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NUMERICAL RESOLUTION OF AN ANISOTROPIC NON-LINEAR
DIFFUSION PROBLEM*

STEPHANE BRULL', FABRICE DELUZET!, AND ALEXANDRE MOUTONS

Abstract. This paper is devoted to the numerical resolution of an anisotropic non-linear dif-
fusion problem involving a small parameter ¢, defined as the anisotropy strength reciprocal. In this
work, the anisotropy is carried by a variable vector function b. The equation being supplemented
with Neumann boundary conditions, the limit e — 0 is demonstrated to be a singular perturbation of
the original diffusion equation. To address efficiently this problem, an Asymptotic-Preserving scheme
is derived. This numerical method does not require the use of coordinates adapted to the anisotropy
direction and exhibits an accuracy as well as a computational cost independent of the anisotropy
strength.
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1. Introduction

The aim of this paper is to build an efficient numerical method for solving an
anisotropic diffusion problem where the anisotropy is carried by a vector b. This
work is motivated by investigations of strongly magnetized plasmas, more specifically
the study of the Euler-Lorentz model in a low Mach number regime and in the presence
of a large magnetic field. This framework is characteristic of the magnetically confined
plasma fusion [18, 28, 35]. In this context, the asymptotic parameter e represents the
gyro-period of particles as well as the square root of the Mach number, the vector
field b being the magnetic field direction. Therefore the € values can be very small
in some sub-regions of the computational domain where the magnetic field is large,
inducing then a severe anisotropy of the medium, while being large in other sub-
domains for intermediate and small strength of the magnetic field. Another important
property of this system is the time dependence of the magnetic field defining the
anisotropy direction. These two main characteristics define the framework of the
present paper, the purpose of which is to design a numerical scheme for anisotropy
ratios ranging from e <1 to e~O(1) and for a time varying anisotropy direction. In
order to address efficiently these requirements, the numerical method should not rely
on a coordinate system adapted to this anisotropy direction. The use of adapted
coordinates would imply mesh modifications accordingly to the evolution of b, an
intricate and expensive procedure we wish to avoid. Thus, the numerical method
introduced here will carry out the anisotropic non-linear diffusion problem on a mesh
independent of the anisotropy direction.
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This scheme will be detailed on the following model problem:

vx e_se .
vx'<He(b®b)p€> +ge(p€):f€’ m Q’
e (1.1)
(He(b®b) xM5> v =0, on 0f.
€

In this system, Q is a bounded subset of R? (d=1,2,3), ¢>0 is a fixed constant pa-
rameter and, for any x € 992, v =v(x) stands for the unit outward normal vector. Vi
and V- stand for the gradient and the divergence operators with respect to the space
variable x. We assume that H.:Q —R*, b:Q—R?—{0}, f.:Q =R, and S.: Q —R?
are given and the unknown of the problem is the function p. : © —R. The tensor prod-
uct of two vectors u and v is denoted u®v. Finally, we assume that, for any e, the
function pr ge(p) is strictly increasing and can be non-linear. This equation is well
suited for the plasma fusion context depicted above. It allows the computation of the
plasma pressure in order to guarantee that the forces vanish in the low Mach regime
for strongly magnetized plasma. The function denoted g. defines the internal energy
of the fluid with respect to the pressure. This relation may be non-linear, which mo-
tivates the investigation of non-linear anisotropic problems. However, the derivation
of this equation is out of the scope of the present paper and we refer to related works
(see [6, 5, 18]) for detailed explanations. Furthermore, we wish to present the numer-
ical method in a context wider than the strict plasma context, because anisotropic
diffusion problems are encountered in many applications. Good examples of these
applications are, for instance, image noise filtering, convection dominated diffusion
equations, and more generally diffusion problems with strong medium anisotropies.
The model equation (1.1) is representative of a large enough variety of problems, up
to slight changes, and will be considered to detail the numerical method. Note that
the same model problem is considered in [36, 37], but this work is devoted to the
derivation of an efficient numerical method for heterogeneous media with data that
undergoes large gradients. The anisotropy ratios considered are moderate (10® while
the physical values for applications to fusion plasmas, for instance, may be as large
as 10%) and the limit € — 0 is not addressed at all. The purpose here is different and
consists in deriving an efficient numerical method to compute the solution of this
diffusion problem, regardless of € values.

This is a rather intricate task because the limit ¢ —0 is singular, so that the
problem (1.1) degenerates into

{ —Vx(Ho(b®b)(Vxpo—S0))=0, in Q,

(Ho(b®b)(Vxpo—S0)) v=0, on ON. (1.2)

The system (1.2) is ill-posed, its solution being non-unique. More precisely, if pg
is a solution of (1.2) and c:Q2—R is a function satisfying b-Vxc=0 on Q, then
po+c defines a new solution of (1.2). However, the limit py of the solution p. of
(1.1) is uniquely defined by the limit problem as demonstrated in Section 2, but
a direct discretization of the diffusion problem (1.1) gives rise to a linear system
with a conditioning number that blows up for vanishing € as depicted in figure 1.1.
This dramatically deteriorates the precision of the approximation for large anisotropy
strength.

To tackle this difficulty, an Asymptotic-Preserving (AP) scheme is introduced to
compute the solution of the anisotropic diffusion problem for e=O(1) and to capture
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po, the solution of the limit problem, for small € values. This property should be
provided without any limitations on the discretization parameters related to the value
of €. These requirements are compliant with the properties of AP-schemes originally
introduced in [29] and developed in [32] for diffusive regimes of transport equations.
These techniques have received numerous extensions to other singular perturbation
problems: relaxation limits of kinetic plasma descriptions [15, 25, 26], the quasi-
neutral limit of fluid and kinetic plasma models [2, 11, 12, 13, 14, 19, 22, 23], the
hydrodynamic low Mach number limit [24, 30], radiative hydrodynamics [7, 8], fluid
and particle flows [9], and strongly magnetized plasmas as well as heterogeneous media
[4, 5, 6, 16, 17, 18, 20, 21].

The Asymptotic-Preserving property of the presented method is obtained thanks
to a decomposition of the solution introduced in [20] and also used in [4, 5, 16]. It con-
sists of the identity p. = 7. + ¢, where 7. is the solution mean part with respect to the
anisotropy (b) direction, and ¢, is the fluctuating part. These two components satisfy
7. € K and ¢. € K+, where K is the set of functions constant along the b-direction,
and K is the set of functions with zero mean value along b. This decomposition
was first developed for meshes adapted to the anisotropy direction [4, 20], for which
the discretization of K is straightforward. A direct discretization of the sub-space
K is, on the other side, much more intricate. This difficulty is overcome thanks to
the introduction of a Lagrangian multiplier, in order to penalize the zero mean value
property of the functions belonging to K. The method is extended in [16] for com-
putations with meshes independent of the anisotropy direction. This is achieved by
introducing two more Lagrangian multipliers to discretize the sub-spaces. The size of
the linear system providing the problem solution is then significantly enlarged. How-
ever, this drawback may be corrected thanks to a slightly different decomposition. In
[17] the solution is decomposed in two non-orthogonal parts which allows for the def-
inition of two sub-spaces whose direct discretization is readily obtained without any
Lagrangian multipliers. The size of the linear system obtained with this approach is
considerably lowered compared to the previous method [16]. This method has been
extended in [34, 33] to non-linear diffusion equations. The path followed in the present
paper still relies on the decomposition into K and K. However, the discretization
of these sub-spaces is achieved using a differential characterization, similar to the one
introduced in [5]. This finally allows for the computation of the solution thanks to a
second-order problem for 7. and a fourth-order problem for g.. This latter problem,
in the framework of Neumann boundary conditions considered in this paper, can be
recast into two elliptic problems.

The method introduced in this paper finally reduces to three standard elliptic
problems giving rise to linear systems with a condition number almost independent
of the anisotropy strength. A first illustration of this property is outlined thanks to
figure 1.1 and will be documented further in the sequel. Note that, for the former
approaches [16, 17], the singular perturbation problem is transformed into a saddle
point problem, which requires the solution of an augmented linear system. The reso-
lution of this linear system requires sophisticated solvers to secure a good efficiency
(see [3] for a review). One contribution of this this paper is to offer the Asymptotic-
Preserving property thanks to classical elliptic problems for which very efficient nu-
merical methods (for instance multi-grid or standard preconditioned Krylov methods)
may be readily used. An other contribution of the present work is to set this new
asymptotic preserving formulation in the framework of Finite-Volume methods while
previous achievements were limited to the Finite-Element method.
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Moreover, we also investigate non-linear reaction diffusion problems, and pro-
pose an extension of the AP-scheme to this class of problems that has never been
investigated in previous works.
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Fi1G. 1.1. An illustration of the properties of the discretized singular perturbation problem (1.1)
compared to that of the Asymptotic-Preserving scheme introduced in this paper: condition number
(left) and £2-norm of the solution relative error (right) for computations carried out on a 100 x 100
mesh with an anisotropy direction aligned to the x-axis and different anisotropy strengths. The
condition number related to the AP-scheme is defined as the largest condition number of the elliptic
problems solved for this method. The setup of the test case is made precise in Section /.1.

The paper is organized as follows: in Section 2, the decomposition methodology
is presented. The linear case, i.e. with g.(p)(x)=G¢(x)p(x) where G.:Q—RY is
a given function sequence, is first investigated. More precisely, we describe the de-
composition procedure in the specific case where G, is a strictly positive constant
denoted A, and then we generalize this procedure to any function G, :§—>Rf|r by
using well-chosen Sobolev spaces. Finally the non-linear problems are addressed by
invoking Gummel’s iterative algorithm. Section 3 is devoted to presentation of the
discretization. Finally, the efficiency of the numerical method is demonstrated in
Section 4.

2. Scale separation and solution decomposition

In this section a scale separation is introduced to ensure the Asymptotic-
Preserving property of the scheme. This is achieved by transforming the singular
perturbation problem (1.1) into an equivalent system for which the limit ¢ — 0 is reg-
ular. For simplicity reasons, the linear case with constant G, is first considered for
detailing the decomposition method. In this framework, the singular nature of the
limit €e—0 is outlined and the limit problem, providing pg=Ilim._.ope, is stated. A
development to linear cases with variable positive functions G, is then presented and
finally, thanks to Gummel’s iterative method [27], the non-linear case is addressed by
using a sequence of linear problems.

2.1. AP-scheme derivation for linear problems.
2.1.1. A simplified framework: constant G.. We assume here that the
given sequence (ge)e>o is of the form
9e(p)(x) = Aep(x),

where A. >0 is a known constant for any €>0. Then the diffusion problem (1.1)
writes

{_vx'(He(b®b)(vxpe_SE))+€)\ep6:6fe7 in Q> (2 1)
(He(b®@b) (Vxpe—Se)) - v=0, on Of). '
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The limit solution py of the singular perturbation problem (2.1) satisfies the limit

problem
. pre - Se .
~lim V- | H, (bob) 6) +Xopo=fo, nQ, (22)
(Ho(b®b)(Vxpo—So)) - v=0, on Of).
This algebraic equation admits a unique solution under the assumption
He(b®b)(Vxpe —Sc)=0(e), (2.3)

a requirement that must be fulfilled by the numerical method. To ensure this property,
the methodology consists in using a decomposition similar to that of [5, 6, 14, 16, 20].
The solution is decomposed into 7., its mean part with respect to the anisotropy
direction, and the fluctuating part g., which exhibits the property to have a zero
mean value along the anisotropy direction. These two functions satisfy n. € K and
gc € K+, where K is the kernel of the elliptic operator defined by equation (1.2).
These properties are capitalized on to isolate in the problem 2.1 the macro scale
(providing =) from the micro scale (giving ¢.) and, thereby, build the Asymptotic-
Preserving scheme. The main difficulty of the procedure lies in the characterization
of the sub-spaces associated to the different scales. In [4, 14, 16, 20] the property
of the functions populating K or K+ are imposed by a penalization technique. The
methodology developed in this paper makes a similar decomposition in terms of K
and K+, but with a different characterization of these sub-spaces. Here, we shape
the technique introduced in [5] for a very specific framework, in order to discriminate
the functions in K and K+ thanks to differential properties, providing thus an easy
discretization.
With this aim, we introduce the following Sobolev spaces:

V={peL?*(Q):b-VupeL?*Q)},
W={qeL?(Q):Vx-(bg)€L*(Q)},
Wo={qeW:(bg)-v=00n 0},

and we define K CV as

K={reV:b-Vxr=00n Q}.

The goal is to reproduce the function decomposition into its mean and fluctuating
parts. The functions of K correspond to the mean part and the complementary part
is demonstrated to belong to K. This is the purpose of the following theorem.

THEOREM 2.1. We denote by Vyx-(bWy) the subspace of functions 6 € L*(Q) such
that
dx € Wo, 0=Vx-(bx), (2.4)

and we equip it with the usual norm on L*(Q). Then:
o Wy equipped with the norm ||p|lw, = ||Vx-(bp)| = is a Hilbert space,
o Vi (bWy) is a closed subspace in L?(2),
e K is a closed subspace in L*(Q2),



208 AN AP-METHOD FOR ANISOTROPIC DIFFUSION PROBLEMS

e We have the orthogonal decomposition
LX) =KaK*, with K=V, (bW). (2.5)

The demonstration of this theorem will be omitted. It can be readily adapted from
that of Theorem 2.1 from [5]. As a consequence of this theorem, the decomposition

Pe =Tec+qe, ﬂ-eeK7 QEEKJ_ (26)

exists and is unique for any € >0. Therefore finding the particular solution py which
is exactly the limit of (pc)eso is equivalent to finding 7y and ¢y as the respective
limits of (7¢)e>o and (g¢)eso. Then, our goal is now to find some equations for .
and ¢, which are well-posed for any value of ¢, including e=0. For this purpose, the
decomposition (2.6) is introduced into (2.1), yielding

{ —Vx- (He (b®b) (qué - SE)) +eA (7T€ +qe) =cfe, inQ,

(H.(b&b) (Vyge—S.))-v=0, on 99 (2.7)

The variational formulation on V is

/He(b-quE)(b-Vxe)dx—i—e)\e/(7Te+qe)9dX
@ @ (2.8)
:e/ﬂfeedx—l—/QHe(b-Se)(b-VXQ)dx,

for any test function € V.
In order to exhibit the equation providing m. € K, the variational formulation
(2.8) is tested against 6 € K giving

/(Asw;fe)odx:o,
Q

which means that A7, — f. € K+ for any ¢ >0. According to Theorem 2.1, there exists
a function h. € Wy such that
Aeﬂe_fe:vx'(bhe)- (29)

This equation furnishes a means of computation for .. Firstly, applying the differ-
ential operator b-Vy onto (2.9) leads to an equation for h.:

_b'vx(vx'(bhe)):b'vxfea in Q’ (2 10)
(bhe) - vr=0, on Of). '
Then, 7, is retrieved thanks to
1

Note that the system (2.10)-(2.11) is well-posed and does not degenerate for any value
of €>0, including e=0. It provides a means of computing the macro component of
the solution regardless of € values.

To derive an equation for g.€ K-, we now assume that the test function @ in
(2.8) is in K+. According to Theorem 2.1, there exist two functions x and I in Wy
such that

qezvx'(ble)u (212)
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and
0=Vx-(bx).

As a consequence, the variational formulation of (2.7) can be rewritten as follows:
/ H. (b “Vx (Vx . (ble))) (b Vx (vx ! (bX))) dX+6)\€/ (Vx : (bZE)) (Vx : (bX)) dx
Q Q

:e/Qfe (T () -+ [ (58 (b Vi (V- ()

We recognize the variational formulation of

b-Vx(Vx-(He(b@b)Vx(Vx-(bl.))))—eXb- Vi (Vx-(bl.))
= —b-Vy(ef.— V- (H.(b®b)S.)), inQ,

(H.(b®b)Vx (V- (bl))-v=(H.(bob)S.) v, on 99,
(bl.)-v=0, on 0f.
(2.13)

Therefore, coupling this system with (2.12), we recognize a complete definition of ¢.
which is well-posed for any € >0, including e =0. Moreover this computation of ¢ is
totally compliant with the condition (2.3) and guarantees the Asymptotic-Preserving
property of the scheme.

At this point, we have established a system of equations for 7. and g. which is
well-posed for any € >0 but also for e=0. Then, solving the well-posed equations
(2.10), (2.13), (2.11), and (2.12) provides m and g as the respective limits of (7¢)eso
and (ge)eso when e — 0. As a consequence, the sum g + qp is exactly the solution pg of
(2.2). Furthermore, we can remark that the limit e — 0 is regular for the reformulated
model (2.10)-(2.13)-(2.11)-(2.12).

2.1.2. Case with variable G.. In this paragraph, we extend the method we
have presented to the general linear case, i.e. to cases where g, is of the form

9e(p)(x) = G(x) p(x).

G.:Q— R is given for any € >0, and is supposed to be strictly positive on €. In such
a case, the diffusion problem (1.1) writes

{Vx'(He(b(g)b)(vxpeSe))+€G6peefea in Qa

(He (b@b)(Vxpe —Se)) v =0, on 9. (2.14)

The study of these cases is motivated by the fact that the use of Gummel’s algorithm
in the non-linear case leads to the resolution of a sequence of linearized problems which
are similar to (2.14). We refer to Section 2.2 for more details about the linearization
procedure.

In order to solve the linear problem (2.14) for any value of €, we use the method
presented in the previous paragraph. Firstly, we define L?(£;G.) by

2©:G)={p: 2R ol = [ G ol dx< b0 .

Then we introduce the following weighted Sobolev spaces:
Ve={peL?(%4G.):b-Vxpe L*((%1G.) },
We= {qELQ(Q;GE) : Vi (Gebg) ELZ(Q;GE)},
Woe={qeWe: (Gcbgq)-v=00n 00},
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and the set representing the functions constant along the magnetic field lines,
K={meV.:b-Vyr=00n Q}.

Following the methodology presented in the previous paragraph and in [5], we deduce

the following result.

COROLLARY 2.2. Wo.c, equipped with the norm [[p|lw, . =Vx (Gebp)|lr20.c.y, is a
Hilbert space and Vyx-(G.bWy ) is a closed space in L*(Q;G.). Furthermore, K, is
also a closed space in L*(Q;G.) and we have the orthogonal decomposition

1
L} (Q;G)=K.®oK}, with Kj:avx-(GebWO,e). (2.15)

From the orthogonal decomposition (2.15), the solution p. of (2.14) can be
uniquely decomposed as

Pe =Tc+qe, ﬂ-eeKea QGEKGL~ (216)

Then, if we identify the limits mg and go of the sequences (7¢)eso and (ge)eso, we will
find the limit py of (pe)eso by taking po=mo+ qo.

In order to identify a set of equations satisfied by 7. and g., we follow the same
procedure as in the previous paragraph: we multiply (2.14) by a test function €V,
and we integrate over ). By choosing 6 in K, or in KX, we prove that 7. and ¢, are
respectively of the form

1 1
Feza[fE+Vx'(G€bhe)]aqﬁzavx'(Gﬁblf)’ (217)

where h. and [, are solutions of

€ €

(Gebhe) - v=0, on 09,

1 1
b-Vy <G€Vx~ <H6 (b@b)Vyx (Clevx . (Geble)> ))

1
—¢b-V, (VX-(Geble)

1 Je :
—b-Vx Gfo : (Gebh6)> :bVX (G) ? m Q’ (2.18)

and

G

(2.19)

=—b-Vy (é(efe—vx~(HE(b®b)SE))>7 in Q,

1
H.(b®b)Vy (va'(Gebls)>‘| -v=(H.(b®b)S,)-v, on dQ,
(Gebl.)-v=0, on Of).

As in the previous paragraph, we observe that the equations (2.17)-(2.18)-(2.19) re-
main well-posed for any € > 0. As a consequence, the particular solution pgy of the limit
problem we are looking for is exactly the sum my+ qg, where my and gy are computed
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by solving (2.17)-(2.18)-(2.19) with e=0.
Furthermore, the resolution of the fourth order problem (2.19) can be replaced
by the successive resolution of two homogeneous Dirichlet type problems, which are

1 fe .
—b-Vy Vx-(HebLe)) +eL.=—¢b-|Vy <G> —sel . inQ, (2.20)

Ge
(HbL.) v=0, on 012,
and
b-V ! Vx-(Gebly) | =L:.—b-S in Q
— D Vx GTE x'( € e) — Lie — P e, m 3z, (221)
(G:ble)-v=0, on 0N.
2.2. AP-scheme derivation for non-linear problems. Finally, we con-

sider the general model (1.1) given in the introduction when the function p+ g.(p) is
non-linear. When € goes to 0, the model becomes

{ —Vx(Ho(b@b) (Vxpo—S0)) =0, inQ, (2.22)

(Ho(b®b)(Vxpo—S0)) v=0, on ON.

Due to the non-linearity of the function p+ g.(p) the orthogonal decomposition
method cannot be used. Then we choose to linearize the diffusion equation (1.1)
by using Gummel’s algorithm developed in [27]. This iterative method consists in the
approximation of the solution p. by a sequence (pe n)n >0 defined by

Pe,N+1=DPe,N +0e,N (2.23)

and initialized with an arbitrary p. . In this method, each 6. n is viewed as a small
correction of p. n in order to obtain pc ny41. Then, assuming that p. y11 is a solution
of (1.1), it holds that

pre,N + VX567N - Se

€

—Vx- (H (b@b)

+9c(Pe.n ) +0e, N gL(pe,n) +O(62 ) = fe,  in Q, (2.24)
pre,N +vx567N - Se
€

v=0, on 0f).

(He (b®b)

Then, neglecting second order terms in d. x, we obtain a linear diffusion problem for
dc, v which writes as

{ —Vix- (He (b®b) (vxae,N _Se,N) +€G6,N5€,N :efe,Na in Q, (2 25)
v .

)
(He(b®b)(Vxde v —Se n)) V=0, on 052,

where G¢ v, fe,nv and S n are defined by
Ge,N:gé(pe,N)a fe,N:fe_ge(pe7N)7 Se,N:Se_vxpe,N-

For each value of N, the problem (2.25) is of the same kind as (2.14). So we can solve
it by applying the method described in Paragraph 2.1.2.
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This sequence of linearized problems can also be obtained from Newton’s iterative
method to solve

F.(pe)=0, (2.26)
where the differential operator F, is defined as

Vxp

Fe(p):_vx' (HE (b®b) e_SE> +ge<p)_f5~

Indeed, Newton’s method for solving (2.26) writes as

DFé(pe,N)(ps,N-‘rl 7pe,N) = 7Fe(pe,N)a

where DF,(p) is the derivative in p of the differential operator F.(p) and is of the
form

DF.(p)(9)= V- (He (beb) Vf) () xa

3. Numerical method

In this section, we present a numerical method which allows one to solve the
diffusion problems (2.14) and (1.1) by using the decomposition approaches we have
presented. First, we introduce some notations which will be used for the construction
of the scheme, then we present the scheme itself for the general linear case (2.14).
Finally, we present the discretized version of Gummel’s algorithm for the non-linear
case.

3.1. Notations and definitions. = We consider a uniform mesh (z;,y;) defined
by

Tmax — Lmin Ymax — Ymin
Ar=—FT——Ay=

xi:xmm—l-Z'Alf, yj:yvrzin+jAy7 N, +1 ’ y_]\/vi‘i‘l7
x Yy

and we assume that the simulation domain is Q= [z_y /5,2y, +1/2] X [y_l/Q,yNy+1/2].
We also consider the following subsets of Z?:

I1={0,...,N,} x{0,...,N, },
I={-1,...,N,+1} x{-1,...,N, +1},
L.={0,...,N, —1} x{0,...,N, — 1},
L={-1,...,N,} x{~1,....,N,},
and we use the notation

h=max(Az,Ay). (3.1)

Because the decomposition method we have presented in Subsection 2.2 is
based on variational formulations of the diffusion problem for p. and uses the
duality between the operators p—b-Vyp and p— V- (bp), we choose to ap-
proach these differential operators by 0, and O . respectively such that the du-
ality property is preserved at the discrete level. In [5], the authors considered
this motivation for choosing the discretized operators associated to p+—b-Vyp and
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pr—Vx-(bp). Then, following the same methodology, we define the cells P; ;=
|Zic12,%ir1/2[X]Yi-1/2,¥j4+1/2] and Diy1/2 4172 =]@i,2i41[X]y;,y;[ and the meshes
P=UgerPij, D=Ug jyer. Dit1/2,j+1/2- Then, considering the functional spaces
Lp and Lp of the piecewise constant functions on P and D respectively, we define
On:Lp — Lp and 0Oy, . : Lp — Lp such that

Oit1,j41 —0ij1+0ip1,5 =05

_ 2A
(On0)ir1/2.5+1/2=Pit1/2,551/2° Oit141— 9i+1,jx+ Oijr1—bij |’ (3.2)

2Ay

and

(wa)iJrl 2.j+a 2_(ba:X>i71 2,j4a/2
(8h,*X)i,j: Z /2.3 /2Ax /2.:5+e/
ac{+
e (3.3)

4 Z (be)i+a/2,j+1/2*(be)i+a/2,j—1/2.

ac{xl} 2Ay

3.2. Linear problems. We assume that the function p+— g.(p) is given by

9e(p)(7,y) =Ge(z,y) p(2,Y),

where G, is analytically known. We also assume that the functions b, H, f., and S,
are analytically known and we set the following notations:

Jeij :fe(xi;yj)a
Gei;j=Ge(zi,y5),
Ge,i+1/2,j+1/2 :GE(I¢+1/2,ZJ]‘+1/2)7
Heiviy2j41/2=He(Tiy1/2,Y541/2)
Se,i+1/2,j+1/2 = Se($i+1/27yj+1/2)7
b1'+1/2,j+1/2 :b($i+1/2,yj+1/2)~

Then, the diffusion problem (2.14) can be discretized under the following form:

{ (_ah,*(He (ahpe,app - b Se)) +€G6pe,app)i7j = Efe,i,ja V(l,j) € Iy

e 3.4
(He(ahps,appfb'se)(b'V))i+1/2,j+1/2:0a V(’L,j)GI*\I*, ( )

and the approximation of p. 4pp of pe is computed at the points (x;,y,) € .

Because 0, and ), « have been chosen to be dual operators, we follow the decom-
position approach we have presented in Paragraph 2.1.2 at a discrete level by using
some discrete variational formulations of (3.4). Writing

De,app,i,j = Te,app,i,j T de,app.i.j

with ¢ qpp satisfying

(8h7r5,app)i+1/2,j+1/2:0, V(Z,])GI*,
Te,app aNd e qpp are completely defined by

1

Te,app,i,j = a

[feiat One(Gehrearn) ;] (3.5)

€%,
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1

Ge,app,i,j = q (ah,*(Ge le,app))

- VR
€%,]

where e app = (he,app,i+1/2,j+1/2)(i,j)ei and  le,app = (le,app,i+1/2,j+1/2)(z‘,j)eﬂ are
computed by inverting the following systems:

1
- (ah (Gah,* (Ge he,app)) )
€ i+1/2,54+1/2

: (3.6)
— 8h Cf;,i ) V(lvj) S I*7
)/ it1/2,5+1/2 -
he app,ivi/2,j+1/2=0, V(i,7) € L\ L,
1
—0h Eah,*(HeLe,app) +5Le,app
¢ i+1/2,5+1/2
fe o (3.7)
=—¢| O o —b-S. , V(i) €l
€ i+1/2,54+1/2 o
Le app,iti/2,j+1/2=0, V(i,7) € L\Ls,
and
1
- ah aah,*(Gele,app)
¢ i+1/2,5+1/2 o (3.8)
= (Le,app_b'Se)i+1/2,j+1/2a V(Zaj) EI;H
leapp,it1/2.541/2 =0, V(i,5) € L\ L.
3.3. Non-linear problems. In this paragraph, we detail the discretized

version of Gummel’s algorithm presented in Subsection 2.2. In order to initialize the
loop, we compute the following initial data:

De,0,ij = Pe,0(Ti,Y5), v (i,5) el,
Seit1/2,41/2 = Se(Tiy1/2,Yj41/2),  V(i,5) € L,
fe,i,j = fe(xiayj)a V(’L,]) €£
He,i+1/2,j+1/2 = H6($i+1/2ayj+1/2)a V(iaj) € L.

Then, the N-th iteration of Gummel’s algorithm is set as follows:

e Step 1: Assuming that

pe,N,i,jv V(ZJ)G-L

are known, we have

(b-Sen)iv1/2,j+1/2 = (b-Sc = Onpe N)it1/2,j+1/2, Y (i,7) € I,
JeNyij = feij—9e(Pe,Ni ), v(i,j)€l,

Genyij = 9.(Pe,Nij)s v(i,j)€l,
GeNyit1/2,541/2 = 9e(Pe,Nyi+1/2,4+1/2)5 V(i,4) € L,

1
where pe N it1/2,j+1/2 = Z(pe,N,iJrl,jH +De,Nyit1,j FPe,Nij+1+De,Nij)-
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° Sth 2: We compute he7N,i+1/27j+1/2 and le,N7i+1/2,j+1/2 for all (Z,j) ET* by

solving
1
— 1| On e On+(Ge,Nhen)
e,N . .
’ i+1/2,5+1/2
(ah Jen . Y(i,j) €L,
GeN . .
’ i+1/2,5+1/2 o
heNit1/2,5+1/2=0, V(i,j) € L\L,

1
<_ah (ah,*(He Le,N)) +6L€,N>
Ge N
? i+1/2,54+1/2

= —€ <8h<f€7N>_b'Se,N ) V(Z,])GI*,
GCN . .
’ i+1/2,54+1/2

Leniv1/2,5+1/2=0, V(i,j) € L\,

1
- <3h <G 8h,*(Ge,Nle,N)>>
e,N
; i+1/2,j+1/2

=(Le,n—b-ScN)iv1/2,541/2,  V(4,7) eéa
le.Nyiv1/2,541/2=0, V(i,7) € L\ L.

and

e Step 3: We compute d¢ n; ; for all (4,j) € I by using

Oe,Nij = rER fen,ij+ (On s (Gen (he N +ZE,N)))1-,J} )

&Nyi,j

and we obtain p. y41,;,; for all (i,5) €.

e Step 4: We compute pe y41,,; for all (i,5) € I\I by using the boundary con-
dition

(Onpe,N+1)it1/2,j+1/2 — (0-8e)iv1/2,j4+1/2=0, V(i,j) € L\I,.

4. Numerical investigations of the AP-scheme

This section is devoted to numerical investigations of the Asymptotic-Preserving
scheme derived in sections 2 and 3. The validation procedure consists in manufac-
turing pe, an analytic solution of the model problem (1.1) which is compared to the
numerical approximation pe qpp, carried out thanks to the AP-scheme. These experi-
ments are performed in two dimensions using a uniform Cartesian mesh independent
of the anisotropy direction. For simplicity purpose, the first numerical experiments
are performed in the framework on the linear model, but the conclusions drawn from
these investigations apply to the general non-linear problem.

4.1. Numerical convergence of the scheme. The first numerical tests
aim at demonstrating the convergence of the AP-scheme regardless of the asymptotic
parameter values. With this aim, an analytic solution is manufactured for the problem
(1.1) in the linear case, i.e. with g.(p)=G(x)p(x). First, the expression for the
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2 +e, (s=d) 13l
6l % & (e=0) .
) e, (e=107) ) ®.
g o5 - e, (=107 8 1350 4 o (e=0) B,
i 2 . + % ®.
o -7t__e (=107} - % ©, (50)
8 > 9 107
= e, (=107 S 14 O%G
5 7. s e, (6=107) .
w i \
-8t . 1 __e, (e=107Y ®\
& -14.5} .
e ® | _..8,(e=107) ®
-35 —é -2.5 = -1.5 -35 —é -2.5 -2 -1.5
Space step in Ioglo—scale Space step in Ioglo—scale
(a) ep=IIpe = Pe,appllyn(ry / IPellep (1y- () ep=M10n7ec,appllep 1,y /NPeller(ry-
Fic. 4.1. Relative error ||pe fpe,appﬂlp(l) /pellepry (left) and  parallel  gradient

lOn7e.appllep 1,y /IPeller(ry (right) in 02 and £ norms as functions of the space step h for non-

uniform data Ge, He, and b defined by (4.1)-(4.2), and different anisotropy strengths e=1, e=10"2,
and €e=0.

anisotropy direction b and the functions G. and H. are defined on Q=[1,2] x [1,2]
thanks to

Ge(x,y):Hg(x,y):1+sin2(a:) sin?(y), (4.1)

b = (sinf, —cos#) with O(x,y) =arctan (y) . (4.2)
x
Then the expression of p., as defined by

1
pe(x,y):m7

is used to analytically compute f. and S, with
fe:Gepsa Sc=Vxpe. (43)

These definitions are inserted in the numerical method described in Subsection 3.2 to
compute the numerical approximation pe qpp finally compared to the exact solution
pe. The relative errors denoted e, p € {2;00}, are defined by

l|pe _PE,app”z?([) [|pe _Pe,app”eoc(j)
ep=——————=

) €oo =

||Pe||e2(1) ||Pe||£oo(1)

These quantities are displayed in figure 4.1(a) as functions of the space step h and
for different anisotropy strengths e=10"1, e=10"?, and e=0. A linear decrease of
the errors is observed with the mesh refinement, the slope being equal to 2, which is
consistent with the definitions (3.2) and (3.3) of ), and 0j, . as second order accurate
approximations of the differential operators b-Vy and Vy-(b-). Furthermore, this
property holds for all considered values of €, including e=0. This demonstrates the
e-invariance of the numerical scheme’s second order accuracy with respect to the space
step h.
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The ability of the scheme to compute a solution component 7. with no gradi-
ent in the anisotropy direction is also investigated. The numerical approximation
of T¢, Te,app provided by (3.4)-(3.5) should satisfy a discrete analogous of the prop-
erty b-Vym.=0. This is analyzed thanks to figure 4.1(b), where the evolution of
OnTeappllgo 1,y / IPellen(ry as a function of the space step is displayed for p=2,00,
e=10"1, ¢=107?, and e=0. Note that the quantity 0,7c qpp is the residual of the
linear system solved to compute the solution of (3.4), and consequently characterizes
the precision of the linear system solver. For these test cases, we use a sparse direct
solver [1], the accuracy of which is very close to the computer arithmetic precision,
at least for small linear system sizes. This precision is observed to deteriorate mod-
erately with the increase of the system size, which explains the growth of the error
with vanishing mesh steps. However this does not affect the precision of the scheme,
as demonstrated by the results of figure 4.1(a).

4.2. Anisotropy angle influence on the method accuracy. In this
section, we quantify the sensitivity of the numerical method with respect to the
anisotropy direction variations. More precisely, we wish to analyze the accuracy of
the method as a function of «, the angle measured between the anisotropy direction
and the first direction (associated to the first coordinate). The anisotropy direction
b is assumed to be uniform and defined as

b= (sina,—cosa), «€ [Qg]

In order to manufacture an analytic solution for the problem, we introduce a
system of coordinates which is adapted to b. These coordinates are denoted (X,Y)
and are deduced from (x,y) by the relations

X =z cosa+ysina, Y =xzsina—ycosa. (4.4)
In these coordinates, the linear diffusion problem (2.14) writes

{_8Y(H68YPE)+€QEPE:E-Fe_aY(HeB'Se)a in Qa (4 5)

OyP.=B-S,, on 0,

with PE(X7Y) :pe(x7y)a He(Xay) :He(x,y), ge(va) :Ge(:v,y), fe(X,Y) :fe(xay)a
Se(X,Y)=S(z,y), and B(X,Y)=Db(z,y). It is straightforward to verify that the
function P, given by

PE (X,Y) = SIII(X) -+ ge()](-,y,)ay(ge ﬁe)

is the solution of (4.5) provided that F. and S, satisfy
f6:g€P€7 B'SezaYPm

and where L. (X,Y) =I.(z,y) with I, =0. This requirement is met by the definition

€laq

. 2m(r—2_1/2) \ . 21 (y —y—-1/2)
le(z,y)=sin| ——— | sin| ——" |,
TN +1/2 L -1/2 YNy +1/2 = Y-1/2
which ensures lc(#;41/2,9;4+1/2) =0 for any (i,j) € L\I,. The problem is stated in
Cartesian coordinates thanks to the change of variables (4.4), yielding p.(z,y)=
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me(x,y) +qe(x,y) with

1

me(2,y) =sin(x cosa+ysina), ¢ (z,y)= G

Vx- (Ge(gc,y)b(x,y) lé(x>y))7

the other coefficients being manufactured similarly with G and H, given by (4.1).

In the following tests, the computation domain Q=[1,2] x[1,2] is discretized
thanks to a uniform mesh constituted of 200 x 200 cells. The relative approximation
error as a function of the angle « is displayed in figure 4.2 for different norms. The
numerical method accuracy is observed to be moderately altered by the anisotropy di-
rection changes. More precisely, we observe a variation of the relative errors in norms
¢' and £? lower than 4% and a variation of /> lower than 7%. The minimum of the
error is obtained for = /4, the direction of the solution gradients being thus equally
projected on the two directions defining the mesh. Furthermore, these observations
are redundant for several values of ¢; in figure 4.2, we have considered ¢ =107 and
€=10"% and the obtained error curves are very close. Note that other experiments
have been carried out for anisotropy strengths ranging from e=0 to e=1 and with
other definitions of G, and of H., with comparable results. The curves being very
similar to that of figure 4.2, these plots are omitted.

<10 Error on P, <10 Error on P,
16F i “\‘\\ 1 16F e “\‘\\
1.55j -* 1.55j
N 15F 1 N 15F
g g
i wm
1.45F 1 1.45F
14r 14r
—*—L” norn —*—L” norm
1.35F ==t norm| 135- E— norm|
L% norm| L% norm|
0 0.2 0.4 0.6 0.8 1 12 1.4 16 0 0.2 0.4 0.6 0.8 1 1.2 1.4 1.6
Angle a Angle a
(a) llpe —pE,apszp(I)/”pe”ﬁo([)a e=10"3. (b) [Ipe —pE,app”zp(])/HPEHZP(U, e=10"%.

F1G. 4.2. Relative error Hpe—peﬂapszp(I)/Hp€||ep(1) (p=1,2,00) as a function of o: case with
Ge(z,y)=He(z,y) = 1+sin?(z) sin?(y) and e=10"3 (left) and e=10"% (right).

These observations confirm one of the main ideas of the present paper: the accu-
racy of the method is almost independent of the anisotropy direction relative to the
grid, i.e. the mesh over {2 can be constructed whatever the anisotropy direction and
strength, without a significant loss of accuracy.

4.3. Convergence of Gummel’s loop.  The third test sequence is devoted
to the convergence of the linear problems sequence defined in sections 2.2 and 3.3 for
solving the non-linear model (1.1). The process detailed in the preceding sections is
again implemented to manufacture an analytic solution for the non-linear problem.

The computational domain remains 2 =[1,2] x [1,2], the anisotropy direction b is
a function of the space variables whose expression is given by equation (4.2), and H,
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and g, are defined as
He(w,y)=1+cos’(z) cos’(y),  ge(p)=p". (4.6)

Note that this choice of g.(p) introduces a severe non-linearity in the problem. Several
tests have also been performed with other definitions of g.(p), for instance

ge(p)=c1In(1+p)+cap, c1,c2 >0 fixed,

for p >0, which defines an anisotropic diffusion-reaction equation inspired by the work

of Kornhuber & Krause [31] or Cherfils & Pierre [10] on problems derived from the

Allen-Cahn equation. These tests produce results almost identical to the results which

are obtained when g.(p) =p® so we only consider the strongly non-linear reaction term

defined in (4.6) within the presentation of the numerical results in the next lines.
The solution p. is constructed thanks to a cubic spline .S, precisely

. T — Tmid Y~ Ymid
pies-nos(m) (e w

with S(z)=0 for |z|¢[0,2] and

S(Z):{é(z—p?’), if 1<z <2, (48)
3

=P +5l2, o<z <1,

with (Zmid,Ymia) = (2,2) and L, =L,=1/10. To analyze the convergence with re-
spect to the number of Gummel’s iterations, the sequence is initiated with pco, a
perturbation of the non-linear problem solution, reading

Pe,o(2,y) =pe(a,y) +nmax (0,1 — (2 — mia)* — (Y — Ymia)*) , (4.9)

where p and 1 are parameters controlling the support and the magnitude of the per-
turbation. Because Gummel’s method is constructed on a linearization of the problem
its convergence cannot be guaranteed with a poor estimation of the solution as the
initial guess. This means that the parameters ;1 and 7 cannot be chosen completely
arbitrarily; indeed, several simulations have been performed, all with the same param-
eters except n ranging in {0,10,20,40,60,100,1000} and p ranging in {1,10,60,100},
and Gummel’s method is observed to converge as N — co for perturbation magnitude
(n) as large as 10? the magnitude of the exact solution. Concerning the parameter u,
the simulation sequence reveals that the convergence of Gummel’s method is almost
unaffected by the amplitude of this parameter.

The successive relative errors measured between the iterates of the Gummel’s loop
and the exact solution are plotted in figure 4.3(a). The computations are carried out
on two different meshes, Mygg and Miggo with 100 x 100 and 1000 x 1000 cells, with
1n=0.1, ©=60, and for anisotropy strengths including e =0. Along with the graphical
representation of the solution approximation error, the evolution of the corrector norm
relative to that of the solution, namely the quantity ||0c,n applle2(r)/[|Pellez (1), is also
plotted in figure 4.3(b). These last results being almost identical for both meshes, the
plot related to the finest mesh is omitted in this figure.

In spite of the large perturbation amplitude, Gummel’s iterative method con-
verges in a small number of iterations, for both meshes and for all e-values. The
corrector term O, n,qpp rapidly decreases to reach the computer precision threshold
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FiG. 4.3. Gummel’s iteration convergence: evolution in log,o-scales of the relative error

Eo N =|lpe —pe,n s appllez (1) /IPelle2 1y (left) and of (16e, N,applle2(1y/lIPelle2(ry (Tight) as functions
of th iteration number N for the non-linear problem. The simulations are performed with the uni-
form meshes Mioo and Miogoo composed of 100 x 100 and 1000 x 1000 cells (for the corrector norm,
the values being very similar for both meshes, only those of the coarsest one are displayed).

€ Error Mg M09 Ms00 Mi000
Ein, |3.9452x107° [ 9.8116x10°° | 1.5673x10~° [ 3.9166 x 107
1071 FEy N, | 1.0446 ¥ 1077 [ 2.6188x 107" | 4.1988 x 1075 | 1.0505x 10~°
Eoo,n, | 6.0730 x 1072 [ 1.5793x10-% | 2.5942x 107° | 6.5451 x 10~ F
Ein, | 3.9796x10° | 9.8969x 10 ° | 15808 x 10 ° | 3.9504x 107
1072 By, | 1.0496x 10 | 2.6311x 10 ° | 4.2184x 10 ° | 1.0554x 10 °
FEoon, | 6.1098 X 1077 [ 1.5885x 10~% | 2.6087 x 107> | 6.5815x 10~°
Ein, | 3.9796x10°° | 9.8969x 10 ° | 15808 x 10 ° | 3.9504x 107
0 Eo n, | 1.0496 x 107% [ 2.6311x10°° | 42184 x 1075 | 1.0554 x 10~°
Eoo N, | 6.1098 x 1077 [ 1.5885x 10~% | 2.6087 x 10> | 6.5815x 10~ °

TaBLe 4.1, Relative error Eyp N, =|lpe —pe, N appller (1) /IPeller(ry (p=1,2,00) for the non-
linear problem defined by ge(p)=p%. The computations are carried out on uniform meshes My,
constituted of kxk cells (k=100,200,500,1000) with several values of ¢ and after a number of
iteration of Gummel’s loop Ny large enough for the convergence to be effective.

(1071%) after 4 iterations. In the same time, the relative error also decreases but the
approximation is not improved by subsequent iterations, the error remaining constant
for iteration numbers greater than 4. At this stage, the precision of the approximation
is not limited by the linearization process of Gummel’s loop, but by the discretization
error of the linearized problem, explaining the plateau described by the error. To
document this analysis further, we summarize in table 4.1 the values of the relative
error measured between the exact solution and the approximation obtained after Ny
iterations of the Gummel’s loop. This quantity is referred to as E, v, (p=1,2,00)
and computed for Ny large enough to ensure that the plateau mentioned above is
reached. For the investigations carried out, this requirement is met as soon as Ny > 4.
The approximation error Fj, y, is observed to quadratically decrease with the space
mesh: the error norms related to the computations performed on a 1000 x 1000 mesh
are for instance 10% times as small as those carried out on a mesh with 100 x 100 cells.
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This is a consequence of the second order accurate discretization of the spatial oper-
ator already outlined in Section 4.1. Finally, the results of table 4.1 also demonstrate
the independence of the numerical method precision with respect to the anisotropy
intensity.

4.4. Highlight of the scheme Asymptotic-Preserving property. These
last experiments illustrate the Asymptotic-Preserving property of the numerical
method, i.e. its ability to compute an accurate approximation of pg, the solution
of the limit problem (2.2). The solution of the problem is constructed as a sequence
(pe)e>() defined by

De :p0+€p~ia

with

T — Tmid Y—Ymid
=1 4.1
s () (), »

pr(z,y) = max (O,COS (W) cos (W)) . (4.11)

The functions g., H., and b are defined as in the previous test sequence, the initial
guess for Gummel’s loop being constructed following (4.9) using the same pertur-
bation. We now wish to evaluate the error measured between the exact solution of
the limit problem pg and the approximation computed thanks to the AP-scheme for
vanishing e. This error, denoted E. and defined as

Ee=||peapp _P0H42(1)/||I90H£2(1)a

is plotted in figure 4.4(a) as a function of e. The data represented in this figure are
obtained after convergence of Gummel’s loop. Two regimes can be identified. The
first one is related to the largest values of € for which a linear decrease of the error is
observed. The second one is a plateau whose value depends on the mesh step h, this
value being lower for refined meshes. More precisely, we note a quadratic decrease of
this value with the mesh size. To explain these features, we use the identity

Pe,app — P0 = Pe,app — P0,app +p0,app —Po-

This yields F, < Ee,app +e9, where eg = ”pO,app 7p0||22([) / ||p0||22(1) represents the ap-
proximation error of pg, po.app is the numerical approximation of py provided by the
AP-scheme with e=0, and E 4pp = Hpe,app*po,appHp([)/||p0||52(1)- The error E. lin-
early decreases with € as long as the approximation error e is negligible compared to
E. app (see figure 4.4(b)). Below a given e-value, varying with the mesh size, the total
error can be assimilated to ey and the decrease of € is ineffective. The discrete oper-
ators being second order accurate, eg is quadratically decreasing with the mesh step
h. As a consequence, we can conclude that pc qp, converges to pyp when e converges
to 0 along with h. This is exactly the Asymptotic-Preserving property of the scheme
we intended to validate.

5. Conclusions and perspectives
In this paper we have presented an Asymptotic-Preserving numerical method
for singular perturbation of non-linear anisotropic reaction-diffusion problems. The



222 AN AP-METHOD FOR ANISOTROPIC DIFFUSION PROBLEMS

-scale

2_ g _ 2_ _ ;
L“—norm of the error pﬁ'app Py in Iog10 scale L“—norm of the error pEvapp pO,app in Iog10

e

Error in Iogm—scale
|
&
Error in Iogm—scale
|
&

10+ 1 101

-12 1 121

_1ab ——PeapyPo Moo | 14l ——Papp o app Miooo) |
“O-Peaw o Myo) ~O-Peappapp Po My
-6 -14 12 8 6 -4 -2 0 2 -6  -14 12 8 6 -4 -2 0 2
€in Iogm—scale gin Iogm—scale
(a) Ee, M2oo and Migoo meshes. (b) Eec,app, M20o and Migpo meshes.

Fic. 4.4. BEvolution in logyg-scales of Eec=|pe,app —polly2(ry/IPolle2(ry (left) and of Ecapp=
llpeapp _povaPPHZ?(I) / HPOHN(I) (right) as functions of € computed on uniform meshes constituted of
200 x 200 cells (M2oo) and 1000 x 1000 cells (M1ooo) are considered. The simulations are performed
with b, He, and ge defined by (4.6) and (4.2).

Asymptotic-Preserving property of the scheme is ensured thanks to a solution decom-
position explained in full detail in the most simple framework of a linear problem. This
method is then generalized to non-linear problems thanks to Gummel’s linearization
method.

In a second part, several two-dimensional numerical investigations of the AP-
scheme are performed. These tests reveal a very weak dependence of the scheme
accuracy with respect to the anisotropy direction, demonstrating the relevance of the
use of non-adapted coordinates. The Asymptotic-Preserving property of the scheme
is also validated for vanishing e on linear as well as non-linear problems. The solution
of the limit problem is accurately captured with no restrictions on the anisotropy
strength. Furthermore, the computational efficiency of the method, in terms of mem-
ory as well as CPU usage, does not depend on this anisotropy strength.

Several applications of the present work can be investigated: at present, the
method has been used for the resolution of linear anisotropic diffusion problems for a
two-fluid Euler-Lorentz model (see [6]).
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