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VORTEX PATCH PROBLEM FOR STRATIFIED EULER
EQUATIONS*

TAOUFIK HMIDIT AND MOHAMED ZERGUINE#

Abstract. We study in this paper the vortex patch problem for the stratified Euler equations in
space dimension two. We generalize Chemin’s result [J.Y. Chemin, Oxford University Press, 1998.]
concerning the global persistence of the Hélderian regularity of the vortex patches. Roughly speaking,
we prove that if the initial density is smooth and the initial vorticity takes the form wg=1¢q, with
Q a C'*t¢_bounded domain, then the velocity of the stratified Euler equations remains Lipschitz
globally in time and the vorticity is split into two parts w(t) = 1o, + p(t), where Q; denotes the image
of by the flow and has the same regularity of the domain Q. The function p is a smooth function.
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1. Introduction
This paper deals with the vortex patch problem for the two-dimensional stratified
Euler equations described by the following system:

Ow+v-Vo+Vr=pes, (t,z)eRy xR?
Op+v-Vp—Ap=0,

div v=0,

Ut=0="v0, Plt=0=Po-

(1.1)

Here, the unknowns are the velocity v=(v!,v?) which is a time-dependent vector
field on R2, the pressure 7 is a scalar function, and p denotes the temperature or the
density. The vector es is given by (0,1). This system is a simplified model often used
to describe the atmosphere and ocean dynamics. It arises from the density-dependent
fluid equations by using the so-called Boussinesq approximation which neglects the
variation in density everywhere except in the buoyancy term. In dimension two the
vorticity w of the velocity v is a scalar and takes the form w=08;v% —dyv!'. Applying
the differential operator curl to the first equation of (1.1) we shall have formally an
equivalent form of this system written in the vorticity-density formulation.

Ow+v-Vw=01p, (t,z)eR; xR
Op+v-Vp—Ap=0,

v=V+A"lw,

Wit=0 = W0, P|t=0 = PO-

(1.2)

This system is a generalization of Euler equations obtained with a constant density
and it has attracted a lot of attention in the last decade. Many results dealing
with the global well-posedness problem were recently obtained by numerous authors
and we will restrict our discussion here to some of them. In [3], Chae proved the
global well-posedness in the Sobolev framework, namely (vg,po) € H® x H®,s> 2. This
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result was later improved in [13] by the first author and Keraani for critical Besov
regularities. In [7], Danchin and Paicu proved that we can go beyond the strong
solutions and establish the global existence and uniqueness for weak initial data in
the weak sense. More recently, the authors have established a global well-posedness
result for (1.1) with fractional dissipation, namely when the usual Laplacian —A is
replaced by (—A)?%, with a €]1,2]. The critical case a =1 was solved later in [14] by
using the special structure of the equations. For more information about this subject
and other connected models we refer the reader to the papers [8, 15, 17, 18, 19] and
the references therein.

One of the main goals of this paper is to study the vortex patch problem for the
stratified Euler equations. As we shall see soon this is a special class of Yudovich
solutions where the velocity develops a good behavior and remains in the Lipschitz
class. Before giving more precise details about this problem we will give first an
overview of the vortex patch problem for planar incompressible ideal fluid. According
to the theory of Yudovich [4], the 2d Euler system is globally well-posed if the initial
vorticity wg € L' NL>, and because the vorticity is transported by the flow it must
be constant along particle trajectories. As a consequence when the initial vorticity
has a vortex patch structure, that is the characteristic function of a bounded domain
Q, the vorticity will preserve the same structure through time. This means that
w(t) =1y 4,0y, where the flow map 1 is defined by the differential equation

{ o(t,x)= v(t,w(t,x)),
¥(0,2) =x.

Now what about the regularity of the domain (¢,£2)? From Yudovich’s work we
know that the flow is not in general Lipschitz and may exhibit a breaking regularity
P(t) e ce . Unfortunately this cannot give useful information about the regularity
of the patch. In [4], Chemin proved that if the initial boundary belongs to the class
C'*e, with 0<e <1, the patch will preserve this regularity for any positive time.
In order to get this result Chemin proved a logarithmic estimate which relates the
Lipschitz norm of the velocity to the co-normal regularity of the vorticity. For more
details about this subject we refer the reader to the references [1, 6, 9, 10, 11]. A
special case of Chemin’s result reads as follows.

THEOREM 1.1. Let vy be a divergence-free vector field such that its vorticity wog=1q
with Q a CY*¢-bounded domain with ¢ €]0,1]. Then the Euler system has a unique
global solution such that

[Vo(t)|| Lo < Coe®ol.

Moreover, the domain 1(t,Q) is of class C1T¢ for every t >0.

Let us now come back to the stratified Euler system described by (1.1). Our goal
is to analyze the vortex patch problem for this model and to get precise information
about the time evolution of the initial patch. As we have already seen, the vorticity
in 2d Euler system remains a patch for every time and especially it does not lose its
regularity when it is better than C''. Even though this structure is instantaneously
altered for the stratified Euler system due to the effects of the gravitational force, it
will be of interest to investigate whether or not the flow image of the initial domain
Q2 W(t,Q) preserves its Holderian regularity. We shall give here a positive answer
to this problem and show in addition that the vorticity can be decomposed into
a singular part which is a vortex patch term and a regular part connected to the
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smoothing effects of density. We shall also give some asymptotic behavior for large
time which is needed to measure the difference between the vorticity and its singular
part.

Our main result reads as follows.

THEOREM 1.2. Let Q be a C'e-bounded domain, with 0<e<1, wy=1q, and
po € L*NL>. Then the system (1.1) admits a unique global solution (v,p) such that

(v,0) € LS (R s Lip) x L¥(Rys LENLY), [ Vo(#)]| o < CoeCotlos 140,

If 4 denotes the flow associated to the velocity v, then for any t >0 the domain ;=
¥(t,82) belongs to the class C*+e . Moreover we have the following decomposition.:

w(t,r)=1q, +p(t, ),

with p€ Ly (R4;C"),¥n <1 and
Jluo(t) =1, |22 < Colog(1+1),  [[B(1)llcn < CoePCotoe™(H0),

Here Lip denotes the Lipschitz class and Cy a constant depending on the initial data.
Now a few remarks are in order.

REMARKS 1.3.

1. The L*-estimate of the vorticity that we are able to obtain has a logarithmic
growth for large time which is not optimal compared to the incompressible
Euler system. More precisely, we obtain

[w(t)|| £ < Colog®(1+t).

This explains the additional logarithmic factor in the growth of the gradient
of the velocity.

2. It is interesting to know whether or not the logarithmic growth for the differ-
ence between the vorticity and its singular part is optimal.

The proof of Theorem 1.2 follows the formalism developed by Chemin in [4] for
the Euler system. It is shown, and this is the main tool of Chemin’s work, that only
the co-normal regularity of the vorticity dxw contributes to the Lipschitz norm of
the velocity through a logarithmic estimate. To encode the co-normal regularity we
construct a suitable time-dependent vector field (X;) which should be tangent for any
time to the image of the initial boundary by the flow map (t). Therefore (X;) should
satisfy the transport equation,

X +v- VX=X V.

One of the main feature of these vector fields is the commutation property with the
transport operator d; +v-V, which leads in turn to

(9, +v-V)dxw =dx 1 p. (1.3)

For the incompressible Euler equation the last term 0x0;p disappears and therefore
the co-normal derivative of the vorticity is simply transported by the flow. In our
context we should deal carefully with this additional term where we lose formally two
derivatives on the density. The maximal smoothing effects for the transport-diffusion
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model governing the density equations could lead to suitable estimates, allowing us to
prove the global estimate for the Lipschitz norm. However we found it more convenient
to diagonalize the system to reduce the loss to just one derivative for the density and
not two. This is inspired by the recent work [14]. More precisely, we introduce the
coupled function I' 2w —9; A~'p which satisfies the transport equation

oL +v-VL=[01A" v-V]pEF.
Consequently we get
(8t +v- V)&XF = axF

Formally we can easily see that F is of order zero with respect to p according to the
smoothing effect of the singular operator 9; A~'. Thus instead of manipulating 9x 0;p
in the equation (1.3) we need to understand the commutator which is a nonlinear
term but exhibits a good behavior in p. The advantage of this approach concerns its
flexibility to be applied for fractional stratified Euler equations where the Laplacian
can be replaced by (—A)% with a€[1,2].

Another task which is raised in the second part of Theorem 1.2 concerns the
description of the vorticity, which can be decomposed in a singular part of patch type
and a smooth one related to the density. This is done by using the smoothing effects
combined with the asymptotic behavior of the solutions for large time. For this latter
problem we need to perform suitable decay estimates for transport-diffusion model
which are almost optimal compared to the heat equation due to a logarithmic loss;
see for example Proposition 4.2.

Our paper is structured as follows. In Section 2 we recall some basic results on the
para-differential calculus and state some useful lemmas. Section 3 is devoted to the
establishment of some commutator estimates. In Section 4 we prove some asymptotic
behavior for Yudovich solutions. The last section is concerned with the proof of our
main result.

2. Basic tools

2.1. Notations. Throughout this work we will use the following notations.

e We denote by C' a positive constant which may be different in each occurrence
but does not depend on the initial data. We shall sometimes alternatively use the
notation X <Y for an inequality of type X <CY with C independent of X and Y.
The notation Cy means a constant depending on the involved norms of the initial
data.

e For any tempered distribution u both @ and Fu denote the Fourier transform
of u.

e For every pe[l,00], || ||z» denotes the usual norm of the Lebesgue space LP.

e The mixed space-time Lebesgue space LP([0,T],L"(R%)) is equipped with the
norm |[-[|pz 1 (with the obvious generalization to ||-[|1» x for any Banach space X).

e For any pair of operators P and @, the commutator [P, Q)] is given by PQ —QP.
2.2. Functional spaces. We shall in what follows recall the definition of

Holder spaces C"+(R4). For a€]0,1], we denote by C*(R%) the set of continuous
functions u such that
|u(z) —u(y)|

ul|ce =||ul| oo +sup ————F < 0.
[ [l o AP—



T. HMIDI AND M. ZERGUINE 1545

We will also make use of the space C'+*(R%) which is the set of continuously differ-
entiable functions u such that

[ullgrre = l[ullze + VUl o <oo.

By the same way we can define generally the spaces C"T*, with neN and « €]0,1][.

Now we introduce the so-called Littlewood-Paley decomposition and the corre-
sponding cut-off operators which are the basic ingredients for the para-differential
calculus and the characterization of Besov spaces. There exist two radial positive
functions xeD(Rd) and p € D(R¥\{0}) such that

(©)+Y »(279)=1; Vq>1,suppxNsuppp(2~¢) =2,
q=0
i) suppp(277-) Nsuppp(2~*) =2, if [j — k[ >2.
For every v € S'(R?) we set the cut-off operators,

A u=x(D)v;VgeN, Apw=p(27D)v and S,= Y A,
—1<p<q—1
From [2], we split the product uv of two distributions into three parts,
w=T,v+T,u+ R(u,v),

with

T,o=Y_S; 1ulgw, R(u ZA uAgo and A = Z Agyj-

q Jj=-1
Let us now introduce the Besov spaces.

DEFINITION 2.1. For (p,r) € [1,+00]? and s€R we define the inhomogeneous Besov
space B, . as the set of tempered distributions u such that

lellsg, 2 (21 Aguller) | <oc.

Notice that the usual Sobolev space H* coincides with Bj , for any s € R and that
the Holder space C™* coincides with the Besov space BifS
We shall also use some mixed space-time spaces.

DEFINITION 2.2. Letting T >0 and p>1, we denote by L’}B;yr the space of distribu-
tions u such that

(212 guller ), |

lellzg z, 2 .
T

We say that u belongs to the space LPTB;’,, if

lullgy s, 2 (2180l 2510 ), <o

REMARK 2.3. By an immediate application of the Minkowski inequality, we have
the following embeddings. If € >0, then

LABs  —L8Bs  — LLB3E, if r>p,

p,r
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LABsY e L0Bs  — LABs ., if p>r.

We shall make continuous use of Bernstein inequalities; for the proof see for instance
[4].
LEMMA 2.4. There exists a constant C' such that for q,k€N, 1<a<b, and for
feLR?),

sup [0S, f||p» < CF208 GV S, £ 1,

la|=k

CR2%|| Ay f e < sup 10%Ag fllpe <CF27[| Ay f| o

a|=k

To end this paragraph we state the following result whose proof can be found in

[4, 11].

PROPOSITION 2.5.  Let s€|—1,1[, (p,7) €[1,00]?, and v be a divergence-free vector
field belonging to L (R, ;Lip(R?)). Let a be a solution of

loc
oia+v-Va—vAa=f.

Then the following estimate holds true:

t
Ja(o)l5;, <0 (o)l + [ V() ).

t
with V (t) :/ IVo(T)||peedT and C' a constant depending only on s and d.
0

3. Commutator estimates
We start this section with the following technical lemma whose proof can be found
in [14].

LEMMA 3.1.  Let (a,b) €[1,00]? such that a >V with %—I—%zl. Given f, g, and h
three functions such that VfeL®, ge L?, and zhe LY, then

1% (£g) = F(hxg)lLe Sllahll Lo [V fllLellgl e

Now, we introduce the operator ££ 9;A~!, which is of convolution type, and our
aim is to estimate in a suitable space the commutator between this singular operator
and the convective one v-V. We point out that the operator £ will appear in Section
5 when we deal with the evolution of a vortex patch.

LEMMA 3.2. Let €€]0,1[, p be a smooth function and v be a smooth divergence-free
vector field on R? with vorticity w. Assume that ve L?, we€ L2NL>®, and p€ L>NLP,
with p> %E Then the following statement holds true:

lizv-¥]0]

ce Slollezllplle +lwllz2nre<llollze-

Proof. According to Bony’s decomposition,

[Lv-V]p=> [£,S310-V]|Agp+ Y [L,A0-V]Sq1p+ Y [L.A0-V]Agp

geN q€eN q>—1
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éZH‘H-ZH%—&- Z 14

qEN g€EN -1
211 + 11 + ;.

To estimate the first term II] we use its convolution structure,
I{ =hq* (Sq—1vAqVp) — Sq—1v(hqx VAyp),

where ?Lq(f) = éﬁzb@*qf) and 1 is a smooth function supported in an annulus with
center zero. Therefore hy(x) =27h(292) with h€S. In view of the Lemma 3.1 we get

][ oo S llhgll Lo IV Sg 10l oo [| A Vol o

Using the fact ||zhg|| . =272 lzh ;> combined with the Bernstein inequality we
obtain

142
I e S29 ) Agpllze D IVA L
~1<j<g-2
—14+2
S22 ol e (IVA 1 0ll 2 + (g = Dllwl )
S2H D ol o (lwll 2 + (g = Dl o).

In the last line we have used that A; maps L? into itself uniformly in j and p together
with the following equivalence:

[Agu[[Le 227 Aqwl|L=  VgeN.
Because
Ay = Y m
qeN l[7—q|<4

2
1—¢e?

and with the assumption p >
My flee Ssup Y 299|119 o
I lj—al<a

S (w2 + lwllz= ) ol 2o (3.1)

Concerning the second term I1%, we do not need to use the structure of the commu-
tator. We write

3 =L(Av-VSy_1p) —Agv-VL(S;—1p)
£ AT+ AL

For A we use that £ is a homogeneous operator of order —1 and the Fourier transform
of Aquv-S4—1Vp is supported in an annulus of size 29. Then we get, by making use
of Bernstein inequality,

1A |z 279 Aqollzee Sy 1 Vpll
_ 2
<29 0-14) | e Lo o (3.2)
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Because the Riesz transform V£ continuously maps LP into itself with 1 < p < oo, this
yields

[AZ]]ee S 271 Ag Vol |Sg-1 VLol Lo
<2118 ol (33)
Putting together (3.2) and (3.3) we get
I8z £2 1) ol ol o
Now we can conclude, as with the first term Iy,

IMalc= Sllwllze<llpllzr- (34)

Let us now move to the third term II3. According to the definition of the remainder
term one writes

I3 :Z [C,Aqu} qu—i— [£7A71U'V]A,1p

geN
= { Zﬁdiv (AvA,p) —ZAqU‘Vﬁ(qu)} + [ﬁ,A,lv-V]A,lp
qeN geN
=113 +113.

By Bernstein’s inequality we obtain successively

1A Ldiv (AgvAgp)|r= S 27 (|A;Ldiv (AgvAgp)|Ls
S| Agull L= | Bgpl L
<27 ||w| L~ 1ol o (3.5)
and
1A (Aqu- VLA p)) Lo 27 [|Agul L VL Agp) | o
<2715 |lw| o | Agpl| 2o
<27 |wll oo Il e (3.6)

We multiply both sides of (3.5) and (3.6) by 2/ and take the supremum over j > —1
to find

T3]l ce = sup 27[| A, | Lo
j=-1

Sllwllzeellpllre sup Z g—a+i(e+2)

e
Slwl[zellpl[zr sup 9i(=1+e+2)
j>-1

Slwllze<liplize.
To estimate the last term I13 it would be better to transform it under the form

2= diVE(A,wA,lp) —A_jv- £VA,1p.
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Because the Fourier transform of this quantity is supported in a fixed ball, we obtain
by Bernstein’s inequality

e S
SIA1v|[Lel| A ipll L
Slvllzzllpllze.
Therefore we get
I3l e Sllvllzzllpl 2
Consequently we find
Ms]lc= S llvllzzllpll e +llwll el o (3.7)
Combining (3.1), (3.4), and (3.7) yields
I[£,0-¥]p|

ce Slollzzllpllze + llwllzzare ol Le- (3.8)

This completes the proof of the commutator estimate. 0
Now we will prove the following lemma.

LEMMA 3.3.  Let f and g be two smooth functions. Then, for all (p,r) €[2,00]? such

that p>r and for ge NU{-1},

1A, flglloe S20G =DV £

~

Lr gHLz.

Proof.  According to the definition of the commutator, and using Taylor’s for-
mula,

(1871} @)= [ onle~0)a)(£) - F@)dy

=[] o) V5o ity
with

¢q(z) = 229(29z), O, (x)=ade(x), o€ S(R?).

Using Holder’s inequality and a change of variables we get, with the notation ®, ;=
t_z(I)Q(%)7
1 1
B0 Slo@]< [ [ (alata =) )V 5 bty o))
%
([ oae-wlawPas)’ [ ([ 120wV re—sPas)

(z )/0 (|‘I’q,t|*\Vf|2)§(x)dt.

N

< (|12q]*lg1?)

It follows from the convolution laws that

1 1 1
1[A0. gl <11 Bal %192 / 1@y 5[V ) ¥ o
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1 1 1
<@gl llgl 2 IV A1l / R

with the assumption 1+ % = % + %, which admits a solution despite the fact that p >r.
Straightforward computations yield

242 —2
1Pgll =2]zgll L and [[gllLe =t~ 721072 |2 1.

Because p < oo one gets

1
18010l < Cllalls 1912209 [ 47420

2_2
<Cllgllz2 1V f -2,

The following result can be obtained easily from Lemma 3.3.

COROLLARY 3.4. Let v be a smooth divergence-free vector field on R? with vorticity

w and f be a smooth scalar function. Then, for all (p,r) € [2,00[* such that p>r and
for ge NU{-1},

2_2
1A, 0] fllze S29 2wl eI f ] -

4. Asymptotic behavior

In this section we intend to establish some time decay estimates for any solution
of a transport-diffusion model. We will see afterwards how this allows one to get some
global a priori estimates for the vorticity of the system (1.2) which are very close to
the ones known for the usual Euler equations.

PROPOSITION 4.1.  Let v be a smooth vector field with zero divergence and p be a
smooth solution of the transport-diffusion equation

dip+v-Vp—Ap=0, p(0,2)=po(x), (4.1)
such that po € LN L2. Then the following assertions hold true.

(1) For every t>0 and 0< <1,

t t
(L6222 + / (L+7)2 o(r) [2adr + / A1) ()2 dr < ool 2.
(2) For every t >0,

A+ )lp®)1Z2 < llpollZanLe-

Proof.
(1) Taking the L? scalar product of the equation (4.1) with p and using the
incompressibility condition div v=0 we obtain

d
1Pz +2Ve®)72 =0. (4.2)
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Multiplying this differential equation by (14¢)* and integrating by parts in time
yields

t t
(102 ()| +2 / (7)) V(7 [2adr = o122 + a / (7)Y p(r) 2.
(4.3)
Now we use Nash’s inequality

ez Sllolle Vol ze.

Because [|p(t)|[Lr <|[pol|r, we get

)72 Sllpollea IV ()] 22
Thus after combining Hélder’s inequality with Young’s inequality |ab| < %a2+b2 we
obtain

t

(1+7)* 2dr + / (1+7)° |V p(r) 2o
(4.4)

t
a / (1) p(r) [2adr < Clpol2 /

Under the assumption «< 1 the inequality (4.4) implies

t t
a / (L+7) Y p(r) 227 < Clpol2: + / (7)) Vp(r) |2.dr.

Plugging this estimate into (4.3) gives

t
L+ p(t)]I72 +/0 A+ Ve Z2dr < llpoll L

As a by-product of (4.4)

t
| @ o) Redr S ool
0

This concludes the proof of the first result.

(2) It is obviously seen that the previous proof does not work in the case a=1,
and what we are only able to obtain is the following estimate:

t
(1+t)\|p(t)||iz+/0 A+D)IVo(T)lI72dr S llpoll 22 log(2+1). (4.5)

We will show that the uniform pointwise estimate for the density remains true. For
this purpose we combine (4.2) with Nash’s inequality and ||p(¢)]|Lr <||pollz:,

1

d 2 1
p(t)||72+Collp(t)]|72 <0, Co= .
IO+ Colp)Ia <0, Co= g

(4.6)
Multiplying (4.6) by (1+t), then

% [+ p®)][72] + Co(1+ ) pt)][72 < llo(®)]I7-
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Setting 0(t) = (1+1)||p(t)||32, we obtain the following differential inequality for 6:

i@(t) +Co ) o)

<0.
dt

(14+t) (Q+¢) —

This differential inequality is of Bernoulli’s type and by an explicit resolution we infer

1+t
o(t) < —— .
ﬁJrCOt

Hence we find

1
(1)o7 §9(0)+50 (4.7)
SloollZinre: (4.8)
This completes the proof of the proposition. ]

Now we intend to obtain some global a priori estimates for the solutions of (1.2).

PROPOSITION 4.2. Let (p,w) be a smooth solution of (1.2) such that po € L*NLP and
wo € L2NLP with p€ [2,00]. Then for t>0,

_2
lwo(®)llze + Vol L1 1e < Colog? 7 (1+1).

Proof.
First case: p€[2,00[. To get the estimate in the particular case p=2, we combine
(4.5) with Holder’s inequality

[N

I¥ollszaa <tog 1+0)( [ (1+0)IVprle%r)
SllpollZingelog(2+1). (4.9)

The L2—estimate of the vorticity can be achieved easily from the equation
Ow~+v-Vw=0p. (4.10)

It follows that
t
IIW(t)IIL‘zSIIWoIIm+/0 [Vp(7)|L2dr.

From (4.9) we get
Hw(t)||L2 SC’olog(Z—Ft). (4.11)

Now, for the general case of p we will use the structure of the vorticity combined
with some smoothing effects of the transport-diffusion equation governing the density.
We start with localizing in frequency the equation of p:

Ot Agp+v-Dgp—ADNp=—[Ag,v-V]p. (4.12)
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Multiplying (4.12) by A,p|A,p[P~2, integrating by parts and using the fact that
div v =0, we obtain

1d
S 1Ap(0)IE, +p / VAGP2IAplP~?de < / Agpl? (A0 V]pldz.
Now recall from [5, 6] the following generalized Bernstein inequality:

80015, S [ 19800 Bgpl? 2 do.

Thus we find, by using Holder’s inequality,
d
18070+ 22 AgpllLs S 1 AgplTs H[Ag, - Vol Lo
This gives
d 2 <
e 18ap(O)]l e+ 27| Agpllze S [Ag,v- Vipl| -

Consequently,

d

7 (€ Agp(0)l|e) S e [[Ag,v- V|-

Integrating in time, this differential inequality leads to

t
18go(t) |20 S e | Agpoll o + / e=<t=D2[A 0 V]p(7) | Lodr.
0
It follows that
t
29[ Agp(t) 12 1o S 27N Agpol| Lo +279 / 1Ag,v-V]p(7)|| Lo dr. (4.13)
0

Applying Corollary 3.4, the inequality (4.13) becomes

t
2 80p Ol 2N Bapllir +27%% [ ) a Vo) adr. (@14
0

Now, let N €N be a fixed number that will be chosen later. Using the Littlewood-
Paley decomposition, the Bernstein Lemma 2.4, and the estimate (4.14),

Vel zizr < Z IIVAqP(t)IIL,%Lp+ZHVAqP(t)HLm
—1<q<N a>N

2
ST 210D NVALO L+ Y 29 Agp(t) ]| 1o

—1<g<N q>N
_2 _
S22V V()| e+ Y 27 Agpol| e

qg>N

+ 327 [ ol Vot lznar

q>N

Sleollzr +2V Vo) 312 +2777 /||w Nz V()| 2dr.
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Then in view of (4.11) we obtain
_2y 9N
IVo@) Lt ze <llpolle + V(0132 2V +2725 log(1+1)).

We choose 2V ~log(1+1t), and from (4.9) we obtain

IVp(t)l| 1 1o < Colog? 7 (2+1). (4.15)
To get the LP—estimate for the vorticity we combine (4.15) with
t
Jo(t)ler < lnllzo+ [ 19p() erdr (1.10
0
Therefore,
lw(t)|| e < Colog®™ 7 (2-+1). (4.17)

Second case: p=oc. If r>2, then by using Bernstein’s inequality combined with the
smoothing effect (4.13) we get

Vo)l Ly 1
< Y IVAP®lLiLe + Y IIVAPE®)|Li L

—1<qg<N q>N

g 2
< > 25 VAP® i+ Y 2G| Agp(t) |1 e
—1<q<N q=N

t
< 3 EHVAROIt X2 (180l + [ 18- Tlptr) ).

—1<g<N q=N
(4.18)

Applying the estimate (4.15), (4.17), and Corollary 3.4 we find
Vo)L pee

t
2q 2_
<llpollr+ E 27 Vqu(t)||L%L"'+§ 297 1)/ ()L IVo(T)||L2dT
—1<q<N >N 0

N 2_
<llpoller +2°7 IVpll - +2YCDwll Lo Vol £ 2
1+ Co22 log? * (2+1) (142 Vlog(2+1)).

<Ilpol

Taking 2V ~log(2+t) we infer that

Vo)L < Colog®(2+1), (4.19)

As a direct consequence
lw(t)]| Lo < Colog?(2+t). (4.20)
This completes the proof of the proposition. 0

COROLLARY 4.3. Let Q be a bounded domain, po € L' NLP with p>2, and wo=1q.
Then any smooth solution of (1.2) satisfies

w(t) = Lo, ||z» < Colog® ™5 (2+1),
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where )y is the image of Q by the flow 1 associated to the velocity v.

Proof.  Let 1 be the corresponding flow to the velocity v. Then in view of the
vorticity equation we have

w(t,z) = w0 (t,2)) + / Onp(rb(r. b (t,2)))da.

Because the flow 1) preserves Lebesgue measure we get, from (4.15),

t
() =10,z < [ I9p(ludr
0

<Colog® 7 (2+1).

5. Vortex patches

This section is devoted to the proof of the main result of this paper stated in
Theorem 1.2. We will follow the ideas of Chemin developed for the incompressible
Euler equations. Before going further into the details of the proof we will recall some
basic definitions in the study of the vortex patch problem.

5.1. General formalism.
DEFINITION 5.1.  Let £ €]0,1] and X = (Xx)xea be a family of vector fields such that
for every Ae A, X\ and div X belong to C¢. This family is called admissible if and

only if

I(X)% inf sup|X,(z)|>0.
zERY N\

We set
[IXalloe = [ Xallce + [[divXallce.
For uwe L™ we define the derivative of u along the vector field Xy :
Ox,u=div(uXy) —u divX,.

We will now introduce the anisotropic Holder spaces C*(X) associated to a family
of vector fields X.

DEFINITION 5.2.  Let €€]0,1[ and X be an admissible family of vector fields. We
denote by C°(X) the space of bounded functions u, such that

VAEA, Ox,ueC! and sup||0x,ulce—1 < +oo.
AEA
This space is equipped with the norm
el oo (Hull = sup X5 o= +sup 9, uf 1)
Ul|ce = =\ [|U|| Lo SUD M|ce TSup ||Ox, U||ge-1 |-
CRTIX Aeh nea! e

The following result, proven by Chemin [4], is the main key in the study of the vortex
patch problem. It relates the Lipschitz norm of an incompressible vector field v to
the co-normal regularity of its vorticity.
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THEOREM 5.3. Let €€]0,1] and X be a family of vector fields as in Definition 5.1.
Let v be a divergence-free vector field such that its vorticity w satisfies w € C(X)NL2.
Then there exists a constant C depending only on e, such that

Vo]l SC<||w||Lz+||w||Lwlog(e+“"C“X))). (5.1)

[

PRrOPOSITION 5.4.  Let v be a Lipschitzian vector field and 1 its flow. Let Xo=
(Xo.x)aea a family of vector fields. We define X;= (Xt’)\)AGA by
Xea(@) = (t) Xopn = (Xoa((z, D)V (1)) (v (t,2)).
Then
(8t +’U'V)Xt’)\ :6Xt1/\1). (52)

Notation: we will sometimes use the notation X»(t) to denote X ».

The following result describes the commutation between any vector field satisfying
(5.2) and the advective operator v-V.

LEMMA 5.5.  Let (v,p) be a solution of the system (1.1) and X; = (X; x)ren be a
family of vector fields satisfying the equations (5.2). Then we have

(6t+v-V)8Xt,Aw:8Xt,A81p.

Proof. By definition we have

(0 +v-V)ox, \w=(0: Xt x+v- VX 2) - Vw+ X \-{(0: +v-V)Vw}
=Xy A +v- VX)) Vw+ X A V(Ow~+v-Vw) — (X x- Vo) - V.

By the virtue of (5.2) and the vorticity equation we obtain

(0 +v-V)ox, \w=0x, ,v-Vw+ X x-VOi1p— (X x-Vv)-Vw
:XM-Vc")‘lp.

This completes the proof. 0

5.2. General statement. We will now give a generalization of the Theorem
1.2 which allows us to deal with more general structures than the vortex patches, for
example w= f(x)1q with smooth scalar function f.

THEOREM 5.6. Let 0<e<1 and Xg be a family of admissible vector fields, vy
be a free vector field such that wy€ L?NC%(Xy). Let pg € LN L>. Then the system
(1.1) admits a unique global solution (v,p) € L2 (Ry; Lip) x LS, (Ry; LY N L), More

loc
precisely,

||Vv(t) ||L°° < COeCOtlog2(2+t‘)7

lo(®)lle (x,) + 10x0 98 o= < Coe™PCotlos™ 0},
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Proof. ~ We will restrict ourselves to the proof of the a priori estimates. The
existence part of the theorem is classical and can be done for example by using a
standard recursive method. We start with using a hidden structure in (1.2) in the
spirit of the work [14]. We introduce the coupled function

I'=w—-Lp,
where £ denotes the singular operator £29;A~". It is easy to see that T' satisfies
(O +v-V)['=[L,v-V]p.
According to the Lemma 5.5, X; commutes with the transport part and consequently
(0 +v-V)ox, I =0x,,{[L,v-V]p}.
Hence in view of Proposition 2.5 we find

193\ D(#)]| s < CeY |0, T

Ce—1

t
LOCV® / c—CV(7)
0

aXM{[,c,v.v]p(T)}HcgfldT (5.3)

¢
with V (t) :/ |Vu(T)|| L dT. Now because C¢ is an algebra then we get the general
0
fact
10x, ullge-r < ||div(uXy)|
< ||UX>\||CE + ||'LL diVX)\”Loo

Slullo= | XAl

ce-1+ Hu diVX)\HCnsfl

Consequently we obtain

Haxt)x{[ﬁ,v~V]p}Hcs_l <C[ Xl

L,v-V H . 5.4
[ v ]p o (5.4)
The estimate of the commutator term is described in Lemma 3.2:

2
o Slvllezllplle +llwllzac<llpllee,  p>—- (5.5)

I[£.v- V]l -

To estimate the first term of the right-hand side we write according to (4.7)

lo(@)llz2 < |lvo| 2 +/Ot||P(T)|L2dT
<Co(1+1).
Again, by using (4.7),
lo@ |2 llp()]l 22 < Co.

Now applying a usual interpolation inequality combined with the maximum principle
and (4.7) we get, for p€[2,+00],

2 1—2 1
lo@®lle <llp(OlIZ:llooll Lo < Co(1+4)"7.
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Thus it follows from the previous estimates, Proposition 4.1-(3), and (5.5) that

[[£.0-V]p|| oo < Co+Co(1+1) "7 log?(2+1) < Co.

Inserting this estimate into (5.4) yields

t

e dT<Cy / =V, (7)]

t

/ efCV(T)HaXM{ [L,0-V]p(T)}] cedr. (5.6)
0

Substituting (5.6) into (5.3) gives

[0, T (1)

t ~
cer SV (Haxo,xrol geer + / eCV<T>||XA<T>||cadT). (5.7)
0

By the definition we get

19,1

Ce—1 + ||8X0,A£p0| Ce—1
ce—1 HXoalles[[1£pollo- (5:8)

Ce—1 < ||8X0,>\w0|

< ||8X0,Aw0|

Similarly one obtains

105, £o()|| ges <TXA@® e 1L2(1) | 0=

Now we can use the integral representation of the operator £ leading to the pointwise
inequality

1Lpo()| < (ﬁﬂpo\)(x),

It follows that
1£pollze < llpollrares- (5.9)

Now by the definition of Besov spaces and according to (5.9) and to Bernstein’s
inequality we get, for p> %_6,

[1Lp#)llce < Lp(t)|| L +SHIN>2‘JEIIAq£p(t)IIL°o
qe
Slp@)llprnpe +5up27 2 | A p(t)]| o
qeN
Slieollninre.
This implies

0%, Lo(1)[| emr < Coll XA (B)ll = (5.10)

Combining (5.7) and (5.8) with (5.10) we find

0x, \w(®)]

Ce—1 < ||8Xt,/\r(t)|

Ce—1 + HaXf,,)\‘Cp(t)|

Ce—1

~ t .
SC’O|XA(t)||ce+C’oeCV(t)<1+/ eCV<T>||XA(T)||CEdT). (5.11)
0
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It remains to estimate HXA(t)HCE. Applying Proposition 2.5 to the equation (5.2) we
get

1X2(B)loe <CeY O (| X7(0) o + / VO o veedr). (512
Recall from [4] the following inequality:
10x,vllce <C(l0x,wlloer +ldivXx[lo: [wl Lo + | Xallce Vol L) (5.13)
Inserting (5.13) into (5.12) and using Gronwall’s inequality we find
IXA(B)lles < Ce™VDIXA(0) e

t
40 [ VO (o wlr) e+ [ Xa (Dl () )

0
(5.14)
To get a bound for ||div X (¢)||ce we apply the divergence operator to (5.2):
(O +v-V)divX,(¢) =0.
Thus we obtain, in view of Proposition 2.5,
|divX(t)[[ s < Ce®YO|divX(0)] c- (5.15)

Combining the inequalities (5.14) and (5.15) yields
[Xa(®)le= <CeV XA 0|

¢
+Cecv(t)<”diVX/\(0)”CEW|L}L°°+/ 6CV(T)HaXMw(T)IICE1dT)-
' 0
It follows from (4.20) that

. t
B XGIEE gCoeCV(t)((1+t)log2(2+t)+/ e—CV<T>|aXMw(T)Cs_ldT)
0

Hence we deduce, from (5.11),

~ t ~
1X(8)[l - SC'OeCV(t)((1+t)log2(2+t)+(1+t)/ e*CV<T>||XA(T)||CE)dT).
0

Therefore Gronwall’s inequality yields
X0 (1) o= < CoeCot eV,
Plugging this estimate into (5.11),
185, \w(t)]|ge—1 < CoeCot"eCV ),
This gives

X (0)llos +110x, yw(t)||ce—1 < Coeot CV®), (5.16)
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To bound w in the anisotropic space C¢(X}), it remains to give a lower bound for
I(X}). For this purpose we use the following estimate from [4]:

I(Xy) > I(Xp)e CV®,
Consequently we obtain
lw(®)llc=(x,) §00€C°t2ecv(t). (5.17)

Using the logarithmic estimate (5.1), (5.17), (4.17), and (4.20), one finds
IVu(t)||Lee <Co <log(2+t) +1log(2+t)log (e + ||w(t) CE(Xt))>

<Cy (1 +t%log?(2+1t) +log?(2+1) /t ||VU(T)||LoodT> .
0
Applying Gronwall’s lemma leads to
V0 (t)|| Lo < CoeCotlos™(2+8), (5.18)
Therefore combining this estimate with (5.17) we get
()]l ce (x0) < Ooeexp{cotlogz(Qth)}.

Now it remains to estimate dx, ,%(t). For this goal we use the identity dx, % (t)=
X a09(t), and thus

10x0 s llc= = [ Xex 09 (B)]| -

[f (=)= f ()]

Using the definition || f||ce = || f|| Lo +sup,, =G

[ Xexov(B)llos <[ Xiallee [V (b
S HXt,A ||cs€cv(t).

, we get

From (5.18) we infer that
1 X2 0(1)]| o= < Coe*PiCotlos” 20},

This concludes the proof of Theorem 5.6. 1]

5.3. Proof of the main result. We shall give the proof of Theorem 1.2.
The Lipschitz estimate for the velocity follows immediately from Theorem 5.6. Thus
it remains to prove two points. The first one concerns the image by the flow of the
initial boundary Q; = (¢,Q) which will preserve its initial regularity through the time
evolution. The second one is the estimate of the difference between the vorticity and
the patch 1y ).

We will start with constructing an admissible family of vector fields X for which
wo=1n €C*(Xp). According to the definition of a C**¢(R?)-bounded domain we
claim the existence of a function fy€ C'*¢(R?) such that in a neighborhood V' of
9Q we have 0= f; 1 ({0})NV and Vfy(z)#0 in V. Let x be a smooth function
supported in V and taking the value 1 in a small neighborhood of 9. We set

1
XO’():VJ'fO and Xovli(lfx) (O>
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We can easily check that the family {X,0,Xo,1} is admissible in the sense of the
Definition 5.1. As the vector field X is Hamiltonian and tangential to the closed
curve 0f) then necessarily it will be degenerate at some points inside the domain Q.
For this reason we should complete with the vector field X( ; in order to get a non
degenerate family. Now we claim that dx, ,wo =0 for i € {0,1}. This is obvious for the
vector field X1 and we shall prove it for Xoo in a weak sense. If € D(R?), then
according to Green’s formula we have

/]Rz Ixoow()p(z)dr= [ div (V" folo)e(z)dx

R2

z—/Vlfo-Vgo(x)dx
Q

== [ V*folo)-ii(o)p(o)do
90
=0.

Now we will work with a judicious parameterization of 9€2. Let xy € 02 and define
the curve ~Y by the autonomous differential equation

{ az:r’)/o (0) = VlfO (,)/0(0—))’
’70(0) =Zo.

4

By classical arguments we can see that 4° belongs to C'*¢(R,R?). Let ~(t,0)
U(t,v0(c)), which gives a parameterization of the boundary of ¥ (¢,Q). By differenti-
ation we get

807(t70) = (8Xo,ow) (ta ’Vo (J))

From Theorem 5.6 we infer Jx,,¢ €Ly, (Ry;C®), and thus (t) belongs to

loc
Lfe (Ry; C'e). This completes the proof of the regularity persistence of the boundary

of ;. Let us now move to the proof of the last point dealing with the decomposition
of the vorticity into two parts: the vortex patch and a smooth term related to the
density. According to the proof of the Corollary 4.3 we have

w(t,z) =0 (1,2)) + / (Oup)(rb(r™ (t,2)) ) dr

:wo(qp*l(t,x))Jr/O (01p) (1,31 (7,x))dT
=1y.0) +o(t ),

t
with p(t,z)= / (01p) (1,0 (7,2))dT. Here 1(7,-) is the generalized flow defined by
0

the equation

{ (97’(/};:(7-,55) = U(Tﬂﬁt(ﬂx))»
P(t,x) =x.

Recall the classical identities

¢(7,$)2¢0(T,$), 1/}_1(7—7$):w7(0733) and 1/1(771/}_1@@)):%(7,95)-
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Using the generalized flow equation and Gronwall’s inequality we get

IWJt(T)Loo<exp(|/tT||W(8)|L°°d8|)~ (5.19)

Now we intend to prove the following estimate: for every n € [0,1[, we have
t
[#0)lcn <Clollg gy e, with V()= [ [Vo(r)lumdr. (520

Indeed, the classical composition law

Ifovllen <Cllfllen T+ IVYlT),
combined with (5.19), yields

@19 (7, 1(r,2)|| .y < Cllp(P | n exp(C / IVo(s)l|z=ds]).

It follows that

1p(®)llen < C”/’”L%clﬂecv(t).

From the embedding EtiBgoyoo < L}C™" we obtain
15ller <Clloll V.
Then the estimate (5.18) leads to

~ 2
1(E)llcn < Coe™P ot CE0 )
tP5o 00

By Proposition 3.1 of [12] we obtain

1ol 7 e <Clipollzs (1+¢+V (1))

< C«OeCotlog2 (2+4t) )
Consequently
||ﬁ(t) HC" < Coeechot1°g2(2+t).

This concludes the proof of Theorem 1.2.
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