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REGULARITY CRITERIA OF THE POROUS MEDIA EQUATION IN
TERMS OF ONE PARTIAL DERIVATIVE OR PRESSURE FIELD*

KAZUO YAMAZAKIT

Abstract. We obtain new regularity criteria and smallness conditions for the global regularity
of the N-dimensional supercritical porous media equation. In particular, it is shown that in order to
obtain global regularity result, one only needs to bound a partial derivative in one direction or the
pressure scalar field. Our smallness condition is also in terms of one direction, dropping conditions on
(N —1) other directions completely, or the pressure scalar field. The proof relies on key observations
concerning the incompressibility of the velocity vector field and the special identity derived from Darcy’s
law.
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1. Introduction
We study the following active scalar convected by incompressible flow of Darcy’s
law, widely known as the incompressible porous media equation (IPM):
% +(u-V)§+vA220=0,
u=—=5(Vr+gv), (1.1)
0(x,0)=00(z), V-u=0, zeRN N>2 NeN,

where 6 represents the liquid density scalar field, u the velocity vector field and =
the pressure scalar field. The parameters x, p, and g represent the matrix medium
permeability, the dynamic viscosity, and the acceleration due to gravity, respectively,
and we also denoted by ~ the last canonical vector ey. Together they model u governed
by Darcy’s law to describe the relationship between the liquid discharge and the pressure
gradient (cf. [2]). Moreover, v>0 is the dissipative coefficient, and A=(—A)z and
a€(0,1) are fixed parameters.

Without loss of generality throughout the rest of the paper, we set v=1. Moreover,
let us denote 8t:% and 0; = 6%1_, i=1,...,N and LP the Lebesgue spaces equipped
with the norm ||-||z» while those of Sobolev spaces H* with ||-||z=. We also denote an
operator Vy_1 =(01,...,0n_1,0).

The system (1.1) obeys the scaling invariance, namely that if §(z,t) solves (1.1),
then so does 0y (z,t) = 2*"10(Ax,A\2?t). Due to this scaling invariance and the fact
that the LP norms of the solution to (1.1) for 1<p<oo are bounded by those of its
initial data (cf. [7]), we call the case a> %, a= %, oz<% the subcritical, critical, and
supercritical cases, respectively.

In comparison to the velocity vector field in (1.1), which may be written as

%uz —(Vr+gv0)=—-Vr—(0,...,99),

we recall in relevance that the authors in [29] studied the dynamics of the interface
between two fluids with different viscosities and densities in a Hele-Shaw cell (cf. [20]).
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462 REGULARITY CRITERIA OF IPM

Moreover, the system (1.1) has caught much attention due to its similarity to the also
intensely studied [-generalized surface quasi-geostrophic Equation (8-SQG) (e.g. [4,
12, 24, 25, 26, 36]):
00+ (u-V)0+vA2*0=0, (1.2)
0(x,0)=0p(z), u=A'"28(—Ry0,R.0), x€R?or T? '

where 6 represents temperature, « € (0, %), Be [%, 1), and R the Riesz transform.

The authors in [7] showed the existence of the unique global solution to (1.1) in the
case a €[1,1), N=3. In case N =3, the author in [34] considered the case a € (0,3) and
obtained local results using an iterative process, while, in [40], the authors considered
the case a:% and obtained the global existence and uniqueness of the solution in
critical Besov spaces. These results are similar to the works of [1] and [21] on the SQG.
In [35] the author considered a modified critical porous media equation with V=3 and
obtained global regularity results analogously to the modified critical SQG in [10].

On the other hand, in [8] the authors considered a singularly modified version
of SQG and proved in particular its local well-posedness, while, in [19], the authors
analogously considered a singularly modified version of IPM in the case N =2 and
interestingly showed Lipschitz ill-posedness with smooth initial data. The key difference
that led to these distinct results was that for the IPM (1.1), the Fourier symbol of the
operator acting on the velocity term is an even function, while that of the 5-SQG is
odd. Moreover, the authors in [15] considered the case N =2, v=0, and showed the
non-uniqueness for weak solutions to (1.1) in L in space and time. For more recent
interesting studies on (1.1), we refer readers to [14, 16, 17, 28] and the references found
therein.

There has been a significant amount of work on the regularity criteria of the SQG,
mostly in the aim to bound V+6, and under a slight modification many of them can
be transferred to the N-dimensional IPM. For example, in [18], the authors obtained a
blow up criteria for the inviscid case of (1.1) with N =2:

T
sup ||0(t)||gm <oo for m>2  if and only if / IV Brrods < co.
t€[0,T) 0

Form>1+ %, it is clear that this result remains valid in the N-dimensional supercritical
case. For an analogous blow up criterion for the solution to the SQG, we refer readers
to [11]. Moreover, following the work of [33] on SQG, it is not difficult to obtain the
following regularity criteria for the solution to (1.1) in terms of wu:

T T
N 2 N
/ [Vul|p~ds <oo  or / (IVul|7rds < oo 7+70‘<2a7 — <p<oo.
0 0 p r «Q

Recently, in [37] and subsequently in [38], it was shown that for any active scalar
with a similar structure as 5-SQG, specifically so that the velocity term is a Riesz type
singular integral operator acting on 6, the regularity criteria can miss one direction.
Indeed, for the two-dimensional supercritical 5-SQG, it suffices to bound only a partial
derivative, and for the system (1.1), the following result holds:

THEOREM 1.1. Let a€(0,3). If 0€C([0,T);H*(RN))NL2([0,T); H*+*(RYN)) solves
(1.1) for a given 6y € H*(RN), s>1+%, and

T
| 195 0lds <o, (1.3a)
0
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N, 2, N(N-2q)

1.3b
p 202 <p<oo (1.3b)

or
T
/ [VN-10]lo_ ds<oo,
; ,

then 6 remains in the same regularity class on [0,T'] for some T'>T.

The proof is similar to that of [38] and we sketch it in the Appendix for the reader’s
convenience.

However, it was not clear whether, like the two-dimensional 5—SQG, the regularity
criteria of the solution to a general active scalar in higher dimension such as (1.1) may
be reduced to only one partial derivative. Moreover, while component reduction results
of the regularity criteria for the three-dimensional Navier-Stokes equation (NSE) and
the magnetohydrodynamics (MHD) system have caught much attention recently (e.g.
[5, 27, 39]), the proofs require careful decomposition of the nonlinear terms. Hence, to
the best of the author’s knowledge, it is not clear if their regularity criteria remain valid
in higher dimension or if we replace the Laplacian of the dissipative term by a fractional
Laplacian with power arbitrarily close to zero, as in the case of (1.1).

In this paper, making use of the special structure of the velocity term governed by
Darcy’s law, we provide an affirmative answer and equivalently a regularity criteria in
terms of the pressure scalar field. We present our main results.

THEOREM 1.2. Let a€(0,3). If 0€C([0,T);H*(RN))NL2([0,T); H*t*(RYN)) solves
(1.1) for a given 6y € H*(RN), s>1+%, and

T T
/HAW||EpdS<oo or /||8N9||2pd8<oo, (1.4a)
0 0

N 2 N(N -2

—+—a§2a, M<p§oo, (1.4b)

p T 202

then 6 remains in the same regularity class on [0,T'] for some T'>T. Moreover, if

sup ||A7(t)|| ~ or sup [|ONO(D)|| ~
2up A7), sup (9800,

is sufficiently small, then 0 remains in the same reqularity class on [0,T'] for some
T'>T.

THEOREM 1.3. Let a€(0,%). If 0€C([0,T); H*(RY))NL2([0,T); H*T*(RY)) solves
(1.1) for a given g€ H*(RY), s>1+% and

T
| 19wl 0 ulfds <oc, (1.5)
0
N 2 N(N -2
—+—a§2a, M<p§oo, (1.5b)
p T 202

or

sup [|[Vy_iun (@) x +]|Onu(®)|] x
t€[0,T] Lza L2a
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is sufficiently small, then 0 remains in the same reqularity class on [0,T'] for some
T'>T.

THEOREM 1.4. Let a€(0,%). If 0€C([0,T);H*(RY))NL2([0,T); H*T*(RY)) solves
(1.1) for a given 6y € H*(RN), s>1+%, and

T r T r
/ div(aNU> ds < o0, or / div(aNU> ds < o0, (1.6a)
0 8]\]9 Lr 0 Am Lp
N 2 N(N —2a)?
N, 20 gy, NNZ207 (1.6b)
P r dav

then 6 remains in the same regularity class on [0,T'] for some T'>T. Moreover, if

ONu oNu
sup dw( ) (t <0 or sup dw( ) t < 00,
te[0,T) Onb ) i t€[0,T7] A Q L%
then there exists a constant C =C(o) such that
[0o][ <C (1.7)

implies that 6 remains in the same regularity class on [0,T"] for some T">T.

REMARK 1.1.

1. Theorem 1.2 presents new results in comparison to the criteria of [7] and [18];
we recall that BMO is locally embedded in LP, p< cc.

2. We emphasize that for the endpoint case p=oo, even though for the [-
generalized SQG for which Theorem 1.1 applies we had to rely on the BY
norm, in the case of IPM it is a a remarkable fact that we are able to dlrectly
extend to the L*°-norm as shown in the theorems 1.2 and 1.3.

3. Theorems 1.1-1.4 show that dy plays a distinct role from other partial deriva-
tives in the case of IPM while in the work of [38] the role of 95 of the 5-SQG was
no different from that of 9;. This is a remarkable fact due to the key identity
derived from Darcy’s law.

4. There have been numerous attempts to derive Darcy’s law from the NSE
through the homogenization process (cf. [32]). In this regard, it is of interest
to recall that such regularity criteria that depend solely on the pressure scalar
field exist for the NSE and the MHD system (e.g. [3, 6, 31]). Due to many
differences, their proofs do not go through in the case of the N-dimensional
IPM with fractional Laplacians.

5. In the theory of Serrin-type regularity criteria for the NSE and the MHD sys-
tems, the scaling invariance of the norms in (1.4a)-(1.4b), (1.5a)-(1.5b), and
(1.6a)-(1.6b) is of much importance (cf. [30]). Due to the rescaling of the
solution to (1.1),

1ONOAI L (0,710 (Y )) = [1ON Ol Lr (0 320750 (R
if and only if % + 275‘ =20

In the subsequent sections, we prove our claims. By the standard argument of
continuation of local theory, we only need to show H®-bounds.
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2. Proof of Theorem 1.2
We first prove a proposition:

PROPOSITION 2.1. Let a€(0,3). If the solution 0(x,t) to (1.1) in [0,T] satisfies the
hypothesis of Theorem 1.2, then
2pa 2pa
supye (o7 Vn-10(t)]] ’3 +ONO@)| "2pa
LN Ly
+f0 IVN— 19|| N2 o +||8N0|| o, ds<oo if p< oo,

N—2«a N—2a
supyepo, )| V-10(t )|| ﬁ Foza +[ONO()]] K‘r‘aza
B2 L
—|—f0 IVa— 10|| ¢ +oNO|| & &* ds < 00 if p=o0.

Proof. The following decomposition of w in (1.1), observed in [7] in the case N =3,
will be important in our proof:

=c(0+7P0) (2.1)

for some constant ¢ >0 where P is a Riesz type singular integral operator bounded in
L? pe(1,00) so that we immediately have

lullr <cllfllzr,  pe(1,00). (2.2)
In higher dimension, we may see this fact from first noticing that

0=V .u= —E(aflw+...+a%w7r) - E981\19,
1 Iz
so that we have the identity
—Am=g0on0 (2.3)
with which we may write

UZ—gg(aﬁN(—A)_lea~o,5N713N(—A)_19a512VN(—A)_19+0)~

Thus, the Fourier symbol of an operator acting on € as u is a constant multiple of

&ién En_1én iy 1)
(5|2 UTIER e T

(cf. [34]). Finally, we recall that due to the continuity of the Riesz transform in
LP, pe(1,00),

||aiajf||Lp SC”Af”Lp, Z,jzl,,N (24)

Now we first consider the case p<oo. We fix (p,r) that satisfies (1.4b) and fix
q= 2%1. It is easy to check that g€ (2,00), considering (1.4b) and the range of a. We

apply Oy to (1.1), multiply by ¢|On60|720x0, and integrate in space to obtain

8t||8N9||%q+q/(A2“8N9)|8N9\‘1_26N0:—q/aN((u-V)9)|8N0|q_28N9. (2.5)
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We need the following lemma which is a generalization of the work in [13, 22]:

LEMMA 2.2. For any a€[0,1], x€RYN or €TV, NEN, and f,A>*fc L*, s>2,

2 [1a°(s%)

We estimate the dissipative term with this lemma as follows:

2<s [Irpmeaey

2(n0) 2%, = 2/|Aa(aN9)% 12< q/(A2“8N9)|8N9|q*28N9.

By the homogeneous Sobolev embedding H < L N , we have

c(a.)0n01" ox =claa)|[[On01F % ax  <2(l|On6]% |3,
L N—2a L

N—2a

On the right hand side of (2.5) we have, due to the incompressibility of u and Holder’s
inequalities,

—q/aN((u-V)H)\8N9|q_28N0

:‘q/ Onu-VO|INO|">On0+u-(VONO)|On6| 00
N—1

<q)_llowuill g4 10:6]| s ||3N9II%22||5N9IIL axy

N—2a
i=1

—1
Hlonunl gx [OnOlI7a O8] axy -

Now, by (2.2) and (2.3),
[Onuill gv +[[Onun|l gy <cl|OnO]| ox =c[| ATl gn.
Using this and Young’s inequalities we obtain
fq/aN((u'V)9)I5N9|"’23N9)

<ellonOll? o +ellAm] o (V101150 + O8I (2.6)
LN—2a L2a

Next, we apply Vy_1 on (1.1), multiply by ¢|Vny_10]9"2V y_10, integrate in space,
and by Lemma 2.2 and the homogeneous Sobolev embedding again obtain

OV 101+ () Va6 <=0 [ Vaveal(w )OI Ta-a6l7 Va6,

(2.7)
On the other hand, due to the incompressibility of u,

—q/VN_lu . V9|VN_19|Q_2 -Vy_10+u- VVN_19|VN_1(9|(1_2 -Vn_10

N—1
=0 X [ 0017 10120,0+0,unONOIV 101 20,0

i,j=1
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<q Z 10juill g 710501

i,7=1

—1
Hojunll o ||aNe||L% IV n-161%7

by Holder’s inequality. Now, by (1.1) and (2.4), we have

N-1 N-1
Z 10, u2|| Iy <CZ||8 V7r|| Py <cHA7r|| ne
4,j=1

Thus, using (2.2), (2.3), and Young’s inequality, we further bound by

—q/VN,l((u-V)G)WN,lH\q_Q 'VN,19
<c(|Anll, gy IVN-10ll oy IVn-10153" + [ Vv-runll | oy 10n0]] gx [Va-10lI7:)

e VNabll? el ATl Tn VN -10]La- (2.8)
L N—2«a L2a

Summing (2.5)-(2.8), for e >0 sufficiently small, we have due to Gronwall’s inequality

2pa 2pa
sup [Vn-16(t)[| %, + 1On6(1)]] 1% /IIVN 10|| +||6N9|| 2pq s
te[0,T] LN

2pa

2po 2pa Zpa—N
<e(IVn-100] Tpo +110n00 Ny Jelo 18T ds < g
LN LN

This completes the proof of Proposition 2.1 in the case p < co.

Next, let us consider the case p=o0o. Let g= N;%‘. Clearly g€ (2,00) considering
that ae (0,%). Thus, as before, we apply dy to (1.1), multiply by q|On6]|920x0,
integrate in space, and use Lemma 2.2 to obtain

0| ONON Lo +c(q,0) 10NN o
LN—2

N
g—qZ/c’?NuiaiG\@NHP_QaNH

=1

N-—1
:*qz/aNUiai9|aN9|q728N0+8NUN8N0|6N0|‘]728N6

:_qz/aNula 0|0 0|7 20N 0 — D;u,;050|0N 0|20 0

3,j=1
N—-1
<q Y (10nuill ol 06 Lo OO 5o 1 On 6] Loe + 1050 Lo | On O] oo || O 6]
ij=1
<c([|On0] 3 IV N-10l| Lal| AT oo + [V N —16] Lo [| A ]| o< | On O] 50 )
<cl|An|L(|VN-10]1%, +[0n0]|%.) (2.9)

by incompressibility of u, Holder’s inequalities, (2.3), and Young’s inequalities.
Next, we apply Vy_1 on (1.1), multiply by ¢|V ny_10]9"2V y_10, integrate in space,
and use Lemma 2.2 and the homogeneous Sobolev embedding to estimate

8t||vN710||%q +C(q,a)||VN710||i%



468 REGULARITY CRITERIA OF IPM
—q/VN_lu-V0|VN_19|q’2~VN_10

=—q Z /6 w; 0; 9|VN 19|q 28 (9+8 uN8N9|VN 19‘(1 28 0

1,7=1
N—-1
<q Y (105uill L 10:61 Lo |V 5 101155211060 Lo +1|05un || Lo 1O O] e |V 1011521056 o)
=1
<cl|A7|| L]V n-10]7, (2.10)

by Hélder’s inequalities, (2.3), and (2.4). We sum (2.9) and (2.10) and obtain by
Gronwall’s inequality

sup [|Vy16(t)] 5 2a+|\81v9( )H £2a / IVN-10] 5 ﬁ +llonoll 5 T
te[0,T] L o a
<c(|Vn-aboll 5 +Onboll 3 et 1A <o,
This completes the proof of Proposition 2.1. 0

Proof of Theorem 1.2.
Proof. We are now ready to complete the proof of Theorem 1.2. Let us consider
the case p < oo first. One can readily check using (1.4b) and the range of « that

4pa’ 2pa

< —.
4dpa? —N2+2aN — N

(2.11)

We use the following elementary inequality several times; hence, for convenience let us
state it as a lemma of which the proof is simple and hence omitted:

LEMMA 2.3. If a,b>0, then for any s>0,
(a+b)° <2°(a®+b°).

By Lemma 2.3, (2.11), and Proposition 2.1, we obtain

/ Nt

_(N—-2a)2a
2pa 2pa 4pa2 —N242aN
S/ <2N bry /[|VN_19NQQ+|8N0NQQ]> ds
0
2pa? (N—2a)2« 24pa2 24p7042
§24p°2_N2+2”N 41”“2 N2+2“N/ HVN 10”41’021)(!1\7 +2aN+H8 9H4p(¥2paN +2aNdS
<o (2.12)

Now we use the following commutator estimate due to [23]:

LEMMA 2.4. Let f,g€C(RY),p,pa,ps € (1,00), lzi+pi2:pi3+pi4, 5>0. Then

p_p
there exists a constant ¢>0 such that '

1A*(£9) = FA*glle <c(IV fllo [IA gl oo + A Fl|2os gl e )-
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We estimate (1.1) after applying A® and taking an L?-inner product with A%,

1
OB La + (A6 7. = —/AS((u~V)0)A59 —u-VA*OA®0

<c(|Vull, 2 A TIVOl| L2 + | A%l 2| VO], 2 )IA6]] | oy
<c[VOll, x [IA°0] 72120z
1 2
< SIAST0l 2+l V01 7 5 14%613
by (2.2), Gagliardo-Nirenberg inequality, and Young’s inequality. We choose
N (N -2«
€e=— ;
a\ 2pa )’
note that e€(0,1) due to (1.4b). By Gronwall’s inequality and (2.12),
4pa?
T SISO NN ds
sup [0°0(0)[ 3+ [ AT O ads <l holfae e <
te[0,T] 0

Next, we consider the case p=oo. Firstly, using Lemma 2.3 again,

T T
L Iwo12 yas< [ 8 [195001% +lowel )R s
0 * 0
T 2a
<2 [ 2R (IVasb]? y + onb]? y )ds < oo
O [e3 [e3
by Holder’s inequality and Proposition 2.1. On the other hand,

1 S ST S— s S
SOAON T2 + A0 <c((|Vull 5 A VO] L2 + [ A%l 22| VOl 2 )[[A%6]] o

<c|[ VOl x A0 L2 [ A0

1 ST S
<SIATFO T+ VOII? x A6][7:

by Lemma 2.4, (2.2), the homogeneous Sobolev embedding, and Young’s inequality.
Therefore, by Gronwall’s inequality, this completes the proof of the first claim of Theo-
rem 1.2.

Next, we fix p that satisfies (1.4b) and notice that p>2. We apply Vy_1 on
(1.1), multiply by p|Vy_10/P~2V y_10, integrate in space, and use Lemma 2.2 and the
homogeneous Sobolev embedding again to obtain

NV N-10lI7, +c(p. ) [VN-10]"
LN—2a

g—p/vN_1u~v0|vN_19|p*2.vN_10+u~va_19|vN_19|H.vN_le

N-1
=—p Z /ajui8i9|VN_19|p_26j9+8juN8N9|VN_19\p_28j9

i,j=1
N-—1
2 ) p—2 )
<p 3 05l g 1001, e Va8 S 10561, v

i,7=1
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+119; 2lIVN- 19||p N |
<c(lar], x IIVN 19||" e +HVN 1UN|| 2 1ONOl, x IV N0l )
a L N—2a
<cl|Ax], x (V- 19||p

by Holder’s inequalities, (2.2), (2.3), and (2.4). Thus,

IV N-10l7, < (c sup [An]| x —c(p,a))[VN-10]"
te[0,T] LN-2

Therefore, for SUPte[o,T]HAWHL » sufficiently small, for any r that satisfies (1.3b), we

obtain
T
/ IVN-10|7rds <||VN-16o|7»T < 0.
0
By Theorem 1.1, this completes the proof of Theorem 1.2. ]
3. Proof of Theorem 1.3
We first consider the case p < oo. Since uy = —ﬁ(@Nﬂ'—&—gH), we may write
1
L (—ﬁuN—an) —9. (3.1)
g\ kK

Therefore, because for any i=1,...,N —1,
*ﬁuz :aiﬂ-7
K
we see that, using (3.1),
Lp
00 = 73 (——uN an) — P Gy —Onus). (3.2)
K gK

Using Lemma 2.3 and (3.2) we can verify that

T T
| 19nblds<e [ IVosung + [owalods,
0 0

Thus, by Theorem 1.1, the proof of this case p< oo is complete.
Next, we consider the case p=o00. Let g= 2”‘ . Applying 9y on (1.1), multiplying
by q|8N0|q 200, integrating in space, and usmg Lemma 2.2 we obtain

O|ON 0|30 + (g )IONOI" o

1
<—q Z /aNuiaiﬂaNﬂqizaNe+3NUN8N9|8N0|q728N9

2

-1

Il
i

/ L 55 (Byun — Onus) | On 0|9 200 — qOnun On0|On 0] 9200
gr

=

—1
< (] ]aNuZHLMuN 6Nuz||Loo+q|aNuNannaNenLq)||aNe||q1

=1
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<c(|IV-run]lze + |0nullLe) [On ]| 70 (3.3)
by (3.2) and Holder’s inequality. Similarly, we estimate

HIVn-10]|Tq +c(q.)|[VN-10]?
LN-2

< *q/VN_l((U'V)Q)|VN_19‘(172VN_19

=—q Z /6 u; 0; (9|VN 19|q 28 94—8 uN8N9|VN 19‘(1 28 0

1,9=1

_ Z/ P s (Duny — Onus) |V v—1019720;0 — qd;un OnO|V 10|72,

731

< Z
1,5=1

+QH3jUN||L°°||3N9||L«||VN—19||qLZ 10;0| La
<c| VN0l L (IVN_1un |z +[Onulle) +c||Vy—1un || oo (1O 0] F o + 1V N =10 T0)
(3.4)

‘muzmaw Onvuil| e |V w—1611%72110;6] e

by (3.2) and Holder’s and Young’s inequalities. Thus, we sum (3.3) and (3.4) so that,
by Gronwall’s inequality,

sup [|Vy-16(t )II ¥ o+ ONOE )H £o2a / IVN- 19H o lowell 5 g

te[0,T)

N—
< Va-160ll) 7z +1On60ll ) §aa )eld TN vl N ulioeds < o,
L o L o

Thus, we have proven the implication of Proposition 2.1. That this implies the lack of
singularity follows. This completes the proof of the first claim of Theorem 1.3.

Next, we fix p that satisfies (1.4b) and p<oo. We apply dx on (1.1), multiply by
p|OnOP~20N0, integrate in space, and apply Lemma 2.2 and the homogeneous Sobolev
embedding as before to obtain

ONONON s +c(p, ) [ONOI” _x
LN—2

=P Z /aNuiai(g'aNalp_QaNe+8NUN(9N9|3N9|]D—26N9

N—
:Z/ 8Nul 3UN 8Nu7)|8N0|p 28]\79 paNuN8N0|8N0|p 28]\/9

N—-1
pu
<|p Sl e N vl g 1001+l 1NN s
<elNOI” Ly (V- sunl, i +10xull, )

by (3.2), Holder’s inequalities and (2.2). Therefore, we have

O)|ONO| Ly < (¢ sup (IIVN—WN(L‘)IIL%+||3NU(t)HL%)—C(pﬂ))llazvﬁllilﬂ

t€[0,T)
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Hence, for

sup |[|[Vy_1u ~ +||Onu N
S (O], + w0,

sufficiently small, for any r that satisfies (1.4b), we have

T
/ |ONO| 1 pds < ||ONOo||7p T < 00.
0

By Theorem 1.2, this completes the proof of Theorem 1.3.

4. Proof of Theorem 1.4
We fix (p,r) that satisfies (1.6b) and define ¢= 2%‘ for which one may show ¢ > 2.
Thus, applying dy on (1.1), multiplying by ¢|dn0|7"20x0, integrating in space, and
using Lemma 2.2 and the homogeneous Sobolev embedding again, we obtain
Ol|ON 070 +c(a,0)[[ONO]T ox
LN—2

qi/@Nu,ﬁMaquzaNﬂ
=1 N
:q(q_1)Z/aNui9|aN9|q—2a%W9
=1
N 92 u;ON0 — On ;0% .0
__q(q_l)Z/(nggq( NiWi |5N9|2 1ON; )

a(g— 1/93N9|qdw<gNZ>
aNU
a0

<qlg=1)[10llL=0n0I] _xq_[ONO|T4
6Nu
d1v(8 9)

L N—2a
by the incompressibility of v and Hélder’s and Young’s inequalities. For e >0 sufficiently
small, Gronwall’s inequality implies

Ng

L2a

q
—1

<6||3N9||q e + 0| - 10w o1,

Lﬁ

2pa
INu 2pa—N
sup | On0(t)] T / HaNen d5<c||aN90HT5 S et (535 )15 ds
t€[0,T]

< 00.

Thus, in particular we have shown

N(N —2a)?

e <p<oo.

B 2pa
/ low6] %, ds < oo,
0 LN-2a
By Theorem 1.2, this completes the proof of the first claim of Theorem 1.4.
Next, we take p that satisfies (1.4b). We apply Oy on (1.1), multiply by
p|ONO|P~20n0, integrate in space, and apply Lemma 2.2 and the homogeneous Sobolev
embedding to estimate similarly as before

OullOn Oy +c(p ) |ONOI"
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N
g—pZ/aNuiaimaNew*aNe

— p(p— 1/9|8N9|pd1v(gNZ)
le(ZNZ>

by the incompressibility of v and Holder’s inequality. Thus,

()

<p(p— 1)\\9||L°°||3N9||p N

N —C(p7a)> 1ONOI” _px
LN—2

L2a

de|lon0|7, < (p(p— Dol sup
te[0,T)

Hence, if

< 00,

sup .
L2a

t€[0,T)

()

then there exists ¢ >0 such that ||fg]|| L < c implies that for any r that satisfies (1.4b)
we have

T
/ 10w 6150 ds < |00}, T < oo,
0

and hence, by Theorem 1.2, this completes the proof of Theorem 1.4.

Appendix A. proof of Theorem 1.1.

In this Appendix we sketch the proof of Theorem 1.1, which is an N-dimensional
generalization of the result in [38] added by the endpoint case. We first prove the
following proposition:

PROPOSITION A.1. Let a€(0,3). If the solution 6(x,t) to (1.1) satisfied the hypothesis
of Theorem 1.1, then

2pa 2pa
suPyefo,r) | VN-10(1)] % +II0N0(E )IIL’E
2pa

+f0 ”vN 19” 2pa +||8N9|| 217@ dS<OO pr<00,

2\“2‘

N—2a —2a

supyepo, 7|V -10(t )|| §o2a +|ONO(t )\l}ﬁ 20
Coa g

+f0 IVN— 19||Lﬁ + ||On0|| ﬁ ds < oo if p=oo.

Proof. Let us first consider the case p<oo. We fix (p,r) that satisfies (1.3b) and
define ¢ = 21’ =, Similarly as in the proof of Proposition 2.1, one can show that

OllONOI L0 +c(g: IONON o <ellOnOI" a +el V- 19H o [0n0ll7 (A1)

and

8tHvN710||%q +C(Qva)||VN*19||i%
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<e[VN10? o+ Va0l “n (IVN-10]. + 1086 0)- (A.2)
L N—2a L2a
Summing (A.1) and (A.2), taking € >0 sufficiently small, and applying Gronwall’s in-

equality completes the proof in case p < co.
Next, let us consider the case p=o00. We recall the inhomogeneous Besov space

By ={fe8":|fllsy, <oo}

where
1
e e d (TR @m0 1)) " ifr<oo,
" SUD_ 1 <j oo 2" 1A fl v if r=o0,
0 if j<—2,
Ajf=QWsf ifj=—1,
Oixf ifj=0,1,2,...,
so that

supp<i>jCAj:{§€RN:2j_1 < €] <291y, \Il*f—i-szj*f:f.

Jj=0

(For further discussion on Besov space, we refer the reader to [9].) Now let ¢=~=2¢>2,
as verified in the proof of Proposition 2.1. We apply dy to (1.1), multiply by
q|On0]9720N0, integrate in space, and use Lemma 2.2 to obtain

Oul|ONON L0 + (g, ONON? g
L N—2a

N-1
<q ) (lonuillLa |08l L= |On Ol T2 " + 10;u; 1 OOl F0)

i,j=1
<1007V N-10lpo, , +IVN-rulpg_, 1O80]74)
<c(1+IVn-10llp, )lIONOIIT, (A.3)

by Hélder’s inequalities and Bgo}l C L™ as well as

IVN-rullpe, <IVa-1@lzzllulze + Y 1A, V-1ulze <c(l6ollzz + V16l 5o, ,)-
§=0

Similarly, one can show
OV N-10lL0 +e(g: V101" o
<c(1+Vn-10llpe, )IVN-16lT0 +10n0La)- (A.4)

oco,1

Summing (A.3) and (A.4) and applying Gronwall’s inequality complete the proof of
Proposition A.1. 0

Identically to how the implication of Proposition 2.1 led to the H® bound, we know
that we have the H*® bound as a consequence of Proposition A.1. This completes the
proof of Theorem 1.1.



K. YAMAZAKI 475

Acknowledgement. The author expresses gratitude to Professor Jiahong Wu and
Professor David Ullrich for their teaching and the referees for valuable comments that
improved the manuscript greatly.

(1]

2]
3]

[4]
[5]
[6]
7]
(8]
0
(11]
(12]
(13]
14]
(15]
[16]
(17]
18]
19]

[20]
(21]

(22]
23]
24]
[25]
[26]
27]
(28]

29]

REFERENCES

H. Abidi and T. Hmidi, On the global well-posedness of the critical quasi-geostrophic equation,
SIAM J. Math. Anal., 40, 167-185, 2008.

J. Bear, Dynamics of Fluids in Porous Media, American Elsevier, New York, 1972.

L.C. Berselli and G.P. Galdi, Regularity criteria involving the pressure for the weak solutions to
the Nawvier-Stokes equations, Proc. Amer. Math. Soc., 130, 3585-3595, 2002.

L. Caffarelli and A. Vasseur, Drift diffusion equations with fractional diffusion and the quasi-
geostrophic equation, Ann. of Math., 171, 1903—-1930, 2010.

C. Cao and E.S. Titi, Global regularity criterion for the 3D Nawvier-Stokes equations involving
one entry of the velocity gradient tensor, Arch. Rat. Mech. Anal., 202, 919-932, 2011.

C. Cao and J. Wu, Two regularity criteria for the 8D MHD equations, J. Diff. Eqs., 248, 2263~
2274, 2010.

A. Castro, D. Cérdoba, F. Gancedo, and R. Orive, Incompressible flow in porous media with
fractional diffusion, Nonlinearity, 22, 1791-1815, 2009.

D. Chae, P. Constantin, D. Cérdoba, F. Gancedo, and J. Wu, Generalized surface quasi-
geostrophic equations with singular velocities, Commun. Pure Appl. Math., 65, 1037-1066,
2012.

J.Y. Chemin, Perfect Incompressible Fluids, Oxford lecture series, Math. Appl., 14, 1998.

P. Constantin, G. Iyer, and J. Wu, Global regularity for a modified critical dissipative quasi-
geostrophic equation, Indiana Univ. Math. J., 57, 2681-2692, 2008.

P. Constantin, A.J. Majda, and E. Tabak, Formation of strong fronts in the 2-D quasi-
geostrophic thermal active scalar, Nonlinearity, 7, 1495-1533, 1994.

P. Constantin and V. Vicol, Nonlinear mazimum principles for dissipative linear nonlocal op-
erators and applications, Geom. Funct. Anal., 22, 1289-1321, 2012.

A. Cérdoba and D. Cérdoba, A maximum principle applied to quasi-geostrophic equations,
Commun. Math. Phys., 249, 511-528, 2004.

A. Cérdoba, D. Cérdoba, and F. Gancedo, Porous media: the Muskat problem in 3D, Anal.
PDE, 6, 447-497, 2013.

D. Cérdoba, D. Faraco, and F. Gancedo, Lack of uniqueness for weak solutions of the incom-
pressible porous media equation, Arch. Rat. Mech. Anal., 200, 725-746, 2011.

D. Cérdoba and F. Gancedo, Contour dynamics of incompressibile 3-D fluids in a porous
medium with different densities, Commun. Math. Phys., 273, 445-471, 2007.

D. Cérdoba and F. Gancedo, A mazimum principle for the Muskat problem for fluids with
different densities, Commun. Math. Phys., 286, 681-696, 2009.

D. Cérdoba, F. Gancedo, and R. Orive, Analytical behavior of 2-D incompressible flow in porous
media, J. Math. Phys., 48, 065206, 2007.

S. Friedlander, F. Gancedo, W. Sun, and V. Vicol, On a singular incompressible porous media
equation, J. Math. Phys., 53, 115602, 2012.

H.S. Hele-Shaw, The flow of water, Nature, 58, 34-36, 1898.

T. Hmidi and S. Keraani, Global solutions of the super-critical 2D quasi-geostrophic equation
in Besov spaces, Adv. Math., 214, 618-638, 2007.

N. Ju, The mazimum principle and the global attractor for the dissipative 2D quasi-geostrophic
equations, Commun. Math. Phys., 255, 161-181, 2005.

T. Kato and G. Ponce, Commutator estimates and the Euler and Navier-Stokes equations,
Commun. Pure Appl. Math., 41, 891-907, 1988.

A. Kiselev, Regularity and blow-up for active scalars, Math. Model. Nat. Phenom., 5, 225-255,
2010.

A. Kiselev and F. Nazarov, A wvariation on a theme of Caffarelli and Vasseur, Zap. Nauchn.
Sem. S.-Peterburg. Otdel. Mat. Inst. Steklov. (POMI), 370, 58-72, 2009.

A. Kiselev, F. Nazarov, and A. Volberg, Global well-posedness for the critical 2D dissipative
quasi-geostrophic equation, Invent. Math., 167, 445-453, 2007.

I. Kukavica and M. Ziane, Navier-Stokes equations with regularity in one direction, J. Math.
Phys., 48, 065203, 2007.

C.J. Niche and R. Orive-Illera, Decay of solutions to a porous media equation with fractional
diffusion, Adv. Diff. Egs., 19, 133-160, 2014.

P.G. Saffman and G. Taylor, The penetration of a fluid into a porous medium or Hele-Shaw cell



476

(30]
(31]

(32]

(33]
(34]
(35]
(36]
(37]
(38]
39]

[40]

REGULARITY CRITERIA OF IPM

containing a more viscous liquid, Proc. R. Soc. Lond., Ser. A Math. Phys. Eng. Sci., 245,
312-329, 1958.

J. Serrin, On the interior reqularity of weak solutions of the Navier-Stokes equations, Arch. Rat.
Mech. Anal., 9, 187-195, 1962.

M. Struwe, On a Serrin-type reqularity criterion for the Navier-Stokes equations in terms of
the pressure, J. Math. Fluid Mech., 9, 235-242, 2007.

L. Tartar, Incompressible fluid flow in a porous medium - Convergence of the homogenization
process, Appendix to the Lecture Notes in Physics 127, Springer-Verlag Heidelberg, New
York, 1980.

J. Wu, Dissipative quasi-geostrophic equations with LP data, Electron. J. Diff. Egs., 56, 1-13,
2001.

L. Xue, On the well-posedness of incompressible flow in porous media with supercritical diffusion,
Appl. Anal., 88, 547-561, 2009.

K. Yamazaki, Remarks on the method of modulus of continuity and the modified dissipative
porous media equation, J. Diff. Egs., 250, 1909-1923, 2011.

K. Yamazaki, A remark on the global well-posedness of a modified critical quasi-geostrophic
equation, arXiv:1006.0253v2 [math.AP], 3, Dec., 2013.

K. Yamazaki, On the reqularity criteria of a surface quasi-geostrophic equation, Nonlinear Anal.,
75, 4950-4956, 2012.

K. Yamazaki, Regularity criteria of supercritical beta-generated quasi-geostrophic equations in
terms of partial derivatives, Electron. J. Diff. Eqgs., 217, 1-12, 2013.

K. Yamazaki, Remarks on the regularity criteria of three-dimensional magnetohydrodynamics
system in terms of two velocity field components, J. Math. Phys., 55, 031505, 2014.

B. Yuan and J. Yuan, Global well-posedness of incompressible flow in porous media with critical
diffusion in Besov spaces, J. Diff. Eqs., 246, 44054422, 2009.




<<
  /ASCII85EncodePages false
  /AllowTransparency false
  /AutoPositionEPSFiles true
  /AutoRotatePages /None
  /Binding /Left
  /CalGrayProfile (Dot Gain 20%)
  /CalRGBProfile (sRGB IEC61966-2.1)
  /CalCMYKProfile (U.S. Web Coated \050SWOP\051 v2)
  /sRGBProfile (sRGB IEC61966-2.1)
  /CannotEmbedFontPolicy /Error
  /CompatibilityLevel 1.7
  /CompressObjects /Tags
  /CompressPages true
  /ConvertImagesToIndexed true
  /PassThroughJPEGImages true
  /CreateJobTicket false
  /DefaultRenderingIntent /Default
  /DetectBlends true
  /DetectCurves 0.0000
  /ColorConversionStrategy /CMYK
  /DoThumbnails false
  /EmbedAllFonts true
  /EmbedOpenType true
  /ParseICCProfilesInComments true
  /EmbedJobOptions true
  /DSCReportingLevel 0
  /EmitDSCWarnings false
  /EndPage -1
  /ImageMemory 1048576
  /LockDistillerParams false
  /MaxSubsetPct 100
  /Optimize false
  /OPM 1
  /ParseDSCComments true
  /ParseDSCCommentsForDocInfo true
  /PreserveCopyPage true
  /PreserveDICMYKValues true
  /PreserveEPSInfo true
  /PreserveFlatness true
  /PreserveHalftoneInfo false
  /PreserveOPIComments true
  /PreserveOverprintSettings true
  /StartPage 1
  /SubsetFonts true
  /TransferFunctionInfo /Apply
  /UCRandBGInfo /Preserve
  /UsePrologue false
  /ColorSettingsFile ()
  /AlwaysEmbed [ true
  ]
  /NeverEmbed [ true
  ]
  /AntiAliasColorImages false
  /CropColorImages true
  /ColorImageMinResolution 300
  /ColorImageMinResolutionPolicy /OK
  /DownsampleColorImages false
  /ColorImageDownsampleType /Bicubic
  /ColorImageResolution 300
  /ColorImageDepth 8
  /ColorImageMinDownsampleDepth 1
  /ColorImageDownsampleThreshold 1.50000
  /EncodeColorImages true
  /ColorImageFilter /FlateEncode
  /AutoFilterColorImages false
  /ColorImageAutoFilterStrategy /JPEG
  /ColorACSImageDict <<
    /QFactor 0.15
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /ColorImageDict <<
    /QFactor 0.15
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /JPEG2000ColorACSImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /JPEG2000ColorImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /AntiAliasGrayImages false
  /CropGrayImages true
  /GrayImageMinResolution 300
  /GrayImageMinResolutionPolicy /OK
  /DownsampleGrayImages false
  /GrayImageDownsampleType /Bicubic
  /GrayImageResolution 300
  /GrayImageDepth 8
  /GrayImageMinDownsampleDepth 2
  /GrayImageDownsampleThreshold 1.50000
  /EncodeGrayImages true
  /GrayImageFilter /FlateEncode
  /AutoFilterGrayImages false
  /GrayImageAutoFilterStrategy /JPEG
  /GrayACSImageDict <<
    /QFactor 0.15
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /GrayImageDict <<
    /QFactor 0.15
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /JPEG2000GrayACSImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /JPEG2000GrayImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /AntiAliasMonoImages false
  /CropMonoImages true
  /MonoImageMinResolution 1200
  /MonoImageMinResolutionPolicy /OK
  /DownsampleMonoImages false
  /MonoImageDownsampleType /Bicubic
  /MonoImageResolution 1200
  /MonoImageDepth -1
  /MonoImageDownsampleThreshold 1.50000
  /EncodeMonoImages true
  /MonoImageFilter /CCITTFaxEncode
  /MonoImageDict <<
    /K -1
  >>
  /AllowPSXObjects false
  /CheckCompliance [
    /None
  ]
  /PDFX1aCheck false
  /PDFX3Check false
  /PDFXCompliantPDFOnly false
  /PDFXNoTrimBoxError true
  /PDFXTrimBoxToMediaBoxOffset [
    0.00000
    0.00000
    0.00000
    0.00000
  ]
  /PDFXSetBleedBoxToMediaBox true
  /PDFXBleedBoxToTrimBoxOffset [
    0.00000
    0.00000
    0.00000
    0.00000
  ]
  /PDFXOutputIntentProfile ()
  /PDFXOutputConditionIdentifier ()
  /PDFXOutputCondition ()
  /PDFXRegistryName ()
  /PDFXTrapped /False

  /CreateJDFFile false
  /Description <<

    /BGR <>
    /CHS <FEFF4f7f75288fd94e9b8bbe5b9a521b5efa7684002000410064006f006200650020005000440046002065876863900275284e8e9ad88d2891cf76845370524d53705237300260a853ef4ee54f7f75280020004100630072006f0062006100740020548c002000410064006f00620065002000520065006100640065007200200035002e003000204ee553ca66f49ad87248672c676562535f00521b5efa768400200050004400460020658768633002>
    /CHT <FEFF4f7f752890194e9b8a2d7f6e5efa7acb7684002000410064006f006200650020005000440046002065874ef69069752865bc9ad854c18cea76845370524d5370523786557406300260a853ef4ee54f7f75280020004100630072006f0062006100740020548c002000410064006f00620065002000520065006100640065007200200035002e003000204ee553ca66f49ad87248672c4f86958b555f5df25efa7acb76840020005000440046002065874ef63002>
    /CZE <>
    /DAN <>
    /DEU <>
    /ESP <>
    /ETI <>
    /FRA <>
    /GRE <>

    /HRV (Za stvaranje Adobe PDF dokumenata najpogodnijih za visokokvalitetni ispis prije tiskanja koristite ove postavke.  Stvoreni PDF dokumenti mogu se otvoriti Acrobat i Adobe Reader 5.0 i kasnijim verzijama.)
    /HUN <>
    /ITA <>
    /JPN <FEFF9ad854c18cea306a30d730ea30d730ec30b951fa529b7528002000410064006f0062006500200050004400460020658766f8306e4f5c6210306b4f7f75283057307e305930023053306e8a2d5b9a30674f5c62103055308c305f0020005000440046002030d530a130a430eb306f3001004100630072006f0062006100740020304a30883073002000410064006f00620065002000520065006100640065007200200035002e003000204ee5964d3067958b304f30533068304c3067304d307e305930023053306e8a2d5b9a306b306f30d530a930f330c8306e57cb30818fbc307f304c5fc59808306730593002>
    /KOR <FEFFc7740020c124c815c7440020c0acc6a9d558c5ec0020ace0d488c9c80020c2dcd5d80020c778c1c4c5d00020ac00c7a50020c801d569d55c002000410064006f0062006500200050004400460020bb38c11cb97c0020c791c131d569b2c8b2e4002e0020c774b807ac8c0020c791c131b41c00200050004400460020bb38c11cb2940020004100630072006f0062006100740020bc0f002000410064006f00620065002000520065006100640065007200200035002e00300020c774c0c1c5d0c11c0020c5f40020c2180020c788c2b5b2c8b2e4002e>
    /LTH <>
    /LVI <>
    /NLD (Gebruik deze instellingen om Adobe PDF-documenten te maken die zijn geoptimaliseerd voor prepress-afdrukken van hoge kwaliteit. De gemaakte PDF-documenten kunnen worden geopend met Acrobat en Adobe Reader 5.0 en hoger.)
    /NOR <>
    /POL <>
    /PTB <>
    /RUM <>
    /RUS <>
    /SKY <>
    /SLV <>
    /SUO <>
    /SVE <>
    /TUR <>
    /UKR <>
    /ENU (Use these settings to create Adobe PDF documents best suited for high-quality prepress printing.  Created PDF documents can be opened with Acrobat and Adobe Reader 5.0 and later.)
  >>
  /Namespace [
    (Adobe)
    (Common)
    (1.0)
  ]
  /OtherNamespaces [
    <<
      /AsReaderSpreads false
      /CropImagesToFrames true
      /ErrorControl /WarnAndContinue
      /FlattenerIgnoreSpreadOverrides false
      /IncludeGuidesGrids false
      /IncludeNonPrinting false
      /IncludeSlug false
      /Namespace [
        (Adobe)
        (InDesign)
        (4.0)
      ]
      /OmitPlacedBitmaps false
      /OmitPlacedEPS false
      /OmitPlacedPDF false
      /SimulateOverprint /Legacy
    >>
    <<
      /AddBleedMarks false
      /AddColorBars false
      /AddCropMarks false
      /AddPageInfo false
      /AddRegMarks false
      /ConvertColors /ConvertToCMYK
      /DestinationProfileName ()
      /DestinationProfileSelector /DocumentCMYK
      /Downsample16BitImages true
      /FlattenerPreset <<
        /PresetSelector /MediumResolution
      >>
      /FormElements false
      /GenerateStructure false
      /IncludeBookmarks false
      /IncludeHyperlinks false
      /IncludeInteractive false
      /IncludeLayers false
      /IncludeProfiles false
      /MultimediaHandling /UseObjectSettings
      /Namespace [
        (Adobe)
        (CreativeSuite)
        (2.0)
      ]
      /PDFXOutputIntentProfileSelector /DocumentCMYK
      /PreserveEditing true
      /UntaggedCMYKHandling /LeaveUntagged
      /UntaggedRGBHandling /UseDocumentProfile
      /UseDocumentBleed false
    >>
  ]
>> setdistillerparams
<<
  /HWResolution [2400 2400]
  /PageSize [612.000 792.000]
>> setpagedevice


