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Abstract. Phase retrieval aims to recover a signal x € C"™ from its amplitude measurements |(z,a;)|?,
i=1,2,---,m, where a;’s are over-complete basis vectors, with m at least 3n—2 to ensure a unique
solution up to a constant phase factor. The quadratic measurement becomes linear in terms of the
rank-one matrix X =xz*. Phase retrieval is then a rank-one minimization problem subject to lin-
ear constraint for which a convex relaxation based on trace-norm minimization (PhaseLift) has been
extensively studied recently. At m=0O(n), PhaseLift recovers with high probability the rank-one so-
lution. In this paper, we present a precise proxy of the rank-one condition via the difference of trace
and Frobenius norms which we call PhaseLiftOff. The associated least squares minimization with this
penalty as regularization is equivalent to the rank-one least squares problem under a mild condition on
the measurement noise. Stable recovery error estimates are valid at m=0(n) with high probability.
Computation of PhaseLiftOff minimization is carried out by a convergent difference of convex func-
tions algorithm. In our numerical example, a;’s are Gaussian distributed. Numerical results show that
PhaseLiftOff outperforms PhaseLift and its nonconvex variant (log-determinant regularization), and
successfully recovers signals near the theoretical lower limit on the number of measurements without
the noise.

Key words. Phase retrieval, phase lift regularized by trace minus Frobenius norms, equivalent
minimization problems, Karush-Kuhn-Tucker conditions, difference of convex functions algorithm, con-
vergence.
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1. Introduction

Phase retrieval has been a long standing problem in imaging sciences such as X-
ray crystallography, electron microscopy, array imaging, optics, and signal processing,
[20, 18, 19, 22, 23] among others. It is concerned with signal recovery when only the
amplitude measurements (say of its Fourier transform) are available. Major recent
advances have been made for phase retrieval by formulating it as a matrix completion
and rank one minimization problem (PhaseLift) which is relaxed and solved as a convex
trace (nuclear) norm minimization problem under sufficient measurement conditions
[8, 10, 7, 6]; see also [2, 3] for related work. An alternative viable approach makes use of
random masks in measurements to achieve uniqueness of solution with high probability
[13, 14].

In this paper, we study a nonconvex Lipschitz continuous metric, the difference of
trace and Frobenius norms, and show that its minimization characterizes the rank one
solution exactly and serves as a new tool to solve the phase retrieval problem. We shall
see that it is more accurate than trace norm or the heuristic log-determinant [15, 16],
and performs the best when the number of measurements approaches the theoretical
lower limit [2]. We shall call our method PhaseLiftOff, where Off is short for subtracting
off Frobenius norm from the trace norm in PhaseLift [8, 6].

The phase retrieval problem aims to reconstruct an unknown signal & € C™ satisfying

*Received: May 11, 2014; accepted (in revised form): September 20, 2014.
tDepartment of Mathematics, UC Irvine, Irvine, CA 92697, USA (penghany@uci.edu).
tDepartment of Mathematics, UC Irvine, Irvine, CA 92697, USA (jxin@math.uci.edu).

1033



1034 PHASELIFTOFF

m quadratic constraints
|<ai7§7>|2 =b;, i=1,....,m,

where the bracket is inner product, a; € C", and b; € R. Letting X =xa* € C"*" be a
rank-1 positive semidefinite matrix (* is conjugate transpose), one can recast quadratic
measurements as linear ones about X:

l(ai,2)]*=a} Xa;, i=1,...,m.

Thus we can define a linear operator A uniquely determined by the measurement matrix
A=(ay,...,am)€C*™:

X  — diag(A*XA),

which maps Hermitian matrices into real-valued vectors. Denote Zz* by X, and sup-

pose b= (by,...,bm)T = A(X) €R™ is the measurement vector. Then the phase retrieval
becomes the feasibility problem, being equivalent to a rank minimization problem:

find X e Cnxn )

S.t A(X) — b mlnXeCan I'ank(X)

A st A(X)=b (1.1)
rank(X)=1. X =0.

To arrive at the original solution & to the phase retrieval problem, one needs to factorize
the solution X of (1.1) as Z&*. It gives & up to multiplication by a constant scalar
with unit modulus (a constant phase factor), because if & solves the phase retrieval
problem, so does c&, for any c€ C with |¢|=1. At least 3n —2 intensity measurements
are necessary to guarantee uniqueness (up to a constant phase factor) of the solution to
(1.1) [17], whereas 4n—2 generic measurements suffice for uniqueness with probability
one [2].

Instead of (1.1), Candes et al. [6, 8] suggest solving the convex PhaseLift problem,
namely minimizing the trace norm as a convex surrogate for the rank functional:

min Tr(X) st AX)=b, X >=0.
XE(C‘VLX‘VL
It is shown in [7] that if each a; is Gaussian or uniformly sampled on the sphere, then
with high probability, m = O(n) measurements are sufficient to recover the ground truth
X via PhaseLift. For the noisy case, the following variant is considered in [7]:
min [JA(X)=bl; st. X=0.
XeCnxn

In this case, b:A(X )+e is contaminated by the additive noise e€R™. Similarly,
m=0(n) measurements guarantee stable recovery in the sense that the solution X°Pt
satisfies || X°Pt — X || p = O(%) with probability close to 1. On the computational side,
the regularized trace-norm minimization is considered in [6, 8]:

. 1
min —

XecnmQIIA(X)—b||§+ATr(X) st X =0. (1.2)

If there is no noise, a tiny value of A would work well. However, when the measurements
are noisy, determining A\ requires extra work, such as employing the cross validation
technique.
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Besides PhaseLift and its nonconvex variant (log-determinant) proposed in [6], re-
lated formulations such as feasibility problem or weak PhaseLift [11] and PhaseCut [26]
also lead to phase retrieval solutions under certain measurement conditions. PhaseCut
is a convex relaxation where trace minimization is in the form miny Tr(UM), where
M (resp., U) is a known (resp., unknown) positive semidefinite Hermitian matrix, and
diag(U) = 1. The exact recovery (tightness) conditions for PhaseLift and PhaseCut are
studied in [26] and references therein.

From the point of view of energy minimization, the phase retrieval problem is simply:

min |JA(X)—-b||3 s.t. X >=0,rank(X)=1. (1.3)
XeCnxn
This is a least squares-type model applicable to both noiseless and noisy cases. Our
main contribution in this work is to reformulate the phase retrieval problem (1.3) as
a nearly equivalent nonconvex optimization problem that can be efficiently solved by
the so-called difference of convex functions algorithm (DCA). Specifically, we propose
to solve the following regularization problem:
1
min o(X)i= S AC) B3+ AT ~ [X][) st X=0. (1)
Recently the authors of [12, 27] have reported that minimizing the difference of ¢; and
{5 norms would promote sparsity when recovering a sparse vector from linear measure-
ments. The ¢; — /{5 minimization is extremely favorable for the reconstruction of the
1-sparse vector x because ||x|1 —||z||2 attains the possible minimum value zero at such
x. Note that when X =0, Tr(X) is nothing but the ¢; norm of the vector o(X) formed
by X’s singular values and || X||r the 2 norm. Thus (1.4) is basically the counter-
part of ¢; —¢3 minimization with nonnegativity constraint discussed in [12]. Similarly,
Tr(X) — || X||F is minimized when o(X) is 1-sparse or equivalently rank(X)=1.

The rest of the paper is organized as follows. After setting notations and giving
preliminaries in Section 2, we establish the equivalence between (1.4) and (1.3) under
mild conditions on A and ||el|2 in Section 3. In particular, the equivalence holds in the
absence of noise. We will see that A plays a very different role in (1.4) from that in (1.2),
as we have much more freedom to choose A in (1.4). We then introduce the DCA method
for solving (1.4) and analyze its convergence in Section 4. The DCA calls for solving
a sequence of convex subproblems which we carry out with the alternating direction
method of multipliers (ADMM). As an extension, we tailor our method to the task of
retrieving real-valued or nonnegative signals. In Section 5, we show numerical results
demonstrating the superiority of our method through examples where the columns of
A are sampled from Gaussian distribution. The PhaseLiftOff problem (1.4) with the
Tr(X)— || X||r regularization produces far more accurate phase retrieval than either
the trace norm or log(det(X +eI)) (e >0). We also observe that for a full interval of
regularization parameters, the DCA produces robust solutions in the presence of noise.
The concluding remarks are given in Section 6.

2. Notations and preliminaries

For any X, Y e C"*", (X,Y) =Tr(X*Y) is the inner product for matrices, which is a
generalization of that for vectors. The Frobenius norm of X is || X||r =+/(X,X), while
X oY denotes the entry-wise product, namely (X oY);; =X;;Y;;, Vi,j. diag(X)eC"
extracts the diagonal elements of X. The spectral norm of X is || X||2, while the nuclear
norm of X is || X||.. We have the following elementary inequalities:

[ X2 < [|X]|F < y/rank(X) [ X ||z,
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and

X[ <[ X[ < Vrank(X) | X | -

For any vector 2 € R™, ||z||; and ||z||2 are the ¢; norm and ¢ norm respectively,
while Diag(z) € R™*™ is the diagonal matrix with x on its diagonal.

We assume that m>n and that A is of full rank unless otherwise stated, i.e.
rank(A)=n. Recall that if A(X):=diag(A*XA) is a linear operator from H"*"™ to
R™, then the adjoint operator A* is defined as A*(x):= ADiag(x)A* e H™*™ for all
x € R™. Furthermore, the norms of 4 and A* are given by

A2

* A*
)= sup = sup LA

xemnxmqoy IXIF serm\(o} |7l
Since (H™*"™ (-,-)) and (R™,{(-,-)) are both Hilbert spaces, we have
IA*[|? = | AJJ* = | AA"]|. (2.1)

The following lemma will be frequently used in the proofs.
LEMMA 2.1. Suppose X, Y € C"*"™ and X,Y >0, then
1. (X,)Y)>0.
2. (X,Y)=0&XY =0.
3. |AX)]2=0& X =0.
Proof.
(1) Suppose Y =UXU* is the singular value decomposition (SVD), let Y2 :=

UX2U* =0, where the diagonal elements of Y2 are square roots of the singular val-
ues. Then we have Y =Y 2Y 2 and

(X,Y)=Tr(X'Y)=Tr(XY)=Tr(Y2XY?2)>0.

The last inequality holds because Y2XY2=0.

0
00
(1), we have Tr(Y2XY2)=(X,Y)=0, thus Yz XYz =0. So

0 0)\Ziz 222 00 0 0)’

1 1
then we have ¥7 71,37 =0 and Z;; =0. Next we want to show Z;2 =0. Suppose Z;2 #0,
cZ1aw

(2) “=7 Further assume E:( ), where 31 >0, and let Z=U*XU =0. By

and let us consider v, = € C™, where w is a fixed vector making Z;,w nonzero

and c€R. Then since Z >0, we have

0< v} Zv. = (cw* Z{y,w™) (Z%Q g;z) (CZ;;IU) —2¢| Z1aw|? + w* Zagw, VeeR.

In above inequality, letting ¢— —oo leads to a contradiction. Therefore Z15=0. A
simple computation gives U*XUY =72 =0, and thus XY =XUXU* =0.
“<=7? If XY =0, then (X,Y)=Tr(X*Y)=Tr(XY)=0.
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(3) “=" Let Xz =0 such that X2X2 =X. Then
0= AX)]2= || diag(A* X 2 X = A)].

So diag(A*X2 X2 A)=0, and thus 0=Tr(A*X2 X2 A)=||A*X z||%. This together with
rank(A)=n <m implies X2 =0.
“<" Trivial. O

_ Karush-Kuhn-Tucker conditions. Let us consider a first-order stationary point
X of the minimization problem

i X 1. X>0.
xon, S st Xz

Suppose f is differentiable at X. Then there exists A € C" ™ such that the following
Karush-Kuhn-Tucker (KKT) optimality conditions hold:

e Stationarity: Vf(X)=A.

e Primal feasibility: X = 0.

e Dual feasibility: A= 0.

e Complementary slackness: XA =0.
In order to make better use of the last condition, by Lemma 2.1 (2), we can express it
as

o Complementary slackness: (X,A)=0.

3. Exact and stable recovery theory
In this section, we present the PhaseLiftOff theory for exact and stable recovery of
complex signals.

3.1. Equivalence. We first develop mild conditions that guarantee the full
equivalence between Phase Retrieval (1.3) and PhaseLiftOff (1.4).

THEOREM 3.1. Let A be an arbitrary linear operator from H™ ™ to R™, and let b=
A(X)+e. If ||bll2> |lell2 and A> %’ suppose X°Pt is a solution (global minimizer)
to (1.4). Then rank(X°P*)=1. Moreover, minimization problems (1.3) and (1.4) are

equivalent in the sense that they share the same set of solutions.

Proof. Let X°P* be a solution to (1.4). Since o(X)= sllell3 < 311blI3 = ¢(0), X Pt £
0. Suppose rank(X°P*)=r>1, and let

10

opt __ *
XOPt=USU (Ul,U2)< 00

>(U1,U2)*U121Uf
be the SVD, where U; = (uq,...,u,) €C™ ", Uy = (Upi1,...,u,) EC™*") and ¥; =
Diag((o1,...,0,)) ER™" with X°P"’s positive singular values on its diagonal.

Since X°P' is a global minimizer, it is also a stationary point. This means KKT
conditions must hold at X°P', i.e., there exists A € C"*™ such that

Xopt
xRt
XOPt =0, A0, (X°P' A)=0. (3.1)

A*(A(XOPY) —b) + A(L, )=A,
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Rewriting I, =UU* =U, Uy 4+ U2U3, (3.1) becomes

Xopt Xopt

—A*(AXPY) —b) =1, — ——— ) — A= AU U; + (\UU5 — A
( ( ) ) ( HXOpt”F) 1Y ( 2Y2 ) HXOpt”F

Taking the Frobenius norm of both sides above, we obtain

Xopt
IIX Pt||
UUs —AN)||r— A\ (3.2)

A" (AXP) = b)||p = AULUT + (AU2U3 — A) = 7

> |AULUT +

(A
Also, we have 0= (X°P* A)=(U;2,U;,\)= Z _10i{wul,A). But (uuf,A)>0, since
A=0 and wuf=0. So (wuf,A)=0 for 1<i<m, and (U,U{,A)=>""_ (wuf,A)=
Moreover,

(UL U, UU5) Z Z UG, UjU J E Z uh u“ujul )y=0.
i=1j5=r+1 i=1j=r+1

In a word, U1 U5 is orthogonal to both UsUj and A. Then from the Pythagorean theorem
it follows that

[AULUY +(AU2U; = A r = \/||>\U1Uf\|%+|\(>\U2U§ —MIE= MU F,
and thus (3.2) reduces to
| A*(AX) =)l = MTLUT [[F = A= A(Vr = 1). (3.3)

On the other hand, since

IIA(X"pt)—bIIzS\/IIA(X"‘“)—b||§+2/\(TY(X°Pt)—IIXOPtHF)=\/W),
we have
A" (AXPY) =b) | o < [JAT[[[|AX ) = bl|2 = [ A]| A(X°P*) — |2
< [ AllV/2e(XPY) < [|A]ly/ 20(X) = [ Alllle]l2- (3.4)
Combining (3.3) and (3.4) gives A(v7—1) < [l A|l[le]l2, or equivalently

< (JAlllell2

2
<(Fy <2

The last inequality above follows from the assumption A > ”“\ﬂw

— = ris a natural num-
ber, so r=1.

Note that Tr(X)— || X||r >0 for X =0 with equality when rank(X)=1. It is not
hard to see the equivalence between (1.3) and (1.4). d

COROLLARY 3.1. In the absence of measurement noise, the equivalence between (1.3)
and (1.4) holds for all \>0. In this sense, (1.4) is essentially a parameter-free model.

Theorem 3.1 claims that provided the noise in measurement is smaller than the
measurement itself, all A that exceed an explicit threshold would work equally well for
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(1.4) in theory. In contrast, the A in (1.2) needs to be carefully chosen to balance the
fidelity and penalty terms. Particularly in noiseless case, the A in (1.4) acts like a ‘fool-
proof’ regularization parameter, and A(X)=b is always exact at the solution X°Pt =X
whenever A\ >0, whereas a perfect reconstruction via solving (1.2) generally requires a
dynamic A that goes to 0.

REMARK 3.1. Despite the tremendous room for A values in view of Theorem 3.1, we
should point out that in practice the choice of A could be more subtle because

e The theoretical lower bound % for A may be too stringent, and a smaller

A could also be feasible.
e Choosing A too large may reduce the mobility of the energy minimizing itera-
tions due to trapping by local minima.

An efficient algorithm designed for PhaseLiftOff should be as insensitive as possible
to the choice of A when it is large enough.

3.2. Exact and stable recovery under Gaussian measurements. In
the framework of [8, 7], assuming a;’s are i.i.d. complex-valued normally distributed
random vectors, we establish the exact recovery and stability results for (1.4). Due
to the equivalence between (1.3) and (1.4) under the conditions stated in Theorem
3.1, it suffices to discuss the model (1.3) only. Similar to [7], m=0O(n) measurements
suffice to ensure exact recovery in the noiseless case or stability in the noisy case with
probability close to 1. Although the required number of measurements for (1.3) and
that for PhaseLift are both on the minimal order O(n), the scalar factor of the former
is actually smaller, and so is the probability of failure.

THEOREM 3.2. Suppose column vectors of A are i.i.d. complex-valued normally dis-
tributed. Fiz a€(0,1), there are constants 0,7y >0 such that if m>0[a"2loga~n, for
any X, (1.3) is stable in the sense that its solution X°P' satisfies

llell2

Jm

for some constant C, := % >0 with probability at least 1 _3e—1ma® I par-

| XP —X | p<Cq (3.5)

ticular, when e=0, the recovery is exact.
The proof is straightforward with the aid of Lemma 5.1 in [8]:

LEMMA 3.1 ([8]). Under the assumption of Theorem 3.2, we have that A obeys the

following property with probability at least 1—3e~yma®; for any Hermitian matriz X
with rank(X) <2,

LAl 22V 1)1~ )X,

Proof of Theorem 3.2. R R
Proof. Let X°P*=X + H, where X satisfies A(X)+e=>b. Then H is Hermitian
with rank(H) <2. Since

lefl2 = [ ACX) =bll2 > [LACX ) = bll2 > AXP' = X) |2 — [ AX) = b2,
we have || A(H)||2 <2]|le|2- Invoking Lemma 3.1 above, we further have

()2 A 2202 D - 220D

1
A
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Therefore,
A V2 lefl2
X~ X p=H|r< :
(V2—1)(1—a) vim
The above inequality holds with probability at least 1 — 3eme’ |

3.3. Computation of || A||. The ||A| in Theorem 3.1 can be actually computed.
To do this, we first prove the following result:

LEMMA 3.2. AA*(z)=(A*AoA*A)x, Vx € R™, where the overline denotes the complex
conjugate.

Proof. By the definitions of A and A*, AA*(x)=diag(A*ADiag(x)A*A), so
V1<i<m, the i-th entry of AA*(z) reads

=((A*Ao A*A)x);.

Hence, from Lemma 3.2 and (2.1) it follows that

Al = V[ AA* || = /|| A* Ao A* Al|5.

It would be interesting to see how fast ||.A| grows with dimensions n and m when A
is a complex-valued random Gaussian matrix. In this setting, A enjoys approximate
{1-isometry properties as revealed by Lemma 3.1 of [8] (in the complex case). Here we
are most interested in the part that concerns the upper bound:

LEMMA 3.3 ([8]). Suppose A€ C"*" is random Gaussian. Fiz any >0 and assume
m>160"2n. Then with probability at least 1 — e*m€2/2, where §/4=¢€*+e,

A < (48X

holds for all X € C™*".
Under assumptions of Lemma 3.3, with high probability we have

= Al < LA (L4 D)X < (1+8)Va X

which implies ||A|| =O(y/mn). For the phase retrieval problem to be well-posed, m =
O(n) is required; for instance, m=4n would be sufficient according to [2]. Then we
expect that ||A|| is on the order of n. This can be validated by a simple numerical
experiment whose results are shown in Table 3.1 below.

4. Algorithms
In this section, we consider the computational aspects of the minimization problem
(1.4).
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| n | 32 64 128 256 512 1024 |
| JA | 148 291 577 1149 2295 4584 |

TABLE 3.1. Fizing m=4n, ||A|| is nearly linear in n, where || A|=1/||A*Aoc A*Al|2 with A being
a complez-valued Gaussian matriz. For each n, the value of ||Al| is averaged over 10 independent
samples of A using MATLAB.

4.1. Difference of convex functions algorithm. The DCA is a descent
method without line search developed by Tao and An [1, 25]. It addresses the problem
of minimizing a function of the form f(x)=g(xz) —h(x) on the space R™, with g, h being
lower semicontinuous proper convex functions:

min f(z)
g—nh is called a DC decomposition of f, while the convex functions g and h are DC
components of f. The DCA involves the construction of two sequences {z*} and {y*},
the candidates for optimal solutions of primal and dual programs respectively. At the
(k+1)-th step, we choose a subgradient of h(z) at =¥, namely y* € Oh(2*). We then
linearize h at ¥, which permits a convex upper envelope of f. More precisely,

f(@)=g(z)—h(z) <g(zx) — (h(z*) + (y*,z —2F)), Vo e R"

with equality at z=z".

By iteratively computing

{ykeahw),

2+ —argmingepn g(w) — (h(z) + (4, — 2*)
we have
Fa%) 2 g ) (h(ah) 4y, 2k =) 2 g — () = F ).

This generates a monotonically decreasing sequence { f(z*)}, leading to its convergence

if f(x) is bounded from below.
We can readily apply the DCA to (1.4), where the objective naturally has the DC
decomposition

sD(X):(%IIA(X)—bH%ﬂLATr(X))—>\HX||F~ (4.1)

Since ¢(X) >0 for all X =0, the scheme

A" e 0|IX* || r,

XM =argminy conxn 3 [|A(X) = b3+ ATr(X) = A(| X*|| 4+ (A%, X - X*))s.t. X =0
yields a decreasing and convergent sequence {p(X¥)}. Note that || X||r is differentiable with
gradient ﬁ at all X #0 and that 0€9||X||r at X =0. By ignoring constants we iterate

kL argminy cenxn | A(X) = bl|5+ATr(X) s.t.k X=0 if X*=o0, (4.2)
argminy conxn [ A(X) = |3+ XMX, I — H;(W> st. X >0 otherwise. ’
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Since X* — X*~! 0 as k— oo (Proposition 4.1 (2)), we stop the DCA when

X" — X e
max{[|X*[| 7, 1}

for some given tolerance tol>0. In practice the above iteration takes only a few steps to
convergence. While the problem (1.4) is nonconvex, empirical studies have shown that the DCA
usually produces a global minimizer with a good initialization. In particular, our initialization
here is X°=0, as suggested by the observations in [27]. This amounts to employing the
(PhaseLift) solution of the regularized trace-norm minimization problem (1.2) as a start.

< tol,

4.2. Convergence analysis. We proceed to show that the sequence { X*} is bounded
and X" — X* 0, and limit points of {X*} are stationary points of (1.4) satisfying KKT
optimality conditions. Standard convergence results for the general DCA (e.g. Theorem 3.7 of
[25]) take advantage of strong convexity of the DC components. However, the DC components
in (4.1) only possess weak convexity as ker(A*A) is generally nontrivial. In this sense, our
analysis below is novel.

LEMMA 4.1. Suppose X =0. Then ¢(X)—o00 as X — 0.

Proof. Tt suffices to show that for any fixed nonzero X =0, ¢(cX)— 0o as ¢— oo.
1 1
<P(CX)=§||CA(X)—5H§+C>\(TF(X)— 1X117) 2 5 (el ACX)l2 ~ [E

Since X =0 and X is nonzero, by Lemma 2.1 (3), || A(X)|]2 >0. Hence, c||A(X)|l2—|bl]2 — o0
as ¢— 00, which completes the proof. O

LEMMA 4.2.  Let {Xk} be the sequence generated by the DCA. For all k€N, we have
1
P(XM) = (1) > LA = X34 A o= XM — (AR, X - X5) >0, (4.3)
where A* € 9| X"||F.
Proof. We first calculate
1
w(Xk)—w(Xk+1):§\|A(Xk = XEH 3 (AXE =X AKX < b)
FATE(XE = XM A X = X5 ). (4.4)
Recall that the (k+1)-th DCA iteration is to solve

X* —arg min %||A(X)—b\|§+/\(X,In—A’“> st. X >0,

XECTLX"L
where A* €9||X*||r. Then by the KKT conditions at X*T!, there exists A*** such that
A (AXFTY) —b) + AT, — ARy = AP (4.5)
XF-0, AFTL =0, (AT XFTY =0,
Multiplying (4.5) by X* — X**1 (inner product) gives
(AKX = XFED) AR —b) - XTr(XF — XFT) = (AT XY —x (A% X xRy (4.6)

In (4.6), (AF, XFH1_XF)<|| X |p — | X*||r since AF€d||X*||F, and (A*F1,X*)>0 by
Lemma 2.1 (1). Combining (4.4) and (4.6) gives

P(X*) (X"
1

=5 IAKE = XD AAUX T e = 1XF | e) + (AT XF) — M AR XM - XF)
1 "

> A = X B+ A = X8| — (A%, X — X))

>0.
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We are now in the position to prove convergence results of the DCA for solving the
PhaseLiftOff problem (1.4).
PROPOSITION 4.1. Let {X*} be the sequence produced by the DCA starting with X°=0.
1. {X*} is bounded.
2. X1 _X* 50 as k—oco.
3. Any nonzero limit point X of the sequence {X"} is a first-order stationary point,
which means there exists A, such that the following KKT conditions are satisfied:
e Stationarity: A*(A(X)—b)+ (I, — ﬁ) =A
o Primal feasibility: X > 0.
o Dual feasibility: A> 0.
o Complementary slackness: (X,A)=0.

Proof.
v Lemma 4.1, the level set {2:= € X =0, ¢ < 1s bounded. Since
1) By L 4.1, the level Q XeC™™:X=0 X 0)} is bounded. Si
%) is decreasing, CQ is also bounded.
X")}isd ing, {X*} CQ is also bounded

(2) Letting k=0 and substituting A°=0 in (4.3), we obtain
1
#(0) = (X ) > S AKX 12+ AIX -

If X*£0, then p(0)>p(X) > - >p(X"), so X¥#£0, Vk>1. Otherwise X*=0.

Assuming X* #0, we show that X*' —X* 50 as k—oco in what follows. Note that
{p(X*)} is decreasing and convergent, and that A* = ﬁ when k£ >1. Combining this with
(4.3), we have the following key information about {X*}:

X" =X )20 (4.7)

X5 F = X* 0. (4.8)

X
[ X*]|e

k yk+1 .
Define ¢* := % >0 and EF := X*+1 ¢ X* then it suffices to prove E¥ —0 and c* — 1.
F

A simple computation shows
<Xk Xk+1>2

—0,
[ X*1%

IE* 1% = 11 X1 —

where (4.8) was used. Thus, from (4.7) it follows that

0= lim [JAX"* = X"t |l = lim [|A((" = 1) X" = E")|la= lim |c¢* —1]||A(X")|-.
k— o0 k— o0 k—oo

Suppose limy, 0o ¢® # 1, then there exists a subsequence { X*7} such that || A(X"*7)||z = 0. Since,
by Lemma 2.1 (3), A(X)=0< X =0 for X >0, we must have X*/ —0 and (X" )— ©(0),
which leads to a contradiction because

P(X") <p(X1) < (0).
Therefore ¢* —1 and X** — X* 50, as k— .
(3) Let {X*/} be a subsequence of {X*} converging to some limit point X #0, then the
optimality conditions at the k;-th step read:
Xk:]’fl
R
X% =0, A% =0, (A%, X" ) =0.

A" (AX* ) =b)+ A1, y=A"

I
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Define
A:= lim A%
kj%oo
) Xki—1
=1 CAXEDY =)+ AL — ——
. X X Xkt
= lim A*(AX")=b)+ (I, — +A - =
R NP I FCT PR PR P
* v X
=A"(AX)=b)+ A, — ——).
1 X1

In the last equality, we used limkjﬁooij :XaéO and X% — X% =1 0. Since X% =0, A >
0, their limits are X >0 and A >0. It remains to check that (A, X)=0. Using (A%, X*i) =0,
we have

<A7X> = <[\7Ak77X7Xk7> +<Ak77X>+ <A7Xk7>
Letting k; — 0o on the right hand side above, we have (A, X)=0. 0

REMARK 4.1. In light of the proof of Proposition 4.1 (2), one can see that for all k> 1, either
X* =0or | X*||F >n for some n>0. A sufficient condition to ensure that the DCA does not
yield X =0 is as follows:

L SO 3 o 13
—16]|2 > =|le]|z + ATr(X) & A< ——7F—=
S > S llel3+XTx (%) T

where X is the ground truth obeying b:A(X )+e. The above condition would guarantee that
X10. Though the equivalence between (1.3) and (1.4) follows from Theorem 3.1 as long as
A is sufficiently large, in practice A cannot get too large because the DCA iterations may stall
at X°=0.

4.3. Solving the subproblem. At the (k+1)-th DC iteration, one needs to solve
a convex subproblem of the form:

XM —arg min S AX)=b2+ (X, W) st X 0. (4.9)

In our case, W=A\I, or A\(I, — ﬁ) is a known Hermitian matrix.

This problem can be treated as a weighted trace-norm regularization problem, which
has been studied in [6]. The authors of [6] suggest using FISTA [4, 6] which is a variant of
Nesterov’s accelerated gradient descent method [24]. An alternative choice is the alternating
direction method of multipliers (ADMM). We only discuss the naive ADMM here, though this
algorithm could be further accelerated by incorporating Nesterov’s idea [21]. To implement
ADMM, we introduce a dual variable Y and form the augmented Lagrangian

1 1)
Ls(X,Y,Z)= §HA(X)—b||§+<X7W>+<Y,X—Z>+§HX—ZH%+gz(Z), (4.10)
where

0 if Z»0,
9-(Z)= { -
oo otherwise.

ADMM consists of updates on both the primal and dual variables [5]:

X" =argminx L5(X,Y",2Z")
Z'" =argming Lg(X' Y, Z)
YlJrl :Yl +5(Xl+1 _ Zl+1)
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Algorithm 1 ADMM for solving (4.9)

while not converged do
X = (A* A+ 6T,) A (D) - W+ 62 -YT)
ZH =P (XHL 1 Y1/6)
Yl+1 — YT—F 5(Xl+1 _ Zl+1)

end while

The first two steps have closed-form solutions, which are detailed in Algorithm 1.

In the X-update step, one needs to know the expression of (A*A-+6Z,)"*. The celebrated
Woodbury formula implies
_1
S

By Lemma 3.2, AA*=A"AoA* A, so we have

(A*A+6T,) ' == (T — A" (AA" +61,,) L A).

(A*A+6T,) H(X) =2 (X — A" ((AA" +0T) " A(X))

| = n| =

(X — ADiag((A* Ao A" A+61,) ' diag(A* X A))A*).

In the Z-update step, P :H"*"™ — H"*™ represents the projection onto the positive semidefi-
nite cone. More precisely, if X has the eigenvalue decomposition X =UXU™, then

Pw(X)=Umax{Z,0}U".
According to [5], the stopping criterion here is given by:
! abs rel l 1 1 abs rel l
IR | <ne™ 4+ max{[| X" |7, | Z7][r}, [[ST]]F <ne™ +e Y | r,

where Ri=X'—2Z! §! :6(Zl —Zlfl) are primal and dual residuals respectively at the [-th
iteration. €*®®>0 is an absolute tolerance and €™ >0 is a relative tolerance, and they are
both algorithm parameters. ¢ is typically fixed, but one can also adaptively update it during
iterations following the rule in [5]; for instance,

20" if ||R'|r>10S"|F,
ST =62 it 10|RY e <|Sr,

5t otherwise.

4.4. Real-valued, nonnegative signals. If the signal is known to be real or
nonnegative, we should add one more constraint to the complex PhaseLiftOff (1.4):

min ¢(X) st. X>0,Xe€Q. (4.11)

XeCnxn

Here Q is R™*™ (or resp., R}™"), which means each entry of X is real (or resp., nonnegative).
Thus we need to modify the DCA (4.2) accordingly:

e argminy cenxn [ A(X) = bl[3+ATr(X)s.t. X =0, X €Q if X*=0,
| argminy conxn 2[A(X) = 0|3+ XX, I, — ﬁ) s.t. X >=0,Xe€Q otherwise.
(4.12)

The above subproblem at each DCA iteration can also be solved by ADMM. Specifically, we
want to solve the optimization problem of the following form:

min %\|A(X)—b||§+<X,W> st. X=0,Xeq. (4.13)

XeCnxn
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In ADMM form, (4.13) is reformulated as

1
min 5HA(X)—b||§+<X7W>+gn(X)+gz(Z) st. X—=2=0,

X,ZeCnxn
where gy (Z) is the same as in (4.10), and

0 if XeQ,

oo otherwise.

ga(X)= {
Having defined the augmented Lagrangian
1 6
L5(X,Y,Z) =5 | AX) =0l + (X, W) +(V,X = Z) + S |X = Z[ + go(X) + 9= (2),

we arrive at Algorithm 2 by alternately minimizing £ with respect to X, minimizing with
respect to Z, and updating the dual variable Y. The operator Pq:H"*" —Q in Algorithm 2
represents the projection onto the set . In particular, Po(X)=Re(X) is the real part of X
for Q=R"*", whereas Pqo(X)=max{Re(X),0} for Q=R}*". Algorithm 2 is almost identical
to Algorithm 1 except that an extra projection Pq is performed in the X-update step.

Algorithm 2 ADMM for solving (4.13)

while not converged do
X =Po((A*A+6T,) (A% (b)) —W 462 Y1)
ZH =P (XHL 1 Y1/6)
YL =yl 5(XIHL - 70

end while

5. Numerical experiments

In this section, we report numerical results. Besides the proposed (1.4) and the regularized
PhaseLift (1.2), we also discuss the following reweighting scheme from [6], which is an extension
of reweighted ¢; algorithm in the regime of compressed sensing introduced in [9]:

1
X" =arg min  Z[|AX) =3+ AW, X) st X0, (5.1)
XG(CWXTL

where W°=1,, and W*=(X*+¢I,)™" for k>1 and for some ¢ >0. The aim of this scheme
is to provide more accurate solutions with lower rank than that of PhaseLift. Note that W¥
is exactly the gradient of log(det(X +e¢I,,)) at X*, the reweighting scheme is in essence an
implementation of the DCA attempting to solve the nonconvex problem

min %HA(X)—ng-i-)\log(det(X—i-eIn)) st. X >0. (5.2)

XeCnxn

Here the DC components are %|A(X)—b|3 and —Alog(det(X +¢I,)). We hereby remark
that with positive semidefinite constraint, the DCA is basically equivalent to the reweighting
scheme. In [6], (1.2) and the subproblem (5.1) of (5.2) are solved by FISTA. Here we solve
them using ADMM (Algorithm 1) instead as we find it more efficient.

5.1. Exact recovery from noise-free measurements. We set up a phase
retrieval problem by 1) generating a random complex-valued signal & of length n =32 whose
real and imaginary parts are Gaussian, 2) sampling a Gaussian matrix A€ C"*™ with m=
60,62,...,150, and 3) computing the measurements b=.A(££*). We then solve (1.4), (1.2) and
(5.2) to get approximations to £&*. The ultimate goal of phase retrieval is to reconstruct the
signal Z rather than the rank-1 matrix £2*. So given a solution X, we need to compute the
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relative mean squared error (rel. MSE) between & =1/01(X)u1 and & modulo a global phase

term to measure the recovery quality, where o1(X) is the largest singular value (or eigenvalue)
of X and wuj the corresponding unit-normed eigenvector. More precisely, the rel. MSE is given
by
o ez — 23
min TSN —
ceC:lc|=1 ||$||2

It is easy to show that its minimum occurs at

A recovery is considered as a success if the rel. MSE is less than 10~° (or equivalently, relative
error <1073). For each m=60,63,...,150, we repeat the above procedures 100 times and
record the success rate for each model.

For (1.2), we set A=10"%, €' =107, and €*** =107 in its ADMM algorithm; for (1.4),
A=10"% €'=107°, ¢**=10"", and tol=10"2; parameters for (5.2) are the same as those
for (1.4) except that there is an additional parameter e =2. In addition, the maximum iteration
set for all ADMM algorithms is 5000 and that for the DCA and the reweighting algorithm are
both 10. All three methods start with the same initial point X°=0.

oo 0500

success rate
o
g
L

20 —6— trace-Frobenius| |
b —8— log det ]
trace
4000 ¢

1 T T
0 110 120 130 140 150
# of measurements

Fia. 5.1. success rate v.s. number of measurements with parameters n=32, m=60,63,...,150,
and 100 runs at each m.

The success rate vs. number of measurements plot is shown in Figure 5.1. The result
validates that nonconvex proxy for the rank functional gives significantly better recovery quality
than the convex trace norm. A similar finding has been reported in the regime of compressed
sensing [27]. We also observe that PhaseLiftOff outperforms log-det regularization. This is
not surprising as the former always captures rank-1 solutions. In Figure 5.1, one can see that
when the number of measurements is m = 3n =96, solving our model by the DCA guarantees
exact recovery with high probability. Recall that in theory [2] at least 3n — 2 measurements are
needed to recover the signal exactly. This is an indication that the proposed method is likely
to provide the optimal practical results one can hope for.

5.2. Robust recovery from noisy measurements. We investigate how the
proposed method performs in the presence of noise. The test signal  is a Gaussian complex-
valued signal of length n=32. We sample m =4n Gaussian measurement vectors in C" and
compute the measurements b€ R™, followed by adding additive white Gaussian noise by means
of the MATLAB function awgn(b,snr). There are 6 noise levels varying from 5dB to 55dB.
We then apply the DCA to achieve a reconstruction X and compute the signal-to-noise ratio
(SNR) of reconstruction in dB defined as —10log,,(rel. MSE). The SNR of reconstruction for
each noise level is finally averaged over 10 independent runs.
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A crucial point to address here is how we set the value of \. Theorem 3.1 predicts that
provided the noise amount ||e||2 is known, when A > % ~2.414||Al|lel|2, the PhaseLiftOff
(1.4) is equivalent to the phase retrieval problem (1.3), and its solution is no longer related
to A. From computational perspective, however, A\ cannot be too large as the algorithm may
often get stuck at a local solution. An extreme example is that if A is exceedingly large, the
DCA will be trapped at the initial guess X°=0. On the other hand, if X is too small, the
reconstruction will be of course far from the ground truth as A(X) =0 tends to be enforced.
But can we choose A that is less than 2.414||A|||e]|2? The answer is yes, since this bound only
provides a sufficient condition for equivalence.

90

2 N =
8 3 8
T T T
L L L

&
F<2
L

SNR of reconstruction (dB)
o
3
L

@
8
T

——oo0tn|
—— o021
—a— 251 4
—6— 501

n
<

10 15 20 25 35 40 45 50 55

3
noise level (dB)

FI1G. 5.2. SNR of signal recovery v.s. noise level in measurement (in SNR dB). Parameters are:
n =232, noise level = 5dB, 15dB, ..., 55dB; A=0.01,0.20,2.5u,50u; with 10 runs at each noise level.

Suppose the noise amount ||e||2 (or its estimate) is known. Defining

=1 Allllella =/ [|A* Ao A* Al|z]le]2,

we try 4 different values of A in each single run. They are multiples of p, namely 0.01p,
0.2u, 2.5, and 50u. The maximum outer and inner iterations are 10 and 5000 respectively.
The other parameters are €' =107, €***=10"", to1=10"2. The reconstruction results are
depicted in Figure 5.2. The two curves for 0.2y and 2.5u nearly coincide, and they are almost
linear, which strongly suggests stable recoveries. In contrast, the algorithm with 0.01x and
50u performed poorly. Although A =504 yields comparable reconstruction when there is little
noise, the DCA clearly encounters local minima in the low SNR regime. On the other hand,
0.01p is too small. Summarizing these observations, we conclude that for the DCA method, a
reasonable value for A lies in (but is not limited to) the interval [0.2u,2.5u].

6. Conclusions

We introduced and analyzed a novel penalty (trace minus Frobenius norm) for phase
retrieval in the PhaseLiftOff least squares regularization problem. We proved its equivalence
with rank-1 least squares and stable recovery for noisy measurement at high probability. The
DC algorithm for energy minimization is proved to converge to a stationary point satisfying
KKT conditions without imposing strict convexity of convex components of the energy (a step
beyond the standard DCA theory [1]). Numerical experiments showed that the PhaseLiftOff
method outperforms PhaseLift and its nonconvex variant (log-det regularization). The minimal
number of measurements for exact recovery by PhaseLift Off approaches the theoretical limit. In
future work, we shall further explore the potential of PhaseLiftOff in phase retrieval applications
and rank-1 optimization problems. We are also interested in developing faster optimization
algorithms that are more robust to the value of .
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