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CLASSICAL SOLUTIONS TO THE CAUCHY PROBLEM FOR 2D
VISCOUS POLYTROPIC FLUIDS WITH VACUUM AND ZERO
HEAT-CONDUCTION*

ZHILEI LIANG!T AND XIAODING SHI*

Abstract. This paper is concerned with viscous polytropic fluids in two-dimensional (2D) space
with vacuum as far field density. By means of weighted initial density, we obtain the local existence of
classical solutions to the Cauchy problem, in the case that the initial data satisfy a natural compatibility
condition and the heat-conduction coefficient is zero. Recalling the blowup result of Xin [Z. Xin, Comm.
Pure Appl. Math., 51, 229-240, 1998], one should not expect a global smooth solution because the
compactly supported initial density is included in our case.
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1. Introduction
The fully compressible Navier-Stokes equations in the two-dimensional (2D) space
can be expressed as

pe+div(pu) =0,

(pu); +div(pu@u) + VP =p Au+ (u+ \)Vdivu, (11)

[0+ div(pud)] + Pdive =20+ g [Vt (V)| + A(divu)?,

where z € R?, ¢ >0, the unknown functions p(z,t), u(x,t), and 6(x,t) denote the density,
velocity, and absolute temperature respectively. p and A\ are the viscosity coefficients
which satisfy the physical requirements >0 and g+ A >0; k£ >0 is the heat-conduction
coefficient. R>0 and > 1 are given constants.

In this paper, we focus on polytropic fluids, so that the pressure P is given by

P=Rpb. (1.2)
Moreover, it will always be assumed that
>0, p+A>0, and k=0. (1.3)

We are interested in the existence of classical solutions to the equation (1.1) with
the far field behavior

u(z,)—0, as|z|]— o0 (1.4)
and the initial data
(Paua9)($7t20):(007u0790)(33)7 $6R2. (15)
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328 CLASSICAL SOLUTIONS FOR 2D POLYTROPIC FLUID

As one of the most important systems in continuum mechanics, there is a huge
literature on the study of (1.1). Let us give a brief overview of the well-posedness of the
problem. Non-vacuum small perturbations around a constant have been shown to have
solutions that are classical and globally defined in time if the initial data are sufficiently
regular; see [8, 9, 12, 16]. For the case that the initial density contains vacuum, the
global weak solutions were first obtained by Lions [15] for isentropic fluids (see also
Feireisl [7]) for large initial data. Later, some regularity information was obtained in
succession in [6, 10]. When it comes to the strong/classical solutions, Kim, Cho and
Choe [2, 5, 3, 4] obtained the local existence and uniqueness of solutions for bounded or
unbounded domains © C R3. Huang-Li-Xin [11] obtained the global existence of classical
solutions to the Cauchy problem for the isentropic compressible Navier-Stokes equations
in 3D space when the initial energy is suitably small.

For an unbounded domain in R?, the LP-norm (p>2) of the velocity can not be
controlled just in terms of the L2-norm of its gradient. So the a priori estimates for
existence theory developed in [2, 5, 3, 4] for the 3D case can not be used directly for
unbounded 2D domains. Recently, Li-Liang [14] considered the 2D Cauchy problem for
isentropic fluids, and proved the local existence and uniqueness of strong and classical
solutions with vacuum as far field density. The key idea in [14] is to bound ||pul|Ls(r2),
instead of ||u[|»(re) alone, in terms of ||p*/%ul|r2g2) and ||[Vu| 2 (rs).

In this paper we consider the existence of classical solutions to the Cauchy problem
for the full system (1.1). We remark that the equation (1.1) seems more complicated
than the isentropic case because the velocity v and the pressure P are coupled together;
worse still, if we multiply the energy equation (1.1); by 6, we get

d
— p|9|2dx+2f<c/ |V9\2d$§0/ |Vu|?0dx +other terms.
dt R2 R2 R2

However, the first term on the right hand side is hard to handle due to the failure of
the standard Sobolev embedding theorem in critical 2D space. One observation is that,
in the case k=0, the energy equation (1.1), is a hyperbolic equation, i.e.,

P, +div(Pu)+ (y—1)Pdivu=(y—-1)Q(Vu), (1.6)
where

Q(Vu) = g [Vt (V)" |*  A(divu)?.

In view of (1.6), we adopt some ideas in the papers [2, 5, 3, 4, 14] and construct the
approximate solution sequence to (1.1) in bounded domains with positive initial density.
Some needed a priori estimates, independent of the size of domains and the lower bound
of the density, are derived for these approximate solutions, and therefore the existence
of solutions to (1.1)-(1.5) is obtained via a standard limit procedure.

The detailed narration of our main result lies in the theorem below.

THEOREM 1.1. Let ng € (0,1], a€(0,2), g€ (2,00), and
z=(e+|z|?)2 I T (e +|2[?). (1.7)
Assume that the initial functions (po >0, uo, Po=Rpoby) satisfy
%po € LR NHYR?) NWHY(R?), VZpye LA(R*)NLI(R?),
Pye L'(R?)NH2(RA)NW>UR?),  pi/*uge L*(R?), Vuge H'(R?),
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and the following compatibility condition:
—,uAuo—(u+)\)Vdivuo+VP0:p(1)/2g, forsome g€ L*(R?). (1.9)

Then there is a small To >0, such that the Cauchy problem (1.1)-(1.5) admits a classical
solution (p,u, P) over (0,Tp] x R?, which satisfy

p€eC ([0,Tp]; LY (R*) N H2(R?)NW24(R?)),

zpe L (0,To; LY (R*)NHY(R?) NW4(R?)),
PeC(0,Ty]; L*(R*) N H*(R?) NW24(R?)),
pt/2ue L= (0,Ty; LA(R?)), p'/20ue L™ (0,Tp; L*(R?)),
Vue L™ (0,Ty; H'(R?)), V2ue L?(0,Ty;L1(R?)),
ViaeL?(0,Tp; L2(R?)), tY/2Vie L>(0,Ty,L*(R?)),
t1/2pt/ %€ L2 (0,Ty, L2(R?)), tp*/%iie L= (0,Ty; L2(R?)),
t1/2v2ue L (0,Tp; L4(R?)), tY/2V20e L2 (0,Ty; L3 (R?)),
tViie L? (0,Ty; L2(R?)), tV2ue L™ (0,Tp;L*(R?)),
tV3ue L™ (0,Tp; L1(R?)),

(1.10)

where

uw=u+u-Vu, t=1u+u-Vu.
REMARK 1.1. By (1.10) and Sobolev inequalities, it is easy to check that the solution
is in fact classical over the domain (0,7p] x R?.

REMARK 1.2. There is no global smooth solution to the Cauchy problem (1.1)-(1.5) if
the initial density has a compact support. See [18, 19].

REMARK 1.3. The compatibility condition (1.9) is much weaker than those imposed in
[2, 3] where not only (1.9) but also V(p, /2 g) € L*(R?) is needed.

The remainder of this paper is as follows: Section 2 presents some useful lemmas,
some a priori estimates for the approximate solutions are derived in sections 3-4, and
the proof of Theorem 1.1 is available in the final Section 5.

2. Preliminaries
The local existence theory in a bounded domain with initial density being strictly
away from vacuum can be shown by a similar argument as that in [3, 4].

LEMMA 2.1. Denote a ball in R? by Br = {r €R?: |z| < R}. Assume that

(po, Po) € H(BR), Lot po(x) >0, uo € Hy N H?(BR). (2.1)

Then equation (1.1) with the initial boundary conditions

(2.2)

(p,u, P)(x,t=0)=(po, uo, Po)(x), x€ Bg,
u(z,t) =0, r€0BR,t>0
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admits a unique classical solution over Br x [0,Tg] for some small Tr >0, satisfying

peC([0,Tg);H?), PeC([0,Tg);H?),

ue C([0,Tg]; H NH?)NL? (0,Tr; H*),

up € L% (0,Tr; HY) N L2 (0,Tr; H?),  p*/?uy € L2 (0,TR; L?),

/20 e L™= (0,Tr; HY), tY/%u, € L= (0,Tr; H?), tY?uy € L?(0,Tr;H'),
t1/2p 20y € L (0,Tr; L?),  tuy € L (0,Tr; H®),

tug € L (0, Tr;s HY) N L% (0,Tr; H?),  tp*/?upe € L? (0,Tg; L?),
t3/2utt€L°O(O,TR;H2), t3/2uttt€L2(O,TR;H1),

t3/2p 20y € L (0,TR; L?),

(2.3)

where L? = L*(Bg) and H* = H*(Bg) is the usual Sobolev space with integer k> 0.
The following embedding inequalities will be used frequently.

LEMMA 2.2. ([13]) For p€[2,00), r€(1,00), and q€(2,00), it holds that, for all ve
CEo(9),
2 -2
ollze(@) <CIVOll 2oy, 19lloe@e) < Clol 3o, IVl %P,

r(qg—2)/(2q+r(g—2 20 /(2g-L1(g—2
0] Loo (R2) SC\\U||L(5(Q))/( atria ))”VUHL%/&)‘H (a-2)),

(2.4)
where the C' depends on p,q,r, but not on the size of the domain Q.

_ The next lemma gives a weighted estimate for elements of the Hilbert space
DY2(Q)E{ve HL (Q):Voe L2(Q)} with Q=R? or Q=Bg (R>1).

LeEMMA 2.3. ([15], Theorem B.1) For mé€[2,00) and 0 € (1+m/2,00), there exists a
constant C, such that, for all ve DY2(),

o] )”m
dx <C(||v]lr2 + |Vl L2 . 2.5
([ o) <Clblewy +I9e). 29

As a result of Lemma 2.3, we have the following lemma, which plays a crucial role
in our analysis:

LEMMA 2.4. Let Q=R? or Q=Bgr (R>1), and let & and ny be as in (1.7). Suppose
there is a nonnegative function 0<pe L>°(Q) such that

/ p dx>M>0, (2.6)
BN1

for some constants M and Ny € [1,R). Then there exists a positive constant C depending
only on M ,Ni,n9, such that

loz 12y < C (1020l 2oy + (1+ ol (00) IV 0l 220y ) (2.7)
and such that, for all e >0 and n>0,

[vZ™ | Lverraq) <C (llﬁl/zvllm(n) + 1+ ol =) ||Vv||L2(Q)) ; (2.8)
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with 7=min{1,n}, provided that the right-hand side is finite.

Proof.  Define v2 = "% [z v3dz, with |By, | being the measure of the domain
Ny | /BNy 1
|Bn, |- By (2.6) we compute

M _
o2, < / R da
|BN1| L (BNl) BN1

:/ p(vﬁ—vz)dm—i—/ pv?dx
B[\/1 BNl

SOHP||L°<>(BN1)||VU2||L1(BN1)+/ pvidx

Ny
M
Sﬁ”“”%"’(l’%ﬁ)+C(M7N1>||p||2L°°”VUH%Z(BNl)+/B pv?dz,
1 Ny
ie.,
[ol32zy) < C (1020132 + o3 ) IV 012 ) - (2.9)
Inequalities (2.9) and (2.5) provide the required (2.7) and (2.8). 0

Finally, we show some regularity result for the so-called Lamé system with Dirichlet
boundary condition

{Lu:F in Bg, (2.10)

u=0 on 8BR,

where L=—pA — (p+ A)Vdiv.
The following LP-bound for the weak solution to (2.10) follows from the elliptic
theory (see [1]) together with a scaling procedure:

LEMMA 2.5. ([2], Lemma 12) Let uc Wy P(Bgr) be the weak solution to (2.10). Then
it holds that, for all k>0 and p € (1,400),

||vk+2u||LP(BR) SC”FHW’W’(BR)a (2.11)

where C' is independent of R.

3. A priori estimates (I)

In view of Lemma 2.1, equation (1.1) together with boundary conditions (2.1)-(2.2)
has a unique classical solution (p,u, P) over Br X [0,Tg] for some Tg > 0. In addition
to (2.1), we suppose that, for some Rg € (1,R/2),

lpollLr(Bry) =1/2- (3.1)

We aim to prove some uniform a priori estimates for the solutions (p,u, P) described
by Lemma 2.1. For this we define

Y(t) =1 + s (12l nnmowrs + [ Pllenawsa +[Vullz2) (3.2)

and

_ 1/2
Eo =\ 2%o || Lrnmawra + | Poll inmawra + | Vuo | g + Hpo/ uol| g1 + |9l 22,
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where a € (0,2), g€ (2,00), and T and g are taken from (1.7) and (1.9). Here and after
we use the simplified conventions

/f: fdr, LP=LP(Bg), W'"Y=W""(Bg), 1<p<ooc. (3.3)
Br

ProrosITION 3.1. There is a small positive Ty which depends only on
1A 7Y,a,M0,9, Ro, Eo such that

To
ot + s (102l +[9%ulie) + [ (194 [Vl )de<c. @
0<t<Tp 0

Here, and in what follows, C is a generic positive constant depending only on
s Ay, a,M0,4, Ro, To, Ep. Additionally, C(«) implies that C' depends on «.
The proof of Proposition 3.1 depends heavily on the following several lemmas.

LEMMA 3.2.  Let (p,u,P) be a solution to the equation (1.1) with boundary conditions
(2.1)-(2.2). Then it satisfies

t t
||pl/2u||L2+HPHL1+”VUHL2+/ IIpl/lelizdSSC+0/ Vs, (3.5)
0 0

Proof. Multiplying the momentum equation (1.1), by v and adding it to (1.6), we
obtain, for all ¢>0,

/ (;qu + 71_113) < C(Ey). (3.6)

Next, by multiplying (1.1), by @ and integrating by parts, we have

st [ vl + e i) + [ ot

:% Pdivu — / (P +div(Pu))divu+ / POjuf Oy’

—u/ <8iuj8iuk8kuj + ;(aiuj)Zdivu)
—(ﬂ—l—)\)/ <divu8iuk8kuj+;(divu)3>
g%/Pdivquc/(P|Vu|2+wu\3), (3.7)
where we have used (1.6). By virtue of (2.11), one has, for all p € (1,4+00),
IV2ull e <C(llpa]| o + [V Pl zs). (3.8)
Utilizing (3.8) and (3.2) gives
C [ (PITuP+Vu’) <CITulE (1P + V0] 1)

<CY* O (1Pl L +lpallzz + VP )
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< |p'%ul3 + CYO(t). (3.9)

DN | =

Inserting (3.9) back into (3.7) gives
¢ t t
| V|25 +/ |pY/%40)|22ds < C'+C||P|22 +c/ 1/)5ds§C+C/ V°ds, (3.10)
0 0 0
where the last inequality follows from

t
1Pl < [[PollZ +0/0 (1Pl Pll 2Vl g2 + 1P o [ Vul 72 ) ds

t
gc+c/ s,
0

which comes from (1.6) and (3.2). The lemma follows from (3.10) and (3.6). ad
LEMMA 3.3. Let (p,u,P) be as stated in Lemma 3.2. Then it holds that

t t
I als + [ 1Vilids<Cenp{ [ Cutas). (3.11)
0 0

Proof.  Operating 0; +div(u-) to (1.1), yields

O (pi? ) +div(putr? ) — pd; 0! — (u+\)9;diva
= po; (faiukakuj +divu8iuj) — 0k (&-ukaiuj)
+(p+A)0; (0" Opu’ + (divu)?) — (u+ NIk (9;u” divu)
—0; (Py+div(Pu)) + 0 (9;u* P) 2 K. (3.12)

Again using (1.6), we multiply (3.12) by @’ to receive

33 [ A [ i ey @ivig?)

=u / (051 (Ou" O — divud;u?) + 9yt OjuF D7)

+(pn+AN) / (diva(O;uFopu’ — (divu)?) + 0! Oju” divu)

+(v— 1)/divu(Q(Vu) — Pdivu) —/akufajukp

JVa—
<§IIVUIIiz +O([Vullzs + 1Pl 2 [Vl Z2),

which, together with (2.4) and (3.8), implies

d . .
Sl 2l + [ Vallze < CVulf: (IV2ullZ: +1Pl1E~)
<CP2(t) (IpllZ> + VP32 +PlF~)
<CP3 ()] p" 2|3 + Cyt (). (3.13)

Combining this with the compatibility condition (1.9), we apply Gronwall’s inequality
to (3.13) and obtain the required (3.11). O
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As a result of (3.11), we deduce from (3.8) that, for all t€[0,T1],

t t t
/O V2u||L2ds<C’<1+ sup ||p1/2u||2L2)/O qudsgCexp{C/o 1/)4ds}. (3.14)

0<s<t

Next, define the cut-off function ¢ € C§°(R?) satisfying
1 |z|<R
0<ofi<1, off= | Vel <. 3.15
<pR<1 6 {0 ML (3.15)

It follows from (3.6) and (1.1), that

G [[pore= [ouvore= - O(/ )1/2(/pu|2>1/220.

inf p> inf pplto
0<t<Ty Jp, ' 0<t<Ti/p,,

> / podTo —CT, (3.16)
Bsar,

Hence,

2/ po—CT121/4,
Brg,

where the last inequality comes from (3.1) by choosing
Ty =min{1,(4C)~'}. (3.17)

Taking (3.16) and (3.6) into account, (2.7) and (2.8) give that, for any >0 and
0€(0,1],

sup ([[uz ™2+ uz™°|| perorss)
te[0,T1]

<C(e.0) (o 2ullza + L+ [l [ Va2 )
<C(g,6) (1+4*(1)). (3.18)
By this, we conclude

IV (pw)|| 2 <C ([lpllLe [Vl £z + 162~ || 202 || pZ* | wrra)
<CY (| Vil 2 + 162 2arca-2)
<2 (|| Vll e+ 1o il ).
which implies
lpitl| Lo <C il 201V (o) || 27
<Cv? (JlpM2ill+ o 2all IVl 7). (3.19)

For g €(2,00), (3.19) and (3.8) guarantee that

I92ull 0 <Cw? (1+ |10 2l 2 + 1™ 2al 20 Vil & 270) (3.:20)
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Thus, for all ¢ €[0,7Ty],
t
0
¢ ¢
<o (v s 0770l ) (14 [ vas) + [ 1vilaas
0<s<t 0 0
t
SCexp{C/ qudS}, (3.21)
0

where in the last inequality we have used (3.11).

t
JIvPulas<c [ (wteu o 2l + 19l ) ds

LEMMA 3.4.  Let a=max{5,2¢q} and let Ty be as in (3.17). Then for the solutions
(p,u, P) as stated in Lemma 3.2, it holds that, for all g€ (2,00),

t
sup (|xapleHlmwl,q—l—HPHHlmWLq)Sexp{Cexp{C/ ¢ads}}. (3.22)
0<t<T) 0

Proof. One derives from (1.1); that
(pz%) e +u-V(pz®) + pzdivu — aupz® - VIinz =0. (3.23)

Integrating this leads to

Pzt < C/p|u\i‘a*11n(e—|— |z|?)

1/2 1/2
<C (/qu) (/pra_21n2(6+|x|2))
1/2
< Cllo | 2| E D In(e + o) e ( / pfa) .

From (3.6) and a € (1,2), one deduces

4
dt

sup ||z%||r <C. (3.24)
t<Ty

By virtue of (3.6) and (3.18), we have, for all 6 € (0,1),

[uz=?| Lo <C ) (luz [l gass + |V (uz~*)| 3)
<C(8) (luz ™| pars + [Vl o +[|uz ™0 pass |2 VE|| pr2sc-s0))
<C(6) (¥ +||V?ul|2) . (3.25)

Operating V to (3.23) and multiplying the resulting expression by p|V (pz®)[P=2V (pz?),
with p € [2,q], we obtain

d._, . i i -
IV (E)e < C(IVull e +[[uV Iz 1) [IV (p2*) | oo + Cllp2* | o [ V0l
+C1pz?|| Lo (|| VuV InZ|| oo + [|uVZINZ| 10 ). (3.26)

From (3.25) we see that

|luVInZ| L + |uVZInZ| L~ < C(’L/J2+ ||V2uHL2).
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It follows from (3.26) that

&Izl 2+ 1902 1)

3.27
<C (W +[V2ull 2 +[IV?ul|a) L+ [V (p2?) | 22 + IV (p2%) || 4) - o
Similarly, operating V to (1.6) yields
d
2 (19 PY+ IV Pls0)
<C(*+[V2ull 2 +[V2ullo) A+ VPl 2 + [V Pl o)
LIVl (12l 2+ V2] 1a) (3.28)

By (2.4), (3.5), (3.14) and (3.21), applying Gronwall’s inequality to (3.27) and (3.28)
provides, for all ¢ € [0,71],

t
IV )l sose + [V Pll sz Sexp{CeXp{C / w%zs}},
0

where a=max{5,2¢}. This, along with inequalities (3.5) and (3.24), completes the
proof. 0

Now we are ready to prove Proposition 3.1. Clearly, lemmas 3.2-3.4 guarantee that

z/J(t)SeXp{CeXp{C’/Otwads}}.

Set M =e“® and Ty =min{T},(CM®*)~'}. Straightforward computation shows

sup ¥(t) <M. (3.29)
0<t<Tp

As a result of (3.29), it follows from (3.11) and (3.21) that

To
sup o2+ [ (193 + [ 9ul) di< (M) (3.30)
0

0<t<Tp

and from (3.8) that

su V2ul| 2 <C(M).
OStSpTOII [z <C(M) (3.31)

Then (3.4) follows immediately from inequalities (3.29)-(3.31).

4. A priori estimates (II)

This section derives some higher regularity estimates under additional initial reg-
ularity assumptions. From now on, all calculations are carried out within [0,7}], and,
moreover, C' depends additionally on ||V2pol|z2nze and || V2P|l 2pa-

LEMMA 4.1. For q€(2,00), it holds that

T

0
sup t(IVals+ [Vulp) + [ e(lp 2l [Vl ) de <. @)
1o 0

0<t
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Proof. Multiplying (3.12) by i’ leads to

/p\ii|2:u/Aujilj+(u+)\)/8j(divu)iij+/Kﬁj. (4.2)

The first term on the right-hand side satisfies
M/Aujuj:M/Aaj(atuuu-vai)
z—f—/|Vu|2—u/8u13u Vil = /(8uj) divu
2 dt
<5 [IViP+Clvul Vil (43)

In a similar way,

(p+A) d
2 dt

(w2 [oy(ivigy <UL [@iviy 4 O Vull = [Valf (44)

As for the last term [ K7, we consider the following two terms for illustration: Firstly,
—p / i (0uk O )it

= / Our O (0,0,%7 + 0 (u- Vi)

fudt/aukakujauj /(ai(u’tu.w YO! Oyt 4 D;uF O, (1! — - Vuj)auj)
+u/8iuk8ku7 (Ou- Vi +u- Vi)

:M%/amjaiukakuj fu/ (ﬁmkﬁkuj +5‘iuk6‘kuj) ;11
+u/(8iu~Vuk3kuj8mj+8iuk8ku-Vuj8mj+8iuk8kuj8iu~vuj)
+1 / (u- VOurOpu? 0;97 + 0puFu- VoRu! 0,47 + 0juF 0w’ u- Vil )

<y [ 9:d00 Bl + C Tl | Vil + I o] Tl (45)

Secondly,

W_l)/aj (P, +div(Pu))i’

= / (Q(Vu) — Pdivu) (9 divii+ 8; (u- Vi)
d . .. . o
== diva(Q(Vu) — Pdivu) — /dlvu (Q(Vu); — Pdivu— Pdiv(t—u-Vu))
+/(Q(Vu) — Pdivu) (9ju- Vi +u-Vdivi)

_ % / diva(Q(Vu) — Pdiva)
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+/ (divaPidivu+ divaPdiv(d — u- Vu) — Pdivuu - Vdivi)
- / (divaQ(Vu); — Q(Vu)u- Vdivi) + / dju- Vil (Q(Vu) — Pdivu)
< 4 [ QY - Pdiva) + C(| Tul~ + | P )| Vil
+C (I Plle [VullZs + [IVulZe) Vil 2,
where the last inequality comes from (1.6) and the following facts:
/ (divaPydivu +divaPdiv(t —u- Vu) — Pdivuu- Vdiva)
= / (diva divu(P; +div(Pu)) + (diva)* P — diviPoju- Vu?)
:/ ((v = Ddivadive(Q(Vu) — Pdivu) + (diva)* P — divaP;u- Vu )
and

/ (diviQ(Vu), —u- VdiviQ(Vu))

:lu/divu [20;07 0; (W —u-Vu?) + 007 0; (4" —u- Vu') 4+ 0; (@ —u-Vu! )9;u’]

+2\ / divardive div(i —u-Vu) — / u-VdivaQ(Vu)

= / divi [p(Vu+Vu') : (Vi+ V') + 2 dive divi] — / u- VdiviQ(Vu)
— 1 / dive [(20;u7 9 (u- Vud ) + 0,07 0 (u- Vu') + 0i (u- Vud ) 0ju’) |
- 2)\/divu divudiv(u- Vu)

= / divi [p(Vu+Vu'™) : (Vi + V') + 2xdive diva ] + / divu divaQ(Vu)
— u/diva [28iuj du-Vul + ﬁiujaju V'l +0;u- Vujajui]
—2A / diva dive dive - V.

Having inequalities (4.3)-(4.6) in hand, we deduce from (4.2) and (3.4) that

G0+ [ ol

<C(IVull= + Pl L) IVl 22+ C (1Pl e Vel Lo + [Vl 2o ) [V 2
<CA+|Vul =) Vil

where

M . .
ZIVallz: = C(IVullzs +1PILs) <I0) <2u|[ V72 +C (IVul s+ 1 Pll1)

(4.6)

(4.7)
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By (3.4), we multiply (4.7) by ¢ and use Gronwall’s inequality to get

To
Oszlp t| Va3 + /0 tl|p*/ 2|2 dt < C. (4.8)

With (4.8), it follows from (3.20) and (3.4) that

sup t||V3ul2, <C. (4.9)
0<t<Tp

By (2.11) and (3.4), we obtain from (3.12) that
IV 2ill12 < C (piillz2 + 1K1 22) < C (o il 2 + 1] 12 (4.10)
and that
1K |22 < C (V2| Vulll g2 + [V P Vulll 2 + 1PV 2ul||z2) <C (19 %ul| o +1).
Hence, (4.10) becomes
V2l <C ("2l 2 +11V2ull o +1). (4.11)

By (4.9) and (4.8), integration of (4.11) yields
To
/ t| V24|32 dt < C. (4.12)
0

The required (4.1) follows immediately from (4.8), (4.9) and (4.12). |
LEMMA 4.2. It holds that, for all g€ (2,00),

sup ([V?pllrznra + V2Pl r2nza) < C. (4.13)
0<t<Tp

Proof. 1t follows from (2.4), (3.4), and (3.18) that, for all ¢ >0 and 6 € (0,1]

sup ||’lli_5||Loo < C(HM:“SHL(HE)/(; + ||V(’lli_5)||L(z+g)/5)
0<t<To (4.14)
<C(e,0) (L+ ||Vl gz + Vil pater/s)-

This, together with (2.11), (3.4), and (3.18), implies that, for all p€[2,q],

IVoull e < C(lpillwrr + 1V Pllw.r)

C(
<C(1+|V(pw)||r + V2P| L)
<C(1+|lpll= IVl Lo + V|| 2o |7~ Lo + ]| V2P| )
<C(

1.

L+ |[Valpo + Vil g2 + [ V2P ). (4.15)

Operating V2 to (1.6) and multiplying it by p|VZP[P=2V2P yields, for all p € [2,q],

d
aHVQPHLP <O\ VullL=|[V*Pl|r + C||V?ul v | VPl o + C|[V?ul| Lo | P L
+C|V?ull7 20 + C||Vul L [ VPu o
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<C(14]V2ullze) A+ V2 PllLr + V2P o)
CA+[VullL) [ VPul|Le

<C(1+Vullza) A+ IVPllLe + [V P o)

+COA+ [Vl ) 1+ [Vl Lo + ([ Vil £2),

by (3.4) and (4.15). Inequalities (4.8) and (4.12) ensure that

o (a+1)/
| (v, +1van )

To
<C sup t||Vu||L2+C (tnv?uniz+t-<q2+q>/<q2+q+2>)dt
0<t<Typ
<cC.

This, together with (3.4), leads to

To
/0 |Vl V] ot

To
SC/ |
0

To
<0 [ e i
0

)/ (2q+5s(q—2)) [ v2y ||2q/(2q+S(CI*2)) IV padt
La

T(] TO
<o [T vrulpesniesa e [ v G e
0 0
<C,

where the last inequality follows by choosing s so that 251(8‘77(2_1)2) =2.

Inequalities (4.17) and (4.18), along with (4.16), give

sup [[V?Pl|p2npe <C.
0<t<T,

As a result of (3.4), (4.17), and (4.19), we conclude from (4.15) that
To
| (el v a<c.
0

A similar argument yields

sup [V?pllp2nze < C.
0<t<To

The proof is completed.
LEMMA 4.3. It holds that, for all g€ (2,00),

To
sup_ ¢ (12l 19l + [Vl + [ Vil <
o<t 0

(4.16)

(4.17)

(4.18)

(4.19)

(4.20)

(4.21)
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Proof.  Operating 0; +div(u-) to (3.12), we have
piid + pu-Viid — pNii? — (p+N)d;divii
=10 (—0iuF O i? +divud; ! ) — pdy, (9;u*0;07)
+(p+A)0; (—0u" O it’ + divudivi) — (u+ )0y, (05u”divid)
+ 0. K +div(u- K).
This yields, after multiplication by 7,
1d .12 12 o eN2
5 [ plil" 4+ [ IVl +(u+A) [ (divid)
2 dt
:,u/ﬁﬂ'ij (aiukakuj fdivuamj) derp/@kiijaiuk@mj
+(u+N) / divii (9;u” Oyt — divudivi) + (pu+N) / Onir? Ojuf diva
+/aﬂ’ (O: K +div(u-K)),
which, by using (3.4) and the Cauchy inequality, gives

d .
a/p\m%/\vm?§C+C||vu||i4 +C/u] (O K +div(u- K)). (4.22)

It remains to estimate [/ (0;K +div(u-K)). For this we consider the following
three inequalities: First,

(4.23)
<e / Viil? + C(e) (IVulle + [Vl S + Vil L)

because

—0,0;(0;uF Opu?) — div(u - 0; (Ou* Opu?))
=— 0;(0; 0 Opu? + Ok O ) — div (u . 6i(6iuk6kuj))
+0; (3i(u-Vuk)8kuj +8k(u-Vuj)8iuk)
=— 3@(3@dk8kuj +6iu’“6kuj) —div (u . 3i(3iuk8kuj))
+0; (u~V(8iuk8kuj)) +0; (0iu~Vuk8kuj +8ku~Vuj8iuk)
=—0;(0;0F O + 9u O’ ) — 0; (divud;u® Oju’ )
+div ((“)iuaiukakuj) +0; (Giu VuFopu! + O - Vuj(?iuk) .

Second,
[ (@005 P) + div(a- 0005 P)) o

(4.24)
Ss/|w|2dx+0(e)(HVuH‘ie+||P||%e+HPH‘24+||Vu||%4+|lqu‘£4)7
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by (1.6) and
010k (0;uF P) +div(u- 0y (9;u" P))
=0, (0;4" P+ 0;u" P, — 0j(u- Vu") P) +div (u- 0y (0;u" P))
=0y, (050" P+ 0;u" (P, + div(Pu)) — d;u- VuF P)
— Oy div(d;u* Pu) +div (u- 0y (8jukP))
=0y, (0;u" P+ 0;u* (P, + div(Pu)) — 9;u- VuF P) — div(dpud;u® P).
Third,

- /iij((?t +div(u-))0; (P +div(Pu))dx
(4.25)
Ss/|w|2dx+0(e)(HVuH‘is+||P||%'e+HPH‘24+||Vu||%4+|lqu‘£4)7

by (1.6) and the following calculations:

- ﬁ(& +div(u))d; (P +div(Pu)
=0;(Pdivu)¢ +div (u-9;(Pdivu)) — 0;Q(Vu); — div (u-0;Q(Vu))
=0; ((P;+div(Pu))divu+ Pdivii— Po;u*dyu') — div(9;uPdivu)
+ 105 (Vu+ (Va)™) : (Vi (Va)'™)) +2209; (divu diva)
— 110 (20,7 u- V! + 0pu? 9ju- Vu' + 0ju- Vud 9;u’) — 220 (divud;u oy u’)
+0; (divu@(Vu)) —div (0;uQ(Vu)),

where the last equality comes from

0;(Pdivu), +div (ud; (Pdivu))
=0; (Ptdivu + Pdivi— Pu-Vdivu — P@iukakui) +div(ud; (Pdivu))
=0; ((P; +div(Pu))divu+ Pdivii— Po;u*0yu’)
—0;div(uPdivu) + div(ud; (Pdivu))
=0; ((P;+div(Pu))divu+ Pdivi — Po;u*opu’) — div(d;uPdivu),
and
0,Q(V) +dliv (ud, (V)
=pd; (20, 9;07 + 0w ;0" + 9;07 O;u’) +279; (divu diva)
— 105 (20,07 8; (u- V! ) + 0307 0; (u- Vu') + 9 (u- Vul )0ju’)
—2X9; (divudiv(u- Vu)) +div (ud;Q(Vu))
=p0; (Vu+ (Vu)") 1 (Vi+ (Va)'")) +2X0; (divudiva)
— (0; (28iuj3iu- Vul + aiujaju Vu' 4 05u- Vujajui) —2)0; (divu 8,»uk8kui)
—0; (u-VQ(Vu)) +div(ud;Q(Vu))
=10, ((Vu +(Vu)'™): (Vi + (Vu)")) +2X0; (divu div)
— (0j (28iuj3iu- Vu! + aiujaju V' 4 05u- Vujajui) —2)0; (divu 8,-uk8kui)
+0; (divuQ(Vu)) —div (0;uQ(Vu)).
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By inequalities (4.23)-(4.25), as well as (3.4), we choose ¢ sufficiently small so that
(4.22) gives

d " ) ,
Sl ZillZe + Vil 7. <C (14| Vil 7). (4.26)

Multiplying (4.26) by #? and integrating it in time leads to
To
Pl il [ Vil
0

To To
SC’—%—C/ t]|p"/2ii||2dt +C sup (t||Vu||%z)/ t| V2|32 dt
0 0<t<Tp 0
<0, (4.27)

where the last inequality is fulfilled because of (4.8) and (4.12). Having obtained (4.27),
it yields from (4.9) and (4.11) that

sup t|VZ2aul||2<C.
Ogtngo l |2 < (4.28)

This, combined with (4.8), (4.19) and (4.15), gives

sup t||V3ul . <C.
oS IVZullra < (4.29)
Inequalities (4.27)-(4.29) complete the proof. ad

5. Proof of Theorem 1.1

This final section is devoted to proving Theorem 1.1. Let (pg,uo, Po) be the functions
defined in (1.5) satisfying the assumptions listed in Theorem 1.1. Without loss of
generality, we assume |[po|11(rz) =1 so that |po|[11(5y,) > 3/4 for some large Ry.

Construct smooth approximate functions p§ and P to satisfy

H/A)(I)%HLl(BRO) > 1/27 [)gi >0, POR >0,
and
Tpf— 7%  in LY(R?)NHY(R2H)NWLI(R?),
V2plt—V2%py  in L2(R?)N LY(R?), (5.1)
PE— P in LY(R?)N H2(R?)NW24(R?),
as R— o0o. Consider the unique smooth solution u{’ to the elliptic system

—pult — (p+ A Vdivul + VPE = —plull + (p(})?‘)l/2 hf in Bg, (5.2)
u(f)?:() on OBg,

where plt = plt +R~le~l*” >0 and hE = ((po)Y%ug +g) * j1/R, With ji g being the stan-
dard mollifier. Extending uf to R? by zero and multiplying (5.2) by uf, we compute

/p§|u§|2daj—|—,u/ |Vué?|2dx+(,u—|—>\)/ (divu§)2da@
R2 R? R2

<V gy | Pl ey + | )2 |

Lo @) 177] 2 ey
1 2 1 1/2 2
<G IV ey + 5| 8) ], gy €
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where C is independent of R. So, there exists a function u., such that for some subse-
quence R; — 0o

N1/2 g .
(pé%]) ué%épéﬂuoo, Vué%JéVuoo in L?(R?). (5.3)

Moreover, the uniqueness of solution implies that u. =wug. Subtracting (1.9) from (5.2)
yields

—u (ué%j —uo) —(p+A)Vdiv (uORj —uo> +V (P(f{j —Po)
([ rRN\Y?2 . 1/2 RANY2(( RN\Y? R, 172 .
= (Po ) 9*J1/R;, —Po 9| — (Po ) (Po ) Uy —Po U0*J1/R; |-
Multiplying (5.4) by ugj, using (5.1), we obtain, by sending R; — oo,
,u/ \Y% (u?j —uo) :Vué%jdas—t-(u—k)\)/ div (ué%j —uo) divul™ da
R2 R2
N\N1/2 R N\N1/2 g
L) () s, o
R

_ v \1/2 .
:/ (P(f%J fPo) divuOR’der/ <(p§”) 9*J1/R; P(1)/29> u?’d:c
R2 R?

—0.

This, together with (5.3), provides us with

R; 2 . (R, 2
'qu(uO _u0>‘ L2(R2)+(H+>\)’dlv (uo —uo)‘ L2(R?)
N2 g 2
+H<P§J) uy” = /puo
L2(R?)

:M/ \% (ué%j —uo) :Vugijdx—l—(,u—k)\)/ div (uORj —uo) divul® da
R? R?
—u/ v (u(lfj —uo) :Vuodx—(u—i—)\)/ div (ué{j —uo) divugdx
R? R?
NCES INVES _
L) () i o
R
r\/2 N; )
+/]R2 (Po ) ug” (V/pouo * j1/n; —+/Pouo) dx
R\Y2 N, 12 1/2
- (Po ) Uy —po’ “uo | py’ “uodr—0 as R;—oo. (5.5)
R2
Moreover, utilizing (5.1) and (5.3), it follows from (5.4) that

|92 (14" ~uo)

By (5.5) and (5.6) we have

L2(R2)_>O as Rj—o0. (5.6)

R—o0

lim (Hv (uff = 10) || 11 ey + H ()21 ,pé/zuol L2(R2)> —0. (5.7)
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For the bounded domain Bpr and the initial data (pff,uf’, P*), Lemma 2.1 ensures
that equation (1.1), with boundary conditions (2.1)-(2.2), has a unique solution, denoted
by (pf,uft, PR), over [0,Tg] for some Tk > 0. Moreover, Proposition 3.1 and lemmas 4.1-
4.3 hold true for (pf*,u®, PF). Extend (pf,u?, PF) to R? by zero and denote

plt=¢"pft,  P=¢"P",

where ¢ is defined in (3.15). A standard limit procedure shows that the sequence
(p", u’t, PR) converges, up to a subsequence, to some limit functions (p,u, P) which
solve the problem (1.1)-(1.5) and satisfy (1.10).

This completes the proof of Theorem 1.1.
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