in the thermal limit f—
M, but the second one features a spurious relaxation of u’ toward u”. As a consequence,
s must be chosen in such a way that this non-physical relaxation is as small as possible.
The best we can do is to set s=+o00. We denote with £"°? and (n;?) the following
quantities:

+oo )
£ret = / 7o (u) du <= nfT =n' 41,7 Vies,. (4.8)
0

We do not know exactly the order of magnitude of 7,.(0)/£™¢?, but we have the following
stability property whose proof is left to the appendix.

PROPOSITION 4.2.  The model (4.7) is well-posed in the sense that

7.(0)

— o"eq
i =" <400
gmea—0 é‘r,eq
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where a1 depends on macroscopic values at equilibrium. In particular, for bimolecular
reactions — M;+M; =M +M; — we have

a™ed :j{r{nfq—f—n;q szq+nl64}
QiQ; QrQ
eq, e = 5 T T \2
LK n; q?’qu (Ei-f—Ej—Ej—Ej)

Q Q] (ZJGST pjcvj(TT"reQ)> kB(T’r‘,eq)Q

where ¢y;(T7°9) is the constant-volume specific heat of the Gt species defined by

dE;

3 i(Tred

cyj= 2‘3(1—T() (4.9)
m;

(here we have omitted all dependance on T when it is self-evident).

If the distribution functions were at thermal equilibrium when the mass action
holds, then the reactive term (4.7) would vanish. Unfortunately, the above proposition
shows that R} (f) may not vanish even when 7, =0. So, finally, we propose the following
definition.

DEFINITION 4.3.  Let (n;?);cs, (see (4.8)) and T"°? be respectively the equilibrium

densities and temperature of the system (4.4). Set

1 n? 1m;(v—u")? Eir
med = S S — i €S, 4.10
M ﬂz[ Ql (TT eq) exp{ 2 kBTr,eq kBT'r',eq ? te ( )

Then the chemistry BGK model for the reaction r is defined by

gT(qu)H(T,.)( M f,) (4.11)

— 0 (M- 1) (412

where H(-) is the Heaviside function.

Ri(fi)=

REMARK 4.4. Note that ¢" >0 varies all along the reaction process and vanishes
artificially at equilibrium. Moreover, ¢” is not a collision frequency. It is the exact rate
of relaxation of a mass specie’s to its equilibrium value, i.e when the mass action holds.
To our knowledge, this variable is never considered in classical chemistry.

REMARK 4.5. This model may be compared, to some extent, to the relaxation
model derived by Bisi, Groppi, and Spiga [7]. In their article, the Maxwellian functions
M are defined under the constraints of atom mass concentrations, mean velocity
and energy conservation. The corresponding macroscopic fields are bound together
with the mass action law. Finally, the H-theorem is satisfied, but the use of different
collision frequencies does not allow one to approximate the chemistry production rates.
Another approach was proposed by Groppi and Spiga [22] which takes into account
those production rates. The also model features different chemical collision frequencies.
On the one hand, this eliminates the spurious relaxation terms; on the other hand,
the model is not well-posed. In particular, the H-theorem is only satisfied when the
distribution functions are at thermal equilibria. We believe the main reason is that
atom mass concentrations of the relaxation functions are different from those of the
distribution functions.
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4.2. A model for all chemical reactions. The quantities that must be
calculated to design the whole chemistry model are summarized here.

1. For each reaction 7, consider the set of distributions functions (f;)ics, as an
isolated system with corresponding macroscopic quantities p”, u”, £", and T".
2. Calculate the zero-order macroscopic rate of progress at (¢,x),

k

- n7k Vlfcr_ TL V}ir
@) M) )

and the densities (n;“?);cs, and temperature 77°? of the system (4.4) at chem-

ical equilibrium. Finally, set

ny ¢l =nt4 1,7, Vi€ Sy

K2

Let us now define some macroscopic quantities of the following weighted sum of

Maxwellian functions, (M} **?),., for the i*" species: the density n{

nf = —=———— Z Z/Mquv

Z’“/ ies, 0" r/ €S, I

= > o npe, (4.14)

ZT/ i€y o r/ i€S,

the velocity u{’

Culo M rea g
pf v Zr/ T T/Z Z/ M dv

€S, IeQ;

S S (4.15)

r/ i€S, o r/ i€S,

and the internal energy per unit volume £

51‘0:2 Z Z/ —my(v—u)2+E;p) M dv

r/ ies, @ r/ i€S,. IeQ;

s (e me) @]

Zr/ i€s, @ r/ i€Sy
(4.16)

(in these equations ). / i€S, o" only applies to the relaxation rates ¢” which are different
from 0). Finally, the temperature T is defined implicitly by the relation

7 K3

£¢=nf (szT;CJrEZ.(TF)). (4.17)

DEFINITION 4.6. Set

1 ¢ m; B,

c i i Cy\2 il

C _ _ —u¥)2— } 4.18
M; 5.1 O:(TT) exp{ 2y TC (v—u) R TC } ( )
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Then the chemical model for the species i is defined by

REF)=( D o) (MT =) (4.19)
r/ i€Sy
=of (M = fi). (4.20)

The whole construction allows one to recover the zero-order molecular production rate
of the i*" species at (t,x),

Q?Z/(Mf—ﬁ) dv=( 3 S -n)= 3 o ()

I1eQ; r/ i€S, r/ i€S,

= Z Vir ?r((ni)i,é'r) (421)

r/ i€S,

where we have used (4.14) and (4.11).

4.3. General properties. The solution (p;(s))ies, to the Euler system (4.4)
conserves atom mass concentrations by construction. As a consequence, this is also the
case for the sum of the reactions. The whole construction of the chemical model (4.12)
also preserves the other collisional invariants ' (I=p+1,...,p+4). We have

SES [ MOy ulav=Y( 3 o) [ (M) ulav

€S IeQ; i€S r/ i€S,

ZZQ’"Z/(MZ’W—JS) Phdv=0  (4.22)

T €S,

where we have used (4.15) and (4.16) and the construction of the models (4.11) for all
reactions 7.

PROPOSITION 4.7. The reactive entropy source term v¢

1§ nonnegative.
The proof is left to the appendix.

4.4. Discussion.  We have considered each reaction separately in the construc-
tion of this model which seems incorrect at first sight. Let us now consider the full
chain of reactions assuming that f=M. In the homogeneous case, the equations of the
chemical reactions are

dspi = Zr VirTr, Vie Sr,
pi(0)=p", (4.23)
E(S)ZZiESni(%kBT+Ei(T)), Vs >0,

where T' is the temperature at thermal equilibrium at s=0. Denote with (M;?); the
equilibrium distribution functions obtained as s — 400 in these equations. It would thus
be tempting to set

RE(fi) =07 (MST— f3)

where ¢ (n{? —n')=3" v;,7,(0). But there is no reason why Y v;,7,-(0) /(n{?—n?)>
0, so that the model is ill-posed. In some sense, the best relaxation model is obtained
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when replacing o in (4.11) with 7,.(0)/¢7(s), defined in (4.7) for s small. Indeed, (M¢);
would thus tend to the thermal distributions all along the chemical process as s— 0.
We have already seen that such a choice is not possible and want to go further in the
analysis of R (f;). One can deduce from (4.8), (4.12), and (4.14) that

nC =ni + > VirTr(0) it 1 dn;

Zr/ €S QT Z"/ i€S, QT dS
Thus, the faster the relaxation rates o” are, the smaller the “time step” As;=
1/(2,,/ ics, ©) is. Hence, n¢ can be seen as an approximation of n;(As;), the so-
lution to the system (4.23).

(0), ies.

5. The whole BGK model: properties and hydrodynamic limit
The modified Boltzmann equation reads as

Otfi+v.Vafi=o" (MM = fi) +of (M —fi),  VieSs, (5.1)

where the mechanical and chemical operators are respectively defined in (3.27) and
(4.19).

5.1. Properties. We have seen that the mechanical operator”s construction
is based on a maximization of the entropy S¥™ under constraints (3.14). Recall then
that those constraints include the conservation of all moments in the set of mechanical
collisional invariants K. Moreover, mass atom concentrations, mean velocity, and energy
are conserved by definition of the chemical operators. We now want to characterize the
states of null entropy production.

THEOREM 5.1. The entropy source term,
ykin — yM 4 C
18 monnegative. Moreover, the three following assertions are equivalent:
i) fi=M!, Vi€ S and all molecular production rates 7, =0,
i) M (MM = fi) + of (M —fi)=0,  Vies,
i) V€It =0,

Proof.
i) = ii) We have that

fi=M Vie S= MM =M

by construction of the mechanical operators. Finally,

of= Y oL H(T)=0, Vies.

r,eq
r/ i€S,

ii) = iii) This is straightforward.

iii) = i) We have already proven that v™ >0 and vanishes if and only if f=M
(Proposition 3.6). Besides, v¢ >0 (Proposition 4.7). Hence, v¥® =0 if and only if
v¢ =0 with f=M. Following the proof of Proposition 4.7, it must hold that

O:VC > ZQT Z (Skin(Mi> _Skin(M;',GQ)) >0

T €S,
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Thus either o" =0 or f; =M’ =M “? for each reaction r. In each case, this means that
7r =0 by construction of the models RI(f;) (4.11). Hence, 7, =0 for all r which ends
the proof. ]

5.2. Hydrodynamic limit for slow reactions. The slow reactions regime
corresponds to the situation where the chemistry characteristic time is much less than
the mechanical time. The hydrodynamic limit of our model is then obtained by studying
the equations

OUf; + v fi= oM (MY~ fE) +of (MO D), i€S.  (52)

as € —0.

5.2.1. Euler equations.  Equation (5.2) at order —1 implies that f; = M? for
all species 7 thanks to Proposition 3.6. Then, the zero-order macroscopic equations read
as

0+ V- (piu)=m; @Y,
9(pu)+ V- (pu@u+pl)=0, (5.3)
Oi(5pu” +E)+ V- ((3pu* +E+p) u) =0

where the pressure p is defined in (3.21). Additionally, @?

3
production rate of the species i with

= VT, (5.4)

is the zero-order molecular

where (7,), are the set of Maxwellian rates of progress (4.13) with 7" =T.

5.2.2. The Navier—Stokes equations. We may write the Navier—Stokes
equations in the general form

0ip' +V - (pa)+eV-J; =mw? +em;w},
Ot(pu)+V-(pu@u+pl)+eV-J,) =0, (5.5)
Or(5pu*+E)+V - ((3pu° +E+p) u) +eV-Jq=0.

The fluxes are given by

P

i VDp; .
Ji=— "D —=, €S, 5.6
;P iy (5.6)
Ju=p"*T—a(V,uw)l—7D(u), (5.7)
p
Jq=-AVT+> hiJ;. (5.8)

=1

Here, (D;;)i; is the diffusion matrix computed with the linearized Boltzmann operator.
The volume and shear viscosities are equal to

a=2p e b
3 QJ\/I Cy ’ QM
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int _

where ™ =3, % c;nt is the mixture internal specific heat per molecule with c}

dE;/dT and c, = 5/{ +c™ is the mixture constant-volume specific heat per molecule.
We have the following formula for the reactive pressure:

ks T

T C C i B —0

peac QQM E Qz kBT kBT) QQM w; QQMC E mlw €;
i€s i€S Vies

where ¢f, n{ and T are defined in (4.19), (4.14), (4.17) and e;= 3k T+ E;)/m; is
the specific energy of the i*" species. The partial thermal conductivity is equal to

dE nt 5 int
A= kTZ < dT)kBTiEZSm(Qkﬁci ),

3

and h; = (%kBT—&-Ei)/mi is the specific enthalpy of the i species. Finally, perturba-
tions of the chemical source terms are explicitly given in the following lemma.

LEMMA 5.2. We have that

r dﬁr
Be Y e, 5.9)

Z r/iZGST Ykes, preud(T) T dT

where cyy is the constant-volume specific heat of the k" species defined in (4.9). Fur-
thermore,

lnt

ar—_LkBT((Zjes n) ndeSr - )V U
M Zjes 0; (5 —&)— o o ZjeSTme? €j
ﬁ (zjesmng? e)) % (Xjes, piow TN/ (Xesp5¢0(1)

mt

where ch is defined in (4.16) with " =u'=u and £ =p’e; is the internal energy of
the species j.

The computation of the transport coefficients together with the proof of this lemma
are left to the appendix.

Comment. The diffusion matrix is the one derived from the Chapman—FEnskog
expansion of the true Boltzmann equation (2.2) in the slow chemistry regime, but the
thermal diffusion coefficients are equal to 0. All other transport coefficients depend on
oM. However, if oM is the first argument in (3.22), then & is equal to the true volume
viscosity a. Note finally, that there is a bulk viscosity in the first order correction of the
the molecular production rates and a chemical pressure p*?° as in the “true” Navier—
Stokes equations. As a conclusion, one may obtain all transport coefficients in (3.4) by
diagonalizing the whole Onsager Matrix (L;;); j=1,... p+1 (see (3.1) and the introduction
of Section 3).

5.3. Calculation of the coefficients. As already mentioned in the introduction,
the present model is not just a well-posed mathematical model. Many softwares and
formulae provide us with tools for calculating its coefficients.

The mechanical operator: Let us recall that its derivation essentially requires
one to diagonalize the symmetric nonnegative matrix D* defined by (3.9),

Dr e VPil;

i,j €[1,p].
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Ern and Giovangigli [16] have derived algorithms to compute the modified diffusion
matrix D = (%Dij)ij that preserve the required property of D. Those algorithms have
been implemented in the free access software EGlib [17]. Moreover, their iterative
procedure is numerically stable for vanishing mass fractions. In this case, D* is not
defined, but we need, essentially, to compute the inverse of its eigenvalues (Proposition
1). This problem must be investigated within the framework of [16].

The chemical operator: It depends on different coefficients which are either
directly given by the macroscopic fields or must be calculated.
1. The first step consists of calculating u” and £ (4.1) for each reaction.

2. At this stage, the molecular production rate may be rewritten in a more familiar
form (molar production rate):

St (CORES 3 | (SR (5.10)

keS kes

where v¥ =n* /N = p*/(N'my). The forward rate constant K/ (T) can be ap-
proximated by Arrhenius empirical relation. The backward rate constant must
then be defined by K8(T) =K/ (T)/K¢(T) where K¢(T) is the equilibrium con-
stant of the r*" reaction. This constant is related to the standard Gibbs free
energy change

In(

~RTWK(T) =Y vieN'm, (g}‘?m(T) e

€S,

kBT patm
)

where the quantities in parenthesis are the Gibbs free energy of each species at
unit concentration.

3. The next step consists of calculating the concentrations and temperatures at
equilibrium for the whole set of chemical reactions. Softwares such as STANJAN
[36] are dedicated to such computations. In our case, it is done by maximizing
the thermodynamic entropy S in the set

X ={(n"4viyx)ics,, YreR}N(RT)dmS- (5.11)

where dim.S,. is the total number of species in the reaction — reactants and
products (see the proof of Lemma 5.2 in the appendix). Note that S is different
from the entropy S which depends on the partition functions (Q;)cs, and
thus on quantum mechanics. In practice, this means that the H-theorem will
be satisfied only up to some small error.

4. The final step just consists of calculating the weighted macroscopic quantities
(4.14), (4.15), (4.16), and (4.17).

6. Discussion and conclusion

We have presented a kinetic simulation model for dilute polyatomic gases under-
going chemical reactions. It is the sum of mechanical and chemical operators for each
species. The mechanical part is the extension to polyatomic gases of the method of mo-
ment relaxations for monatomic gas mixtures [11]. This method allows us to construct
a well-posed BGK model based on the knowledge of the “true” transport coefficients
at the hydrodynamic limit (diffusion matrix, etc). In some sense, this operator mim-
ics the behavior of the linearized Boltzmann operator as concerns its restriction to a
limited number of functions, not only in its restriction to the collisional invariants K
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(see Definition 2.1) but also in its restriction to other physically relevant moments. The
chemical relaxation models feature many interesting properties and a certain simplicity
in regards to the unlimited number of reactions. The production rate of a given reaction
r is approximated by a Maxwellian production rate, an assumption which makes sense
in the case of slow chemistry. The H-theorem is proved and the entropy production
vanishes if and only if the distribution functions are at thermal equilibrium and all pro-
duction rates are null (Theorem 5.1). The hydrodynamic limit is very close to that of the
Boltzmann equation for reacting gas mixtures [16, 19]. Finally, we have summarized the
derivation of the whole model in Section 5.3. Softwares such as EGlib [17] or STANJAN
[36] allow us to calculate the whole set of parameters of the two operators. Thus, the
model can be utilized in a real physical context, especially in the so-called moderately
non-equilibrium regime. The mechanical operator may be subject to some restrictions,
however. On one side, it would be necessary to include different relaxation frequencies
(see Remark 3.5, Section 3.3) in the framework of the method of moments relaxation
(Section 3). This is a required condition to make sure that the characteristic times of
relaxation of internal energy are larger than the chemistry characteristic times. On the
other side, the derivation of the mechanical BGK model should take into account the
whole set of transport coefficients; that is, not only the diffusion matrix and the shear
viscosity but also the thermal diffusion coefficients, the partial thermal conductivity,
and the volume viscosity should be accounted for. A work is in progress as concerns
this last point.

Acknowledgement. The author would like to thank Professor Giovangigli for
many helpful discussions on chemical processes.

Appendix A.

A.1. Proof of Proposition 3.6.
Proof. We have

vM =k, oM Z/(MZ'M — £:)log(Bir f)dv > o™ (skin(MM) fSki“(f)) (A1)

by concavity of the function x — —zInz. Let M’ be the set of functions

~ 1 ny m; ; E;
Mi=——"—ex {— L (v—u')?- = }
B @u() P 2 V)
where T™ is implicitly defined by

3 _
5*:Zni(§kBT*+Ei(T*))
i€S
and £* is defined in (3.17). It holds that
SKn () < K (MD). (A.2)

Denote Wit~h M., and M* the set of functions obtained by setting u; =0 in ./\/lfw and
u’=0 in M for all species i €.S. Those functions are two states of the gas at rest and
at thermal equilibrium. One may define the corresponding thermodynamics functions
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— entropy S, volumetric energy &, etc — from the kinetic framework and state the
celebrated fundamental thermodynamic relation

1 Jir i
i€S
where g; = (ksT/m;)In(n'/Q;) are the specific Gibbs functions and D denotes the total
derivative. Next, we set A= (E*,pl,...,pP), B=(&.,pt,...,pP), and y(t)=(1—-t)A+tB
with ¢€[0,1]. Then, integrating the exact differential 1-form (A.3) on the path +, one
obtains

sB)-8(a)= [ as= [ Geu) € —erd=e.—) [ pod

Recall that £, > &* by construction of R (f), so that using (A.1), (A.2), and the defi-
nitions of M, and M* one obtains

VM > oM (S M) - S ) = oM (S(B) - S(4)) 20,

Note that Sk(f) <Ski“(M*) (A.2) unless f= M. Next, it is easily checked by using
(3.20) and (3.22) that £, =E&* if and only if u* =u; =u, Vi€ S. Therefore, vM =0 if and
only if f=M =M,

Finally, it is easily seen that

f=M=MY = RM(f) = vM =0,

which ends the proof. O

A.2. Proof of Proposition 4.2.
Proof.  Let (nj?); and T™°? be respectively the densities and temperature obtained
as t— 400 in (4.4). Consider the function

€ 3 T, e nl T,€ T
o) = 3 57 =vyea) (ST 1) + BT 4)) €.
JESr

We naturally have f(0,0)=0 due to the conservation of internal energy in (4.4). Recall
that (see (2.9))

in T,e E
Qint(1mee) ZG,JJBXP< kBT”‘I)

JeQ;

Then we have

Z picyi(TT1) >0
JES,

where cy; is the constant-volume specific heat of the 4t species defined by

dE;
o+ S ()
mj ’

Cvj
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Without entering too much into detail, the implicit function theorem states that there
exists an open set W containing 0, an open set U containing 0, and a unique C'*
function ¢ from W to U such that f(z,o(x))=0. Note that one can apply the same
theorem any time s >0 in (4.4) so that ¢ can be extended to the bounded set I =]0,£™°?]
(if 7,.(0) >0) and I=]¢™*2,0] (if 7,-(0) <0). Set x=£"°? and

T (@) =7 (0) =X (p () +T747)

nzqukrm V)fcr nzqfl/krw DET (A4)
X{erS(CM«:(m)M) _ers(W> }

It is easily seen that 777 is a C'*° function of = in I. Using a Taylor expansion, one has

drsd
dzr

eq
ars

—=eq —7e(()
7o) =7E(0) + =

(0)+0(2*) =z

(0)+O(z?).
As a consequence,

im0y, 7M@) AT
£rea—s0 f’ﬁeq z—0 x dx

(0).

This limit can be easily calculated by differentiating (A.4) at x=0. We just consider,
for the sake of clarity, the case of a bimolecular reaction M; +M; = Mj;,+M;. Then
one finds after some calculation that

—e €q €q eq eq
ool dred (0)= T{ni +n; LT +n, }
dz Q:Q; QrQ
+X ng g (B:+E;-E,-E))’
QLQJ (ZjEST PiCvi (Tr,eq) kp (Tr,eq)Q

where we have omitted the dependance upon 77°? when it is self evident. 0

A.3. Proof of Proposition 4.7.
Proof.  We firstly recall a result due to Giovangigli which we adapt to our case
(Proposition 6.5.1 [19]).

ProposITION A.1 ([19]). The entropy of the system (4.4) is defined by

. 5 E; n;
Skln,T: an(ikB_Fi?_kBlog ’ ) (A5)
ics, 2 T, Ql (TT)

where T, =T, (s) is defined implicitly thanks to the conservation of internal energy,

er— Zni(s)(ngTr +Ei(T})).

iET
Then the entropy production v©" is equal to
yOr_ ks S gimivieT
Tr. (3 "awrtr
€S,

where g; is the specific Gibbs function of the it" species. It is nonnegative and vanishes
if and only if 7. =0.
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Let us first remark that

1

Skin<MiC) Zskin Z QT(M;‘,EQ)

27"/ ies, @ r/ i€Sy

1 .
Z - Qrskln(M;",GQ)
>0/ ies, 0 r/gezsr

where we have used on one side the definition of M¢ (4.18) and on the other side the
concavity of the function S¥*. Thus,

VO 3o 3 [(ME - 5) tos(Buf) v (A.6)

i IeQ;

>3 of ($4(ME) -8 1)

>3 000 Y (S Mpe) — sk ) (A7)

T 1€Sy

where we have used the concavity of the function z <+ —xlnx. Set

' 1 _n mi o Bir .
i ~ " _ e | N
M= Qz-(TT)eXp{ 2 VW) kT} i€ S, (A8)
where T"=T7(0) in (4.4). Then,
Soskn (s < 3 sk M)
1€S, i€ES,

by definition. Finally, using Proposition A.1 it holds that

> (S (MP—SK (M) >0, VreR,

€Sy
which ends the proof. O

A.4. Derivation of the Navier—Stokes Equation (4.2).  One can compute
the first order perturbation g in the same way that it is done when coming from the
Boltzmann equation (see e.g [20] or [19]). This is essentially due to the properties of
the linearized mechanical operator £j; (see Lemma ??) and to the ad-hoc form of the
Euler equation (5.3). So we will not recall the calculations that lead to the equation

! ) +wC, (A.9)

Jj=p
1 1
EM(g)ZZ‘I’Dj .vaj+§A:D(u)+§AV:V$u+B~V (k T
=1 "

The list of tensors 5, A, AV, and B belong to K+ (2.7) and read on their i*" line as

1 i .
@fﬂ:p(@-—pp)(v—uy jeSs

omy 1 2
= [ we v g vl
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2¢ 1 3 2ctr
Al = —mi(v—u)?—ZkT)+—=(E;,—E;;) |I
‘ (CkaT(2m (V U) 27" )+CkaT( I) ’
T 1 _
(B)z:(%; —§mi(v—u)2+Ei—Eu)(V—u).
Finally,
wC ,M+@+Zg‘es(%kBT+Ej)wg
' M n' pc, T
3 .1 .
X(ikBT_imi|V_u| +E1—E1[)

Here ¥ is simply obtained by calculating the i line of (Z—Pg)VC with VO =
(—of (MF =My)/ My, =05 (M —Mp)/./\/lp)T (recall that Z is the identity opera-
tor on L2(M) and P is the orthogonal projection on K).

Then the computation of the transport coefficients is easily obtained thanks to
Proposition 3.3 and the explicit formulation of the pseudo inverse of Ly,

VeeK, L3} (g) = o7 ((R-Tc) " oPe-+(Pe—D)) (8) (A.10)

where Z¢ denotes the restriction on C of the identity operator.

REMARK A.2. Yet another formulation of (A.9) is more suited to the computation of
the Onsager matrix (thermodynamics of irreversible processes). This formulation was
introduced in [11] in the case of monoatomic gas mixtures following an interpretation
of the Euler equations by Levermore in [30]. This formulation reads

J=p
n,; 1 1 ~ 1
L3(g) =y (I—- C,)Vy(ln=L)|+=A:D ~AY:V,u+B- V=
(=2, P ()9 (g )+ 5a D+ gAY Vs B9 () +
where C; is the vector whose j*" component is v —u and whose other components are
0 and B is given by
- (EkaT 1

B;=m;(v— ——(v—u)? Ei—EZ-).
m;(v—u) 2% 2(V u)’+ I

Note that B is no longer orthogonal to C (Definition 3.1), contrary to B. Then,
Lij=—kg'mim; (L5" [(Z—Px)(C;)],(Z—Px)(Cy)),

Lipt1=Lpr,l=—k;'m; <£§1 (B) (T —"Pk) (Ci)>, (A.11)

Lypipn =k ' (£5" (B).B).

Finally, the matrix (L;;)i j=1,. p+1 iS symmetric nonpositive thanks to the property
(2.11), and one can easily check that its kernel is (1,---,1,0)7 e RPHL.

A.5. Proof of Lemma 5.2.
Proof. Our aim is to calculate

ZEDY / € (g)dv (A.12)
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where
£6 (@)= lim - (RS (M(1+ 5g)) - RE (M) (A.13)
= tim [0, (ME, ~ Mi(1+500)) —of (ME—M;)] (A.14)

and gi(’:s and Mffs are respectively the rate of relaxation and equilibrium function of
the it" species defined in (4.19) and (4.18). They depend on the relaxation models R}
(4.7) and, therefore, on the initial distribution functions M(1+ sg). So let us consider
a single reaction r and calculate the perturbed rate of relaxation o together with the
Maxwellian function M;’(? at chemical equilibrium where

Bt Qi(1% DT PR

Let us now consider the system (4.4) and calculate its initial conditions. Note that the
mass species (p');es, remain unchanged since £3;: K+ —K*. Hence, Pr=2 s P
Other macroscopic quantities for this reaction (see (4.1)) are found to be equal to

1 nil i E;
M= )exp{—m v—v)Q—I}. (A.15)

prul=p'ul + ZZ/} D;; VP], (A.16)
€S, j=1
ET=E" + sa,+5°p, (A.17)

where

1
oy = — Z/( m;(v—u) —i—E”) <3Ayszu+\lljc> Mdv,

JESr
IeQ;

1 lnt
=~k | ()
JES, jeSs, Cv
c
+QWZQJ (€5 —&)— MZWJW €
JESr JES,

= [ Domi@d e | x (D piewi(T)/ O pjcw; (T

JjES JESr JES

f, is some constant depending on ¥, and (Vp;);. ej= (%kBT—f—Ej)/mj is the specific
energy of the j' species. Additionally, £ is defined in (4.16) with u”=u’=u, and
&, is the internal energy of the species j. It is well known (see for example [12]) that
the entropy is a concave function of the number densities per unit volume once the
internal energy is fixed. This still applies to thermodynamics functions defined from
the kinetic entropy such as S¥™" (A.5). In the case where a chemical reaction occurs
at fixed internal energy, the usual thermodynamics function used for characterizing
the equilibrium is the entropy [12]. We are now going to prove it in a mathematical
framework. Let us consider the concave function ¢(x) =S¥™" ((n® +v;,.2);es,,E") which
is defined for all values of z such that n® 4+ v;,.x >0, Vi € S,., or equivalently for all number
densities in the set

X= {(ni +vir)ies,, YVreR}IN (R-‘r)dimST.
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Here dim S, is the total number of species in the reaction — reactants and products.
Atom mass concentrations are conserved in this set, and X contains the solutions of
(4.4) as s varies (see (4.5)). Using the second law of thermodynamics (A.3) and the
implicit theorem that was used in the proof of Proposition 4.2, one has

n' v
dep = ks Z virIn (Qz( T 5’”))) dx

i€Sy

in such a way that ¢/'(2)=0 if and only if 7.(z) =0 (see (4.2) for the definition of the
macroscopic rate of progress 7). Thus, the maximum value of ¢ in X is obtained
for £=¢£"°? (here we avoid some technical arguments to prove that the densities at
equilibrium are in the interior of X).

Let us now study the variation of densities and temperature at chemical equilibrium
with respect to the variation of internal energy. This can be done by calculating the
variation of x and y with respect to the variation of £” in the manifold

o In <n + ngc>

E r r.eq

€S, T Ty

Clearly, x is a strictly monotonic function of the variation of £” in its vicinity since

%(0,0) >0. It is even shown in [19] that this function is smooth, and we may write
n;% =n;" +ép(E] - ET). The behavior of y with respect to this variation is less clear
since 8—( 0)=>,virE;(T™°?) which might be null. So let us consider the problem
from another point of view. The mass atoms concentrations p, = (p1,r,...,fner) and
temperature T are the “natural” variables in the study of chemical equilibrium flows
[16, 19] (here n®" is the number of atoms in the set of reactants (or products) in the
reaction r). As concerns the homogeneous problem, j, is determined by the initial mass
species (p’)jes, and is kept constant during the reaction, that is (n;)es, € X (5.11).
Then one may consider the internal energy and the densities as functions of (T, p,.), and
one has, in particular ,

n?q:ni(Tneqaﬁr)aViGSm gT:g(Tneq’ﬁT)'

It is shown in this framework ([19], Lemma 10.2.3) that Or& is positive (not infinite) at
chemical equilibrium points, and £ is also a smooth function of T. Hence, we also have
Tre1=T" 4. (EF — E™) for p, fixed. The calculation of the macroscopic fields defining
M, is then performed using (4.14), (4.15), (4.16), and (4.17). They depend smoothly
on the perturbation sMg thanks to the above results. Denote with F; ; the function in
the limit (A.14). Skipping all technical details, F; ¢ is bounded by a function G € L (R?)
for 0<s <4 with ¢ fixed and sufficiently small. Moreover, F; ; converges point-wise to
a function F; = L{ (g) € L' (R3), so that we can use the dominated convergence theorem
to compute @1. More precisely,

o= Y lim e 7T (Trs =71) (A.18)

where we have used (4.21). Here, 7, s=7,((p")i,E7). Next, consider the perturbed
initial condition in (4.4). For (p'); fixed, one has

EL(TT)=E"(T) 7)Y pj co(T)+ O((T7 =T)%).

JES,
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For a given reaction r, one sets s= (T —T) (3 ,cs, pj vi(T))/cr in (A.18) if o, #0.
Otherwise the limit is 0. Then the final result is

1 Ay dr,
wi = Z = = Vir—.
v/ i€S, Les, prew(T) - dT 0
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