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LIMITING MODELS FOR EQUATIONS WITH LARGE RANDOM
POTENTIAL: A REVIEW*

GUILLAUME BAL' AND YU GU?
Dedicated to George Papanicolaou in honor of his 70th birthday

Abstract. This paper reviews several results obtained recently in the convergence of solutions
to elliptic or parabolic equations with large highly oscillatory random potentials. Depending on the
correlation properties of the potential, the resulting limit may be either deterministic and solution of
a homogenized equation or random and solution of a stochastic PDE. In the former case, the residual
random fluctuations of the heterogeneous solution may also be characterized, or at least the rate of
convergence to the deterministic limit established. We present several results that can be obtained by
the methods of asymptotic perturbations, diagrammatic expansions, probabilistic representations, and
the multiscale method.
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1. Introduction
Many problems in the applied sciences can be analyzed by means of partial differ-
ential equations of the form

L(x,;w)ug:f, (1.1)

where L is a linear or nonlinear operator with coefficients oscillating at a small scale
€< 1 and being drawn as the realization w of a random function. We then wish to
understand the main features of the solution u. as the small scale € — 0.

When L=-V"- a(f ;w)V augmented with, say, Dirichlet conditions, then it is known
that u. converges to a deterministic solution u* when a is constructed as a stationary,
ergodic (bounded above and below by positive constants) function [34, 39, 45]. Although
the theory is more involved in the random setting than it is in the periodic setting [14],
the results are qualitatively similar: in both cases, u. converges strongly in L? to its
deterministic limit u*, the solution of an equation with homogenized diffusion coefficient
a*. Moreover, in both settings, homogenization is obtained by introducing a (vector-
valued) corrector x. such that v. :=u. —u* —ex.-Vu* converges to 0 in the strong H'
sense. In the periodic setting and away from boundaries, ex.-Vu* also captures the
main contribution of the fluctuations u. —u* with v. =o(e) in the L? sense [14]. In the
random setting, such results no longer hold. It remains true that v. converges to 0 in
the H! sense but it is no longer necessarily of order O(¢) in the L? sense. Moreover,
eXe - Vu* may no longer be the main contribution to the error u. —u*.

In the one-dimensional setting, the solution u. of the above elliptic problem Lu. = f
admits an explicit expression involving weighted integrals of the (inverse of) random
coefficient a(Z). In this setting, the random corrector u. —u* can be analyzed explicitly
and its properties are presented in Section 2.1 following results obtained in [8, 17, 26].
The salient feature of such results is that the size of the random fluctuations u, —u*
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730 EQUATIONS WITH LARGE RANDOM POTENTIAL

depends on the correlation properties of the random coefficient a. When « is sufficiently
short range, in the sense that its correlation function decays sufficiently rapidly, then
ue: —u™ may be shown to follow a functional central limit. For longer range potentials,
ue —u* is typically larger and may or may not converge to a Gaussian process.

In dimensions d > 2, fewer quantitative results are available. Yurinskii [52] gave the
first statistical error estimate (rate of convergence to homogenization). Recent results
provide optimal rates of convergence of u. to its deterministic limit [23, 24, 25] in
the discrete setting. In [2, 19], fully nonlinear equations are homogenized and error
estimates are also provided. But no results seem to be available on the limiting law
of the random fluctuations u. —u*, although some studies indicate that fluctuations of
certain functionals are Gaussian [15, 43]. We do not consider these results further in
this review.

A detailed analysis of the random structure of wu. finds many applications, for in-
stance in the understanding of the noise structure of measurements used in parameter
identifications or uncertainty quantifications [12, 44]. It may also be used to quantify
the accuracy of multi-scale numerical algorithms [10, 11]. We consider here a class of
linear operators L with random potentials for which such analyses have been carried
out. They are linear elliptic or parabolic operators of the form
2

L:aﬁ—l—(—A)

where a takes the values 0, 1, or i =+/—1, where (—=A)= could be generally an elliptic
(pseudo-) differential operator of order m > 1, and where V. (z;w) is a highly oscillatory,
random potential.

A straightforward perturbation method allows us to analyze the random fluctuations
of u. solution of Lu. = f when V.(z) =V (%) is of order O(1). Such results are presented
in Section 2.2 following results obtained in [3, 7, 9]. Similar results in the case m=2
were obtained earlier by a multiscale method in [22]. The main results in this setting
show again that the size and structure of u. —u* mainly depend on the decorrelation
properties of V.. Moreover, u* is obtained by simply replacing V. by its ensemble
average.

In order for a mean-zero potential V. to generate an order O(1) effect on wu., it
needs to be scaled of the form e~*V(£;w), with o> 0 properly chosen, and with possible
generalizations when V' depends on time as well. The analysis of u. is then significantly
more difficult. The main objective of the paper is devoted to a presentation of recent
results obtained in this direction.

Unlike what was observed for the operator L =—V-a.V, the solution u. does not
necessarily converge to a deterministic, homogenized solution. Its limiting behavior
depends on the correlation function of V. When the latter decays sufficiently slowly, or
when the dimension d <m, the strength of the elliptic operator, then u. converges (in
distribution) to the solution of a stochastic partial differential equation (SPDE) with
multiplicative noise. However, when the correlation function decays sufficiently rapidly,
then u. does indeed converges to a deterministic, homogenized limit. The structure of
the random fluctuations u. —w is not known in general. In the specific case when V is
Gaussian, it can be shown by diagrammatic expansions that once it has been properly
rescaled, then u. —u converges in distribution to the solution of a SPDE with additive
noise. Such results were recently extended to Poissonian potentials using a probabilistic
representation when m=2.

We consider three mathematical techniques to address the problem. The first one
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is a combinatorial technique based on the Duhamel expansion (the diagrammatic ex-
pansion). It is based on recasting

N

0
LZE—I—P()-FV;;, POZ(—A) , (12)

with initial condition u.(0) =g, as

t
we=e g [ e IRV (5)ds,
0

and then formally replacing u. in the integral by the above right-hand side and iterat-
ing. This allows one to write u. = Zn>0un, where u,, is multi-linear of order n in the
potential V.. The analysis of u. then hinges on estimating terms of the form E{u,u,},
where E is the ensemble average over realizations w. When V' is Gaussian, the expecta-
tion of a product of n+m =2k copies of V' can be written as a sum of (2k—1)!!= (]j’;l
terms (diagrams). As large as this number of terms may be, it is much smaller than the
number of terms that would appear when V is not Gaussian (Gaussian variables are
the only variables with a finite number (two in that case) of non-vanishing cumulants).
Moreover, combinatorial techniques allow us to sum the resulting terms, re-ordered as
appropriate diagrams, at least for sufficiently small times 0 <t <7T. Some results that
can be obtained with this standard technique in mathematical physics, see for instance
[21, 49], are presented in Section 3.

The above diagrammatic expansion is the only one to currently provide a limit
for the random fluctuations u. —u for general values of m (or for more general elliptic
operators in place of (—A)%) when u is deterministic. Its main drawback is that it
essentially only applies to Gaussian random potentials. When m=2 and a=1 above,
then Lg= % — A may be seen as the semigroup describing the law of a (rescaled) Brow-
nian motion. By means of a Feynman-Kac formula, the solution u. may be given by
the following probabilistic representation:

e (t, ) = E{ f(z 4 X;)e~ Jo VeletXo)dsy

where the expectation is only with respect to Brownian motion X;, and where f is the
initial condition for w.. The properties of u. are therefore driven by the analysis of
integrals of the form fOtVE(x—FXS)ds and their dependence on V. The point of view of
random walks in random environments or random walks in random sceneries has a rich
history in the analysis of homogenization; see for instance [36, 37, 40, 50]. It was first
applied to problems with large potentials in a one-dimensional setting in [46] to obtain
the convergence of u. to the solution of a SPDE with multiplicative noise. Recently, [42]
provided error estimate by means of a quantitative martingale central limit theorem.
We present recent results of convergence and optimal rates of convergence in Section 4.

The Duhamel expansion allows one to handle general operators L but only Gaussian
potentials V' while the probabilistic representation allows one to handle general poten-
tials V' but for specific operators L. A technique that could potentially apply to a large
class of (possibly non-linear) operators L and potentials V' is the standard multi-scale
method, which was precisely pioneered to handle the homogenization of operators of
the form L=V -a.V; see [1, 14, 34]. The multi-scale method looks for solutions u.(x)
of the form

e (z) = uo(x) + eun (, g) e (2),
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where u; is obtained such that w. may be shown to be negligible in a sense that depends
on the operator L. In the setting of (1.2), we find that ui(z,y) = x(y)uo(z), where the
(scalar) corrector x turns out to be formally a solution of Pyx+V =0. We present
in Section 5 some recent results obtained with variations of the multi-scale method to
show the convergence of u. to its deterministic limit when the random coefficient V' is
sufficiently mixing.

2. Perturbations and oscillatory integrals

2.1. One dimensional equation and oscillatory integrals. Consider the
one-dimensional elliptic equation

_%(a(g,w)%us):f(x) in (0,1),  u(0,w)=0,u(l,w)=g. (2.1)

Here, a(z,w) is a stationary ergodic random process satisfying the ellipticity condition
0<ap<a(r,w)<ay' ae. for (r,w) ERxQ where (Q,F,P) is an abstract probability
space. Introducing a.(z,w)=a(%,w) and F(x)= [ f(y)dy, this equation admits an
explicit expression involving integrals of the random coefficient a:

' Fly)
o=, cgw>=gﬁié ocly)” (2:2)
0

1
1
—d
/0 ac(y,w)

The stochasticity of u. is therefore explicitly characterized by weighted spatial in-
tegrals of the random process a_ ! (y,w). As an application of the law of large numbers,
we obtain the standard homogenization result that, for instance, u. converges strongly
in L2((0,1) x Q) to its deterministic limit u*, the solution of

dy.d N . N e
_@(a %u ) _f('r) m (071)7 u (Oaw)_oa u (1,0.))—9, (23)
with a* = (E{a~%(0,-)})~* the harmonic mean of a(0,-). We also have the explicit ex-
pression

T cF—F 1
w@=[ T Way e mgers [ Ry (2.4)
0 a 0

Since u* is deterministic, the stochastic structure of u. is to be found in the term
ue —u*. Using the above integral expressions, we obtain an explicit expression for u. —u*
involving integrals of the random process

o(z,w)= - (2.5)

Depending on the decorrelation properties of ¢, the random fluctuations u. —u* exhibit
very different limits as € —0. Using the above explicit representations, their analysis
simplifies to that of integrals of the form

Ifz/o H(x)go(g,w)dx, (2.6)
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where 6 is a bounded function. By construction, EI? =0 and we observe that

/ / " dndy, 2.7)

where R is the correlation function of the stationary random process ¢:

R(z) =E{p(0)¢(z)}. (2.8)

We thus observe that the variance of I? is of order ¢ when R(z) is an integrable function
and can be much larger when R is not integrable.

The simplest case is that of R integrable and o2:= ffoooR(y)dy>O. Then under
the additional constraint that ¢ is strongly mixing (see [17] and (2.22) below), we can
show that u. —u* has a variance of order ¢ and more precisely converges to a Gaussian
process with the appropriate variance:

U —U* 0
Eﬁ == /K:z:y s (2.9)

where W (y) is Brownian motion on (0,1) and

K(e) = Lo (e =) +2(Fw)= [ Plo)z=a’g)10.0)

The above convergence first obtained in [17] holds in distribution in the space of contin-
uous functions C[0,1] and may be seen as a functional central limit theorem. In other
words, when R is integrable, we morally obtain u* as an application of the law of large
numbers and the random fluctuations u. —u* beyond homogenization as an application
of the central limit theorem.

When R(z) is not integrable, the random variables that are summed in (2.6) are too
strongly correlated for the central limit theorem to hold. In some situations, a limiting
behavior for u, —u* can still be obtained. Let us assume that

o(r)=2(g:) (2.10)

where g, is a stationary Gaussian process with mean zero and variance one and @ is a
bounded function such that

92 _9*
Vo=E{®(g0)} = / _ng 0, Vi=E{go®(g0)}= /gfI) \/—;dg>0- (2.11)
We assume that the correlation function of ¢:
Ry(y) =E{gugo+y
decays slowly and is of the form
Ry(y) ~rgy™* as y — o0, (2.12)

where k4 >0 and a€ (0,1). Then we can show [8] that

R(y):=E{p(z)p(z+y)} ~ry “asy—oo with k=r,V7 (2.13)
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We observe that R(y) is no longer integrable. In this setting, we obtain [8] that

us(:zc)g—%u*(w)go> /ﬁ/ﬂ@[{(%y)dwf (2.14)

in the space of continuous functions C[0,1], where K (x,y) is as above and W/ is a
fractional Brownian motion with Hurst index H =1— 5.

We thus observe that the random fluctuations are of variance € > ¢ larger than in
the case of an integrable correlation function and in fact could be arbitrarily close to £°.
Moreover, they are conveniently represented as a stochastic integral with respect to a
fractional Brownian motion such that the correlation function of dWyH also decays like
Yy~ as y— oo.

Note that k=0 when V; =0. In such a case, we can also sometimes exhibit a limit
for u. —u*, which is no longer Gaussian. Let us assume that V=V, =0 and that

N

g

e 2
Ve

in other words, ® is of Hermite rank 2. Defining =2a, we then observe for a € (0,3)
[26] that

Va=E{gh(on)} = [ 4°0(0)S—dg>0. (2.15)

1
R(y) =E{p(x)p(z+y)} ~ry "’ asy =00 with k= 5/1!2]‘/22, (2.16)

and obtain the convergence result

5 *
w%%/K(x,y)dRD(y), (2.17)
€z R
in the space of continuous functions C[0,1], where K (x,y) is as above and Rp(y) is a
Rosenblatt process with D= % =« [51]. The result holds for §€(0,1) and thus mimics
that obtained in (2.14) with a fractional Brownian motion replaced by a non-Gaussian
Rosenblatt process.

2.2. Equations with bounded potential. = What renders the analysis of the
preceding section possible is the fact that u. admits an explicit representation as an
oscillatory integral. The propagation of stochasticity from the random coefficient a. to
the solution u. is therefore relatively simple. No such results are available for higher
dimensional models of the form —V-a.Vu. = f on a bounded domain with appropriate
boundary conditions.

When a.(z,w) =a(Z,w) is stationary and ergodic, then it is known that u. converges
in the L? sense to a deterministic limit u* as in the one-dimensional case; see [34, 39, 45)].
As was indicated in the introduction, recent progress has been made on the size of the
random fluctuations, or equivalently on the rate of convergence of u. to its limit in the
setting where the correlation function of a decays rapidly. However, characterizing the
limiting behavior of u. —u* as we obtained in the preceding section remains an open
question.

We consider instead (linear) equations with a random potential of the form

P(z,D)us+geue = f, reX, (2.18)

with u.=0 on 0X, where P(xz,D) is a deterministic self-adjoint, elliptic, pseudo-
differential operator and X an open bounded domain in R?. Here, ge(z,w) =q(%,w)
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with ¢ a bounded function. When ¢ defined on (2, F,P) is ergodic and stationary, its
high oscillations ensure that it has a limited influence on u.. Define u to be the solution
to

P(z,D)u=f, reX, u=0 on 0X, (2.19)

which we assume is unique and is defined as:

u(x) = Gf (x) == / Gly)f(w)d, (2.20)

X

for a Schwartz kernel G(z,y), which we assume is non-negative, real-valued, and sym-
metric so that G(z,y) = G(y,x).

Then u. converges, for instance in L?(X x Q) to the unperturbed solution u. We
are then interested in understanding the fluctuations u. —u. The latter can in fact be
decomposed as the superposition of a deterministic corrector E{u.} —u and the random
fluctuations u. —E{u.}. It turns out that the latter contribution dominates when the
Green’s function G(z,y) is a little smoother than square integrable in the sense that

1
C,, :=sup (/ |G(:C,y)|2+"dy) <00 for some 7>0. (2.21)
rzeX X

We observe that the above constraint is satisfied for P(x,D)=—-V-a(z)V+o(x) for
a(x) bounded and coercive and o(x) >0 bounded in dimension d < 3.

Under sufficient conditions on the decorrelation properties of ¢(z,w), we obtain that
us —u is well-approximated by a central limit theory as in the preceding section. We
describe the results obtained in [3].

We define g.(x,w) = q(%,w), where g(x,w) is a mean zero, strictly stationary, process
defined on an abstract probability space (£2,F,P) [18]. We assume that ¢(x,w) has
an integrable correlation function R(z)=E{q(0)q(z)}. We also assume that ¢(z,w) is
strongly mixing in the following sense. For two Borel sets A, B CR? we denote by
Fa and Fp the sub-o algebras of F generated by the field ¢(z,w) for z € A and z € B,
respectively. Then we assume the existence of a (p—) mixing coefficient ¢(r) such that

‘E{(W—E{W})(é—E{é})}
1
(E{n*}E{?})*?
for all (real-valued) square integrable random variables n on (,F4,P) and £ on
(Q,Fp,P). Here, d(A, B) is the Euclidean distance between the Borel sets A and B. We
then assume that o2 (r) is bounded and 7%~ ¢z (1) is integrable on R*. We also assume

that q(z,w) is finite (dz x P)— a.s. and that E{¢%(0,-)} is bounded. This results allows
us to show [3, Lemma 3.2] that

| <p(d(A,B)) (2.22)

E{”g‘jsgfjsH%(L?(x))} <Ce? (2.23)
The equation for u. may be formally recast as
Ue=Gf—Gq.Gf+Gq-Gg-u..

The above equation may not be invertible for all realizations, even if G is bounded. We
are not interested in the analysis of such possible resonances here and thus modify the
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definition of our random field ¢.. Let 0 <p<1l. We denote by 2. C 2 the set where
||gqsgqs|\%(m(x)) > p. We deduce from (2.23) that P(.) < Ce?. We thus modify G. as

qa(-,w)={gs("w) ZES\Q (2.24)

Note that the process g. is no longer necessarily stationary or ergodic. But since the set
of bad realizations €). is small, all subsequent calculations involving ¢. can be performed
using Ge up to a negligible correction. Now, almost surely, ngangH%(Lg(x)) < p and u,

is well-defined in L?(X) P-a.s. Moreover, we observe that
(I —G4:Gqc)(ue —u) = -GG f +Gq-Gq-G f. (2.25)

Since Gg.Gq. is small thanks to (2.23), we verify that E{||Gq-Gq. (u: —u)|} < Ce?is also
small. The analysis of u. —u therefore boils down to that of Gq¢.Gf and Gq.Gq-Gf,
which are integrals of stochastic field ¢.. When (2.21) holds, we obtain that the former
term dominates the latter. It thus remains to analyze Gq.u, which up to a negligible
contribution, is the same as gq(é,w)u. This integral may be analyzed as in the one
dimensional setting considered in the preceding section to obtain [3]:

THEOREM 2.1. Let q satisfy the hypotheses mentioned above. Then we have that

usgu(:ﬁ)%—a/ G(z,y)u(y)dW,, (2.26)
€2 X

in distribution weakly in space where 0 = [, E{q(0)q(x)}dz < oo and dW, is a standard
multi-parameter Wiener measure on RY.

What we mean by convergence in distribution weakly in space is the following (see
below Theorem 2.2 for a stronger convergence result). Let {M,}1<,< be a finite family
of sufficiently smooth functions and define uj. =&~ 2 (ue —u) and N (z) the right-hand
side in (2.26). Then the random vector (ui.,M;)i1<j<s, where (-,-) is the usual inner
product on L?(X), converges in distribution to its limit (N, M;)1<;<.

When the Green’s function G(z,y) is not square integrable, then the deterministic
corrector E{u.} —u may be of the same order as or larger than the random fluctua-
tions ue —E{uc}. Assuming that Gg.Gg. can still be controlled, then Theorem 2.1 can
be generalized to this setting under additional assumptions on the random coefficient
q(z,w). We refer to [9] for such a theory when the operator P is the square root of
the Laplacian, which finds applications in cell biology and the diffusion of molecules
through heterogeneous membranes.

Assuming now that the random potential has a slowly decaying correlation func-
tion, we expect the random fluctuations u. —u to be significantly larger. Let g, be a
stationary centered Gaussian random field with unit variance and a correlation function
that has a heavy tail

Ry(z) =E{goga} ~ kglz[~*  as [z| =00

for kg >0 and some 0 <a <d. Let then ®:R—R bounded (and sufficiently small) so
that

1.2
e

E{®(g0)} = / B(g) m dg=0,  r=ry(E{go®(go)})? > 0.




G. BAL AND Y. GU 737

We also assume that <i>(§ ), the Fourier transform of ®, decays sufficiently rapidly so that
B(€)(1+]€[?) is integrable. We also assume that the Green’s function of the operator
P satisfies |G(z,y)| < Clz —y|~@=) for some o < 4. This condition essentially ensures
that the deterministic corrector E{u. —u} is smaller than the random fluctuations u. —
E{uc}. Let us assume that V(z) = ®(g,). Then Theorem 2.1 generalizes to the following
result [7]:

THEOREM 2.2. With the aforementioned hypotheses on the operator P and random
potential q, we obtain that

—-E
vt b [ Gt ), (2:27)
in distribution weakly in space, where W<(dy) is formally defined as We(y)dy with
We(y) a centered Gaussian random field such that E{W*(x)W(y)} =k|z—y| .

The above “weak in space” convergence may often be improved. Consider for in-
stance the case of P(z,D)=—A+1 in dimension d <3. Then we can show [7, Theorem
2.7] that Y :=¢~% (u. — E{u.}) converges in distribution in the space of functions L?(X)
to its limit Y given on the right-hand side of (2.27). This more precise statement means
that for any continuous map f from L?(X) to R, we have that

E{f(Y-)} =L E{f(Y)}, (2.28)

so that for instance the L? norm of Y. converges to that of Y. See [7] for some gener-
alizations of the above convergence result.

3. Large potential and diagrammatic expansions

In the preceding section, the elliptic problems involved a highly oscillatory potential
g satisfying bounds independent of e. We saw that the limit of the random solution u,
was given by the solution u obtained by replacing ¢. by its ensemble average. Such a
centered potential is therefore not sufficiently strong to have an influence on the leading
term u as € — 0.

In this and the following two sections, we consider the more strongly stochastic case
where the potential is rescaled such that it has an influence of order O(1) on the limit as
€ — 0, assuming the latter exists. In this section, we consider a diagrammatic expansion
method that applies for Gaussian potentials g.. Let us consider the problem

Ooue
ot

ue(0,2) =up(z), reR?,

1
+P(D)ua——5q(£)u8=0, t>0, zeR?
ef"\e (3.1)

where d > 1 is spatial dimension, P(D)=(—A)%> for some m >0, and ¢(z) is a stationary
centered Gaussian field with correlation function R(z)=E{q(0)q(z)}. We assume the
initial condition wug sufficiently smooth, deterministic, and compactly supported.

The limit of u. and the natural choice of 5 depend on the decorrelation properties
of q. When the correlation function of ¢ decays sufficiently rapidly, then averaging
effects are sufficiently efficient to imply that u. converges to a deterministic solution w.
However, when the correlation function of ¢ decays slowly, stochasticity persists in the
limit and » may be shown to be the solution of a stochastic partial differential equation
with multiplicative noise.



738 EQUATIONS WITH LARGE RANDOM POTENTIAL

3.1. Homogenization and random fluctuations. The threshold rate of
decay of the correlation is as follows. Define the power spectrum of ¢ as the Fourier
transform (up to a factor (27)%) of the correlation function

2m)4R(E) = / e S R(x)dx. (3.2)
Rd
When it is finite, let us define
R(€)

p ::/ —==dE. 3.3
o T )

When the above quantity is finite, then u. converges to the deterministic solution of

(Q—I—P(D)— )u(t x)=0 reRY, >0

(’% P ) - Y 9 9 (34)

u(0,7) = up(z), zeR

When the above integral diverges (because of the behavior of the integrand at £ =0),
then u. converges to a stochastic limit described in (3.10) below.

The proofs in [4, 5] derive such results by means of a Duhamel expansion that
“counts” all possible interactions of the solution u. with the underlying random medium.
When p is finite, this counting (combinatorial) process is controlled for the above equa-
tion only for sufficiently small times T'p < C' with a constant C' independent of p when
p<oo. This is a constraint that naturally appears in such combinatorial expansions;
see, e.g., [49]. We do not present the lengthy diagrammatic expansions here and refer
the reader to the aforementioned references for the details.

In the case of convergence to a deterministic limit, we have the following result:

THEOREM 3.1. Let m<d and R(x) be an integrable function or a bounded function
such that R(x)~k|z|™P as |x| = o0 with m <p <d. Let us choose 3= 3.

Let T >0 sufficiently small. Then there exists a solution to (3.1) uc(t) € L?>(Q2 x R%)
uniformly in 0<e <eo for all t€[0,T]. Moreover, let us assume that R(€) is of class
CY(RY) for some 0 <~ and let u(t,z) be the unique solution in L*(R?) to (3.4). Then,
we have the convergence result

[[ue () = u(t) | L2 (@ xre) —=2%50, (3.5)

uniformly in 0 <t <T.

More precise rates of convergence are given in [5, Theorem 1]. A similar result of
convergence holds in the critical dimension d=m with R(x) integrable. In such a case,
P has to be chosen as €% |Ine|z [5]. The same method shows that for any choice of
potential rescaling 8<%, then p is replaced by e™=265 in (3.4) so that u. converges
uniformly in time on compact intervals (0,7) (with no restriction on T then) to the
unperturbed solution u of (3.4) with p replaced by 0.

The residual stochasticity of u. can be computed explicitly in the diagrammatic
expansion. Let us separate u. —u as ue — E{u.} and E{u.} —u. The latter contribution
is a deterministic corrector, which could be larger than the random fluctuations. We
refer to [5] for its size and how it may be computed. For the random fluctuations
ue. —E{uc}, we have the following convergence result.
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THEOREM 3.2. Under the hypotheses of Theorem 3.1 and defining p:=d when R is
integrable, we have

ue —E{uc} 0
%%Ula

g 2

(3.6)

in distribution and weakly in space, where uy is the unique solution of the following
stochastic partial differential equation (SPDE) with additive noise:

(8 +P(D)— )ul(t,x) = ouW, reR? >0,

ot (3.7)
u1(0,2) = 0, zeR?,
where o is a constant and W is a centered Gaussian random field such that
s = [ R, E(W ()W (2-+9)) = 3(y). =
d

= (2m)* |4 RO, BV W (1)) = ylyl s m<p<d

b
Here, we have defined the normalizing constant c, = 2)(d %
r

I(
4
w2 2

d

The proof of these results may be found in [5] with some extensions in [6]. The
convergence result in Theorem 3.1 was extended to the case of Schrodinger equations
(with replaced by ig; ) to arbitrary times 0 <¢<T < oo in [54] using the unitarity of
the unperturbed solutron operator and the decomposition introduced in [21].

3.2. Convergence to a SPDE with multiplicative noise. = The behavior of
ue is different when the correlation function decays slowly or when d <m. When p tends
to m, we observe that the random fluctuations (3.6) become of order O(1) and we thus
expect the limit of u., when it exists, to be stochastic.

THEOREM 3.3. Let either m>d and R(x) be an integrable function, in which case,
we set p=d, or let R be a bounded function such that R(x)~k|z|™" as |x| —= oo with
0<p<m. Let us choose f=15.
Then there exists a solution to (3.1) u.(t) € L?(Q x RY) uniformly in 0 <e<eq and
€10,T] for all T >0. Moreover, we have the convergence result
ue ==y, (3.9)
in distribution and in the space of square integrable functions L*(RY), where u is the
unique solution (in an appropriate dense subset of L>(R? x Q) uniformly in time) of the
following SPDE with multiplicative noise

(8 —i—P(D)) (t,x) = ouW, TeRY >0,

ot (3.10)
u(0,2) = up(x), reRY

where o and W are given in (3.8).

The derivation of the above result is presented in [4] with some extensions in [6].
In low dimensions d <m and in arbitrary dimension d>m when the correlation func-
tion decays sufficiently slowly that 0 <p <m, we observe that the solution u. remains
stochastic in the limit € —0. Note that we are in situations where the integral in (3.3)
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is infinite. A choice of =7 would generate too large a random potential. Smaller, but
with a heavier tail, potentials corresponding to = % < 5 generate an influence of order
O(1) on the (limiting) solution u. Any choice 5 < § would again lead u. to converge (in
the strong L?(Q x R?) sense then) to converge to the unperturbed solution u of (3.10)
with 0 =0.

Let G(t,z;y) be the Schwartz kernel of the operator e~ **(P). What we mean by a
solution of (3.10) is a (mild) solution of the integral equation

t
u(t,z) = e~ PPy (x) +/ G(t—s,z;y)uls,y)odW (y)ds,
0 JR4

for instance with dW the standard Wiener measure when p=d <m. The above stochas-
tic integral is defined for a dense subset of L?(R?x Q) in [4] by means of iterated
Stratonovich integrals and their relation to the classical iterated It6 integrals.

That the (Stratonovich) product uWW may be defined is not obvious. W is an
irregular distribution, and as a consequence, u is also irregular. It turns out that in order
to make sense of a solution to (3.10), we essentially need a sufficiently low dimension d
so that e *P(P) is an efficient smoothing operator or a sufficiently slow decay p <m so
that W with statistics recalled in (3.8) is sufficiently regular. When d <m or m <p, then
the product of the two distributions u¥ in (3.10) cannot be defined as a distribution.
From a physical point of view, we may not need such SPDE models since u. then
converges to the deterministic solution in (3.4) with its random fluctuations described
by the well-defined SPDE with additive noise (3.7); see [20] for a general treatment and
references to SPDEs.

As for the case of convergence to a deterministic solution, similar results may be
obtained for the Schrédinger equation (with % above replaced by i%); see [38, 53].

3.3. Time-dependent potentials. The results presented above extend to the
setting of time dependent Gaussian potentials

1 t
8UE+P(D)UE——Q(—,E)UEZO, t>0, zcR?
ot ebi\e7 ¢ (3.11)

ue(0,2) =up(z), reRY

with 0 <+ <m and 8 now chosen as a function of the correlation properties of ¢, v, and
m. When v>m, then the temporal fluctuations dominate the spatial fluctuations and
8 should be chosen as f= 3 when g is sufficiently mixing; see for instance [47] when
m=2 in one dimension of space for a general mixing coefficient g.

When 0 <+ <m, then both the spatial and temporal fluctuations of V' contribute to
the stochasticity of the solution wu.. Let us define R(t,z) =E{q(s,y)s(s+t,y+x)} the

correlation function of ¢ and assume the decay properties

K
R(t,x)~ |:C|—Ptb as x|t — oc.

We restrict ourselves to the setting 0 <b<1 and 0<p <d with formally b=1 when
R is integrable in time (uniformly in space) and p=d when R is integrable in space
(uniformly in time). Then when p and b are sufficiently small, we again obtain that u.
converges to the solution of a SPDE, while it converges to a homogenized, deterministic
solution otherwise.

More precisely, when bm+p <m, then we should choose 5= %(p +~b), and u. then
converges to a SPDE of the form (3.10) with W replaced by a spatio-temporal fractional
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Brownian motion with asymptotically the same correlation function as R(¢,x), i.e., such
that

. . C
E{W (s,2)W (s+t,z+y)} = |y|§i;|b, (3.12)
for an appropriate constant c; p.

When bm+p >m, then u. converges instead to a homogenized solution given by
(3.4). We should choose 3= ((1—b)m+~b) and p as

o0 m A t
p:nmgd*w/ / e HEI" R(— e€)dedt,
0o Jrd ev

e—0

with (27)?R(t,€) the Fourier transform of R(t,z) with respect to the second variable. We
recognize in e €™ the Fourier transform of the fundamental solution of the unperturbed
operator &+ P(D). The random fluctuations u. —E{u.} are still given by ui, the
solution of the SPDE (3.7) with W the spatio-temporal fractional Brownian motion
given by (3.12).

We refer to [6] for additional details on these results.

4. Large potential and Feynman-Kac representation

For heat and elliptic equations, the Feynman-Kac formula provides another way of
proving homogenization and error estimate. The probabilistic representation enables us
to prove the convergence of solutions to PDE by weak convergence of stochastic pro-
cesses. By a central limit theorem, a large class of random coeflicients can be handled
besides the Gaussian case. Using a quantitative version of the central limit theorem [42,
Theorem 3.2|, convergence rates may be derived as well. For certain special cases, we
can also establish the limiting Gaussian law of the rescaled corrector. In the following,
we briefly recall and summarize our results [27, 28, 29] in this direction for equations of
the form (0; — A —iV:)u, =0 when d>3. A similar approach is used in [46, 47], where
(0y — 0% — V. )u. =0 is considered for a large potential V. when d=1 and where homog-
enization or convergence to SPDE are obtained in the mixing setting. The imaginary
unit that appears in front of our large random potential is here to ensure that we have
a control of the solution in the H' sense. This allows us to focus on the dependence of
the limiting solution on the correlation property of random coefficient without worrying
about the integrability of exponentials as is the case in [46, 47].

The equation with spatial potential is written as

8tu8(t,x):%Aug(t,x)—i—igiﬁ‘/(g)ug(t,x), (4.1)
with the stationary random potential V'(x), constant 3 >0 to be determined and initial
condition us(0,z) = f(x). We focus on the cases d >3 and will briefly mention the cases
d=1,2 at the end of the section.

By the Feynman-Kac formula, the solutions to the above equations may be written
in the following form:

t
us(t,x):EB{f(a:—l—Bt)exp(iEiB/ V(gH_BS

0 e

)ds)}, (4.2)

where B; is a Brownian motion starting from the origin and Ep denotes the expectation
only with respect to B;. By the scaling properties of B; and the stationarity of V', u.
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has the same distribution as
t/e?
e (t,2) =Ep{f(v+eBye)exp(ie® " | V(By)ds)}.
0
The analysis of u. hence hinges on proving the weak convergence of the process X, (t):=

2
g2h f(f /e V(Bs)ds, which is an example of Brownian motion in random scenery.

4.1. Asymptotics of Brownian motion in random scenery. The corre-
sponding discrete case is Kesten-Spitzer’s model of random walk in random scenery,
for which the invariance principle is proved in [16, 35]. In [30, 48], the continuous case
is analyzed for specific random sceneries. Kipnis-Varadhan [36] prove a general cen-
tral limit theorem for additive functionals of Markov process. By adapting the view
of “medium seen from an observer”, their result can be directly applied to Brownian
motion in random scenery when d > 3. Our results in the short-range-correlation setting
are therefore based on the Kipnis-Varadhan’s approach.

We make the following assumptions on the short- and long-range-correlated random
potentials.

ASSUMPTION 4.1 (Short-range-correlated potential). Let (2, F,P) be a probability space
and {1,2 €R} a group of measure-preserving and ergodic transformation. Let V€
L*(Q) with zero mean, i.e., [oV(w)P(dw)=0. Let R(&) be the power spectrum of V,
and we assume the following integrability condition:

/ R(E) d¢ < . (4.3)
re (€2

The mndom potential V(x) then takes the form V(w;w)=V(r,w). We denote o*=
4(2m) ded &)|€]72de andp——
AssuMPTION 4.2 (Long-range-correlated potential). Let V(z)=®(g(x)) where

e g(z) is a stationary Gaussian field with zero mean and unit variance. The auto-
covariance function Ry(x)=E{g(0)g(x)} satisfies that

|Ry(z )|<H'f ymin(1, |a;| =) with o;€(0,1) and Rg(:v)wcd]_[?:1|xi|_o” as
,,,,, dlai| =00, a:=Y" a;€(0,2).
o O has Hermite rank 1, which means all of the following:
Jp @2 (x )%exp(—ﬁ)d:v < oo and if we define Vi, =E{®(g)Hy(g)} with Hy(x)=
(—1)"exp(x?/2)-L A exp(—2?/2) the k—th Hermite polynomial, then Vo=
0, Vi #0.
Since we have two independent random sources, we are in the product probability
space. The weak convergence in this space is referred as the annealed weak convergence.

PrOPOSITION 4.3. Under Assumption 4.1, we have in the annealed sense that
/ V(=)ds= oW, (4.4)

in C([0,00)), where Wy is a standard Brownian motion.
Under Assumption 4.2, we have in the annealed sense that for fixed t,

oz [ V= vive [ Ba (45)
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where fOtW(Bs)ds is defined as the L? limit of fg Jgats(x—Bs)W (dx)ds as 6 —0 with

the mollifier qs(x) = (2n0)~ % exp(—%) and generalized Gaussian random field W (dx)

satisfying B{W (dx)W (dy)} = H'Z:l |x; — ;| > dady.

The way we define short- and long-range-correlated random potentials here is
different from traditional definition. In general, when the auto-covariance function
is integrable, the random field is called short-range-correlated, otherwise long-range-
correlated. From Assumption 4.1 we see that the criteria used here is the integrability
of R(&)[¢]72.

We also point out that the convergence obtained for short-range-correlated poten-
tials is actually weak convergence in measure, see [36, Remark 1.10]. For long-range-
correlated potentials, we prove the weak convergence by the method of characteristic
function.

4.2. Homogenization and convergence to SPDE. The following is the main
theorem about homogenization and convergence to SPDE.

THEOREM 4.4. Let u. solve (4.1) and Upom,Uspde Solve the following equations re-
spectively with the same initial condition f € Cy(RY):

1

atuhovn = §Auhom — PUhom, (46)
1 . :

OpUspde = §Au5pde +iViveaW tspde .- (4.7)

Under Assumption 4.1, choosing =1, we have us(t,2) = Upom (t,z) in probability.
Under Assumption 4.2, choosing B= 5, we have uc(t,r) = tspae(t,x) in distribution.
REMARK 4.5.  The limit W; obtained in (4.4) is independent from B;, leading to a
real potential in (4.6).

In the above theorem, the solution to the SPDE is defined by the Feynman-Kac
formula

uspde:EB{f(x—FBt)eXp(iVl\/@/O W (z+ By)ds)}, (4.8)

and it can be shown to be a weak solution to (4.7) by the method in [33].
To obtain error estimates in the homogenization setting, further assumptions are
made on the short-range-correlated random potentials besides Assumption 4.1.

AssuMPTION 4.6. E{V ()%} <oco. Let Fx=0(V(z):2€K) for any K CR?%. There
exists a function @(r):[0,00) —[0,00) such that for any a>0, ¢(r)<Cy(1Ar=%) for
some Cy, >0 and the following bound holds:

E{61(V)62(V)} < o(r)y/E{62(V)} 63(V)) (4.9)
for any two compact sets Ki,Ko with d(Ky,Ko)>r and any random variables
01(V),02(V) with ¢;(V') being Fr,—measurable and E{¢;(V)}=0.

The error estimate is given in the following theorem.

THEOREM 4.7.  Let us solve (4.1) and upom solve the following equation with the same
initial condition f€C(RY):

1
8ifuhmn = §Auhom — PUhom- (410)
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Then under assumptions 4.1 and 4.6, and choosing =1, we have

Ve d=3,
E{|uc(t,2) —tunom(t,2)|} <(1+1)Cy 1,4 \/|loga | d=4, (4.11)
d>4.

For the special case of Gaussian and Poissonian potential, we are able to derive the
limiting Gaussian law of the rescaled corrector when d=3.

AsSUMPTION 4.8 (Gaussian or Poissonian potential). V is assumed to be Gaussian or
Poissonian, and
o when V is Gaussian, for any a> 0, there exists Cy, >0 such that the covariance
function satisfies |R(z)| < Cy (1/\|x|_°‘)
e when V is Poissonian, V(x fRd w(dy), where the shape function ¢ is
continuous, compactly supported and satzsﬁes fRd ¢(x)dx =0, and w(dy) is the

Poz’ssom’an point pmcess with Lebesgue measure dy as its intensity. In this case,
fRd (x+v)p(y)dy is compactly supported.

THEOREM 4.9. When d=3, let u. solve (4.1) and upom solve the following equation
with the same initial condition f€C(RY):

1
8ifuhmn = iAuhom — PUhom- (412)
Then under Assumption 4.8, and choosing =1, we have
UE(t7x)_uhOm(t7x) e—0

7z —= uy(t,2) (4.13)

in distribution and weakly in space, where uy(t,z) solves the following SPDE with addi-
tive white noise and zero initial condition:

Opuy (t,x) = %Aul(t,x) — puy (t,2) + i/ R(0)unom (t,2)W (z). (4.14)

In low dimensions d=1,2, the SPDE result still holds in the long-range-correlation
setting. In the short-range-correlation setting when d=2, homogenization can be de-
rived for certain class of potentials with an additional logarithm scaling factor. The
derivation of a SPDE for a real-valued potential (iV; is replaced by V.) is carried out
in dimension d=1 in [46].

4.3. Time-dependent potentials. The results presented above for short-
range-correlated potentials have been extended to time-dependent setting [29]. We
consider

Btua(t,x):%Aug(t,x)—i—iiV(E%,g)ug, (4.15)

B
with initial condition f € Cy(R?), d>3, and V (¢,z) satisfies the following assumption:

AsSSUMPTION 4.10 (Time-dependent potential). Let (Q,F,P) be a probability space and
{T(tyx),tER,CCERd} a group of measure-preserving and ergodic transformations. Let
Ve L>(Q) with zero mean, i.e., [oV(w)P(dw)=0, and V (t,z;w) =V (7 »yw). Let Fix =
o(V(t,x):(t,x) €K) for any K CRL.  Then there exists a function o(r):[0,00) —
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[0,00) such that for any a>0, ¢(r) <Cy(LAr~—*) for some Cy >0 and the following
bound holds:

sup [P(A|B)—P(A)| < o(r). (4.16)
A€FK,,BEFK,,P(B)>0,d(K1,K2)>r

The following is the main result.

THEOREM 4.11.  Let u. solve (4.15) with =3V 1. Then under Assumption 4.10,
us(t,x) = ug(t,z) in probability, where ug solves Oyug(t,x) =% Aug(t, ) — p(7)uo(t,z)
with the same initial condition and

Jo R(t,0)dt v E(2,00),
fooo Ep{R(0,B;)}dt v€10,2).

When =7 and v — o0, it corresponds to the case when V' has no micro-structure
in x, ie, Vo(t,z)= % (g,:v) for which we prove a convergence to SPDE with multi-

plicative noise in the Stratonovich sense.

THEOREM 4.12. Under Assumption 4.10, let

1 o1 t
8tu5(t,3:)—iAus(t,x)+1$V(g,x)u5(t,x), (4.18)
Opug(t,x) = %Auo(t,x)—I—iW(t,x)ouo(t,x), (4.19)

with initial condition uc(0,2)=wuo(0,2)= f(z) and Gaussian noise W (t,z) of covari-
ance structure B{W (t,2)W (s,y)} =6(t—s) [ R(t,x—y)dt. Then u.(t,x) = uo(t,x) in
distribution as € — 0.

5. Large potential and multiscale expansion
As in Section 4, we look at the equation with imaginary large random potential in
high dimensions:

(A—1+iVo)u. =, (5.1)

where f€C(R?), and Vz(z,w) =1V (£;w) with we (Q,F,P). We consider the case of
an elliptic equation to simplify the presentation.

Using two-scale expansions, we consider the ansatz u.(x)=uo(x)+eus(z,y)+...
with fast variable y= 2. It is straightforward to check that the equation satisfied by
uy should then be Ayui(z,y)+iV (y)uo(x) =0. This inspires us to define the corrector

Xe=0G(V(z)) with G= (—A+1)~! and the lower-order term

w1 () = xe(x)uo ().

The heterogeneous solution wu. is then decomposed as the homogenized limit plus the
fluctuations

Ue = U+ EUT ¢ + Ve, (5.2)
with up(x) the solution of the limiting equation

(A=1=p)uo=1. (5.3)
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Here, p is the constant homogenized from —iV. given by (3.3) with m=2. We then
verify that the equation for the remainder v, is given by:

(A—l—l—iVE)vs:—(p—l—iV(g)Xs(:z:))uo(x)—E(XEAUO—I—QVXE~Vu0). (5.4)

The imaginary structure of the random potential leads to the following energy
estimate of the solution of (5.1):

[well it ray < | fll -1 may,s

which we apply to v, in (5.4). Together with an estimate of euy ., we have the following
result [13]:

THEOREM 5.1. In dimension d>3, suppose V(x) has mean zero and strongly miz-
ing property as in Assumption 4.6 and p= [, ®(y)R(y)dy, where &= (—A)~L§ s the
Green’s function of —A and R is the auto-covariance function of V.. Then we have the
following convergence rate:

Ve d=3,
H’UJE—’UJOHLz(Qde)SC \/|10g€ d 4 (55)
d>4.

It can actually be proved that

NG d=3,
\// E{[o. | +|Vo. PYde < C 1/|10g5 d—4, (5.6)
Rd

d>4,

and since euj . ~O(1) in H', we deduce that euq ¢ is the leading corrector to ug in H!

A more involved but similar approach was used recently in [32] to analyze a one
dimensional heat equation with large (real-valued) time-dependent potential (9; —92 —
Vz)ue =0. The ansatz involves the constructions of two correctors defined as

QY=Y+ V.,
0 Ze :agza"i‘ |(91Y5|2 _E{WwYHQ}'

Using the change of variables v. =u.exp(—Y: — Z.), it is proved in [32] that Y. and Z.
converge to 0 in appropriate spaces so that both u. and v, converge to the solution of
a homogenized equation. Similar expansions are carried out in the more complicated
analysis of the KPZ equation [31].

Acknowledgments. The authors are indebted to the organizers for their invitation
to the fantastic Stanford conference honoring George Papanicolaou on the occasion of
his 70th birthday, and to George himself for his immense and continued influence on the
field of equations with random coefficients. This work was partially funded by AFOSR
Grant NSSEFF- FA9550-10-1-0194 and NSF Grant DMS-1108608.

REFERENCES

[1] G. Allaire, Homogenization and two scale convergence, SIAM J. Math. Anal., 23, 1482-1518,
1992.



G. BAL AND Y. GU 747

[2] S.N. Armstrong and C.K. Smart, Quantitative stochastic homogenization of elliptic equations in
nondivergence form, Arch. Ration. Mech. Anal., 214, 867-911, 2014.

[3] G. Bal, Central limits and homogenization in random media, Multiscale Model. Simul., 7(2),
677-702, 2008.

[4] G. Bal, Convergence to SPDFEs in Stratonovich form, Commun. Math. Phys., 292(2), 457-477,
2009.

[5] G. Bal, Homogenization with large spatial random potential, Multiscale Model. Simul., 8(4), 1484—
1510, 2010.

[6] G. Bal, Convergence to homogenized or stochastic partial differential equations, Appl. Math. Res.
Express, 2011(2), 215-241, 2011.

[7] G. Bal, J. Garnier, Y. Gu, and W. Jing, Corrector theory for elliptic equations with long-range
correlated random potential, Asymptot. Anal., 77, 123-145, 2012.

[8] G. Bal, J. Garnier, S. Motsch, and V. Perrier, Random integrals and correctors in homogenization,
Asymptot. Anal., 59(1-2), 1-26, 2008.

[9] G.Bal and W. Jing, Corrector theory for elliptic equations in random media with singular Green’s
function. Application to random boundaries, Commun. Math. Sci., 9(2), 383-411, 2011.

[10] G. Bal and W. Jing, Corrector theory for MsFEM and HMM in random media, Multiscale Model.
Simul., 9, 1549-1587, 2011.

[11] G. Bal and W. Jing, Corrector analysis of FEM-based multiscale algorithms for PDEs with ran-
dom coefficients, M2AN Math. Model. Numer. Anal., 48, 387—409, 2014.

[12] G. Bal and K. Ren, Physics-based models for measurement correlations: application to an inverse
Sturm-Liouville problem, Inverse Problems, 25, 055006, 2009.

[13] G. Bal and N. Zhang, Homogenization of elliptic equation with large potential, submitted,
arXiv:1311.6040, 2013.

[14] A. Bensoussan, J.-L. Lions, and G.C. Papanicolaou, Homogenization in deterministic and stochas-
tic problems, in Stochastic Problems in Dynamics (Sympos., Univ. Southampton, Southamp-
ton, 1976), Pitman, London, 106-115, 1977.

[15] M. Biskup, M. Salvi, and T. Wolff, A central limit theorem for the effective conductance: I. linear
boundary data and small ellipticity contrasts, Commun. Math. Phys., 328, 701-731, 2014.

[16] E. Bolthausen, A central limit theorem for two-dimensional random walks in random sceneries,
Ann. Probab., 108-115, 1989.

[17] A. Bourgeat and A. Piatnitski, Estimates in probability of the residual between the random and
the homogenized solutions of one-dimensional second-order operator, Asymptot. Anal., 21,
303-315, 1999.

[18] L. Breiman, Probability, Classics Appl. Math., SIAM, Philadelphia, 7, 1992.

[19] L.A. Caffarelli and P.E. Souganidis, Rates of convergence for the homogenization of fully nonlinear
uniformly elliptic pde in random media, Invent. Math., 180, 301-360, 2010.

[20] G. Da Prato and J. Zabczyk, Stochastic Equations in Infinite Dimensions, Cambridge University
Press, 2008.

[21] L. Erdés and H.T. Yau, Linear Boltzmann equation as the weak coupling limit of a random
Schrédinger equation, Commun. Pure Appl. Math., 53(6), 667735, 2000.

[22] R. Figari, E. Orlandi, and G. Papanicolaou, Mean field and Gaussian approzimation for partial
differential equations with random coefficients, STAM J. Appl. Math., 42(5), 1069-1077, 1982.

[23] A. Gloria, S. Neukamm, and F. Otto, An optimal quantitative two-scale expansion in stochastic
homogenization of discrete elliptic equations, Math. Model. Numer. Anal., 48(2), 325-346,
2014.

[24] A. Gloria and F. Otto, An optimal variance estimate in stochastic homogenization of discrete
elliptic equations, Ann. Probab., 39, 779-856, 2011.

[25] A. Gloria and F. Otto, An optimal error estimate in stochastic homogenization of discrete elliptic
equations, Ann. Appl. Probab., 22, 1-28, 2012.

[26] Y. Gu and G. Bal, Random homogenization and convergence to integrals with respect to the
Rosenblatt process, J. Diff. Eqgs., 253(4), 1069-1087, 2012.

[27] Y. Guand G. Bal, Weak convergence approach to a parabolic equation with large random potential,
Ann. Inst. Henri Poincaré Probab. Stat., to appear.

[28] Y. Gu and G. Bal, Fluctuations of parabolic equations with large random potentials, Stoch. Partial
Differ. Equ. Anal. Comput., to appear.

[29] Y. Gu and G. Bal, Homogenization of heat equation with large time-dependent potential, Stochas-
tic Process. Appl., 125, 91-115, 2015.

[30] Y. Gu and G. Bal, An invariance principle for brownian motion in random scenery, Electron. J.
Probab., 19(1), 1-19, 2014.

[31] M. Hairer, Solving the KPZ equation, Annl. Math. (2), 178, 559-664, 2013.

[32] M. Hairer, E. Pardoux, and A. Piatnitski, Random homogenisation of a highly oscillatory singular



748

(33]
(34]
(35]
(36]

(37]

(38]

[39]
[40]

[41]

[42]

[43]
[44]

[45]

[46]
[47]
(48]
[49]

[50]
[51]

[52]
(53]

[54]

EQUATIONS WITH LARGE RANDOM POTENTIAL

potential, Stoch. Partial Differ. Equ. Anal. Comput. 1, 559-664, 2013.

Y. Hu, D. Nualart, and J. Song, Feynman—Kac formula for heat equation driven by fractional
white noise, Ann. Probab., 39, 291-326, 2011.

V.V. Jikov, S.M. Kozlov, and O.A. Oleinik, Homogenization of Differential Operators and Integral
Functionals, Springer-Verlag, New York, 1994.

H. Kesten and F. Spitzer, A limit theorem related to a new class of self-similar processes, Probab.
Theory Relat. Fields, 50, 5-25, 1979.

C. Kipnis and S. Varadhan, Central limit theorem for additive functionals of reversible Markov
processes and applications to simple exclusions, Commun. Math. Phys., 104, 1-19, 1986.

T. Komorowski, C. Landim, and S. Olla, Fluctuations in Markov Processes, Grundlehren
der Mathematischen Wissenschaften [Fundamental Principles of Mathematical Sciences],
Springer, Heidelberg, 345, 2012.

T. Komorowski and E. Nieznaj, On the asymptotic behavior of solutions of the heat equation with
a random, long-range correlated potential, Potential Anal., 33(2), 175-197, 2010.

S.M. Kozlov, The averaging of random operators, Math. Sb. (N.S.), 109, 188-202, 1979.

A. Lejay, Homogenization of divergence-form operators with lower-order terms in random media,
Probab. Theory Relat. Fields, 120, 255-276, 2001.

D. Marahrens and F. Otto, Annealed estimates on the Green’s function, arXiv preprint
arXiv:1304.4408, 2013.

J.C. Mourrat, Kantorovich distance in the martingale clt and quantitative homogenization of
parabolic equations with random coefficients, Probab. Theory Related Fields, 160, 279-314,
2014.

J. Nolen, Normal approzimation for a random elliptic equation, Probab. Theory Relat. Fields,
159(3-4), 661-700, 2014.

J. Nolen and G. Papanicolaou, Fine scale uncertainty in parameter estimation for elliptic equa-
tions, Inverse Problems, 25(11), 115021, 2009.

G.C. Papanicolaou and S.R.S. Varadhan, Boundary value problems with rapidly oscillating ran-
dom coefficients, in Random Fields, Vol. I, II (Esztergom, 1979), Collog. Math. Soc. Jdnos
Bolyai, North Holland, Amsterdam, New York, 27, 835-873, 1981.

E. Pardoux and A. Piatnitski, Homogenization of a singular random one dimensional PDE,
GAKUTO Internat. Ser. Math. Sci. Appl., 24, 291-303, 2006.

E. Pardoux and A. Piatnitski, Homogenization of a singular random one-dimensional PDE with
time-varying coefficients, Ann. Probab., 40, 1316-1356, 2012.

B. Rémillard and D. Dawson, A limit theorem for brownian motion in a random scenery, Canad.
Math. Bull, 34, 385-391, 1991.

H. Spohn, Derivation of the transport equation for electrons moving through random impurities,
J. Stat. Phys., 17(6), 385-412, 1977.

A.S. Sznitman, Brownian Motion, Obstacles and Random Media, Springer, 1998.

M.S. Taqqu, Weak convergence to fractional brownian motion and to the rosenblatt process,
Probab. Theory Relat. Fields, 31, 287-302, 1975.

V.V. Yurinskii, Averaging of symmetric diffusion in a random medium, Siberian Math. J., 4,
603-613, 1986. English translation of: Sibirsk. Mat. Zh. 27(4), 167-180, 1986 (Russian).

N. Zhang and G. Bal, Convergence to SPDE of the Schrodinger equation with large, random
potential, Commun. Math. Sci., 12, 825-841, 2014.

N. Zhang and G. Bal, Homogenization of the Schrédinger equation with large, random potential,
Stoch. Dyn., 14(1), 1350013, 2014.




<<
  /ASCII85EncodePages false
  /AllowTransparency false
  /AutoPositionEPSFiles true
  /AutoRotatePages /None
  /Binding /Left
  /CalGrayProfile (Dot Gain 20%)
  /CalRGBProfile (sRGB IEC61966-2.1)
  /CalCMYKProfile (U.S. Web Coated \050SWOP\051 v2)
  /sRGBProfile (sRGB IEC61966-2.1)
  /CannotEmbedFontPolicy /Error
  /CompatibilityLevel 1.7
  /CompressObjects /Tags
  /CompressPages true
  /ConvertImagesToIndexed true
  /PassThroughJPEGImages true
  /CreateJobTicket false
  /DefaultRenderingIntent /Default
  /DetectBlends true
  /DetectCurves 0.0000
  /ColorConversionStrategy /CMYK
  /DoThumbnails false
  /EmbedAllFonts true
  /EmbedOpenType true
  /ParseICCProfilesInComments true
  /EmbedJobOptions true
  /DSCReportingLevel 0
  /EmitDSCWarnings false
  /EndPage -1
  /ImageMemory 1048576
  /LockDistillerParams false
  /MaxSubsetPct 100
  /Optimize false
  /OPM 1
  /ParseDSCComments true
  /ParseDSCCommentsForDocInfo true
  /PreserveCopyPage true
  /PreserveDICMYKValues true
  /PreserveEPSInfo true
  /PreserveFlatness true
  /PreserveHalftoneInfo false
  /PreserveOPIComments true
  /PreserveOverprintSettings true
  /StartPage 1
  /SubsetFonts true
  /TransferFunctionInfo /Apply
  /UCRandBGInfo /Preserve
  /UsePrologue false
  /ColorSettingsFile ()
  /AlwaysEmbed [ true
  ]
  /NeverEmbed [ true
  ]
  /AntiAliasColorImages false
  /CropColorImages true
  /ColorImageMinResolution 300
  /ColorImageMinResolutionPolicy /OK
  /DownsampleColorImages false
  /ColorImageDownsampleType /Bicubic
  /ColorImageResolution 300
  /ColorImageDepth 8
  /ColorImageMinDownsampleDepth 1
  /ColorImageDownsampleThreshold 1.50000
  /EncodeColorImages true
  /ColorImageFilter /FlateEncode
  /AutoFilterColorImages false
  /ColorImageAutoFilterStrategy /JPEG
  /ColorACSImageDict <<
    /QFactor 0.15
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /ColorImageDict <<
    /QFactor 0.15
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /JPEG2000ColorACSImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /JPEG2000ColorImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /AntiAliasGrayImages false
  /CropGrayImages true
  /GrayImageMinResolution 300
  /GrayImageMinResolutionPolicy /OK
  /DownsampleGrayImages false
  /GrayImageDownsampleType /Bicubic
  /GrayImageResolution 300
  /GrayImageDepth 8
  /GrayImageMinDownsampleDepth 2
  /GrayImageDownsampleThreshold 1.50000
  /EncodeGrayImages true
  /GrayImageFilter /FlateEncode
  /AutoFilterGrayImages false
  /GrayImageAutoFilterStrategy /JPEG
  /GrayACSImageDict <<
    /QFactor 0.15
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /GrayImageDict <<
    /QFactor 0.15
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /JPEG2000GrayACSImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /JPEG2000GrayImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /AntiAliasMonoImages false
  /CropMonoImages true
  /MonoImageMinResolution 1200
  /MonoImageMinResolutionPolicy /OK
  /DownsampleMonoImages false
  /MonoImageDownsampleType /Bicubic
  /MonoImageResolution 1200
  /MonoImageDepth -1
  /MonoImageDownsampleThreshold 1.50000
  /EncodeMonoImages true
  /MonoImageFilter /CCITTFaxEncode
  /MonoImageDict <<
    /K -1
  >>
  /AllowPSXObjects false
  /CheckCompliance [
    /None
  ]
  /PDFX1aCheck false
  /PDFX3Check false
  /PDFXCompliantPDFOnly false
  /PDFXNoTrimBoxError true
  /PDFXTrimBoxToMediaBoxOffset [
    0.00000
    0.00000
    0.00000
    0.00000
  ]
  /PDFXSetBleedBoxToMediaBox true
  /PDFXBleedBoxToTrimBoxOffset [
    0.00000
    0.00000
    0.00000
    0.00000
  ]
  /PDFXOutputIntentProfile ()
  /PDFXOutputConditionIdentifier ()
  /PDFXOutputCondition ()
  /PDFXRegistryName ()
  /PDFXTrapped /False

  /CreateJDFFile false
  /Description <<

    /BGR <>
    /CHS <FEFF4f7f75288fd94e9b8bbe5b9a521b5efa7684002000410064006f006200650020005000440046002065876863900275284e8e9ad88d2891cf76845370524d53705237300260a853ef4ee54f7f75280020004100630072006f0062006100740020548c002000410064006f00620065002000520065006100640065007200200035002e003000204ee553ca66f49ad87248672c676562535f00521b5efa768400200050004400460020658768633002>
    /CHT <FEFF4f7f752890194e9b8a2d7f6e5efa7acb7684002000410064006f006200650020005000440046002065874ef69069752865bc9ad854c18cea76845370524d5370523786557406300260a853ef4ee54f7f75280020004100630072006f0062006100740020548c002000410064006f00620065002000520065006100640065007200200035002e003000204ee553ca66f49ad87248672c4f86958b555f5df25efa7acb76840020005000440046002065874ef63002>
    /CZE <>
    /DAN <>
    /DEU <>
    /ESP <>
    /ETI <>
    /FRA <>
    /GRE <>

    /HRV (Za stvaranje Adobe PDF dokumenata najpogodnijih za visokokvalitetni ispis prije tiskanja koristite ove postavke.  Stvoreni PDF dokumenti mogu se otvoriti Acrobat i Adobe Reader 5.0 i kasnijim verzijama.)
    /HUN <>
    /ITA <>
    /JPN <FEFF9ad854c18cea306a30d730ea30d730ec30b951fa529b7528002000410064006f0062006500200050004400460020658766f8306e4f5c6210306b4f7f75283057307e305930023053306e8a2d5b9a30674f5c62103055308c305f0020005000440046002030d530a130a430eb306f3001004100630072006f0062006100740020304a30883073002000410064006f00620065002000520065006100640065007200200035002e003000204ee5964d3067958b304f30533068304c3067304d307e305930023053306e8a2d5b9a306b306f30d530a930f330c8306e57cb30818fbc307f304c5fc59808306730593002>
    /KOR <FEFFc7740020c124c815c7440020c0acc6a9d558c5ec0020ace0d488c9c80020c2dcd5d80020c778c1c4c5d00020ac00c7a50020c801d569d55c002000410064006f0062006500200050004400460020bb38c11cb97c0020c791c131d569b2c8b2e4002e0020c774b807ac8c0020c791c131b41c00200050004400460020bb38c11cb2940020004100630072006f0062006100740020bc0f002000410064006f00620065002000520065006100640065007200200035002e00300020c774c0c1c5d0c11c0020c5f40020c2180020c788c2b5b2c8b2e4002e>
    /LTH <>
    /LVI <>
    /NLD (Gebruik deze instellingen om Adobe PDF-documenten te maken die zijn geoptimaliseerd voor prepress-afdrukken van hoge kwaliteit. De gemaakte PDF-documenten kunnen worden geopend met Acrobat en Adobe Reader 5.0 en hoger.)
    /NOR <>
    /POL <>
    /PTB <>
    /RUM <>
    /RUS <>
    /SKY <>
    /SLV <>
    /SUO <>
    /SVE <>
    /TUR <>
    /UKR <>
    /ENU (Use these settings to create Adobe PDF documents best suited for high-quality prepress printing.  Created PDF documents can be opened with Acrobat and Adobe Reader 5.0 and later.)
  >>
  /Namespace [
    (Adobe)
    (Common)
    (1.0)
  ]
  /OtherNamespaces [
    <<
      /AsReaderSpreads false
      /CropImagesToFrames true
      /ErrorControl /WarnAndContinue
      /FlattenerIgnoreSpreadOverrides false
      /IncludeGuidesGrids false
      /IncludeNonPrinting false
      /IncludeSlug false
      /Namespace [
        (Adobe)
        (InDesign)
        (4.0)
      ]
      /OmitPlacedBitmaps false
      /OmitPlacedEPS false
      /OmitPlacedPDF false
      /SimulateOverprint /Legacy
    >>
    <<
      /AddBleedMarks false
      /AddColorBars false
      /AddCropMarks false
      /AddPageInfo false
      /AddRegMarks false
      /ConvertColors /ConvertToCMYK
      /DestinationProfileName ()
      /DestinationProfileSelector /DocumentCMYK
      /Downsample16BitImages true
      /FlattenerPreset <<
        /PresetSelector /MediumResolution
      >>
      /FormElements false
      /GenerateStructure false
      /IncludeBookmarks false
      /IncludeHyperlinks false
      /IncludeInteractive false
      /IncludeLayers false
      /IncludeProfiles false
      /MultimediaHandling /UseObjectSettings
      /Namespace [
        (Adobe)
        (CreativeSuite)
        (2.0)
      ]
      /PDFXOutputIntentProfileSelector /DocumentCMYK
      /PreserveEditing true
      /UntaggedCMYKHandling /LeaveUntagged
      /UntaggedRGBHandling /UseDocumentProfile
      /UseDocumentBleed false
    >>
  ]
>> setdistillerparams
<<
  /HWResolution [2400 2400]
  /PageSize [612.000 792.000]
>> setpagedevice


