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EXACT SOLUTIONS OF ONE-DIMENSIONAL TOTAL
GENERALIZED VARIATION*
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Abstract. Total generalized variation regularization has been introduced by Bredies, Kunisch,
and Pock [K. Bredies, K. Kunisch, and T. Pock, STAM J. Imaging Sci., 3(3), 492-526, 2010]. This
regularization method requires careful tuning of two regularization parameters. The focus of this
paper is to derive analytical results, which allow for characterizing parameter settings, which make
this method in fact different from total variation regularization (that is the Rudin-Osher-Fatmi
model [L.I. Rudin, S. Osher, and E. Fatemi, Phys. D, 60(1-4), 259-268, 1992]) and the second
order variation model [O. Scherzer, Computing, 60(1), 1-27, 1998] regularization, respectively. In
this paper we also provide explicit solutions of total generalized variation denoising for particular
one-dimensional function data.
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1. Introduction
Total generalized variation (TGV) denoising has been introduced in [5]: Given
keNy and a function u®: Q — R, where Q C R?, the method consists in determining

uX::argmin{g’;f(u) :ueL2(Q)}7 (1.1)
where
Gt (u) == %/Q(u—ué)de - TGVE () (1.2)
with
TGVE(u)

:sup{/gu(v-)kqﬁdx:¢€C§°(Q,Symk(Rd)), (V)| o <N 1= 1k}

and Symk(]Rd) denotes the space of symmetric tensors of order k with arguments in
R?. There can be imagined several realizations of H(V')k*lvHLm to be implemented:
one of them is H(V~)k*l¢>HLoo :sup{|(V~)k’l¢>(ac)|l2 :z€Q}, where |-|;, denotes the
Frobenius-norm of a tensor. Note that the definition here is slightly different from
the one in [5], where in the original definition, the enumeration of the indices of \; is
reversed.

Throughout this paper, for the simplification of notation and considerations, we
restrict our attention to the case k=2. Consequently, from now on, we omit the
superscript k£ in the TGV-functional.

*Received: June 17, 2013; accepted (in revised form): February 21, 2014. Communicated by
Luminita Vese.

TDepartment of Mathematics, Alpen Adria Universiit, Klagenfurt, Austria (Christiane.Poeschl@
aau.at).

fComputational Science Center, University of Vienna, Oskar-Morgenstern Platz 1, A-1090 Wien,
Austria and Johann Radon Institute of Computational and Applied Mathematics, Austrian Academy
of Sciences, Altenberger Strafie 69, A-4040 Linz, Austria (Otmar.Scherzer@univie.ac.at).

171



172 EXACT SOLUTION OF ONE-DIMENSIONAL TOTAL GENERALIZED VARIATION

The goal of this paper is to increase the knowledge about structural properties
of TGV-denoising, and to put this method into perspective with total variation and
second order total variation regularization by analytical means. This is done in two
different ways:

1. The main result of this paper concerns the characterization of the sets of
regularization parameters A= (A1, A2) such that the minimizers of TGV, x,
either equal total variation minimizers or minimizers of the second order
total variation minimization, and to determine sets of parameters where TGV
minimization is in fact different from either one of them.

2. We study analytical solutions of simple one-dimensional test-cases, where
d=1, Q=(-1,1), and k=2. In this simple situation TGV-denoising (1.1)
simplifies to minimizing the functional

G:L*(—1,1) 5 RU{+oc},

u%g(u):zé[l(u—ua)de—|—TGV,\1,>\2(u). 13

In the specific one-dimensional situation TGV, x, can be written as

TGV)\I’,\2 (u)

1 " , (1.4)
Sup{/lw dz: 6 € C (=110, 6] oo <Aus 61l 92}.

Similar to our previous work [15] for total variation minimization and mini-
mization with totally bounded second derivative, it is possible to characterize
the minimizers of TGV, », in a simple manner using Fenchel-duality theory.
We show that the minimizers are either equal to u’ or piecewise affine func-
tions that bend or jump, whenever the first or second primitives of the dual
functions attain an extremum.

We then study explicit solutions of TGV-denoising for the basic test data

cases
1
v (@)= el - &,
2
6 ].
Tr—U (I) :1[_1/271/2](1’) — 5,
and

z—ul(z)=12> —1.
3
For the first two exemplary cases the minimizers of the TGV-functional (1.3)
are weighted sums of TV-minimizers and TV?-minimizers. The second exam-
ple has also been studied in [4]. However, there no complete characterization
of the parameter sets have been stated where the TGV y, »,-minimizer equals
either L? — TV, L? — TV?-minimizers, which is a focus topic of this work.
The outline of this paper is as follows: In Section 2 we introduce preliminary
notation and the main definitions. We derive characteristic properties of minimizers
of the TGV-denoising problem (in d-dimensions) via convex duality theory (sections
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3, 4). Later we restrict our attention to the case d=1 and show that minimizers
are either equal to the data or piecewise affine linear (cf. Section 5). Finally we
calculate explicit minimizers for the TGV, i,-functional in the case where the data
are the absolute value (Section 6), the indicator function (Section 7), or a quadratic
polynomial (Section 8), respectively.

2. Notation

Let Q CR? be a bounded, connected domain with Lipschitz boundary. Moreover,
let u?: Q2 — R belong to L?(9).

For i € N we define the following functional:

FL*(Q) - RU{+o0},
(2.1)

u— F(u) ::%/ (u—u’)?dz + TV}, (u),
Q

where

TViAi(u):: sup{/Qu(V-)i(bdx:¢€C§°(Q7Symk(Rd)),

(V)0 e gxi}, (2.2)
where
1) 0] o =s0p { (V)0 ()] s 22 €2},

and |(V+)'¢|,, denotes the Frobenius-norm of (V-)¢.
The minimizer of (2.1) is denoted by v§ . The minimizer of (1.2) is denoted by

Uy, Aa-
Because

TVY, (u) = NTV (u), (2.3)

we see that minimization of the functional F' from (2.1) is standard L?—TV-
minimization with regularization parameter \;. L? — TV-minimization has been stud-
ied widely in the literature. In the one-dimensional d=1 setting it is used for regres-
sion (see e.g. [11, 7]); analytical solutions have been calculated for instance in [6].
In image processing, for d>2, L? —TV-regularization it is called the Rudin-Osher-
Fatemi model [16]. Regularization with derivatives of higher order bounded variation
has been studied for instance in [17, 19, 14, 15, 18]. The function spaces of functions
of bounded Hessian, and more general convex functionals of functions of bounded
Hessian have been introduced and considered in [8, 9].

3. Fenchel duality and applications

In the following let H be a Hilbert-space. In this case it is common to identify
‘H with its dual space and to identify the dual pairing (u*,u) on H* and H with the
inner product on H. For instance when H=L*(2), (u*,u) = [,u*udz.

We start by defining the *-number, which is a generalization of the dual norm of
a Banach-space, to convex, positively homogeneous functionals.

DEFINITION 3.1. A proper, convez functional T :H — RU{+o0} is positively homo-
geneous if there exists some l=1,2... such that T : H—RU{+o0} is [-homogeneous,
which means that

TOw)=N'"T(u), VAER.
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DEFINITION 3.2 (The s-number). Let R:H—RU{+oc0} be a positively homo-
geneous and conver functional. For u* € H define

[u]l, g :=sup{{u",u) :u€H,R(u) <1}.
Moreover define
B, = {u* eH:flu", r < 1}

as the dualball with respect to the x-number.

EXAMPLE 3.1. From (2.3) it follows that

1 *
STV T ™[] v - (3.1)

[l
Note that according to our definition
TV, =TV’  VieN.
LEMMA 3.3. (see [18, Lemma 4.6]). Let R be positively homogeneous and set
P:={peM:R(p)=0}.

From the assumptions that R is positively homogeneous and convez, it follows that P
is a linear subspace of H. Denote

PLi={u*cH:(u*,p)=0,pcP}.
Then ||u*]|,  =+oc for all u* gPL.

DEFINITION 3.4. Assume that i=1,2,.... Let H=L*(Q), R= TV, , and let P’ be
the set of polynomials of order i—1. Then

H = {ueLQ(Q):/ u(z)z! dr =0, |j|=0,1,...,z‘—1,jeN3}:73“. (3.2)
Q

REMARK 3.2. Because C2°() is dense in L?(Q), and © is assumed to be bounded,
it follows that

H = {ueCﬁO(Q):/u(m)xjdxzo,|j|:O,1,...,z'—1,j€Ng}.
Q

The following lemma is a direct consequence of Lemma 3.3 and the above defini-
tion.

LEMMA 3.5.
o TVi,. i=12: For allu @H', [[u*]|, pyy =+oo.

o TGV-functional: For all u* ¢ H?, ||UJ*||*,TGVAl ,, = +oo.
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The definitions of the ||~||*,TV§ ~-norms are similar to those in Meyer’s book [12];

see also [1]). The difference is that there Q=R? is considered, and the elements of
the space L?(RY) satisfy natural boundary conditions at co. Because we consider
bounded domains €2 we restrict attention to the subspaces H’ rather than to L2, as
in Meyer’s book. Another possibility, instead of factorizing out polynomials, is to
consider boundary conditions on the bounded domain 2, which has been realized in
[2].

The Fenchel dual of a proper functional &: H —RU{+occ} is defined as

S H—-RU{+o0}.

u =S :=sup {(u",u) —S(u)}.
u€H

The following results can be found in [10]; see also [18].

REMARK 3.3.
e Let 7 be 1-homogeneous, then the Fenchel dual function is a characteristic
function of a convex set C*. That is,

. 0, for u* €C*,
7o) =xe-(w)={ o i (33)
In particular, for 7 1-homogeneous,
C*=B7. (3.4)

e Let SR be convex and proper functionals defined on H. Denote by 4 a
minimizer of the functional u— S(u)+R(u) and denote by &* a minimizer
of the functional u* —S*(u*)+R*(—u*). Then the extremality conditions
hold:

€08 (u) and —4" €OR(u). (3.5)

EXAMPLE 3.4.
1. The dual functional of

S:L*(Q)—R
3.6
u—>%/ﬂ(u—u5)2dx (3.6)

is given by
S*:L*(Q) - R,

1
u*%f/u*zdx+/u*u5dz.
2Ja Q

In the case of the quadratic functional the extremality condition (3.5) for a
minimizer shows

(3.7)

s (3.8)

Il
>
|
IS
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2. Let
R=TV} :L*(Q) > RU{+o0},

which is 1-homogeneous. Then

R u*)= sup {/Qu*udx—TVg\i(u)}(— s (),

weL2(Q) 2.3) A TVE
where the characteristic function is 0 on the closed unit ball C* Bf\ v and
400 else.

3. Let

R=TGVy, x,: L*(Q) = RU{+o0},
which is 1-homogeneous. Thus R*(u*) =XBigy, | -
1,72

4. Regularization methods with 1-homogeneous regularizers
In the following we derive some properties of regularization functionals with S
from (3.6) and 1-homogeneous regularizers R. We denote

u—E(u):=8(u)+R(u).
REMARK 4.1. From (3.4) we know that
R* == XB,’,*Q-

Then the extremality condition (3.8) guarantees that @*=1u—u’€Bs and from
Fenchel-duality theory we see that

%/ﬂ(ﬁ—u‘s)deJrR(ﬂ)

=inf{S(u) +R(u)}
=—inf{S*(u")+R*(—u")}

=—8*(0*) = xBy, (—0") (4.1)
%,_/
= / +u5(ﬁ—u5)dx.

(3.7)

In summary we have shown that
a7 = <
R(ﬂ):—/ (a—u®)” +u? (a—u?) d:z::—/ (i —u’) ada.
Q Q

e (4.2), applied to L2 —TV-minimization, shows that vg\i, the minimizer of F*
(see (2.1)), satisfies

o5

(4.2)

TV, <1 and TV&Z_ (v5,) = —/Q(vﬁv —u‘s)vii dz. (4.3)

i

TV <1 implies that vije?—li, because according to Lemma 3.3
TV,
H 21* would be +o0o otherwise. This, in particular, means that if

* TV7
ul e H?, then also v)\ EH.
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e (4.2), applied to TGV, »,-minimization, shows that uy, »,, the minimizer of
(1.3), satisfies

4
#, TGV, x, <1and TGVy, », (u>\17/\2) = _/Q(UMJQ —u )u)\h)\z dz.
(4.4)
<1 implies that uj_ ,, €H? (Lemma 3.3). Because

*
Uxi Az

Now Hu*
)\17)\2 *,TGV)\l))\Q

UL, Ay = UAs, s —u?, u® € H? implies that also uy, , € H?, hence by assuming
that u® € H? we can equivalently minimize G over H? instead of L?(Q).
LEMMA 4.1. If u satisfies (4.2) then u minimizes .
In particular
o u minimizes F* if and only if — [, (u—ud)udz = TV}, (u) andu—u® in B
i
e u  minimizes the TGV-functional if and only if fo (u—u’)ude=
TGV, 2, (u) and u—u® in Brav,, s, -
Proof. We prove the lemma by contradiction. Assume that w satisfies the
assumptions of the lemma but is not a minimizer of £. Then there exists some v #u
such that v minimizes £ and £(v) <& (u). From (4.4) it then follows that

R(v)= —/Q(v—u‘s)vdx.

Therefore, from the assumption that u satisfies (4.2), we see that

%/Q(U—U(S)de—/ﬂ(v—u‘s)vdx
:%A@_wfm+Rw

1 U—U,é 2 X u
< [ (=) de+R(w)

:%/Q(u—u‘sfd:ﬁ—/g(u—u‘;)udx,

1 1
—§/§2v2dm<—§/ﬂu2d:ﬂ. (4.5)

The dual functional of a convex, 1-homogeneous function R is the characteristic func-
tion of By (cf. Remark 4.1). The Fenchel-duality theorem (see e.g. [10]) states that
v*:=v—u’ minimizes the functional w* — S*(w*) over Bi, where S* is as in (3.7),
such that we have now

S*(v—u‘s):/ﬂ(;(v—u5)2+(v—u5)u5) dx
SS*(u—ué):/

Q

so that

(37t )

The inequality above simplifies to

1 1
f/Udegf/qum,
2Ja 2Ja
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such that we obtain a contradiction to (4.5). Hence the assumption that v#£w is a
minimizer of £ was wrong. O

LEMMA 4.2. Assume that R is a 1-homogeneous functional on H. Then uyi, =0
minimizes £ if and only if ||“5||* = <L

Proof.
e 0 minimizes £ = Hu5H <1: If Upin =0, then u’;, =—u’ and the extremal-
ity conditions from Remark 4.1 state that wu;,; €By. This means that
[[Uminll, g <1 and consequently Hu5||*7R <1.
° ||u‘5||*7R <1= upin =0: We prove this implication by contradiction. Assume
therefore that Hu‘S H YR <1 and that umi, #Z 0 minimizes £. This, in particular,

means that R(umin) <+00. Then from (4.2) it follows that
_/ umin(umin - uﬁ) dx :R(umin) Z HU(SH* RR(umin)~
o :

Rearranging the terms and dividing by R(umin) shows that

- [ e [ At ),

(4.6)
:sup{/ u pdr: R(p) < 1}.
Q
Because, by assumption, 0# umi, € L#(£2), we also have
mln d 0-
/ R urnln . >
This, together with (4.6), shows that
5 Umm 5
su dr:R(p)<1 ————u’dx
R?L3IL’I,,
> [[w’ll, =
:sup{/ updrR(p) < 1},
Q
hence we obtain a contradiction to the assumption i, # 0.
O

EXAMPLE 4.2.
1. If R=TV} , then from Lemma 4.2 it follows that v§ =0 if and only if

; :
el <1

2. TGV, »,-minimization: Choose R=TGV}y, ,. Then from Lemma 4.2 it
follows that uy, , =0 if and only if Hu‘SH <1

>|<,’TC}\/)\17>\2
These results are similar with those in [12], where T'V-minimization of functions on
Q=R< have been considered.
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5. Extremal properties and solutions of 1D-TGV

In the following we consider the case d=1 and Q=(—1,1). We derive some
characteristic properties of the minimizers uy, y, of the TGV, i,-functional Gy, x,,
defined in (1.2).

Below, by some basic considerations, it is possible to identify sets of parameters
X=(A1,A2) for which uy, », equals some vy, i=1,2.

For d=1, the dual-norm ||||*TVA ,i=1,2, ||u*||*’TGVAM27 respectively, can be

easily calculated via integration. To see this, let
o’[u*)(z) :==u*(x),

ot u*](z) ;:/I u”(t)dt, (5.1)

-1

0i+1[U*](I):=/m ollut)(t)ydt,  VureL3(~1,1).

—1
LEMMA 5.1. Let Q=(—1,1). Then for alli=1,2,...,

U={ypeC>(-1,1):07¥](1)=0,j=1,2,...,i—1}
=H'NC(~1,1).
Moreover,

Wi=H" (5.3)

Proof. If u* € H'NC(—1,1), then
1 .
/u*x]d:czo, Vj=0,1,...i—1.
-1

For fixed i we prove by an inductive argument that for u* € H'NC°(—1,1) also u* €
vl
e If j=1, then u* € H' implies that

aj[u*](l)zal[u*](l):/l u*dx:/l wdz =0,

—1 -1
e Let 2<j<i—1 and assume that o*[u*](1)=0 for k=0,1,...,j—1. Then

aj[u*](l):/ aﬂ‘—l[u*}dmz—/ T2z dz + o7 [ (1).

-1 —1
The right hand side vanishes because u* € H'NC2°(—1,1) and by the induc-
tion assumption.

The reverse direction can be performed with an analogous induction argument.
(5.3) follows from Remark 3.2 and the fact that H’ is closed in L?(—1,1). O
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Using this lemma we are able to derive a characterization of the TV-seminorm

via o?: For all u€ L?(—1,1) we have the identity
TV (u)

1
/ ug'dr:peC(—1,1), 16|l 1 Sl}

-1

=sup

=sup

1
/ wpdzr:p € UNCE(-1,1), |0’ ]| , <1}

-1

1
= sup{/_lu(bd:zc:qzﬁe’f‘-liOCSO(—LI)7 O’i(¢)HLw§1}.

—~
(5.2)

1
Sup{/ uqsldx(i’z ecgo(flvl)aqﬁj(il):()a]:Oa]-a717]-’H¢||L°° <1
1

|

Using (5.3), W =%, and the fact that u— o [u]HLOO is lower semi-continuous with

respect to the L2-norm, it follows that

TV, (u) = NTVi(u)

1
:sup{/ updr:peH?,
-1

(D) gxl}.

From [15, Theorem 5.1] we then get an equivalent characterization of TVé\i:

1
TVf(u):sup{/ wpdz:p €M, ||l py; Sl}.
1

In an analogous way, we can rewrite the TGV, ,-functional

TGV}\L)@(U)
1
:sup{/ ug” dx:peC(=1,1),[|¢'|| Lo <A1, (0]l o S/\z}
1

1
_sup{/ 1u¢dx:q§€7—lz, o' [0]]| e <A1 [J0?[9]]] gxz}.

LEMMA 5.2. Let d=1 and Q=(-1,1).
o ForueH? and i=1,2, we have

TGV, 2, (1) < TV, (u).

o Foru*eH? and i=1,2, we have

<|lu”

||’LL* *7TV§1_ S ||a‘7‘[u*]||Lm ’ ||’LL*| *7TV§1_

As a consequence
B?}‘GVAL)\Z CB?Vil QB;‘VQ&'
On the other hand, if u* satisfies

[l (w")

Lo SAi =12, then u* €Brgy, | -

#, TGV g °

(5.4)
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Moreover,

TGV)mAQ(u)_sup{/m/}clx:q/)e7-L2:||1/;|*7TGVA1A Sl}. (5.10)
Q sN2

Proof. First, we note that for every p € H?

/ppdx:(), Vpe Pl (5.11)
Q
e From (5.6) it follows that

TGrV)\l,,\2 (u)

1
:sup{/_1u¢dx:¢€H27||al []]] e <A1u]|02 1)) oo <>\2}

1

gsup{/ updr: e H?, og[qﬂHLwS)\z}
—1

=TV§\2(u), YueH?.

Moreover, from (5.5) and (5.11) it follows for all u € H? that

1
sup /_1u¢dx:¢€Hl,||al MHLOO <)\1}

1
:sup{/_1u¢dm:¢€Hlﬂ’P2l, ||01 [QS]HLOC S)\l}

=sup /11u¢dm:¢€?-l2, al[qﬂHLmS)\l}
=TV}, (u), VueH>
Thus
TGV, (u) STV} (v),  YueH?.

e Because TV&I_ and TGV, , are lower semi-continuous on L?(—1,1) it follows
that
{ueHi:Tvgi(u)gl}
={ueCx(-1,1)NH: TV} (u)<1}
- {’LLGCgo(fl,l) NH? :TGV)\h)\2 (u) < 1}
={ueH : TGV, »,(u) <1},  Vi=1.2. (5.12)

Therefore, from (5.11) it follows that
||u*||*7TV§i sup{/gu*udx € ’Hi,TVi\i (u) < 1}

:sup{/u*udx:u6H2,TV§\i(u)§1}, Yu* e H2.
Q
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This, together with (5.12), implies that
[|u” H*’Tvii =sup {/ﬂu*u dr:u€ ’HQ,TVf\i (u) < 1}

Ssup{/ wudr:u€H? TGV, a, (u) < 1}
Q

ravy, VU EH? (5.13)

The definition of the *-number shows that

1
||U*||*,TV§:SUP{/ u*udx:ue?—li:TV§(u):1}.

-1
1:TV§(u):sup{/1u¢*dx: P eH, Hol((b*) |Loo §1}

1 ¢* }
=5 — L dx:¢p*eH ;.
”p{/l“ww*)m roe

Choosing ¢* =u* then gives

For all u€H' satisfying TV: (u) =1 we have

VueH! with TV (u)=1.

I

1
/ wudx < Hal(u*)
1

This shows that

e To prove (5.9) we use the definition of the *-norm:
HU*”*,TGVM,)\Q
:sup{/tu*udm:u6’;’-{2,TGVA1,>\2(U)<1}7
TGV, a, (0)
—sup [ "t 0 €€ L1161 1 e

The function ¢ =o?[u*] satisfies
i U* — ¢//;

ii by assumption,
19"l oo = (o (@) e S AL oo = [0 (W] o < Ao

If TGV, A, (u) <1, it then follows that

1
/ wu* dx <TGV, »,(u) <1.

-1

Taking the supremum with respect to u then shows that [[u*[|, gy, <1
? 1
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On the other hand, according to (5.13), u* € Biay,, ,, implies that

max {[u |, vy sl opvz f <1
1 2

Because
1., .
e llezvy, = 5 llo Ml V" €Biay,,
it then follows that
o' ]| <A1, VUt E€Bigy,, ,, Yi=1,2.

e Asa consequence

TGVAl,Az(U)ZSUP{/ ud” dz: ¢ € C°(Q), |6 | oo <A1, 110" | oo S)\z}
Q

—sup{ [ e e W 0l g, <1

LEMMA 5.3. For ’
Ao >0 o3 ]| e (5.14)
we have vy =ux, x, and TGV, x, (v}, )= TVil(vil). On the other hand, if
a2 o [ s (519

then vf\z =Ux,,n, and TGV, », (vf\z) = TVi2 (v§2).

Proof.  We only prove the first assertion. The proof of the second assertion is
analogous, and therefore omitted.
We summarize two properties of fuil:

Lo <o

e Because v} minimizes (2.1) it follows from [15] that oy [v} *] <.
From (5.9) it then follows that

e By assumption ||o?[v} *]

vA €Blav,, ., - (5.16)

Because v}\l is the minimizer of the TV-functional F! it follows from Lemma 4.1 and
(5.4) that

1
—/ 1(11/1\1 —u‘s)v/l\1 dx :TV}\1 (’Uil)
1
_sup{/ v}\lv*dx:v*EHlﬂCé’o(—l,l),Hal(v*)||Loo S/\l}.
1

(5.17)
1 *
Moreover, because vy * € BTGV)\L)\z’ we have

1
0=TGVj, ,(vA,")=sup {/ vy uda —TGVM’)\Z(u)},
wer?(—1,1) LJ-1
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and in particular for the test function u=—v} ,

1 1
— [ = ddo == [ ol de <TGV (—0d, ) = TGV, (0,

This, together with Lemma 5.2 and (5.17), shows that
1
—/ 1(1&1 —u)vy, dz <TGV, 5, (v},) STV}, (v3,) = —/(U}\1 —u)vy, dz, (5.18)
and therefore in particular
1
—/ (vy, —w)vy, dz=TGVy, »,(v},). (5.19)
—1

Applying Lemma 4.1 with (5.16) and (5.19) shows that v}~ also minimizes the
TGV, z,-regularization (1.3). |

DEFINITION 5.4. We define

A= {()\1,)\2) 1< Hal (vf\z*)

and 1< H02 (v3)

[}

=

COROLLARY 5.5. If ()q,x\g)E[Hal (u‘s)HLm—&-oo) X [HUZ (u5)||Loc,—|—oo), then
Ux, x, =0.

Proof. Because of (3.1) and (5.7) we have

Az ot (@)]| o 2 0], pyy and Ao 2 [l (@) o =[]

*, TV2"

Therefore, from Example 4.2 and Lemma 4.2 it follows that vf\z :vi1 =0.
Using Lemma 5.3, 1@\2 :v}q =U,,),, and therefore the assertion follows. O
LEMMA 5.6. Let uy, ,, be the minimizer of u* — S*(u*)+ TGV}, 5, (—u").
1. Then, on each connected component of
B:= {:c: |01[u§\17>\2](x)| <\ and |02[ujh)\2](x)| < )\2},
Uxn,.ae (2) | B 1S @ polynomial of mazimal degree 1.

2. If there exists an interval A such that either ol[uj\hh](m)‘ =\ forallzeA

or ‘Uz[ujmz)](x)‘ =Xy for all x € A, then uy, », =u’ on A.
3. Jump Condition: If there exists xo € (—1,1) and € >0 such that
11, *
o lu o) =M1 and
1[ il,xz]( 0)=M (5.20)
lot[ui, 2, )(@)] <A1, Vo€ (zo—e,z0+€)\{zo},

then there exist constants ¢y, and di <ds, such that

u ($): Cll'+d1, .’Ee(xo—G,xo), (5 21)
A cix+de, x€(xg,z0+e). '

If, instead of the first condition in (5.20), Ul[“il,xg](%’o)Z—/\l holds, then
Uz, satisfies (5.21) but dy <d,.
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4. Bending Condition: If there exists xg € (—1,1) and some >0 such that

02[U§1,A2]($0):/\27

|o?[ui, 2, )(2)] <Az, Va€(zo—e,z0+€)\{zo},

then

cax+dy, x€(xo—e10),
u)\17)\2( ) {

car+da, x€(x0,20+€)

(5.22)

(5.23)

is continuous at xg, and co <cy, where the later condition we refer to as

negative bending.

If instead of the first condition in (5.22), o*[uj, ) (T0) =—A2 holds, then the

function is positively bending, i.e., ¢1 <ca.

(4)

’\ UXi, A2

negative bending

MYANGVAN

“Amz “A1,A2

u>\17>\2

F1c. 5.1. Illustration of Lemma 5.7 and 5.6.

Proof.  Recall that if w* € H2, then w* #Bigv,, ,,» hence in the following we

restrict our attention to w* € H?. The Kuhn-Tucker condition —uy, », € IR* (ujl )\2)

guarantees that

1

R*(v*)—R*(ujl))@)—i—/ Ung p, (V= U}, 5, ) de >0, Vot eHZ

-1

M * *
In particular, for w* € BTGVA],AQ we have

1
/ Uy o (w* —uf\hh) dx >0.

1

Item 1: Let (a,b) be an open interval such that

o' [u}, 2, ()| < Ai, for all i=1,2 and z € (a,b).

Moreover, let ¢ € C2°(—1,1) with supp(¢) C (a,b) such that also

(5.24)

ai[uﬁ\h/\z](aﬁ)—l—(f)(z_i)(x)‘ <\, for all i=1,2 and z € (a,b).
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Then,
N /!
'LU* ’_uj\l,)\Z +¢ € B’?GVAL)q’

and therefore it follows from (5.24) that

b
—/ " ux, A, dr <0, VpeCX(—1,1) with supp(¢) C (a,b).
a

Hence, uy, », is a polynomial of order one in the interval (a,b).

Item 2:
e i) Assume that

Ul[uih)@](x):)\l, Va € (a,b).

Then

/

u (@) = ung 2 (@) =0, 5, (2) = (01U}, ,]) (2) =0, Vae(ab),

and therefore u’ (x) =uy, ,(z) in (a,b).

ii) Assume that
|2 [u}, 2, ) ()] = Ao, Va e (a,b).
From this it follows that

0=(0%[u}, 1,))" (x)
= (o' [u}, 1)) ()

=UX; A2 (l‘) _ué(x)a V€ (a,b),

and therefore u®(z) =wuy, , () in (a,b).

Item 4: Item 4 is based on the assumption that there exists ¢ >0 and xg€(—1,1)
such that

o?lu}, x,l(wo) =Xz and o?[u}, ,,l(zo£y) <Az, Vye(0,e).

Then, from Item 1 it follows that uy, », is piecewise affine linear in (¢ —€,z9+€). To
be precise, there exist coefficients ¢q,d;,co,ds such that

o cx+dy, VIE(ﬁo—E,xo),
U>\17)\2(‘T){02x+d27 vx€($07$0+6). (525)
We prove the assertion of Item 4 in two steps.

1. Firstly we show that the coefficients of the piecewise polynomial satisfy c¢; >
Co.

2. Secondly we show that uy, », is continuous at xg, such that we can conclude
that it is bending at xg.
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A1

\
\
‘o ot €
= I
T

~

‘ot [w?]
N

\ Ul[“f\l,AQ]

F1G. 5.2. The figure shows the construction of w* satisfying (5.27) and (5.28).

a) To prove the first item, ¢; > ¢y, we use some w* EB?GVA1 N (see figure 5.2)
satisfying

o [w*)(w0) =0, (5.26)

[uX, 2, (%), V& (zo—"€,70+6),
Ul[w*](x)gol[u}il’)\z](x), Va € (xg—€,x0),
[ux

(@), V€ (mo,20+6),

Zo (5.27)
pim [ @)= o, a ) e

and

o?lw*](z) <o?[ux, z,)(®), Vo€ (zo—€,x0+€)\ {20},

0<02[u}, . ) (w0) — 02 [w"] (o) < . (5.28)

With such a function w* it follows from (5.24) that

1
OS/ Uy Ao (w*—uf\l,,\z) dx

-1

xo+e€
— [ =0, 0, e
€T

0—€
xo+e€

:cl/xi (crl[w*]—o’l[ujh)\z])dz—k@/ (Ul[w*]—ol[uilm])dx

Zo

=—pu =u
=p(ca—c1),
which shows that ¢; <co because p>0.

b) To prove the continuity of uy, , we use a function w* El’)’{ﬂGVMYA2 which
satisfies

o?[w*](x) =U2[uf{w\2](x), Vo & (xo—€,x0+€), (5.29a)
o’ [w*](z) #o*[ux, »,) (@), fora. a.we(zo—e,zo+e), (5.29b)



188 EXACT SOLUTION OF ONE-DIMENSIONAL TOTAL GENERALIZED VARIATION

o’ [Uf\l,AJ

Fic. 5.3. w* satisfying (5.29).

ol lw* —u*](xo) =a #£0, (5.29¢)

o 1,61 11, % — w0+61*71*
(o w*] =o' uy, »,]) do (o' w*] =o' ux, »,]) dz.  (5.29d)

0—€ 0
Such a function is represented in figure 5.3. With such a function w* it follows
from (5.24), (5.25), and integration by parts that

1
* *
OS/ Ury s (w —u/\W\Q) dx
—1

=o'w* — uf\hAZ](:z:o) (—c1x0—dy +comg+da)

=a

xo xo+e€
o [ @t g e [ (@M ) =0t 0, o
To—€ o
(5.30)
Choosing @w* such that o![@* —u}, ,)(¥0) = —a, but otherwise satisfying the
same properties as w*, i.e. (5.29a) and (5.29b), we then obtain
1
OS/ Ur; Ao (d}* _“;1)\2) dz
—1
=o'u* - u}, z,](20) (—c120 —di +coz0 +da)
R 1 e 1
o [ (@@ o g de e [ @)oo
To—€ Zo
(5.31)

Combining (5.31) and (5.30) finally shows
a (—01{130 —dq+caxp +d2) <0
<a(—c1zo—di +cazo+da2),

and we conclude that —cizo—d; +caxg+da =0, which shows that wuy, x, is
continuous at xg.

Item 3: Assume that uy, », is as in (5.23). In the case where
ot [u3, A,](®0) =A1 and

Ul[uil,,\z](y) <A1, Vye(zo—exo+e),\{zo},
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we select some w* € H? such that

uy, \, (@) =w*(z), Vrd(zo—e€m0+6),

U3, 2, () <w(2), Yz € (20 —€,20), (5.32)
X, x, (2) >w*(2), Vo€ (xo,20+e), (5.33)
and
! U3, ) (@0) = [w"] (z0). (5.34)
Defining

xo xro+e€
— 11,,,% * _ 1r,,.% *
a.—/ o wt—uy, y\,lde = —/ o [w* —u}, y,ldz,
- (5.34)  J,

0—¢€ 0

(5.24) can be rewritten as

1
* *
02/ UN; Ay (w —uAl’)Q)dm
-1

=—(c120 +dy)ot [w* —u*](zg) —cra+ (cazp +d2)al[w* —u*](z0)+c2a

=a(co—c1).
Now replacing conditions (5.32), (5.33), by

ul, 2, () >w*(z), Vae(rvo—ex0),
uj{l,,\g(af)<w>k($)a Va € (zo,20+€),
and again using (5.24) we also obtain a(c; —c¢z) <0. Thus ¢; = ¢s (jumping down when

o'fu}, y,]=+A1). Using the same arguments as in previous items, we can also show

that d1 Z dg. O

LEMMA 5.7. Let ux, x, be the minimizer of u— S(u)+ TGV, x,(u).
1. If there exists xo € (—1,1), such that uy, », is as in (5.21) (jumping up dq <
dz), then ot |:U'>;\1,A2:| (2og) =A1.
2. If there exists xg € (—1,1), such that ux, x, is as in (5.23) and ca <c1 (negative
bending), then o2 [u}‘\l)\z} (z0) = Ao

3. If there exists an interval A such that ux, x,(z)=u’(x) for x€ A, then one
of the following two statements holds:

(a) ‘01 {ujhAQ} (x)‘z)\l forxze A, or
(b) ‘02 {u}‘\l’AQ} (x)' =Xz and o' [ujh)\z} ()=0 forze A.

Proof.  Recall that if uy, , is different from u®, then wuy, , is a polynomial
(piecewise). Set I:=(xg—e€,20+E€).
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1. Now assume that uy, », is as in (5.21) and o {u’;\h)@} () <Ay for z€1. Then
we can find w* € By A\; N B3 A2 such that

w*(a:):ujh)q(x), for e (—1,1)\1,
ot [w*](zo) > o' [u}, x,] (w0),
o?[w*](z) =0 [u}, ), ] (2), for xe(—1,1)\I.

The last condition implies that

zo+te
i —w*)dx=0
x(u/\w\2 w) T ,
T

0—€

so that

1 xo xo+e
/ 1u/\1’/\2 (uilx)‘Z _w*)dx:dl/ (u§17/\2 —’LU*) dl‘+d2/ (u§1,>\2 _w*) dx
— X

=(dy—dy) (01 [w*] (z¢) — ! [u”j\hM] (xo)) >0.
>0 >0

Now this, together with (4.4), would give

1 1

* *
u,\17,\2u>\17>\2dm<—/ Un, AW d,
1

TGV)\17/\2 (u/\1,>\2) = _/

-1
which contradicts the definition of TGV, x, as the supremum of such inte-
grals. Hence o {u’;\hh} must be maximal at zg.

2. Set I:=(xo—e€,x0+€) and assume that uy, », is as in (5.23) and
o? {ujlm} (z) <Ag for z€ . Then we can find w* € By, ,, such that

w*(z) =u}, y,(T), for xe (—1,1)\1,
o* [w*](wo) > 0 [u3, ,] (w0),
ol [w(z)=0" [u}, ), ] (2), for xe (—1,1)\I.

The last condition and the continuity of uy, x, at o imply that

xo+e€
* *
/ UN; g (uAl’AQ—w )dx
T

0—€
xo+e€
_ ’ 1 * ¥
- / Uy 2T [UA17A2 w ]d:L'
xTrog—€
X0 L xro+e€ L
_ * * * *
——cl/ o [uAl,)\Q—w ]dx—CQ/ o [u)\l)\z—w ]dw
To—€ €

such that

1
[1UA1,A2 (U3, 2, —w) dz=(c2—c1) (07 [u}, , —w*] (20)) >0.

<0 <0
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Now this, together with (4.4), would give

1 1

* *
uA17A2uA17)\2d$<7/ Ux, AW A2,
—1

TGV, x, (Ur 2,) = */

-1
which contradicts the definition of TGV}, , as a supremum. Hence
ol {u’;\l,h} must be maximal at xg.

3. The proof is analogous to (1), (2).

6. Example 1
In the following we calculate the specific minimizers of TV, TV?, and TGV A1 Aa"
minimization for the test data

u’:(—1,1) =R
1 (6.1)

x»—)\x|—§.

In this case we have

1 )
Al ayy, =1l pvy =l 1] =/_ udr=g

and
Mol v =1l s = 0] = o) = 5 =3 ]
2 «TV3, *, TVZ Lo 123 *, TV1®
6.1. TV-minimizer. Using the same methods as in [15], we find that for

given data (6.1), the minimizer of the TV-functional F! is given by

2/\1—%, ‘JJ|S\/2/\1,
vy, =4 v’ (z), V2 <z|<1—+/2),
1-V2A,  1-V2X<[z[<1

(see figure 6.3 (right)).

The function v}\l and its dual v}\l* satisfy the following properties:

L TV (v},) =2—-4v2),
2. oA Nl oy =0 [0] () =, and
3 ok [l ays =10 [0 ) =20 (1= 3vER).

Hence, from Lemma 5.3 it follows that, as long as

2
*,Tvgz)‘l <1—3\/ 2)\1>, (6.2)

2> o}

the TV'-minimizer is also the TGV, »,-minimizer and

MTVi(v},)=TVy, (v3,) =TGVx, 2, (v),) = A1(2—4v/2)).
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A2

TV-solutioPs
RS 7 (8% v
il sl =l

00|, 72
TV 2-solutions
Az = HUiT”*,TV,Z =, \/ Uri A = v§2
A= [oXi vy 4]+ vy At

- F1a. 6.1. This (A1,A2)-diagram shows regions where G-minimizers are different or equal to
F*-minimizers. In the region with the horizontal lines we have ux, x, :v§2 , that is, the TGV, x,-

minimizer equals the TV?-minimizer. In the green region where (A1,A2) €A, TGV, »,-minimizers
are different from TV, TV? minimizers, respectively.

6.2. TVZ-minimizers. For u’ from (6.1) the minimizer of F? is given by

1 +

2 &

vy, =[1—-———X| u
’ ||U6||*,TV§ 7

where

[ (@) =max{f(x),0}.
Using Lemma 5.3 it follows that for

1
LA | ]

A>3 48], v
*,y 1

(6.3)

« TV £ TV

the TVZ-minimizer, i.e., the minimizer of F2, is also a minimizer of the TGV, a,-
functional G. In figure 6.1 we illustrate the (A1, \s)-region where the minimizers of G
are equal to minimizers of F2.

6.3. TGV, »,-minimizer. First, we calculate the set A (cf. Defi-
nition 5.4) for which the TGV, ,-minimizer is different from the TV'-minimizers,
respectively. For this particular data u’ this means that for

1 2 2
AQ ¢A2 = |: *)\1, (1 g\/ 2)\1) A1:| ;

12 3



C. POSCHL AND O. SCHERZER 193

the minimizer of the TGV}, »,-functional G equals a minimizer of a TV'-functional
Fi, for some i=1,2.

Let now Ay € Ag, which is the only case for which we can expect that the TGV y, x,-
minimizer is different from TV’-minimizers.

We introduce the two-parametric set of functions W, consisting of all functions
of the form

dlz|+c(1—d)—1, |z <e,
w(z,c,d) = ul, c<]z|<1—c, (6.4)
dlz|+c(d—1)—d+3%, |z|>1-c,
where c€ [0,1] and d€[0,1]. Note that

e w(zx,c,d) is continuous,

° w(l‘,o,l):w(m,%,l):ué(x and w(%%’ ):0,

o w(z,c,0)=v} (z) for \y =3¢,

e w(z,i,d) =0} (z) for \a=(1—d) ||u5||*7TV%.

0 c w(-, ¢, d)

F1c. 6.2. Illustration of the function w(-,c,d).

Assuming that wx, x, :=w(-,€x; 2s,d2,,2,) Minimizes G, Lemma 5.7 provides nec-
essary criteria for optimality of the parameters cy, x, and dy, »,, which are derived
in the following. Then, in Theorem 6.1 below, we prove that wj, , in fact minimizes
g.

Assuming that wy, x, is & minimizer of G it follows from Lemma 5.7 that

e For (A1,)2), such that dy, », >0, wx, x, bends at z=0. In Remark 6.1, we
calculate the coefficients such that dy, r, =0. Item 2 of Lemma 5.7 states
that then wy ,, =wx x, — u® satisfies

o? [w}, 2] (0)=—X2. (6.5)

e Ttem 3a of Lemma 5.7 states that because wy, x,(z)=u’(x),
€ (—14c¢x; 00, —Cr1,0,), We have

)\1 = |O'1 [wj\l,)\z] (C)\IM\Q)’ = ‘01 [w;(\l,)\z] (1 _C)\la)\2)| * (6'6)

(Item 3b cannot occur in this case, because Jl[wih)\z](fl+c>\l,>\2)7é0, for

any dA17A2 75 1)
Using a computer algebra system, we solve (6.5)-(6.6) and obtain

_ 2
M7 dx, )\2:1_§L)\1. (6.7)
21 ’

e = 92— A1)?
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REMARK 6.1. We want to see what happens for the special case when (\1,\2) € 9A,
that is we consider the following two sets of parameters:

{()‘17 u(sH*,Tvi)}’

(U3 vy 220 A2 € O, ) }-

7)\1 S (07

1 %
U\ *,va)

e In the case \g =X\, (1—}—% 2)\1) (this is the case where ||v}\1*|| =1; see

£ TVZ
Lemma 5.3), (6.7) gives dx, x, =0 and cx, x, =v/2A;. One can see that then
wy, », is either piecewise constant or equal to u® on (—1-+cx, xy,—Cayp)U
(cap. a0, 1 —Cxp 0, ). We see that for this particular choice of (A1,A2) we have
Wiy, Ay :v}\17 hence wy, », also minimizes F*.

e For \{ = %)\2 (this is the case where HU?\: =A1; see Lemma 5.3), we

*,TV1

|*,Tv1 2

have cx, x, :% and dx, x, = <1|u5)‘22> We see that wy, x, =v3_ .

THEOREM 6.1. For (A1,A2) €A and ca, ay, dag,ae Satisfying (6.7), wx, xy =Wx, A,-
In order to prove the theorem in a compact way, we need the following remark.

REMARK 6.2. In the next two items, we only rewrite wy, », as a linear combination of
minimizers of F*, where we have to replace \; by a different parameter p; depending
on A, As.

5||*7TVJ i € [O’HU‘SH*,TVJ set

e For given p € [O,Hu
M1 2

M=
H“(SH*,va

2
and M= LZ Hv}“ ||*,TV§ =12u9 (ul — 3\/2u13> )

Hu6||*,TV
(6.8)

1

Comparing the coefficients of the piecewise terms of wy, x,, we see that for
(A1,A2) €A we can write

H2 1

Wy, A2 = WUM +1)1212 : (6'9)

*, TV?
e On the other hand, for (A1,A2) € A given, we calculate uq,us by

_2 A 9 )
ot a2 M7 2

and express wy, x, by (6.9).

Proof. Using the triangle-inequality and the estimate TGV, », (u) <A\ TV(u),
we obtain

TGV)\lJ\Q (w>\1,)\2) < TGV)\h)\Q <M2v/111> +TGV}‘17>‘2 (Ul2t2)

5
(6.9) |u ||*,Tv§ (6.10)

SN —TV (0h,) + TV (o2,).
[T, oy



C. POSCHL AND O. SCHERZER 195

Due to the definition of TGV, », and the choice of the parameters Ai,\s, we have
that w3\, =wx x — u® GBi}GVM A, Such that

1
—/ Wy, Xy (w,\l,)\z —’ué)d.%‘STGV)\I)\2 (w,\l)\z). (6.11)

-1

In order to simplify the left side, we calculate

1 1
5 H1 s
_[1Ut1(wA1,A2_U )dx:_mﬁlvil(vil_u )dl‘
H1 1
A TV (o)
||U6||*,TV1 ( Il)
and
1
/v (wx, 2, —u®)dz
1
1
2 / 51 5
1— u’ (v, —u’)dx
( @ ||*TV2>||u6||*,m L =)
1 1
M2 1 5 1/ 1 s
1— z| (v, —u’)dr——= v, —u’)dr
( ||u5||*Tv2>||ué||*,Tvg [ eleh =y a3 [ (ah—a
| S —
Ul[vu*](l):O
0 1
2 17,1 %
1— /0’ dr — /O’ v dw)
( ||u5||*TV2> ||U5||*,Tv§ ( -1 [ M] 0 [ m]
‘U.5
TV2 v2 )% 202[ 1 *](0) QH,UI * ,va: 2””“;2’7“/12
= M TV?
STV (v)-

In total we obtain

1
—/ w,\l,)\2 (w,\l,)\2 —ué) da:

—1

:Huéfilwl A TV () +ATVE (v,).
*, 1 )

=T.351 - H1
Tl e

Comparing with (6.10) and (6.11) we have

TGV, 2, (Way 0,) = */wxlm (wr; 2, —u’),

which together with Lemma 5.7 implies that wy, ), is a minimizer of G. d
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\ /uxl,& \ /uxl,& \ /uxm’z
A4 N N

A1

\/ Jl[z;i;] \ /01 u;h/\z} \ / UM

A2

,\1 )\2 UAl

/ \/v

FiG. 6.3. ux, x, for fived \1 and changing A2. In this particular case we have Xo €Ay and
):2,)\2 & Ao with A <2 < X2, such that Ux, Ry :vil and ux; A, :v?\Q,

7. Example 2
Consider now as second test-data

where 1, ;) is the indicator function of the interval [a,b]. Then

1
*TVZ g

1
|*,TV% :1’

J? la?
First we calculate minimizers of F, as defined in (2.1), in order to obtain the sets
(A1,A2), where, according to Lemma 5.3, the TGV, »,-minimizers are equal to some
TV*-minimizers.

7.1. F'-minimizers. From [15], we know that v} := <1 - ng)‘ll) u® min-
« TV1

imizes F! with the test data u®. Furthermore, we have

|| 1 HU(SH*,va

:)\1 :
1 ||*,TV% ||u6||*,TV%

Applying Lemma 5.3, we conclude that v/l\l minimizes G as long as

[u?]]. A
9| v A eTVE A (7.2)

)\22 Uy, — U
H ! ||U5H*7TV} 2
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Z1 12

/N

- / \

FIG. 7.1. Three different types of F? minimizers v§2: They can bend once (3), twice (2) or
four times (1).

| ~ d k& .
\ v — — U™ UNy, Ao

)\1\\ - A1 Al

Ul[uil,,\Q]

A2 D s

o?[u, »,]

F1G. 7.2. ux, x, for fized A1 and changing A2. In this particular case we have (/\1,5\2) €A and
(A1,22),(A1,22) €A with Ao < A2 < Ao, such that Ux; g :Uil and ux; :viz.

7.2. F?-minimizers. There are 3 different types of solutions (see [15] and
figure 7.1):

1. For A2 €[0,5;(v2v3—v/3)) v, is bending four times and uy, =u® in a re-

24
gion near z=0. H’U/Q\; = Hal[v?\;‘]HLoo =g(A2), where g(A2) is a ratio of

*,TV%
polynomials of higher order in As, not written explicitly here.

2. For Ay € (£ (V2V3-V3), %) v3, bends at 21 =+6X; — 1, and v3_ =u%in a
1 14482 +576 Xo>

z*H*,Tv} T I8 (1+48X2)?

region near 0. Moreover ||v3

3. For Ay € (51,%) v}, is bending once and v}_(z)= (3 —12X;) (3 —|z[). Addi-

248
tionally we can calculate Hv?\: = % + %)\2.

*,TV1

The expressions va\z —u‘SH* Ty1 are used to calculate A, the set of parameters,
’ 1

where the G-minimizer might be different to the F' or F2-minimizer.
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A2

jj[ Urn;a, =0

Huéu*,TVf

TGV = TV-solution
Urp,xe = ’U}q

TGV = TV?2-solution

<,
5 Un, 2, = U3,
~
S
Ity | AN
G
S
; A
—
Ao = ||’”/I\TH*,*1‘V12 1\ N
A 1
[u v
A= HU?\:”*,Tvll

F1G. 7.3. Solid green region: A, here ux, x, #Uf\l Gray region: ux, i, :Uf\i, vertical lines:
i=1, horizontal lines: i=2.

We write the solutions in the form
ud(x), for|z| < z1,
v}, =14 kila|+di, for a1 < |z| <, (7.3)
kol|z|+da, for zp <|z|<1,

keeping in mind that 2y can be 0 (third case), or x5 can be larger than one (third

and second case). vy, bends at z;, such that o%[v} *] is extremal at 2o (hence £\y).

Thus, the coefficients d;,k; are determined by the following equations:

o? [v3 ] (@1) = A, 0" [0} *] (1) =0, cases 1,23,
o? [v3 ] (x2) = —X2, 0 [V} "] (22) =0, case 1.
7.3. G-minimizers. We consider the same approach as for the previous

example. Hence, first we calculate the set A as in Definition 5.4, which is illustrated
as the green (solid) set in figure 7.3. We have

on={ (M lloh v ) € [0, o]}

UL (32N s 22 ) 22 € [0, ][00, s | -

Next we set up a general ansatz function wy, », of piecewise affine functions, that
bends once, twice, or four times, and jumps at z==+0.5. Setting W3, A, = WAy 2y —
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ud, we find the coefficients (of the piecewise affine functions) by solving a number

of non-linear equations coming from the condition ‘Ul[wﬁ\L ) ()| =A1 whenever the

ansatz function jumps and ‘02 [w}*\l/\z](x)‘ =X2,0 [w}, ,](x) =0 whenever the ansatz
function bends. We omit the explicit formulas and further calculations.

Then for (A1,\2) €A given, we found that the minimizers of G can be written in
a compact form as follows.

THEOREM 7.1. Let (A1,A2) €A and py,pe be such that

Hip2 I -
I T — AM=r—Fs—||v :
||u5||*’TV%’ ”ua”*’TV% H B2 ||*,Tvi
Then for v’ as in (7.1),
UAl’)\z :Ul —’—Lviﬂ (7.4)

H1 5
[[u ||*,TV§
minimize G.
Proof. Lemma 4.1 states that uy, x, is a minimizer if

1 * *
TGrV)\l,,\2 (U)\h)\rz) = _ffl UNy, A (’LL)\l,,\2 —ué)dx (see (44)) and UN, A, € BTGVAL)\Q . Us-
ing (7.4) we can estimate TGV, x, (ux, »,) by

TGV, 2, (ur, 2,) TGV 2, (vil) + TG~ |M1 : TGV, . (UZQ)
*,TVy
S TV%\I (vllh) + %Tviz (Usz) -
Tl v
Because vl = (1— 52— | u’, we have
H1 Hu H*,TV%
M1
u§\17>\2 = 71]!212*‘

||U6||*,TV}

Note that from the choice of the parameters u1,us we have

A=A Hu§\17)\2

*7TV§\1
ot gt o H 2 e
=|o vnlJF||u6||*,TV}lv“2 U] Lo
SN o S [y e
a [u? ], ry lo [ =] e
— K1 2
= ey 1 e,
and also
AQZ)\ZHuj\l,)\QH*,TV%Q
S S| - e S
B Hu5||*,TV} o [V, —u ]HL""
__ M 2x
= HUSH*,TW A2 Hvuz «TV3

H2
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* *
such that uy ,, € Brgy, , and

1
_/ UXi, A2 (u/\1,>\2 _u(;)deTGV)\ly)\Q (U’)\h/\z)' (75)

-1

Moreover, we can write

1
/ uAh)\Q (’U,)\h)\z 711,6) d.T

-1

1 1
:/ Ullu (U,\l’)\z—ué)dx-f—%/ Uig (U)\l,)\Q—U(S)dSU.

—1 *,TV% —1

1 _ _ 1 5 3 _11 i
Because v, = <1 Tt ot > u® and v’ (z) € {—3,%}, we obtain

1
1 (u,\h,\2 6) dl‘

1
i
2( [[ud ”*TVl)
,% 1 1
< UAl Ay — )der/ ) (u>\17)\27u5) dxf/1 (u;m,\z—ué) dm)
-3 3

- (l T, Tvl> (ot () #8500 (5) = b0 (-3)
~0'lu3, (0 + ok, 01 (5) )

Now by the choice of the parameter A; we have o'[u, ,,] (—3)=+X1 and

=

ol [ujhAQ] (%) = —M\1, so that the equation above simplifies to
1
H1
[ b ) (1) v ).
-1 It ||*,Tv}
Next it remains to calculate f_ll Uiz (g pg — u‘s) dz. Because
) H1 s H1 )
W g =8 =y, = o, 0 = o (v, — ),
T 2oy 1T, 2o

we have

1 1
[t n iy de= ot [ g, ) o
-1 [ ”*,TV% -1
H1 2,2
= TVR(R,)
H“‘SH*,TV} L

where we used TV (v7,) = —p2 f_ll w2, (v2, — u?) dz, the optimality condition for F?-

minimizers as in (4.3). Hence in total, using the connections between \; and p;, we
obtain

1
—/1%,& (uayne —0°) dz =M\ TV] (v, )+A2”5|’r711Tv§(v32).
_ *,TV]
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A comparison with (7.5) shows that TGV, a, (ua,,x,) = —f_lluAhAz (ur, A, —u?)dz,
hence according to Lemma 4.1 uy, 5, minimizes G. |

8. Example III
Finally we consider u® =z2 — % but only sketch the different minimizers of F; and
G in order to show that in general, minimizers of G cannot be written as a sum of F;-

dl & =0.833,][u?], gy = B2 ~0.12.

minimizers. We have ||u VI T 27

*,TV? -

S~ : \\// \\//

Fic. 8.1. Minimizers of F1 (left), G (middle), Fo (right), for different parameters.

8.1. Fl-minimizers. Because u’ is continuous, also the JFj-minimizer is

continuous. From the characterization of F; minimizers we know that v}\l is either
equal to u® in an interval (£c1,4cy) or constant u’(c;),u’(cz) in the other intervals.

In figure 8.1 (left), we illustrate v}, for different values of A;.

8.2. F2-minimizers. In this case, we have to consider two different types of
minimizers.

o Aglarge: (that is A~ ||u’||, v2)

’ 1
Such solutions are constructed by considering the ansatz functions w(z,k) :=
k(|z| —%). The parameter k is determined such that ’02 [w(-,k) —u®] (0)] = A2
(the ansatz function w bends at 2 =0, hence the o2 of the dual minimizer
has to be extremal, hence equal to A2). This ansatz function works until, for
some Ao =\, we have u’(0) =w(0,k).

e Then for Ay < \y, we use a different ansatz function w such that w(z) =u’(z)
for x € (—c¢,c) and some ¢>0 and w(z) is affine linear in (—1,—c)U(c,1) and
continuous at x==c. The coefficients are determined such that w € H? and
|02 [w—u’] (c)]| = Aa.

We illustrated both types of solutions in figure 8.1 (right).

, vf\z is piecewise constant and bends at x =0.

8.3. G-minimizers. For (A;,A2) € A as in Definition 5.4, we set up an ansatz
function that satisfies the following:

e w is continuous,
o w(z)=w(-r),
o w(z)=u’(x) for v € (co,c3) and 0<ca <3 <1,
e cither w bends at =0, or w(z)=u’(x) for x€[0,¢;) with ¢; <c,
e w is piecewise affine linear else.
We illustrate minimizers for different choices of (A1,A2) in figure 8.1.
9. Conclusion
The main motivation of this work has been to show that total generalized variation
regularization can be analyzed with the functional analytical framework of the -

norm, which has been established in the ingenious book [12] for the Rudin-Osher-
Fatemi functional [16]. Calculating minimizers of some one-dimensional examples
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analytically reveals the complicated interplay of the two regularization parameters in
TGV minimization.
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