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A SIMPLE DERIVATION OF BV BOUNDS FOR INHOMOGENEOUS
RELAXATION SYSTEMS∗

BENOÎT PERTHAME† , NICOLAS SEGUIN‡ , AND MAGALI TOURNUS§

Abstract. We consider relaxation systems of transport equations with heterogeneous source terms
and with boundary conditions, whose limits are scalar conservation laws. Classical bounds, and in
particular BV estimates, fail in this context. They are the simplest and the most standard way to
prove compactness and convergence.

We provide a novel, simple method to obtain partial BV regularity and strong compactness in this
framework. The standard notion of entropy is not convenient either and we also indicate another,
closely related, notion. We give two examples motivated by renal flows which consist of 2×2 and 3×3
relaxation systems with 2-velocities, but the method is more general.
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1. Introduction
The usual framework of hyperbolic relaxation [3, 4, 16] concerns the convergence of

a general hyperbolic system with stiff source terms toward a conservation law, when the
relaxation parameter ε goes to zero. More specifically, Jin and Xin [12] introduced a 2×2
linear hyperbolic system with stiff source term that approximates any given conservation
law. The problem of interest is to prove the convergence of the microscopic quantities
depending on ε toward the macroscopic quantities. A problem entering the framework
of hyperbolic relaxation is motivated by very simplified models of kidney physiology
[20, 21, 22] and fits the framework of Jin and Xin with two major differences: boundary
conditions and spatial dependence of the source term. The type of boundary condition
and the spatial dependence constitute the main novelty of the present study.

The system represents two solute concentrations uε(x,t) and vε(x,t), and is written,
for t≥0 and x∈ [0,L],

⎧⎪⎪⎪⎪⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎪⎪⎪⎪⎩

∂uε

∂t
(x,t)+

∂uε

∂x
(x,t)=

1

ε

[
h(vε(x,t),x))−uε(x,t)

]
,

∂vε
∂t

(x,t)− ∂vε
∂x

(x,t)=
1

ε

[
uε(x,t)−h(vε(x,t),x))

]
,

uε(0,t)=u0, vε(L,t)=αuε(L,t), α∈ (0,1),
uε(x,0)=u0(x)>0, vε(x,0)=v0(x)>0.

(1.1)
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The question of interest here is to understand the behavior of uε and vε when ε vanishes.
Another question, addressed in [19], is to explain the urine concentration mechanism
due to the ‘pumps’, on the cell membranes, represented by the nonlinearity h(v,x).

We make the following hypotheses:

h(0,x)=0, 1<β≤ ∂h

∂v
(v,x)≤μ, (1.2)

sup
v

∫ L

0

|∂h
∂x

(v,x)|dx≤C, h(.,x) is not locally affine. (1.3)

Here C, β, and μ are positive constants. Also, we use the following bounds on the initial
data:

u0, v0∈L∞(0,L),
d

dx
u0∈L1(0,L),

d

dx
v0∈L1(0,L), (1.4)

and, the well-prepared initial data condition

u0(x)=h(v0(x),x), x∈ [0,L]. (1.5)

It is simple and standard to find the formal limit as ε vanishes. Adding the two
equations of (1.1), we find the conservation law

∂[uε+vε](x,t)

∂t
+

∂[uε−vε](x,t)

∂x
=0. (1.6)

We expect that in the limit

u(x,t)=h(v(x,t),x),

and this identifies the limiting quasilinear conservation law

∂[h(v(x,t),x)+v(x,t)]

∂t
+

∂[h(v(x,t),x)−v(x,t)]

∂x
=0, (1.7)

and the boundary conditions on ρ(x,t)=h(v(x,t),x)+v(x,t), namely ρ(0,t)=u0+
h−1(u0,0) and ρ(L,t) is free and can be identified via the standard argument of Bardos,
le Roux, and Nédélec [2], using the adapted Kružkov entropies that we introduce in
Section 3.

The justification poses particular difficulties due to the boundary condition and
x-dependent flux.

One difficulty is that, in order to justify the above limit, an entropy identity is
needed for two reasons: firstly to prove that equilibrium is reached [23], and, secondly,
because at the limit ε=0 a quasilinear equation arises, and shocks can be produced.
Therefore, an entropy formulation is needed to uniquely define the solutions. When
applied to this conservation equation, usual convex entropies as in either [6] or Kruz̃kov
[14] contain a term with a derivative of h with respect to x. When the regularity of h
is limited to BV, hx is a measure and the weak entropy formulation is not well defined.
One of our goals is to present a convenient notion of entropy with x-dependent relaxation
in order to get rid of this problem. We use an entropy formulation introduced in [1] and
adapted to scalar conservation laws with spatial heterogeneities.

Another difficulty is that, in order to prove the validity of the limit, strong com-
pactness is also needed. Several methods have been developed in this goal. Uniform



B. PERTHAME, N. SEGUIN, AND M. TOURNUS 579

bounds in the space of functions with bounded variation (BV for short) is the strongest
method and the most standard. The homogeneous version of the system (1.1) on R

n is
treated in [13], where an L1 contraction property is used to establish BV bounds in x.

A similar approach is used in [17] where the authors deal with a similar homogeneous
system with boundary conditions; the result is extended to a system with a source term
in [24]. The authors of [10] also derive BV estimates for an inhomogeneous system that
relaxes to a homogeneous system. More recently, and for the purpose of internal layers,
the authors of [5] are interested in a similar setting and also study the limit when the
relaxation time goes to zero only on a sub-domain of the space. More elaborate tools
are the compensated compactness method [15] or the kinetic formulation and averaging
lemmas [9, 18] (in particular extending the measure valued solutions of DiPerna [8]).
These methods are weaker, because they give only convergence but no bounds, and thus
apply to more general situations than BV bounds. Because of the spatial x-dependence
of h, the BV framework is not available as of now for (1.1). Whereas time BV estimates
follow immediately from the equations, compactness in the spatial direction cannot be
obtained in this way. We propose a new method to prove spatial compactness. It
does not use BV bounds on each component, but gives BV bounds in x for a single
quantity and can be applied to spatially heterogeneous systems. We are going to prove
the following:

Proposition 1.1. We make assumptions (1.2), (1.3), (1.4), (1.5), and fix a time T .
Then

(i) uε and vε are uniformly bounded in L∞([0,L]× [0,T ]),

(ii) ∂
∂tuε,

∂
∂tvε, and

∂
∂x [uε−vε] are bounded in L∞([0,T ];L1(0,L)),

(iii) there exists v∈L∞([0,L]× [0,T ]) such that

uε(x,t)−→
ε→0

h(v(x,t),x), vε(x,t)−→
ε→0

v(x,t), a.e. (1.8)

(iv) the equation (1.7) is satisfied and entropy inequalities hold (see Section 3).

However, it is not correct that ∂
∂xuε and ∂

∂xvε are separately bounded in
L∞([0,T ];L1(0,L)).

2. L∞ bound
We first prove uniform estimates. Unlike the homogeneous case, L∞ bounds are

not always true and the most general existence theory is in L1 (see [7]). Here we build
particular sub and supersolutions of (1.1) which are uniformly bounded in ε.

Lemma 2.1. The solution of (1.1) satisfies the uniform estimate

‖uε‖L∞([0,L]×[0,T ])≤K(β,u0,u
0,v0), ‖vε‖L∞([0,L]×[0,T ])≤K(β,u0,u

0,v0). (2.1)

Proof. To obtain an L∞ bound on the time-dependent solution, we follow the
approach of [1] and use the comparison principle with appropriate supersolution. Indeed,
because of the x-dependence of h, constant functions are not supersolutions of the
stationary problem. We introduce the stationary version of (1.1)

⎧⎪⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎪⎩

dUε

dx
(x)=

1

ε

[
h(Vε(x),x))−Uε(x)

]
,

−dVε

dx
(x)=

1

ε

[
Uε(x)−h(Vε(x),x))

]
,

Uε(0)=U0>0, Vε(L)=αUε(L).

(2.2)
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We are going to prove that there exists a smooth supersolution (Uε,Vε) of the
stationary problem (2.2), and a constant K(U0,β)>0 such that

0≤Uε(x)≤K(U0,β), 0≤Vε≤K(U0,β). (2.3)

This will conclude the proof of Lemma 2.1 because a solution of (2.2) where U0≥u0, is
a supersolution of (1.1), and the comparison principle gives 0≤uε≤Uε and 0≤vε≤Vε.

Because it has been proved in [21] that (2.2) admits a unique solution which lies
in BV([0,L]× [0,T ]) (using a fixed point argument for the existence and contraction for
the uniqueness), it remains to prove that a solution of (2.2) with U0≥u0 is uniformly
bounded in ε.

Adding the two lines of (2.2), we obtain a quantity which does not depend on x,

Uε(x)−Vε(x)=:Kε. (2.4)

Using the boundary values, we find uniform bounds on Kε

Kε=U0−Vε(0)≤U0, Kε=Uε(L)−Vε(L)=(1−α)Uε(L)≥0, (2.5)

and thus

0≤Kε≤U0, Uε(L)≤ U0

1−α
. (2.6)

Hence, we just have to prove that Uε is uniformly bounded in L∞, knowing that U0 and
Uε(L) are uniformly bounded in R. For that, we use the maximum principle assuming
C1 regularity (one can easily justify it for a regularized function h(v,x) and pass to the
limit). Indeed, if Uε reaches its maximal value on the boundary, the result follows from
(2.6). If Uε reaches its maximal value at x0∈ [0,L], then

0=
dUε

dx
(x0)=

1

ε

(
h(Uε(x0)−Kε,x0)−Uε(x0)

)
, (2.7)

and thus by assumption (1.2),

Uε(x0)=h(Uε(x0)−Kε,x0)≥βUε(x0)−βKε. (2.8)

Finally, (2.3) is proved because the above inequality gives

Uε(x0)≤ β

β−1
Kε. (2.9)

3. Adapted (heterogeneous) entropies
As explained in the introduction, entropies are useful to derive additional bounds

and to characterize the limit as ε vanishes, see [4, 11, 23]. We are going to use specific
entropies adapted to spatial dependence.

We recall the usual approach which is to define the following:

Definition 3.1 (Entropy pair). We call an entropy pair for the system (1.1) a
couple of functions (S,Σ) in BV

(
[0,1],C(R)) which satisfy

(i)S(.,x) and Σ(.,x)are convex, (ii)
∂S

∂u
(h(v,x),x)=

∂Σ

∂v
(v,x). (3.1)
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For such entropy pairs, it is immediate to check that

∂

∂t
[S(uε,x)+Σ(vε,x) ]+

∂

∂x
[S(uε,x)−Σ(vε,x) ]

=
1

ε

(∂S
∂v

(uε,x)− ∂Σ

∂v
(vε,x)

)(
h(vε,x)−uε

)
+

∂S

∂x
(uε,x)− ∂Σ

∂x
(vε,x).

Now, using (3.1)(ii), we can write

∂

∂t
[S(uε,x)+Σ(vε,x) ]+

∂

∂x
[S(uε,x)−Σ(vε,x) ]

=
1

ε

(∂S
∂v

(uε,x)− ∂S

∂v
(h(vε,x),x)

)(
h(vε,x)−uε

)
+

∂S

∂x
(uε,x)− ∂Σ

∂x
(vε,x)

≤∂S

∂x
(uε,x)− ∂Σ

∂x
(vε,x),

because S is convex with respect to its first variable and thus
∂S

∂v
is non decreasing with

respect to its first variable.

The shortcoming of Definition 3.1 is that the above right hand side is not always
well defined for BV functions uε and vε . Indeed, being given S(u,x), we compute

Σ(v,x)=

∫ v

0

S′u
(
h(v̄,x),x

)
dv̄,

and the expression for the x-derivative

∂Σ

∂x
(v,x)=

∫ v

0

[
S′′uu

(
h(v̄,x),x

)
hx(v̄,x)+ · · ·

]
dv̄

does not make intrinsic sense.
However, this entropy inequality is enough to prove that equilibrium is reached.

Because the expressions
∂S

∂x
(uε,x) and

∂Σ

∂x
(vε,x) are bounded thanks to our assumptions

on h, we may choose

S(u)=
u2

2
, Σ(v,x)=

∫ v

0

h(v̄,x)dv̄,

and, using the entropy dissipation, with assumption (1.3), we find after integration of
equality (3) in (x,t), that for all T >0 and some constant C(T ) which does not depend
on ε, it holds

1

ε

∫ T

0

∫ L

0

∣∣uε(x,t)−h(vε(x,t),x)
∣∣2dxdt≤C(T ).

Therefore, we arrive at the conclusion

Proposition 3.2. For uε and vε solutions of (1.1), we have the convergence

uε−h(vε,x) −→
ε−→0

0, L2
(
[0,L]× [0,T ]

)
. (3.2)

This convergence result toward equilibrium is an intermediate step in the proof of
Proposition 1.1.
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We wish to go further and avoid the two terms containing x-derivatives. For this
goal, we define adapted (heterogeneous) entropies by imposing more restrictions on the
spatial dependence of the entropy pair.

Definition 3.3 (An adapted (heterogeneous) entropy family). The pair of con-
tinuous functions (S,Σ), is an adapted (heterogeneous) entropy for the system (1.1) if
it satisfies the conditions of Definition 3.1 and if

− ∂S

∂x
(h(v,x),x)+

∂Σ

∂x
(v,x)=0, ∀v≥0. (3.3)

An example of such a family of entropies parametrized by p∈R are the adapted
Kružkov entropies

Sp(u,x)= |u−h(kp(x),x)|, Σp(v,x)= |v−kp(x)|, (3.4)

where (kp)p∈R is the family of stationary solutions of the limit Equation (1.7), which is
equivalent to saying

h(kp(x),x)−kp(x)=p.

With this choice of an entropy pair, the above entropy inequality then reduces to

∂

∂t
[Sp(uε,x)+Σp(vε,x) ]+

∂

∂x
[Sp(uε,x)−Σp(vε,x) ]≤0.

As a consequence, thanks to the strong compactness proven in next part, in the
limit ε→0, the quasilinear conservation law (1.7) comes with the family of adapted
Kružkov entropies. Indeed, if we define

ρ(x,t) :=h(v(x,t),x)+v(x,t), A(ρ,t) :=h(v(x,t),x)−v(x,t), (3.5)

then, as in [1] and because h is increasing, the following entropy inequality holds in the
sense of distributions

∂

∂t

∣∣∣ρ(x,t)−
(
kp(x)+h(kp(x),x)

)∣∣∣+ ∂

∂x

∣∣∣A(ρ,x)−A
(
kp(x)+h(kp(x),x),x

)∣∣∣≤0. (3.6)

4. BV bounds
For well prepared initial conditions (1.5), we present here our method to prove BV

bounds for appropriate quantities and strong compactness for uε and vε, that are points
(ii), (iii) of Proposition 1.1.

1st step. A bound on the time derivative at t=0. Our first statement is

∫ L

0

|∂uε

∂t
(x,0)|dx≤K1(u

0),

∫ L

0

|∂vε
∂t

(x,0)|dx≤K2(v
0). (4.1)

Indeed, because initial conditions are at equilibrium, we have
∂vε
∂t

(x,0)− ∂vε
∂x

(x,0)=0.

We multiply this equality by sign
( ∂

∂t
vε

)
(x,0) and integrate over [0,L] to get

∫ L

0

∣∣∣∂vε
∂t

(x,0)
∣∣∣dx=

∫ L

0

∣∣∣∂vε
∂x

(x,0)
∣∣∣dx≤K2(v

0), (4.2)
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and the above inequality follows from assumption (1.4). This gives the first inequality
of estimates (4.1). The same argument applies for uε.

2nd step. The time BV estimate. To prove (2.1), we differentiate each line of (1.1)

with respect to time and we multiply it respectively by sign
( ∂

∂t
uε

)
and sign

( ∂

∂t
vε

)
,

and integrate in x. Adding the two lines, we obtain

d

dt

∫ L

0

[ | ∂
∂t

uε|+ | ∂
∂t

vε| ](x,t)dx≤| ∂
∂t

u0|−| ∂
∂t

uε(L,t)|+ | ∂
∂t

vε(L,t)|−| ∂
∂t

vε(0,t)|

=−1

2
| ∂
∂t

uε(L,t)|−| ∂
∂t

vε(0,t)|≤0,

(4.3)

which implies, using estimate (4.1),

∫ L

0

[ | ∂
∂t

uε|+ | ∂
∂t

vε| ](x,t)dx≤
∫ L

0

[ | ∂
∂t

uε|+ | ∂
∂t

vε| ](x,0)dx≤K1(u
0)+K2(v

0). (4.4)

3rd step. BV bound in x. We complete the proof of Proposition 1.1 (ii). Because of
the space dependence of h, we cannot apply the same arguments for x-derivatives and
build a single BV quantity. We add the two lines of (1.1) and obtain

( ∂

∂x
(uε−vε)

)
(x,t)=−

( ∂

∂t
(uε+vε)

)
(x,t).

Using (2.1), we thus conclude that, for all t≥0,

∫ L

0

∣∣∣ ∂

∂x
(uε−vε)

∣∣∣(x,t)dx≤K1(u
0)+K2(v

0).

4th step. Compactness. Therefore we can conclude that
(
uε−vε

)
is compact

in L1
(
[0,L]× [0,T ]

)
. Now, thanks to Proposition (3.2),

(
h(vε, .)−uε

)
is compact in

L1
(
[0,L]× [0,T ]

)
. A combination of these two last compact embeddings gives us that

h(vε, .)−vε is compact in L1
(
[0,L]× [0,T ]

)
. (4.5)

Therefore, there is a function Q∈L∞(0,L) such that, after extraction of a subsequence,

h(vε.)−vε −→
ε−→0

Q(x),

because v �→h(v,x)−v is one-to-one, thanks to assumptions (1.2). In the same way, we
conclude that the sequence vε converges. Gathering the informations above, Proposi-
tion 1.1 (iii) is proved.

Then we can pass to the limit and obtain the last statement, Proposition 1.1 (iv).

5. Extension to a more specific relaxation system

The method we have developed so far can be extended to a more realistic problem
arising in kidney physiology, which motivated this study. The system introduced and
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studied in [21] is written, for t≥0 and x∈ [0,L],
⎧⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

∂C1
ε

∂t
(x,t)+

∂C1
ε

∂x
(x,t)=

1

3ε

[
C2

ε (x,t)+h(C3
ε (x,t),x))−2C1

ε (x,t)
]
,

∂C2
ε

∂t
(x,t)+

∂C2
ε

∂x
(x,t)=

1

3ε

[
C1

ε (x,t)+h(C3
ε (x,t),x))−2C2

ε (x,t)
]
,

∂C3
ε

∂t
(x,t)− ∂C3

ε

∂x
(x,t)=

1

3ε

[
C1

ε (x,t)+C2
ε (x,t)−2h(C3

ε (x,t),x))
]
,

C1
ε (0,t)=C1

0 , C2
ε (0,t)=C2

0 , C3
ε (L,t)=C2

ε (L,t), t>0,

(5.1)

Again, we want to prove uniform BV bounds for a small parameter ε, which measures
the ratio between ionic exchanges and flow along the tubules.

We make the same assumptions (1.2) (the condition 1<β≤ ∂h

∂v
(v,x) can be relaxed

to 1≤ ∂h

∂v
(v,x)) and (1.3), and the same hypotheses on the initial conditions, namely

that they belong to BV and are at equilibrium, which means

C1=C2=h(C3,x).

Following (3.5), the conservative quantity ρ and the flux B are defined by

ρ(x,t) :=2h(C3(x,t),x)+C3(x,t), B(ρ,t) :=2h(C3(x,t),x)−C3(x,t). (5.2)

For p∈R, we define uniquely the steady state kp by

B(kp(x),x)=p. (5.3)

Theorem 5.1 (Limit ε→0). The functions Ci
ε, i=1, 2, 3 converge almost every-

where to bounded functions Ci and the quantity ρ(x,t) is an entropy solution to
⎧⎪⎪⎪⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎪⎪⎪⎩

∂

∂t
ρ(x,t)+

∂

∂x
B(ρ(x,t),x)=0, t>0, x∈ [0,L],

ρ(0,t)=C1
0 +C2

0 +h−1
(C1

0 +C2
0

2
,0
)
, t>0,

ρ(x,0)=ρ0(x), ρ0(x) :=C0(x)+2h(C0(x),x), x∈ [0,L].

(5.4)

The entropy formulation of the conservation law for adapted (heterogeneous) entropies
is written, following [1] again,

∂

∂t

∣∣∣ρ(x,t)−
(
2kp(x)+h(kp(x),x)

)∣∣∣+ ∂

∂x

∣∣∣B(ρ,x)−B
(
2kp(x)+h(kp(x),x),x

)∣∣∣≤0.

This family of inequalities is enough to prove uniqueness as in [17] (see [20] for details).
The boundary conditions are understood in the following sense:

Boundary condition at x=0: for all kp such that kp(0)+2h(kp(0),0)∈
I
(
ρ(0,t),h−1

(C1
0 +C2

0

2
,0
)
+C1

0 +C2
0

)
, we have

sign
(
ρ(0,t)−h−1(

C1
0 +C2

0

2
,0)−C1

0−C2
0

)(
B(ρ(0,t),0)− [2h(kp(0),0)−kp(0)]

)
≤0,

(5.5)
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Boundary condition at x=L: for all kp such that kp(L)+2h(kp(L),L)∈
I
(
ρ(L,t),2wL+h−1(wL,L)

)
, we have

sign
(
ρ(L,t)−2wL−h−1(wL,L)

)(
B(ρ(L,t),L)− [2h(kp(L),L)−kp(L)]

)
≥0, (5.6)

where wL(t) := lim
ε−→0

C1
ε (L,t), and where I(a,b) denotes the interval (min(a,b),max(a,b)).

Following the arguments we gave for the 2×2 system, which we do not repeat, we
can prove BV bounds in several steps

(i) C1
ε , C

2
ε and C3

ε are bounded in L∞((0,∞)×(0,L)),

(ii) C2
ε (x,t)+h(C3

ε (x,t),x))−2C1
ε (x,t)−→

ε→0
0, C1

ε (x,t)+h(C3
ε (x,t),x))−2C2

ε (x,t)−→
ε→0

0

in L2((0,∞)×(0,L)),

(iii)
∂C1

ε

∂t ,
∂C2

ε

∂t ,
∂C3

ε

∂t are bounded in L∞
(
(0,∞;L1(0,L)

)
,

(iv)
∂C1

ε

∂x +
∂C2

ε

∂x +
∂C3

ε

∂x is bounded in L∞
(
(0,∞;L1(0,L)

)
.

These statements prove the convergence result in Theorem 5.1.
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tions numériques, PhD thesis, July 2013.

[21] M. Tournus, A. Edwards, N. Seguin, and B. Perthame, Analysis of a simplified model of the urine
concentration mechanism, Netw. Heterog. Media, 7, 989–1018, 2012.

[22] M. Tournus, N. Seguin, B. Perthame, S. R. Thomas, and A. Edwards, A model of calcium transport
along the rat nephron, American Journal of Physiology-Renal Physiology, 305, F979–F994,
2013.

[23] A.E. Tzavaras, Relative entropy in hyperbolic relaxation, Commun. Math. Sci., 3, 119–132, 2005.
[24] S.Y. Zhang and Y.G. Wang, Well-posedness and asymptotics for initial boundary value problems

of linear relaxation systems in one space variable, Z. Anal. Anwendungen, 23, 607–630, 2004.



<<
  /ASCII85EncodePages false
  /AllowTransparency false
  /AutoPositionEPSFiles true
  /AutoRotatePages /None
  /Binding /Left
  /CalGrayProfile (Dot Gain 20%)
  /CalRGBProfile (sRGB IEC61966-2.1)
  /CalCMYKProfile (U.S. Web Coated \050SWOP\051 v2)
  /sRGBProfile (sRGB IEC61966-2.1)
  /CannotEmbedFontPolicy /Error
  /CompatibilityLevel 1.7
  /CompressObjects /Tags
  /CompressPages true
  /ConvertImagesToIndexed true
  /PassThroughJPEGImages true
  /CreateJobTicket false
  /DefaultRenderingIntent /Default
  /DetectBlends true
  /DetectCurves 0.0000
  /ColorConversionStrategy /CMYK
  /DoThumbnails false
  /EmbedAllFonts true
  /EmbedOpenType true
  /ParseICCProfilesInComments true
  /EmbedJobOptions true
  /DSCReportingLevel 0
  /EmitDSCWarnings false
  /EndPage -1
  /ImageMemory 1048576
  /LockDistillerParams false
  /MaxSubsetPct 100
  /Optimize false
  /OPM 1
  /ParseDSCComments true
  /ParseDSCCommentsForDocInfo true
  /PreserveCopyPage true
  /PreserveDICMYKValues true
  /PreserveEPSInfo true
  /PreserveFlatness true
  /PreserveHalftoneInfo false
  /PreserveOPIComments true
  /PreserveOverprintSettings true
  /StartPage 1
  /SubsetFonts true
  /TransferFunctionInfo /Apply
  /UCRandBGInfo /Preserve
  /UsePrologue false
  /ColorSettingsFile ()
  /AlwaysEmbed [ true
  ]
  /NeverEmbed [ true
  ]
  /AntiAliasColorImages false
  /CropColorImages true
  /ColorImageMinResolution 300
  /ColorImageMinResolutionPolicy /OK
  /DownsampleColorImages false
  /ColorImageDownsampleType /Bicubic
  /ColorImageResolution 300
  /ColorImageDepth 8
  /ColorImageMinDownsampleDepth 1
  /ColorImageDownsampleThreshold 1.50000
  /EncodeColorImages true
  /ColorImageFilter /FlateEncode
  /AutoFilterColorImages false
  /ColorImageAutoFilterStrategy /JPEG
  /ColorACSImageDict <<
    /QFactor 0.15
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /ColorImageDict <<
    /QFactor 0.15
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /JPEG2000ColorACSImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /JPEG2000ColorImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /AntiAliasGrayImages false
  /CropGrayImages true
  /GrayImageMinResolution 300
  /GrayImageMinResolutionPolicy /OK
  /DownsampleGrayImages false
  /GrayImageDownsampleType /Bicubic
  /GrayImageResolution 300
  /GrayImageDepth 8
  /GrayImageMinDownsampleDepth 2
  /GrayImageDownsampleThreshold 1.50000
  /EncodeGrayImages true
  /GrayImageFilter /FlateEncode
  /AutoFilterGrayImages false
  /GrayImageAutoFilterStrategy /JPEG
  /GrayACSImageDict <<
    /QFactor 0.15
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /GrayImageDict <<
    /QFactor 0.15
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /JPEG2000GrayACSImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /JPEG2000GrayImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /AntiAliasMonoImages false
  /CropMonoImages true
  /MonoImageMinResolution 1200
  /MonoImageMinResolutionPolicy /OK
  /DownsampleMonoImages false
  /MonoImageDownsampleType /Bicubic
  /MonoImageResolution 1200
  /MonoImageDepth -1
  /MonoImageDownsampleThreshold 1.50000
  /EncodeMonoImages true
  /MonoImageFilter /CCITTFaxEncode
  /MonoImageDict <<
    /K -1
  >>
  /AllowPSXObjects false
  /CheckCompliance [
    /None
  ]
  /PDFX1aCheck false
  /PDFX3Check false
  /PDFXCompliantPDFOnly false
  /PDFXNoTrimBoxError true
  /PDFXTrimBoxToMediaBoxOffset [
    0.00000
    0.00000
    0.00000
    0.00000
  ]
  /PDFXSetBleedBoxToMediaBox true
  /PDFXBleedBoxToTrimBoxOffset [
    0.00000
    0.00000
    0.00000
    0.00000
  ]
  /PDFXOutputIntentProfile ()
  /PDFXOutputConditionIdentifier ()
  /PDFXOutputCondition ()
  /PDFXRegistryName ()
  /PDFXTrapped /False

  /CreateJDFFile false
  /Description <<

    /BGR <>
    /CHS <FEFF4f7f75288fd94e9b8bbe5b9a521b5efa7684002000410064006f006200650020005000440046002065876863900275284e8e9ad88d2891cf76845370524d53705237300260a853ef4ee54f7f75280020004100630072006f0062006100740020548c002000410064006f00620065002000520065006100640065007200200035002e003000204ee553ca66f49ad87248672c676562535f00521b5efa768400200050004400460020658768633002>
    /CHT <FEFF4f7f752890194e9b8a2d7f6e5efa7acb7684002000410064006f006200650020005000440046002065874ef69069752865bc9ad854c18cea76845370524d5370523786557406300260a853ef4ee54f7f75280020004100630072006f0062006100740020548c002000410064006f00620065002000520065006100640065007200200035002e003000204ee553ca66f49ad87248672c4f86958b555f5df25efa7acb76840020005000440046002065874ef63002>
    /CZE <>
    /DAN <>
    /DEU <>
    /ESP <>
    /ETI <>
    /FRA <>
    /GRE <>

    /HRV (Za stvaranje Adobe PDF dokumenata najpogodnijih za visokokvalitetni ispis prije tiskanja koristite ove postavke.  Stvoreni PDF dokumenti mogu se otvoriti Acrobat i Adobe Reader 5.0 i kasnijim verzijama.)
    /HUN <>
    /ITA <>
    /JPN <FEFF9ad854c18cea306a30d730ea30d730ec30b951fa529b7528002000410064006f0062006500200050004400460020658766f8306e4f5c6210306b4f7f75283057307e305930023053306e8a2d5b9a30674f5c62103055308c305f0020005000440046002030d530a130a430eb306f3001004100630072006f0062006100740020304a30883073002000410064006f00620065002000520065006100640065007200200035002e003000204ee5964d3067958b304f30533068304c3067304d307e305930023053306e8a2d5b9a306b306f30d530a930f330c8306e57cb30818fbc307f304c5fc59808306730593002>
    /KOR <FEFFc7740020c124c815c7440020c0acc6a9d558c5ec0020ace0d488c9c80020c2dcd5d80020c778c1c4c5d00020ac00c7a50020c801d569d55c002000410064006f0062006500200050004400460020bb38c11cb97c0020c791c131d569b2c8b2e4002e0020c774b807ac8c0020c791c131b41c00200050004400460020bb38c11cb2940020004100630072006f0062006100740020bc0f002000410064006f00620065002000520065006100640065007200200035002e00300020c774c0c1c5d0c11c0020c5f40020c2180020c788c2b5b2c8b2e4002e>
    /LTH <>
    /LVI <>
    /NLD (Gebruik deze instellingen om Adobe PDF-documenten te maken die zijn geoptimaliseerd voor prepress-afdrukken van hoge kwaliteit. De gemaakte PDF-documenten kunnen worden geopend met Acrobat en Adobe Reader 5.0 en hoger.)
    /NOR <>
    /POL <>
    /PTB <>
    /RUM <>
    /RUS <>
    /SKY <>
    /SLV <>
    /SUO <>
    /SVE <>
    /TUR <>
    /UKR <>
    /ENU (Use these settings to create Adobe PDF documents best suited for high-quality prepress printing.  Created PDF documents can be opened with Acrobat and Adobe Reader 5.0 and later.)
  >>
  /Namespace [
    (Adobe)
    (Common)
    (1.0)
  ]
  /OtherNamespaces [
    <<
      /AsReaderSpreads false
      /CropImagesToFrames true
      /ErrorControl /WarnAndContinue
      /FlattenerIgnoreSpreadOverrides false
      /IncludeGuidesGrids false
      /IncludeNonPrinting false
      /IncludeSlug false
      /Namespace [
        (Adobe)
        (InDesign)
        (4.0)
      ]
      /OmitPlacedBitmaps false
      /OmitPlacedEPS false
      /OmitPlacedPDF false
      /SimulateOverprint /Legacy
    >>
    <<
      /AddBleedMarks false
      /AddColorBars false
      /AddCropMarks false
      /AddPageInfo false
      /AddRegMarks false
      /ConvertColors /ConvertToCMYK
      /DestinationProfileName ()
      /DestinationProfileSelector /DocumentCMYK
      /Downsample16BitImages true
      /FlattenerPreset <<
        /PresetSelector /MediumResolution
      >>
      /FormElements false
      /GenerateStructure false
      /IncludeBookmarks false
      /IncludeHyperlinks false
      /IncludeInteractive false
      /IncludeLayers false
      /IncludeProfiles false
      /MultimediaHandling /UseObjectSettings
      /Namespace [
        (Adobe)
        (CreativeSuite)
        (2.0)
      ]
      /PDFXOutputIntentProfileSelector /DocumentCMYK
      /PreserveEditing true
      /UntaggedCMYKHandling /LeaveUntagged
      /UntaggedRGBHandling /UseDocumentProfile
      /UseDocumentBleed false
    >>
  ]
>> setdistillerparams
<<
  /HWResolution [2400 2400]
  /PageSize [612.000 792.000]
>> setpagedevice


