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ASYMPTOTIC STABILITY AND QUENCHING BEHAVIOR OF A
HYPERBOLIC NONLOCAL MEMS EQUATION*
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Abstract. We investigate a nonlocal wave equation with damping term and singular nonlinearity,
which models an electrostatic micro-electro-mechanical system (MEMS) device. In the case of the
relative strength parameter A being small, the existence and uniqueness of the global solution are
established. Moreover, the asymptotic result that the solution exponentially converges to the steady
state solution is also proved. For large A, quenching results of the solution are obtained.
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1. Introduction
In this paper we study the following initial value problem to a nonlocal wave equa-
tion with the damping term:

A .
uﬁ'iAujLUti(1—u)2(1+xfﬂﬁdx)2 = f(u) in (0,T7) x Q, y
u(t,z)=0 on (0,7 x 09, (1.1)
u(0,z) =g1 (), ue(0,2) =ga(x) in €,

where T>0 and QCRY, 1< N <3, is a bounded domain with smooth boundary 9.

The problem (1.1) models an electrostatic micro-electro-mechanical system (MEMS)
device simply consisting of a thin elastic membrane and a fixed grounded plate, which is
widely used in many electronic devices including accelerometers for airbag deployment
in cars, ink-jet printer heads, for the protection of hard disks, etc. The unknown
function u denotes the dynamical deflection of the thin membrane. The parameter
A >0 characterizes the relative strength of the electrostatic and mechanical forces in the
model and is proportional to the square of the applied voltage. More details on the
related physical background for this model can be found in [4, 28] and the references
cited therein.

The steady state problem of (1.1) is

1 —2
—Au=\1-u)"? (l—i—x/ dx) and ulpq =0, (1.2)
Q 1—u

where ¥ is a positive constant. When y =0, a threshold \*, the so-called pull-in voltage,
exists such that (1.2) has at least one solution for 0 <A <A*, but no solution exists for
A > \* in spite of [4, 6, 8]. The bifurcation of (1.2) also was researched in [3, 18]. For the
nonlocal case x >0, Guo, Hu and Wang [13] obtained the same conclusion. In particular,
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356 HYPERBOLIC EQUATION IN MEMS

the precise pull-in voltage was determined in the case of one dimension. Lin and Yang
[26], Guo and Kavallaris [14] and Hui [20] studied the problem for the multi-dimensional
case. Here we summarize these properties of the nonlocal case as follows:

PROPOSITION 1.1. Assume that the domain Q is strictly star-shaped in RY for N >1.
There exist two constants \. and A* with 0 < Ay <A* < oo such that equation (1.2) has at
least one solution uy for A<\, satisfying that uy(x) <1 for any x €Y, but no solution
exists for A> X*. In particular, A, =X* when N =1.

The following parabolic MEMS has been researched by many authors:

ut—Au:)\(l—u)_2<1+x/Qll d:v>_2. (1.3)

—u

As far as the local case y =0 is concerned, Filippas and Guo [5] and Guo [9, 10]
considered the quenching profile, quenching rate, and quenching time of the above equa-
tion with Dirichlet boundary condition in one dimension. In [11], Guo also discussed the
same equation with Robin boundary condition for the multi-dimensional case. Quench-
ing here means that there exists 0 <T'< oo such that

supu(z,t) <1, VO<t<T,
e

sup  u(z,t)=1.
(t,2)€[0,T)x

We say that the solution u quenches in a finite or infinite time if T'< oo or T =00,
respectively. In [7], Ghoussoub and Guo studied the dielectric permittivity profile and
quenching time; later in [8, 16] they got the description of the quenching set and new
estimates for the quenching time. In [15], Guo also investigated the critical case A= \*
and obtained that either global existence occurred with convergence to the regular
steady state, or there was quenching in an infinite time. Recently, Ye and Zhou [30]
generalized this result to the parabolic MEMS with general nonlinearity.

For the nonlocal case x >0, Hui [19, 20] showed that when A is large the solution
of (1.3) quenches in a finite time and obtained upper bounds on the quenching time.
Guo and Kavallaris [14] proved that for any A >0 there exist some corresponding initial
data such that (1.3) quenches in a finite time provided that the measure of the domain
Q is less than %

To our knowledge, the quenching behavior of hyperbolic equations with nonlineari-
ties was first considered in [1], where Chang and Levine showed that the global solution
of the one-dimensional equation (1.1) without damping u; and nonlocal term exists if
A is small, while the quenching in a finite time occurs for large \. Later, Smith [29]
also studied the same equation in dimension N >2 and showed for any A >0 there exist
initial data close to the steady state such that the related solution quenches in a finite
time. Recently, Liang, Li and Zhang [25] researched the case x=0in (1.1) and got that
there exists a critical threshold A\* such that if A < \* there admits a unique global small
solution that exponentially converges to the minimal steady state, while the solution
quenches in a finite time if A>A*. Guo [17] researched a local wave equation of fourth
order with the damping singular term in the three-dimensional case and proved that
there exists a constant A\; such that if 0 <A <Ay <\*, the solution exists globally in time
and converges to the minimal steady state as time tends to infinity, and also quenches
in a finite time if A > \*.

Recently, Kavallaris, Lacey, Nikolopoulos and Tzanetis [21] considered (1.1) without
the damping term in one dimension and proved that the solution exists globally if X is
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smaller than some positive constant \* while it quenches in a finite time if A> A% for
some constant A% > A*. Later, Guo and Huang in [12] considered the global existence
and quenching property of (1.1) in the 1D case, and extended some quenching results
to the multi-dimensional case under the assumption that a lower bound of the solution
u existed. Escher, Laurengot, and Walker also studied the free boundary problems of
MEMS equations of elliptic, parabolic and fourth order hyperbolic types, see [2, 22, 23].

The outline of this paper is organized as follows. In Section 2, the related local
existence result of (1.1) is given. In Section 3, through overcoming the difficulty to get
the lower bound of the solution of (1.1), we extend the local solution to the global one
when A is small and the initial data are close to the stationary solution of (1.1). In
addition, the convergence of the global solution exponentially to the steady sate solution
is established when time goes to infinity. Some quenching criteria are given in Section
4.

For the sake of convenience, we next take xy =1 in the remainder of this paper.

2. Local existence
In this section we prove the existence of the local solution of (1.1) in the bounded
domain Q cRY (1< N <3) with smooth boundary 9€.

PROPOSITION 2.1. Let A>0 be fized. Suppose (g1,92) € (H*(Q)NHG () x Hi () and

g1l <1—28 for some §€(0,3). Then there exists some constant T >0 depending
on Q, 6, and the initial data such that (1.1) has a unique solution u(t,x) satisfying

we C([0,T), H*(Q) N Hy () NC* ([0, T], Hy ()N C2([0,T], L* ().

Moreover, if T* is the mazximal number over all such ZN“, then either T =00, or T* < oo
and

sup u(t,z)=1.
(t,2)€[0,T*)x Q2

Proof. Tt is easy to see that (1.1) can be transformed into the following abstract
problem

{8tU+AU:F(U)7 21

U(O,SC) :Uo,

where

A:{ggzg7U:(&)wﬂm:<ﬁb)aMU¢:@D.

It follows from [27] that the operator — A is the infinitesimal generator of a Cjy semigroup
of contractions {Q(t)}+>0 on X := H}(Q) x L*(2), which leads to the following form of
(2.1)

Ut)=Q(t) Uy + /0 Q(t—s)F(U(s))ds. (2.2)

In order to deal with the singularity from the nonlinear term, we introduce the
cut-off function as

—if, if u>1-04,
fé(u);: 1—u
ot ifu>1-9,
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and Fs(u):=A(fs(u (1—|—fQ fs(u)dz) ™ ?. Obviously, fs € W1o°(R) and

||f6||L°°(R)§5717 1F51] oo ry <672 (2.3)
Consider the following equation
upr — Au—uy = Fs(u), (2.4)

subject to the same initial boundary value condition of (1.1). Define Bu to be the first
component of the following formula

U0+/Q ) (( (3(8))>>d8. (2.5)

Set Y :={ueC([0,T]; H}(Q) )ﬁCl([O T] L2(Q)),||ully <2M} with |lul|? =
||VU||Loo ([0,T]:L2()) +Hut||L°C [o,T];LZ(Q))v =Vaullf. +llgall7. +1.
Take T as

T =min{6A~2|Q|~ 154M2 SAT258[5 4 (146729 72). (2.6)

Then B is a contractive mapping in Y3, which means (2.4) has a unique local solution
uwe C([0,T], H?(Q)NHL(Q))NCL([0,T],H} (Q2))NC?([0,T],L*(Q)).

In view of Sobolev’s embedding inequality, u is a continuous function in [0,77] x 2,
and so there exists a constant T’ such that Hu||LOQ([O’T]XQ) <1—0, which implies f5(u)=

f(u). Thus the existence result is established.
To finish the proof of Proposition 2.1, it suffices to prove that if u is a solution of
(1.1) satisfying

we C([0,7%), H*(Q) N Hg ()N CH([0,T%), Hy () N C*([0,T7), L*(%)),

sup u(t,x)<l—o
(t,z)€[0,T*)x 2

for T* <oo and o€(0,1), then u can be extended to remain in C([0,T*],H?(2)N
Hy(2))NCH([0,7], H () NC2([0,77], L*()).

On this goal, we need to establish CLAIM below. First write E(t):=1 [,(|0ul*+
|Vu|?)dz + Multiplying (1.1) by u; gives that

+/ |0su|dx =0,
Q

/(|6tu|2+|Vu|2)dm§2E(0)§C (2.7)
Q

. S
lJrfQ ﬁdw :

which immediately yields

for some positive constant C' depending only on A, €2, ¢, and the initial data.
Differentiating (1.1) with respect to t and denoting v=0;u, we get

O2v—Av+0w = 200 5= 2 3 / Y _dz
(1—w) (1+fQ = dm) (1—u)? (1—|-fﬂﬁdw> @
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subject to the homogeneous boundary value and initial data (¢1,d2)= /(92,91 — g2+
Af(g1)). Multiplying (2.8) by 2v; and integrating the result over €2, via the assumption
of u and (2.7), it reads

4 (|6tv|2+|Vv\2)da:+§/|8tv|2dx§(]. (2.9)

Multiplying (2.8) by v, similar to (2.9), we conclude

d 1
— (6tvv+fvz)dxf/ |3tv|2d9:+/ |Vo|2de < C. (2.10)
dt Jg 2 Q Q

Let ®(t):= [,[lve]? +vv+ 3]v[* + |Vo|*]dz. Combining (2.9) and (2.10), one has

1

3 | (P VoP)de <@ < @47 [ (o +IT0P)dz,
Q Q

where p is the first eigenvalue of —/\. Thus

d
Z () +a®(t) <C. (2.11)

where a = Integrating (2.11) over [0,¢] leads to

14
2D
/(|8t2u|2+|V8tu|2)d:c§O, (2.12)
Q

where C' is the same constant as before. Combining (2.7) with (2.12), and noting
Au=uy +us— f(u), we conclude that

[l oo (f0,7), 122 (2)) + 18l Low (f0.7), 111 (2)) + 107 ull Lo 0.7+, £2(02)) < C- (2.13)
Define U = <51> ::Q(T*)Uo—i—fOT* Q(T*—s)F(U(s))ds. Now we can give the fol-
2

lowing CLAIM.
CLAIM: U is well defined in X = H(Q) x L?(2), and the following property holds:

llu(t) —ui || +||Opu(t) —uzl|p2 —0 as t—=T". (2.14)
Moreover, U € D(A):= (H>(Q)NHE(Q)) x HY(Q) and
[lw(t) — w1 || g2 + | Ocu(t) —uz||gr =0 as t—T7. (2.15)

Proof. (Proof of CLAIM.) From the assumption on u and the property of Q(¢) on
X, we have

T* T*
nmuswmu+/’wﬂvwmuwsc+/‘uﬂM@mmwsc<w,
0 0

which implies U is well defined in X. Set U(t)= (81252)) Then (2.2) yields
a

-
1U()~TUllx < ||Q(t)U0—Q(T*)U0||X+/t 1Q(T™ —5)F(U(s))llxds



360 HYPERBOLIC EQUATION IN MEMS
-
+/O 1Q(t=s5)F(U(s)) —Q(T* —s)F(U(s))l x - X0, (s)ds
< QW)U —Q(T™)Us|| x +C|T™ —t|

e
+/O 1QE—s)F(U(s)) —Q(T" —s)F(U(s))llx - xo.61(s)ds, ~ (2.16)

where X0, (s) is the characteristic function of [0,¢].
In terms of the property of Q(t), it follows that, for all s€ [0,7%),

Jim [|Q(6)Uo —Q(T™)Vol|x =0
and
Jim [[Q(t =) F(U(s)) = Q(T™ =) F(U(s)) | x =0.

Thus, with the help of (2.13) and (2.16), owing to Lebesgue’s dominated convergence
theorem, one has tlir%l |U(t) —U||x =0, which proves (2.14).
ST

To prove U € D(A), we only need to show that there exists V € X such that

U-QhU

v
h

lim

- 2.1
Jim, 0, (2.17)

X

which means AU =V. Via (2.14), we know that there exists a subsequence {¢;} such
that u(t;,z) = ui(x) a.e. z€Q as {t;} =T, which implies that u;(z) <1—0 a.e. z€Q.
Then we can define V € X as follows

V= Q(T*)AUoJrF(ﬁ)—(fQ(T")F(Uo)—/0 Q(s) [F'(U(T* —s))U'(T" —s)]ds
=Q(T*)AUy+ V. (2.18)

0

Here F'(U(1))U'(t) = (f/(u(t))atu(t)

). Since Uy € D(A), it suffices to prove

/0 Q(T*—s)F(U(s))ds—/O Q(T* +h—s)F(U(s))ds| =V in X as h\,0.

1
h
Making the change of variables, it reads

*

Q(T*—S)F(U(s))dsf/o Q(T*+hs)F(U(5))ds]

* T*+h
[ Q(s)F(U(T* —3))ds — /
T

: Q(S)F(U(T*—Fh—s))ds]

:/h 00) [F(U(T*s))i(U(T*ths))}ds

h . 1 h N
+ﬁ/o Qs)F(U(T —s))derE/0 QT* +h—$)F(U(s))ds.  (2.19)
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Through (2.13) and (2.14), it yields

FU(T* —7)) — F(U) as 7\,0 in X,
[F(U(T*—3s))—FU(T*+h—3s))]| — F(U(T*—s))U'(T* —s)
as h\(0 in X for any s€(0,77),

S

which, together with Lebesgue’s dominated convergence theorem and (2.13), immedi-
ately gives (2.17). That is to say, U € D(A) and AU=V.
Using a similar argument, we have

AU(t) :Q(t)AUO+F(U(t))—Q(t)F(UO)—/0 Qs)[F'(U(t—s))U'(t—s)]ds. (2.20)
Comparing (2.18) with (2.20), by (2.13) and (2.14), it reads

|AU(t) — AU || x — 0 as t —T™,

thus ||Opu(t) —usl|| g1 + || Au(t) —us||pz —0 as t —T*. This completes the proof of
(2.15). O

Finally, by applying the above CLAIM, we immediately get that the solution u can
be continuously expanded to T* in the norm of H?(2) x H'(Q), which completes the
proof of Proposition 2.1. O

3. Global existence and asymptotic stability
In this section we show the global existence and asymptotic stability of a unique
solution to (1.1).

THEOREM 3.1. Assume that (g1,92) € (H?(Q)NH(Q)) x H} () and 0< g1(x) <1-26
for some §€(0,3). wy is the steady state solution of (1.1) as in Proposition 1.1. Then
there exist two positive constants 0 and \g depending on Q, N, and § such that (1.1)
has a unique global solution satisfying

u€ C([0,00), H?(Q)N Hy (2)) NC([0,00), Hy (2)) N C*([0,00), L*(%2)),
provided that ||g1 —wx || gz + 92|l g <0 and A< Xg. Moreover,
lu(t) = wall mrz +[|0cw(t) | 1 + 1|07 u(t) || L2 < Ce™, (3.1)

where a is a positive constant.

Proof. Using Proposition 1.1, under the assumption of Theorem 3.1, we can choose
0<i< % such that

wx(z)<1-20 and ¢1(x)<1-2§ for any ze. (3.2)
Let w(t,z) =u(t,x) —wx(x). From (2.4) and (2.6), one has

Wy — Aw+w = Fs(u) — Fs(wy) in (0,7) x Q,
w(t,x)=0 on (0,T) x 09, (3.3)
w(0,2) =g1(x) —wx(x), wi(0,2) = g2(x) in Q.
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A direct calculation gives
_AS@ A fs(@n) ey
(1 [ fo () (fs(w) = fs(wx))
CA(fs(wr))? (2+ fo fo(wa)da + [, fo(u)dz)
(1+ fo ﬂ;(u)da@)2 (1+ [, fg(w)\)da:)Q

and then, with the help of (2.3) and (3.2), we have

Fg(u) — F5(u},\)

'/Q(fé(u) — fs(wy))dx,

|Fs(u) — Fs(wy)| < CA ((5_3|u—w>\—|—6_4/Q|u—w,\|dm)>, (3.4)

where C is a positive constant.
Multiplying (3.3) by 2w; and w respectively, and adding the results, it follows from
(3.4) that

d 1
G | Qi S+ [FuP)dot [ (uf+ VP
dat /g, 2 o

:2‘/Q[F5(u)—Fg(w,\]wtdﬂc—i-/Q[Fg(u)—Fg(w,\)]wdx

SC)\(S_?’/Q|w|(|w|+|wt|)dx+C)\(5_4/Q|w|dx~/9[|wt|+|w|]dm

SCA6_4/(\wt|2+|Vw|2)dx, (3.5)
Q

where the constant C relies only on the dimension N and the domain (2.
Choosing A < % and via (3.5), we get

d 1 1
— (|wt|2+wtw+f|w|2+|Vw|2)dx+f/(|wt|2+|Vw|2)dx§O.
dt Jq, 2 2 /o

Observing that

1

d 1
! / (e + [Vel?)de < 2 / (e +wrw+ 2ol + Vo) de
2 Jq dt Jq, 2

<@ [ (uf+ Vo),
Q
and using Gronwall’s inequality, we deduce

10ew(@®)[[72 +IVw(®)IZ2 < Clllg2llZ + V(g1 —wa) [ Z2)e™, (36)

where o= m
Next we estimate the second order derivatives of w. Set v=w;. By differentiating
(3.3) with respect to ¢, we have

vy — Av+ v, =0 (Fs(u) — Fs(wy))  in (0,7) x €,
v(t,z)=0 on (0,T) x 09, (3.7)
v(0,2) =¢1(x), v¢(0,x) =P2(x) in €,
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where ¢1 = go and ¢o = A(g1 —wy) — g2+ Fs(g1) — F5(w)). A straightforward calculation
yields

O (Fs(u) — F5(wy))

_ 2@+ fs(wn) e v e ! (0 od
st = m/fg( Jod
2\ fs(u) f5(u) 2X(f5(wa))? /f Jod
5 v s(u)vdx
(H'fsszS ) (1+fszf5 Wx da:) (H‘fszﬁS dm
2/\(f5(w>\ [2+.[Q +f5(w>\))d:v]

(1+ fo f5(wy)dax) (1+f9f5 u)dz)’ '/Q(fé(“)*fé(wx))dx/ﬂfg(u)vdx,

From (2.3) and (3.2),
|00 (F5 (u) = Fs(w))| < CAS°[[[vll 2 - [w] + vl + [ol| 2 + [[v]| 2 |wll 2], (3.8)

where C' >0 depends only on the dimension N and the domain €.
Multiplying (3.7) by 2v; and v respectively, by (3.8) and (3.6), one arrives at

d
G [P oo+ S0P + 90+ [ (il Vo) da
<N (1l + V(01— wa))22) [ (Vo)
Q
§20A5_6/(|vt|2+|V1}|2)dx. (3.9)
Q

Choosing A §min{%, %}, from (3.9) we derive

10w @172 +IVeOIIZ2 < Cll g2l + Vi lIZ2)e™
<C(llgr —wallzze +llg2l7)e "
Noting that Aw = wy +wi — Fs(u) — Fs(wy), by (3.8) and (3.10), we have

[u(t) =wall 2 + | 0cu(t)l| a1 +1|107u()| 2 < Cllg1 —wallm= + [lgall mrr)e™". (3.11)

(3.10)

By Sobolev’s embedding inequality, it reads

l[u—=wallLe (po,r1x2) < Clg1 —wallm2 + g2l 1)
Choosing
4 56 }
2C"7 4C
we get from (3.2) that wu(t,z)<1-46 for any (¢t,2)€[0,7]x€Q, which implies
llul| o< (0,7 x2) <1 —0. Thus we can expand T in Proposition 2.1 to some T' that only

depends on A, 2, and ¢.
Finally, taking # and Ay small enough, such as

H:min{(S 1} and Ao = mm{

} and A\g= mm{

0 =min{—

c?'c 2C”7 4C}

the standard continuation arguments lead to the existence of a unique global solution
of (3.1). The asymptotic stability result can be obtained from (3.11). |
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4. Quenching behavior
The quenching problem of (1.1) for the dimension 1< N <3 is investigated in this
section.

THEOREM 4.1. Let Q be a strictly star-shaped domain. Assume that (g1,92) € (H*(Q)N
HY(Q) x HYHQ) and 0< g1(x) <1 for any x €Q. Then for any fized A > \*, the solution
of (1.1) quenches in a finite or an infinite time. Here A* is the same constant as in
Proposition 1.1.

Proof. 'We will make a contradiction argument in order to finish the proof. Suppose
that (1.1) has a regular global solution w, that is

sup u(t,z)<1l-—o, (4.1)
t>0, zeQ

for some constant o € (0,1).
Multiplying (1.1) by u; and integrating the result over [0,¢] X €, it yields

1 1 oot
2(|ut(t)||iz+||vfu(t)iz)+/\<1+/ 1_d:c) +/ /|ut|2dxd5
Q u 0 Ja

-1
1 1
= 3l + 193+ (14 [ 2 ae)
2 ol=a

which gives
o
@)+ IVa®lFe+ [ [ uPdads<c, (4.2
0 Q

where the constant C' depends only on o, ||, and the H!'-norm of the initial data.
Write ¥ =1u;, which satisfies (2.8). Multiplying (2.8) by v;, via (4.1), gives that
1d
24t /o
1 - oD
=2\ (14 [ —dz) [ —=d
(14 ) [t

1 -3 bl o
2211 —d . d d
( T T x) /Q<1—u>2 x/ga—u)? v

<C[[ol 2 [ve]| 2

(|7 > + \V5|2)dm+/ AR
Q

Using the Cauchy-Schwartz inequality and integrating the above inequality over [0,¢],
we obtain

t t
/(\5t|2+\V5|2)dat+/ /dedsgc/ /|ut|2dxds+/(|¢2|2+|V¢1|2)dx.
Q 0 JQ 0 JQ Q

In combination with (4.2), it yields

/(|5t|2+|V5|2)d1;+/ /|5t|2dxds§(], (4.3)
Q 0 Q
which means

o0
/ /(|Ut|2+ lug|*)dxds < C.
0 Q
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Then there exists a subsequence {t;}$2,, t; — 00 as i — 0o, such that

1—00

lim [ (Jue(ti, )|+ Jue (i) |*)de =0. (4.4)
Q

Denote u;(x) =wu(t;,x). Then, via (4.2), there exists u., € H} () and a subsequence uy,

such that

Uk, —Uso  weakly in H(2) as i—o0. (4.5)

i

Using Sobolev’s embedding inequality, we know that wuy, —us in L?(Q). Moreover,
there exists a subsequence of uy, which we may assume without loss of generality to be
the sequence itself such that

Uk, —> Uoo A€ TECQ. (4.6)

In combination with the assumption of (4.1), we have u(z)<1—0 a.e. €.
Let ¢ € C§°(92). Multiplying (1.1) by ¢ yields

/Qafu(tki,ac)go(w)dx—l—/Qatu(tki,x)ap(x)dx—i—/QVuki(m)-Vap(x)dac
/ %de, VieN. (4.7)
o

1 -2
=A(1 —d
(4 fme) Lo
Letting i — 0o in (4.7), by (4.4), (4.5), and (4.6), we get

-2
1 @
Ve - Vipdr =\ 1—|—/ da:) -/7@:. 4.8
/Q oYY ( ol—uo o (I—ux)? (4.8)
Thus ue is a solution of (1.2). This contradicts Proposition 1.1 in the case of A > \*,
completing the proof of Theorem 4.1. 0

Next, as in [12, 14], we employ the convex method to get a quenching criterion for
a kind of initial data. Being different from [12], we are here not necessarily assuming
that |u(t,z)|<1.

Define

Jo(—g) "t +1] [((IV1]* +]g2f*)d if Q)< a
A= Jol—g1)"tdz—1 ’ T Apt2
2212p+1) [Jo(1=g1) " de+1] [o(Vgi* +ga/)de o> -1
(=g o - AlQIu+ ) s

and the function H(z):= 22212 for any 2 e (0,00). Then

ntp|2z
1 4p+2
mo:= inf H(z)=min{—,—},
0 2€(0,00) ( ) {‘Q| L }

where p >0 is the first eigenvalue of —A\ with zero boundary value in the domain 2.

THEOREM 4.2. Assume the initial value g1 is as follows:
[ =g tr> 1) <ptap+n)
Q

/(1—91)_1dx>4|ﬂ|u_1(2u+1)—1 i 100> p(4p+2)~L.
Q
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Then the solution of (1.1) quenches in a finite time provided > X.

Proof.  Suppose that u(t,z) <1 for (t,z)€[0,00) x Q. Multiplying (1.1) by u; and
integrating the result over €2, we get
7/ |ug|?dx <0,
Q

where the energy FE(t):=73 [,(|0u(t a?)|2—i-|Vu(1f,30)|2)dnc—i—)\(1—1—fQ ﬁ(m)da:)
Thus one has 0<E() E(0) for any ¢>0.

Define J(t):=1 [, |u(t,)[*dz. Then J'(t)= [juwdz and J"(t)= [,uuydr+
Jolue?de. Tt follows from (1.1) that

1 -2 u
1 1 - -
J( /|ut| dx — /\Vu\ dx — /uutdx+)\< —l—/ 1 udm) / { u)2da:

:(3+u_1)/ \ut\2dac+(1+u_1)/ |Vu|2dx—/uutd;v—(4+2ﬂ_1)E(t)
Q Q Q

—1 -2
1 1 U
442 HA( 1 —d A1l —d ——d
s (1 [ ) (i [ ) [ e

21 [ Juf*de - (1420~ EO)
Q

1 -2 A2t —(3+2u!
+A 1+/7dx 4—|—2,u_1+/ o (8+2u )uda: ,
ol-u 0 (1—-u)?

where 7:=3+ 436;41) >3. In the last inequality, we have used the Cauchy-Schwartz

inequality and the Poincaré inequality. Notice that

(”fnliudx)b(”/ )

which, together with the assumption u(¢,2) <1 and the definition of the function H,
gives

-1

J”(t)277/Q|ut|2dx—(4+2u‘1)E(0)+%H (/( ! E dx)

L-u (4.9)
n/ |ug|*da 4 M,
Q
where M :=—(4+2u~1)E(0) +mg. From the definition of mg, we know that M > 0.
Denote I(t):=J(t)+ 2(7]71\{1)(254—7’)2 where 7> 0 is large enough such that I'(0) > 0.
A direct computation and (4.9) yield

IO () > g([’(t))2. (4.10)

Define G(t)=I'""/2(t). Tt follows from (4.10) that G”(t)<0 with G(0)>0 and
G’(0)<0. Then G(t) <G(0)+G'(0)t, which, noticing 1> 3, results in a contradiction
for t large enough. O
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