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RANDOM ATTRACTOR AND STATIONARY MEASURE FOR
STOCHASTIC LONG-SHORT WAVE EQUATIONS*

DONGLONG LI, YANFENG GUOf, AND BOLING GUO¢

Abstract. Asymptotic behaviors of stochastic long-short equations driven by a random force,
which is smooth enough in space and white noise in time, are mainly considered. The existence and
uniqueness of solutions for stochastic long-short equations are obtained via Galerkin approximation
by the stopping time and the Borel-Cantelli Lemma on the basis of a priori estimates in the sense of
expectation. A global random attractor and the existence of a stationary measure are investigated by
the Birkhoff ergodic theorem and the Chebyshev inequality.
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1. Introduction and main results

Long-short wave equations describe the resonance interaction between the long wave
and the short wave, and were first derived by Djordjevi¢ and Redekop in [5]. The long-
short wave equations can be written as

Uy + Ugy —nU=0, (1.1)
e+ (Jul?)2 =0, (1.2)

where u is the envelope of the short wave and complex, n is amplitude of the long wave
and real. The physical significance of this system is represented by the dispersion of
the short wave balanced by nonlinear interaction of the long wave with the short wave.
This system also appears in the analysis of internal waves in [12] and in plasma physics,
where it describes the resonance of high—frequency electron plasma oscillation and the
associated low—frequency ion density perturbation as in [17]. Due to its important phys-
ical and mathematical properties, the long-short equations have drawn much attention
from many mathematicians and physicists and have been quite extensively studied in
theory. The existence of global solutions for long-short wave equations and generalized
long-short wave equations are obtained by Guo in [8] and [9], respectively. The orbital
stability of solitary waves and the existence of a global attractor have been studied in
[6, 10, 11, 15, 22].

It is well known that stochastic partial differential equations (SPDEs) play an im-
portant role in understanding the dynamics of many interesting phenomena. Recently,
the importance of taking random effects into account in modeling, analyzing, simu-
lating, and predicting complex phenomena has been widely recognized in geophysical
and climate dynamics, materials science, chemistry, biology, and other areas, see [7, 13].
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SPDEs are more realistic mathematical models for complex systems under random envi-
ronmental effects or errors of measurement. The existence and uniqueness of the solution
and of attractors for SPDEs have been studied by many authors, see [1, 2, 20, 21].

As is well known, there are mainly two sources of random effects coming from the
random environmental effects and the errors of measurement. Hence, random effects
now have a broad rang of applications. In particular, in 1960 Kalman and in 1961
Kalman and Bucy proved what is now known as the Kalman-Bucy filter which is an
example of a recent mathematical discovery that gives some random procedure. It now
has wide applications [18]. Therefore, when the random environmental effects or the
errors of measurement are included into the model of long-short wave equations, the
stochastic long-short wave equations can be obtained. So far, there are few papers
considering it. Hence, it is significant to study the stochastic long-short wave equations.

In this paper, we consider the following stochastic long-short equations in R! on a
regular domain D=10,L] in the Itd sense:

e+ (Juf?)e +6n=f+ W1, (1.3)
iUy + Ugy — nU+ i =g+ W, (1.4)

where W7 and Wy are independent L?(D) value Wiener processes which come from the
random environmental effects or the errors of measurement and will be detailed in the
next section.

There are two points that are worthy of note in this paper. Firstly, it is well
known that there are some technical and tricky issues that make it difficult to treat
higher dimensional noises. We consider only a one dimensional noise term, which is a
natural choice for some particular applications. For the higher dimensional noises, the
investigation will be further considered in the future. Secondly, this study differs from
the deterministic literature in that we will use the It6 formula and the some stochastic
inequalities and obtain the estimates in the meaning of the expectation. Therefore, we
need more skills to deal with the difficulties coming from the coupled nonlinear terms
in the stochastic literature than in the deterministic literature.

In Section 3, some techniques and the It6 formula are used for the coupled nonlinear
terms in the meaning of the expectation. The maximal estimates for stochastic integrals
are important, see Lemma 2.2. The random dynamical system (1.3)-(1.4) is investigated
in Section 4. The existence and uniqueness of the solutions for the stochastic long-short
equations via the standard Galerkin approximation method by the stopping time and the
Borel-Cantelli Lemma on the basis of a priori estimates in different investigated spaces
Vi1 and V; are given. Usually, the Galerkin method for SPDEs leads to martingale
solutions instead of weak solutions. However, in this approach we transform (1.3)-(1.4)
into partial differential equations with random coefficients. Then by a priori estimates
obtained in Section 3, we construct a full probability measure set Q. So the classic
Galerkin approximation can be applied to obtain a unique solution for (1.3)-(1.4). This
method has been applied to the stochastic porous medium equation in [14]. Now we
give the main results of this paper. First, the existence and uniqueness of solutions for
(1.3)-(1.4) is given as follows.

THEOREM 1.1. If (no,uo) € Vi, q1 € H'(D), g2€ H*(D), fe H'(D), and g€ H'(D),
then there exists a unique solution (n,u) € L>(R; V1) almost surely for equations (1.3)-
(1.4). Moreover (n,u) is continuous from RT to V.

Here, q; and g9 are coefficients of standard complex and real valued Wiener process,
which are the parts of the Wiener process terms in (1.3)-(1.4) and are given in detail
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in Section 2. Similar to Theorem 1.1, using the same method, we can obtain the
corresponding results in V5 as follows.

THEOREM 1.2. If (ng,ug) € Va, q1 € H*(D), qo € H3(D), f,g€ H?(D), then there exists
a unique solution (n,u)€ L= (R1;Va2) almost surely for equations (1.3)-(1.4). Moreover
(n,u) is continuous from RT to Vs.

In fact, by theorems 1.1 and 1.2, we can define a continuous random dynamical
system in Vi and V5, respectively. Then a random attractor endowed with the weak
topology can be constructed for the continuous random dynamical system in V; and V5,
respectively.

THEOREM 1.3. If (ng,ug) € Vi, ¢ € HY(D), o € H*(D), and f,g€ H'(D), then (1.3)-
(1.4) have a global random weak attractor A(w) which is a random tempered compact
set in Vi endowed with the weak topology.

THEOREM 1.4. If (ng,uo) € Vo, ¢1 € H*(D), go € H*(D), and f,g€ H*(D). Then (1.3)-
(1.4) have a global random weak attractor A(w) which is a random tempered compact
set in Vo endowed with the weak topology.

Although the random attractor is constructed in the weak topology, we can prove
the existence of a stationary measure in some phase spaces endowed with the strong
topology. But we cannot prove the existence of a random weak attractor in V5 endowed
with usual topology for the existence of noise term. By random dynamics theory, the
existence of a random attractor with the usual topology yields the existence of one
stationary measure. However, the random attractor is obtained in the weak topology of
V5 which does not yield the existence of a stationary measure in V5. But in the following
we can construct a stationary measure in Va.

THEOREM 1.5. If (ng,up) € Vo, 1 € H*(D), g2 € H*(D), then (1.3)-(1.4) have one sta-
tionary measure on Vi and Vs.

The spaces V3 and V5 can be seen below. The paper is organized as follows. In
Section 2, we give some functional sets for the problem and some conditions. In Section
3, we establish a series of a time uniform priori estimates in different energy spaces
which are the key step for solving the problem. Section 4 is devoted to the proofs of
theorems 1.1 and 1.2. In Section 5, the proofs of theorems 1.3, 1.4, and 1.5 will be
given. In the paper the letters ¢ and C' are generic positive constants independent of T’
which may change their values from term to term. In addition, ¢y and Cp are generic
positive constants dependent on T which also may change values from term to term.

2. Preliminaries

We denote the bounded set by D=[0,L] in R!. Consider the stochastic long-
short equations (1.3)-(1.4) on D with Dirichlet boundary condition «(0,t)=u(L,t)=
0, n(0,t) =n(L,t)=0, and initial condition u(z,0) =ug(z), n(z,0)=ne(z), x € D. Here
0>0, a>0. Now we introduce some functional spaces. The scalar product on

L*(D) will be denoted by (u,v)= [,u(z)v(z)ds and the norm by llul? = (u,u)z =
1

1
([ |ul*dz)? . The general p-norm of LP(D) (p>1) is denoted by ||ul|L» = ([}, |u|Pdz) " .
The norm in H?(D) (s is a nonnegative integer in normal Sobolev spaces) is denoted by
llul| s = (Zoga\gs ||D"‘u||2> * . The space Hg(D) is the set of Hg(D)={u: 1wl =Dy <

oo, u(0,t)=u(L,t)=0}. It is well known that the norm of w in Hg(D), that is ||ul|z;,
is equivalent of the norm of u in H*(D) for a bounded domain D. We define H*(D)
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_1
to be the dual space of H*(D). We know that the Poincaré inequality ||u|] <A; 2 ||[Vul|

can be used for bounded domains D and A\; = 4LL22.

Here we give a complete probability space (Q,F,{F;}+>0,P). The expectation op-
erator with respect to P is denoted by E. Stochastic terms Wy (t) and Ws(t) are defined
on (Q,]:, {]:t}tzo,P) by

Wi (t) = qu(z)wi(t), Wa(t) =qa(z)wa(t),

where wy () is a standard real valued Wiener process, wa(t) is a standard complex valued
Wiener process which is independent of wy(t), and q1(z),q2(z) are sufficiently smooth
functions in some sense.
We also define the different product spaces for the solution (n,u) of the (1.3)-(1.4)
Vo=L*(D) x Hy (D),
Vi=H,(D)x (H*(D)NHy(D)),
Vo= (H*(D)NHy(D)) x {p € H*(D)NHy(D): e € Hy (D)}
Endow each V; (i=0,1,2) with the usual norm, and we have Vo C V; C Vj with compact
embeddings.

Let (X, || lx) € (D, 1ly) C(Z,]-]lz) be three Banach reflective spaces and X C Y
with compact and dense embedding. Define the Banach space

dv

={v:veLl?(0,T:X
G={v:ve L*(0,T; ),dt

€ L*(0,T;2)}

with norm

T T
dv
Ioll3= [ olfyds+ [ 15 12ds, veg.
0 0

We have the following lemma about compactness result from [16].
LEMMA 2.1. If K is bounded in G, then K is precompact in L*(0,T;)).

Another lemma is needed for some maximal estimates on stochastic integrals. As-
sume U and H are separable Hilbert spaces and W is a @Q-Wiener process on Uy with
Up=Qz=U. Let LY= LY(Uy,H) be the space of Hilbert-Schmidt operators from Uy to H.
For such operators we have the following results from [3].

LEMMA 2.2.  For any r>1 and any LY—valued predictable process ®(t), t€[0,T], we
have

E / "B (s)dWW () =0

2r 2r
<c,. sup E
s€0,t]

<ce([ ||(I’(5)||%gd5)r: 21)

and

/0 "0 (0)dW (o)

/0 "0 (o)W (o)

E{ sup
s€[0,t]

where ¢, and C, are some positive constants dependent on .
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3. A time uniform priori estimates

3.1. A priori estimates in V.
LEMMA 3.1. Assume that ug,g,qo € L>(D). Then for any T>0 and p>1, we have
u€ L?P(Q;L>°(0,T; L*(D)))N L (0,00; L?(; L3(D))).

Proof. Applying the Ité formula to ||u/|?, one gets
d .
%||u||2:—2a||u||2+21m/Dgﬂdx+21m/DﬂW2dw+||q2||2. (3.1)
From (3.1), using Holder’s and Young’s inequalities, we can obtain
d 2 o1y 1o 2 —1f
o Iull” +ellull” < ~llg]” + llgz]” +2Im Dqude- (3.2)

Then, multiplying by e, integrating from 0 to ¢ on the both sides of (3.2), and taking
the expectation, we can get

—a 1 1
Ellull? <e=Elluoll? + 5 gl + el <C, >0, (33)
where C' is independent of T

On the other hand, integrating from 0 to ¢ and taking the supremum and the
expectation on the both sides of (3.2), we can obtain

1 t .
E sup |u||2<]E||u0||2+<||g||2+||fI2||2>T+E sup | Im/ ﬂngxds|2—|—1. (3.4)
0<t<T « 0<t<T Jo D

By Lemma 2.2, for some positive constant C, we have

t T
E sup | Im/ ﬂngmds|2§CHq2H2E/ [|w||ds. (3.5)
0 D 0

0<t<T

So by (3.3), for any T >0, there exists a positive constant C such that

1 T
E sup ||u||2s1E||uo||2+(||g||2+||q2||2)T+c||q2||2ﬂa | ulpasa
0<t<T « 0
< O (Elluo]* + lgll* + llaal*+1). (3.6)

By the above estimates, we can further give an estimate of ||u(t)||2? for any p>1. Now,
applying the It6 formula and Holder’s inequality, we have

d ap _ o
£||U||2p§—7||UH2P+C(\|9||2P+||Q2H2p)+2p|\u||2(p ”Im/ uWadz.  (3.7)
D

Multiplying by eZ*, integrating from 0 to ¢, and taking the expectation on the both
sides of (3.7) yields

Ellul* < e” FEluo||*” +c(lglI*” + llal*") < C,  ¢>0, (3.8)

where C' is independent of T. On the other hand, from (3.7) we have

d B .
2l < c(llg]*? + llga*) +2pllul *®~ P m /D“W””' (39)
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Integrating from 0 to ¢ for above inequality and taking the supremum and the expecta-
tion, we can obtain

E sup [lu(®)]]*” <E[u(0)[|*” +c(|lg]I*® + lg2[|*)T +1
0<t<T

2

t
+E sup ‘/ p||u||2(p_1)1m/ aWadzds (3.10)
0<t<T |Jo D
By Lemma 2.2, for some positive constant C, we obtain
t ) 2 T
8 sup | [ plul0 it [ aiadeds| <Pl [ a2 (a0
o<t<T|Jo D 0

where 2p—1>1. Then inserting (3.11) into (3.10), and by (3.8), for any 7'>0 we have

E sSup ||u||2p§CT(u07g7q2) (312)
0<t<T
where Cr(ug,g,q2) is a positive constant depending on wg,g,q2 and T. 0

LEMMA 3.2.  Assume that (no,uo) € Vo, ¢1 € L*(D), g€ H'(D), f,g€ L?(D). Then
for any T>0 and p>1, we have (n,u) € L?(Q; L>°(0,T;Vy)) N L>(0,00; L7 (V).

Proof.  Applying the It6 formula to ||n||?, since ny=—(|u|?), —on+ f+ W1, we
obtain

d .
—Hn||2—||q1||2—|—2/ n(|u|2)wda:—|—26||nH2—2/ fndx—Q/ nWhdz=0.  (3.13)
dt D D D

Noticing that

d
— i(u$ﬂ—uﬂ$)dx:2/ i(umﬂt—awut)dx—i—ﬂm/ q2Gozdx,
dt Jp D D

from (3.13), we can obtain

d

<||n||2—|—/ i(u$u—uuw)dx>+26n||2:—2/ ia(u$a—ﬂmu)da?+2/ fd

dt D D D

+4Re/ ug_mderQIm/ qg(jgzd:c+||q1\|2+4Re/ uﬁ/gzdx+2/ nWidz. (3.14)
D D D D

Applying the It6 formula to ||u,||?, and taking the inner product of (1.4) and u; +au,
we obtain

d
—||ux||2—|—2a||um||2—|—2Re/ nuﬂtdx+2a/ nlu|?dx

+2Re/ gﬁtdac—i—ZaRe/ gﬂdx+2Re/ (g + i) Wadz = || gz |- (3.15)
D D D

Notice that

d
—/ n|u|2dac:/ nt|u|2dx+2Re/ nutﬂdx+2/ @1Im(gout)dx.
dt Jp D D D
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In addition, since n; = —((Ju|?)s +0n— f —Wi) and
—2Re/ (uy —i—aﬂ)ngm:QIm/ ﬂngmd:ﬂ—l-QIm/ (nﬂ—l—g)ngx,
D D D

from (3.15), we can obtain

d
pr <||ux|2+/ n\u|2dx—|—2Re/ gﬂdz) + 20| ug ||
D D

:—5/ n\u|2dm+/ f|u\2dx—2a/ n|u|2dac—2aRe/ gﬂdaz—i—?/ ¢1lm(gou)dx
D D D D D

+Hqu||2+QIm/Dﬂngxd:c—l—ﬂm/D(nﬂ—kg)ngx—i—/D|u\2W1d:L=. (3.16)

Then we can estimate each term using Holder’s inequality, the Gagliardo-Nirenberg
inequality, and Young’s inequality. ~Now, let Ho(t)=|lus||*+|n|*+ [, n|u*dz+
2Re [, gudz + [, i(ugti—uiiy)dz and take n=min{a,0}. From the sum of (3.14) and
(3.16), it can be inferred that

d . .
o Ho(D)+nHo(1) éc(f,g,ql,q2)+c||ullﬁ+/ |u|2W1d:r+2/ nWida
D D

—|—4Re/ uVTVggEdac—l—QIm/ ﬂngxdac—i—ﬂm/ (nﬂ—i—g)ngac.
D D D
(3.17)

Multiplying by €™, integrating from 0 to ¢, and taking expectation on the both sides of
(3.17) then yields

t
EHo(t) < e "EHo(0)+c(f.g.41,2) +E / &9 ||y O ds. (3.18)
0

By (3.8), we can estimate (3.18) and obtain

EHo(t) <e P"EHo(0)+c(f,9.q1.q2,u0) < c(f,9,q1,q2,u0) < C, >0, (3.19)
where C' is independent of T'.
Since
Ho(t) > %(Huzll2+ 1nlI*) = cCllull® +llgll* +[|ull), (3.20)
for any ¢ >0, we obtain
E(]luz|? +lI71%) < cB([ull®+ [lg]* + [ull®) + cEHo(t) < C, (3.21)

where C' is independent of 7.
Further, we estimate HJ (¢) for p>1. Now, applying the It6 formula to H} (t), we
have

d -~ . .
%Hg(t)g—%Hg(t)—i—c(HuHGp—&—c)—i—pHg 40 (/D|u|2W1dx+2/DnW1dx>

+pHg*1(t) <4Re/ UWQxd£E+QIm/ QIWdex+2Im/ (nfLJrg)ngx).
D D D
(3.22)
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Multiplying by e, integrating from 0 to ¢, and taking expectation on the both sides
of (3.22) then yields

t
EHE(t)) <e” FYEHE(0 )+c+cE/0 e T =)y ds. (3.23)

By (3.8) and (3.23) we obtain
EHE(t)) <e” FT'EHE(0)+¢<C, t>0, (3.24)
where C' is independent of T. Therefore, by (3.20), we have
E(|Juz |+ |n)*")<C, t>0. (3.25)

On the one hand, by integrating from 0 to ¢ on the both sides of (3.17), one deduces
t t
Hy(t) §H0(0)+c(f,g,q1,q2)t+c/ ||u\|6ds+/ (/ |u|2W1d33+2/ nWlda:> ds
0 0 D D

t _
—|—/ <4Re/ quzdm—i—QIm/ ﬂzWQIdx—i—ﬂm/ (nu—i—g)ngm) ds. (3.26)
0 D D D

Now, taking the supremum and expectation on the both sides of (3.26) yields

t
E sup Ho(t) <EHo(0)+c(f,9.91,q2)T +c+cE sup / [[ul|®ds
0<t<T 0<t<TJo

t t
+E sup \/ / |u|*Widzds|* +E sup |/ /nWlda:ds|2
0<t<T JO JD 0<t<T JOo JD

t - t .
+E sup | Re/ uWogdzds|* +E sup | Im/ Uy Wagdrds|?
D D

0<t<T 0<t<T
t
+E sup | Im/ (nti+g)Wadzds|?. (3.27)
0<t<T D

After estimating each term of the right hand side of (3.27), we obtain

E sup Ho(t) <Cr(Eo,f.9,91,02)- (3.28)
0<t<T

On the other hand, for H{(t) (p>1), integrating from 0 to ¢ and taking the supremum
and the expectation on the both sides of (3.22) yields

E sup HY(t)<EHF(0)+c(q1,q2)T+cE sup / [|w||®ds + ¢

0<t<T

+p°E sup | Hopfl(s)/ |u|2W1d:cds|2+p2E sup |/ ZH(’]FI(S)/ nWidzds|?
0<t<T D 0<t<T Jo D

+p°E sup | Hg_l(s)élRe/ uWQxdxds\ +p°E sup | QHg_l(s)Im/ Uy Wagdzds|®
D

0<t<T Jo 0<t<T

¢
+p’E sup | 2H§71(S)Im/ (nt+ g)Wadzds|*. (3.29)
D

0<t<T Jo

Now we estimate each term of (3.29). For the third term on the right hand of (3.29),

¢ T
cE sup / ||u||6pds§c]E/ l|ul/%Pds < Cp.
0<t<T Jo 0
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For the fifth and sixth terms on the right hand of (3.29), we have

p’E sup | Hg_l(s)/ |u|? W dzds|* + p*E sup | Hp (s )/ nWdzds|?
0<t<T D 0<t<T D

T
SC”ql”ZE/O (H27(s)+ [l + [|ull +lg]|2*)ds < Cr.

For the seventh and eighth terms on the right hand of (3.29), using a similar method,
we estimate

p |/ HP ! 4Re/ uWogdzds|? + p> \/ 2HP!( Im/ lip Wogdads|?

<cllg2e HQE/ (Ho™ () + l[ull® + [[ull° + [lg]*")ds < Cr-
0

For the last term on the right hand of (3.29), we estimate

t
p’E sup | 2H571(5)Im/ (nti+ §)Wodzds|?
0<t<T Jo D

T T
2 2
SCIquxIIQE/ (Hop(8)+IIUI\2p+HUIIGP+||9||2p)d8+0||qQ||21E/ (Hg"(s) + lgl*")ds
0 0

<Cr.
Then, according to the above estimates, from (3.29) we obtain

E quTHg(t) <EH{(0)+Cr(q1,92, Eo,n1,m0) < Cr(q1,92, Eo,n1,m0). (3.30)
0<t<

Moreover, from (3.20) it is inferred that for p>1

E sup ([|lu.[* +]n[*?)
0<t<T

<cE sup HE(t)+cE sup ([lul* +[ju] +g|*") < Cr. (3.31)
0<t<T 0<t<T

Then we obtain

Eoiup ||(Tl u)||VP;<CT(fag qlaq27u07n0> (332)
t<
Then the proof is complete. 0

3.2. A priori estimates in V;.
LEMMA 3.3.  Assume that (ng,up) € V1, ¢ € H'(D), g€ H*(D), f,g€ H (D). Then
for any T >0 and p>1, we have (n,u) € L*P(Q;L°°(0,T;V1)) N L>(0,00; L2 (Q;V7)).

Proof. Applying the Ité formula to ||u..|?, we have

d
D

Since ut =i (uzpy —nuU+icu—g— Wg) and

d
—Re / NUUg,dx
dt D
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= Re/ (ntuaaca: + NULUgz + MUzt + 1 G222 T+ i(ih Q2zzt— (J1qQﬂm))dI, (334)
D
we obtain

d _ _
dt<||“$||2_2Re/ ”“””dx‘me/ 9“wwdx)+2a|um||2=||qm|2+2||q2x||2
D D

+2Re/ i(qlqgam—qlcjgmu)dx+2aRe/ nuamdx+2aRe/ Uz d

D D D

—2Re / Nz dr — 2Re / nuyligedr + 2Re / Wa (ligat + lligy ) dex. (3.35)
D D D

As before, we can estimate each term on the right hand side of (3.35) using Hoder’s
inequality, the Gagliardo-Nirenberg inequality, and Young’s inequality. Then, from
(3.35) we obtain

d
- (||ux||2_2Re/ nuﬂmdx—QRe/ gﬂmdx> + 20| g ||?
D D

dt
« )
Sgllumll2+§||nx||2+6(||qlll§{1 + gzl g+ 1FIH+ gl + 1+ [l 3+ [Inl1*?)

+ 2Re/ Wg(ﬂmt + iy, )dx — ZRe/ Ul Wedz + 2Re/ Nty Wadz. (3.36)
D D D

In addition, applying the It6 formula to ||n.||?, we have

d
Gl =2 [ nunada-+ ous (3.37)
D

Since ny =—(|u[?), —dn+ f +W; and
d . _ _ . _ _ . _
—- 1 (Umuxx - uxuatz)dx =2 (umtumz - umtuzz)dx + 2’LR€ %z%md%
dt Jp D D
we obtain
i 2, - 2
dt(an” +i | (Uplipe — Uglas )dT) + 26|14 ||
D
<& 2 é 2 2 2 2 2
<5 lwall” + 5 lna "+ e(llgo I+ 11 £l + a2l = + llgw %)
+2 / neWizdz +4Re / Ty Wagd. (3.38)
D D
So from (3.36) and (3.38), taking n=min{a,0}, and letting
Hl(t):Huw||2+||n$||2—2Re/ nuﬂmdac—QRe/ gamdx—&—i/ (Ug Uy — Ug Uy ) AT,
D D D
we obtain

SH(0)+nH (1)

<c(llullfr + 0™ + a5 +llgallze + /15 + gllFm +1)
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+ 2Re/ Wg(ﬂmt + iy, )dx — 2Re/ Wity Widz + 2Re/ Nty Wodz
D D D

+2 / neWizdz+4Re / Tgpe Wazde. (3.39)
D D

Multiplying by e, integrating from 0 to ¢, and taking expectation on the both sides of
(3.39), by (3.21) we obtain

EH:(t) <e P"EH1(0)+c(f,9.q1.q2,u0) < c(f,9,q1,q2,u0) < C, >0, (3.40)
where C' is independent of T
Since
Hy(t) > %(HumxHQ—i_ In21%) = e(lluz |® + 12 * + 1+ [lg]*), (3.41)
for any ¢ >0, we obtain
E()|taa|l? +[Ina]1*) < cB(lfus ||+ Inl|* +1+|g]1*) + cEH1 (8) < C, (3.42)

where C' is independent of T
Further, we estimate HY (¢) for p>1. As before, applying the It6 formula to HY (t)
and taking expectation, one gets

¢
EH?(t)) <e” F'EH?(0) +c+cE/ e T ) (J|lug || + ||n|| 2P 4+ 1)ds. (3.43)
0

By (3.21) we obtain
EHE(t)) <e  F'EHE(0)+c¢<C, t>0, (3.44)
where C' is independent of T'. Therefore, by (3.41), for any ¢ >0, we have
E([[use [P +|ns|*?) < C. (3.45)

After integrating from 0 to ¢ and taking the supremum and expectation on both sides
of (3.39), as with the estimates in Lemma 3.2 for each term, we deduce

E sup Hl(t)SCT(u07fag;q17QQ)' (346)
0<t<T

For Hf(t) (p>1), integrating from 0 to ¢, taking the supremum and the expectation,
and estimating each term, we obtain

EoquTHf(t) <EH{(0)+Cr(f,9.q1,92,u0,n0) <Cr(f,9,q1,92,u0,n0). (3.47)
<t<

Moreover, from (3.41) it is inferred that for p>1

E sup (|[tae||* + |72 ]1*") < Cr(f,9,41,42,u0,n0)- (3.48)
0<t<T
Then we obtain
E sup ||(’I’L,’U,)||%/Ilj gCT(f?.guqlqu,annU)a (349)
0<t<T

and the proof is complete. ]
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3.3. A priori estimates in V5. Similarly to subsections 3.1 and 3.2, using
the same method and idea, we can obtain a priori estimates in V5. For convenience we
only give the idea of the proof. Applying the It formula to ||n,.||?> and ||uz..||? re-
spectively, and using (1.3)-(1.4), we can obtain some inequalities by Hélder’s inequality,
Young’s inequality, and the Gagliardo-Nirenberg inequality together. Then, taking the
supremum and the expectation for corresponding inequalities and using Gronwall-type
estimates on ||nz.||? and |[ugqz||?, it is easy to obtain the following lemma.

LEMMA 3.4. Assume that (ng,uo) €Va, @ €H*(D), q€H3*(D), and f,g€
H?(D).  Then for any T>0 and p>1, we have (n,u)eL*(Q;L>(0,T;Va))N
L°(0,00; L?P(2;V3)).

4. Proofs of Theorem 1.1 and Theorem 1.2
By the above a priori estimates, we prove the existence and uniqueness of a solution
for stochastic equations (1.3)-(1.4) in spaces V; as in Theorem 1.1.

The proof of the Theorem 1.1.
Proof. First, we know that (ng,uo) € V1. Consider {e;(x)}$2, an orthonormal basis
of eigenvectors of the Laplace operator on D, which is an orthonormal basis of L?(D).
Let P* be the projection from L?(D) onto the space spanned by {e;:i=1,2,--- k}.
Then the approximation solution (n*,u*) solves the approximation problem
-k
nf + PH([uf?), +6n* = fF 4+ W1, (4.1)
iuf+ufwka(nkuk)+muk:W2k, (4.2)
.k . ok .
where P* is the projector onto the first k vectors e;, Wy =Py, Wy = P*Ws,, and

P* commutes with the operator A. Now we will treat the above equations pathwise by
introducing the following random processes solving

-k
e +ont =wi, (4.3)
i€k ek, +iagt =", (4.4)
with Dirichlet boundary conditions n(0,t)=n(L,t)=0, £(0,t)=¢&(L,t)=0, and initial
conditions n;(x,0) =0, n(x,0)=0, £(z,0)=0, z € D, where § >0, a>0.
Following the same methods as in Section 3, for any 7' >0 and almost all w €, we
have
n€C(0,T;Hy(D)), £€C(0,T;H*(D)NHy(D)). (4.5)
Also, there is the following estimate
E(||na|* + [12211*) < C, (4.6)

for a positive constant C independent of T'. In addition, for any 7" >0,

E sup ([n:)*+1€zel*) < Cr (4.7)
0<t<T

holds for a positive constant C7 dependent on 7. Now let RF-M = (N*-M [7k:M) he the
solution of the following equations

N (IRE [l PR (M ) o - SNE = 1, (4.8)
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UPM +USM —xar (| RFM [y, ) PR (0P Mub M) iU = gk, (4.9)
NFEM(2.0) = Prng, UMM (2,0) = PFuy.

Here nFM = NkM 4 pky kM k.M 4 pke and ypr € C5°(R) such that ypr(r)=1
for |r| <M and xp(r)=0 for |r|>2M. Notice that (4.8)-(4.9) are random differential
equations with Lipschitz nonlinearity in finite dimension. Then, for almost all w €,
we have a unique solution (N®M U*M) for (4.8)-(4.9). Define the stopping time by

v =inf{t>0:||R|

kM
v, =M}

if the set {HRHI‘“&M > M} is nonempty, otherwise 7a; =o0. Since 7 is increasing in M,
let Too =limps 00 Tar almost surely. For t <77, we have

(NFM gEMY 4 (PFy, PRE)

satisfing (4.1)-(4.2). By the estimates given in Subsection 3.2 and (4.6)-(4.7), for any
t>0 we have

EH(Nk,M7Uk7M)H%/1 S C(faQthQ%”O,UO) (410)

where the positive constant C(f,g,q1,92,n0,up) is independent of 7" and M. And for
T >0 we have

E sup ||(Nk’MaUk’M)||%/l SCT(fagaql,q%nOauO) (411)
0<t<TATM

with the positive constant C(f,g,q1,92,n0,u0), which is dependent on 7" but independent
of M. Here T ATy =min{T,7as}. On the other hand we have

E|(N*M(T Aag), UMM (T Aman)) I,
SE[I(rar <T)|(N*M (T Aag) , URM (T A7) |3, ] > MPP(mar < T),

where I(mpr <T)=1 for 73y <T and I(rpy <T)=0 for 75y >T. Then, according to
(4.10), we have

1
P(ra <T) < Wc(fvg7q17QQ;n07u0)'

According to the above estimate and the Borel-Cantelli lemma, for any 7> 0 we have
Pt >T)=1.
So we know that

(Nk,Uk) (Nk7M,Uk’M)

= lim
M — 00
satisfies the following random differential equations
N4 PF(jubM2), +SN* = fF, (4.12)
U +UE, — PH(nFu®) +iaU* = gF, (4.13)
with initial conditions N*(0) = P*ngy, U*(0) = P*ug. Then (N* U¥) satisfies the esti-

mates (4.10) and (4.11), and for any ¢ >0 we get (n*,uF) = (N* ,U*)+ (P¥n, P*¢) is the
unique global solution of (4.1)-(4.2).
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Now, we will consider (4.12)-(4.13) for fixed w. Firstly, by (4.11), for any T'>0 we
have

[o ele o}
P Ny ;4 su NEUR |2 >L} =0.
(ﬂ Ui s 10091, >

L=1l=1

We let

oo o0
Q= N, ¢ sup ||(NF,UR)|? SL}.
Ny 2o d s v o,

Then P(Q\Q)=0. Therefore, for any fixed w e, there is an 7(w) with 0<r(w) < oo
such that (ref [14])

sup_[|[(N*, UM}, <r(w). (4.14)

0<t<T

Then we can extract a subsequence still denoted by (N*,U*), such that, for any 7'>0,
N* converges to N weakly star in L>(0,T; Hg(D)) and U* converges to U weakly star
in L>°(0,T; H*(D)N H}(D)). These convergences are sufficient to pass the limit k — oo
in linear terms, but we need a strong convergence of U* for nonlinear terms. In fact,
by (4.13) and the estimate (4.14), we know UF € L>(0,T;L?(D)). Then we can further
extract a subsequence still denoted by U* such that U* converges to U strongly in
L*(0,T;H}(D)). Then by a standard procedure we can pass the limit k— oo for the
nonlinear term. So we can show that (N,U) € L>(0,T;V;) is a weak solution of

Ni+(|ul*)s +6N = f, (4.15)
U+ Ugy —nu+ial =g, (4.16)

with initial conditions N(0)=ng(x), U(0) =uo(z), x € D.

Then (n,u)=(N,U)+(n,£) is a solution of (1.3)-(1.4) and satisfies the estimates
given in Subsection 3.2. In the following we prove the continuity of the solution. For any
we, (Ju]?), € L=(0,T;HZ (D)), we can obtain N; =—(|u|?), —6N + f € H(D). Then
by Lemma 3.2 in [19], we can see that for almost all w € Q there is N € C(0,T; H}(D)).
Using similar methods and noticing U; € L°°(0,T;L?(D)) almost surely, according to
[16] we can obtain U € C'(0,T; H*(D)NH}(D)). Then by definition of N and U we have
(n,u) € C(0,T;V1) almost surely. So the solution (n,u) is continuous from [0,7] to V4
almost surely.

As the noise is additive, we can follow the same approach as [11]. So the solution
(n,u) is unique in L*°(0,7;V7) almost surely. |

The proof of Theorem 1.2 is similar to that of Theorem 1.1. It is omitted.

5. Proofs of Theorem 1.3—Theorem 1.5

Now we study the asymptotic behavior of the solution for (1.3)-(1.4). We will
construct a random attractor for stochastic long-short wave equations in V; equipped
with the weak topology. Some basic concepts related to random attractors for random
dynamical systems are found in [1, 2, 20, 21].

The following existence result for a random attractor for a continuous RDS can be
found in [1, 2]. Tt gives a sufficient condition for the existence of a random attractor.
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THEOREM 5.1. (see [1, 2]) Suppose ® is a RDS on a Polish space (E,d) and there exists
a random compact set K(w) absorbing every bounded deterministic set D C E. Then the
set

Aw) = ﬂ U D(t,0_yw,K(0_w)),

T>0t>T1

is a global random attractor for RDS ®.

Next, using (5.1), we consider the random attractors for the stochastic long-short
wave equations in V; and V5 on the basis of a priori estimates in Section 3.

The proof of Theorem 1.3

Proof. According to the former analysis, we can consider the properties of solu-
tion a (N,U) of the system (4.15)-(4.16) instead of (n,u) of stochastic long-short wave
equations. For any (ng,up) and any T >0, the system (4.15)-(4.16) has a unique so-
lution (N,U)€C(0,T;V;) for almost all we . Noticing the system (4.15)-(4.16) has
coefficients driven by 6;, (N,U) defines a random dynamical system on V;. Therefore,
(n,u)=(N+n,U+¢&) also defines a continuous random dynamical system on V;, which
is denoted by ®(t,w), and ®(t,w) is weakly continuous almost surely on V.

Denoted the ball center at 0 with radius r in Vi by B(0,r). Then, by the estimates
given in Section 3, there is a random variable R(w) such that, for any >0, (n,u)€
B(0,r). So there exists a random time t,(w) > 0, such that, for all ¢>¢,(w) and almost
all we,

1@ (2,0 —10) (10, u0) vy < R(w).

Let

Alw)=Nr>0| J @(t,e,tw)B(o,R(w))vlw,

t>1

where the closure is taken with respect to the weak topology of V3. Now we show that
the random attractor A(w) is tempered. By the estimates obtained in Section 3, we
have

E sup R*(fw) < oc.
0<t<1

Then, by Birkhoff’s ergodic theorem [4],

- supyeqo,1 B2 (Or45w)
lim =
s—Foo S

on a #—invariant subset of 2 with full probability measure, i.e., R(w) is tempered. Then
we know A(w) is tempered. The proof is completed. d

Similarly to Theorem 1.3, using the same methods and ideas of proof, we can prove
Theorem 1.4. That is to say, there is a random attractor for the stochastic long-short
wave equations in V5.

Next, the proof of Theorem 1.5 is given.
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The proof of Theorem 1.5
Proof. If (ng,ug) € Va, by the results given in Section 3 and Section 4, (1.3)-(1.4)
has a unique solution (n,u) with (n(0),u(0)) = (ng,u), which, for any ¢ >0, satisfies

E([nez|® + [taez |*) < C, (5.1)

for a positive constant C' >0 which is independent of ¢ > 0.
Now let p; be the distribution of (n:,n,E) for t>0. Following the classical
Bogolyubov-Krylov argument [3], we define

1 t
ﬂt:*/ psds
tJo

(D) =2 / 11,(T)ds

t

as

for any Borel set I of V7, that is I'e (V7). By (5.1) we have

-~ I
" II(muﬂlﬁm(dv):;/o E|l(n(s),u(s))||},ds < C.

By Chebyshev’s inequality and the fact that V5 has a compact embedding into Vi,
{fit}1>0 is tight in V4. Then there is a sequence {f, } with ¢, —oc0 as k— oo and
a probability measure p on Vi such that {fi, } = weakly as k— oco. Therefore, u
is a stationary measure for stochastic long-short wave equations on V; by using the
standard arguments as in [4]. Moreover, by (5.1), p is in fact supported on V,, namely,
1 is a stationary measure for stochastic long-short wave equations on V5. The proof is
completed. O
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