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DECAY ESTIMATES OF THE NON-ISENTROPIC COMPRESSIBLE
FLUID MODELS OF KORTEWEG TYPE IN R**

XU ZHANG' AND ZHONG TAN#

Abstract. The existence and optimal convergence rates of global-in-time classical solutions
to the Cauchy problem for the compressible non-isotropic Navier-Stokes-Korteweg system for small
initial perturbation is obtained. The global solution is obtained by combining the local existence
and the a priori estimates provided the initial perturbation around a constant state is small enough.
The optimal convergence rates are obtained by energy estimates and interpolation inequalities, and
without linear decay analysis.
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1. Introduction

The compressible Navier-Stokes-Korteweg system governs the motions of the com-
pressible viscous capillary fluids. This system was first introduced by Korteweg [4]
when he studied the theory of capillarity with diffuse interfaces and later was derived
rigorously by Dunn and Serrin [7]. For 2 € R?, ¢ >0, this fluid satisfies

Orp+div(pu) =0,
Oi(pu) +div(pu®@u)+ VP =div[S+ K], (1.1)
i (p€) +div(pu€ +uP) =div(aVe) +div[(S + K)u].

The capillary tensor K is expressed as follows:

k
K= g(Ap2 —|Vp|P)I-kVpRVp.

The stress tensor S is given by
S=2vD(u)+ (Adivu)L,

where p(t,z), u(t,x), and 6(t,x) represent the density, the velocity, and absolute
temperature. D denotes the strain tensor, which is a nxn matrix with D;;(u)=
(Gruit0ius) - The pressure P is a function of p and 0 with P,(1,1),Py(1,1)>0. & is
the total energy equaling to %u2+Cv6 with C, a positive constant. The viscosity
coeflicients \, v satisfy A >0, /\—i-%” >0. k and « represent the capillary coefficient
and heat conduction respectively. I denotes the unit matrix.

Recently, a great deal of research has been devoted to many topics of the com-
pressible Navier-Stokes-Korteweg system. Hattori and Li [10, 11] considered the local
existence and global existence of smooth solutions for the compressible fluid models
of Korteweg type in Sobolev space. Danchin and Desjardins [13] proved existence and
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1438 DECAY RATES OF NON-ISENTROPIC NSK

uniqueness results of suitably smooth solutions for isothermal compressible fluids in
critical spaces. Bresch, Desjardins, and Lin [5] and Haspot [3] showed the global exis-
tence of weak solutions for the compressible fluid models of Korteweg type. Kotschote
[16] proved the local existence of strong solutions for a compressible fluid model of
Korteweg type. Wang and Tan [17, 22| established the optimal decay rates of global
smooth solutions for the compressible fluid models of Korteweg type without any
external force. Later, Li extended Wang’s result in the case of external force in [18].

Most of these papers considered the isentropic case. So, in this paper, we discuss
the global existence and the optimal L? decay rate of solutions for the initial value
problem of the three-dimensional non-isentropic compressible Navier-Stokes-Korteweg
equation (1.1).
Notation. Throughout this paper, V¢ with an integer ¢> 0 stands for the usual any
spatial derivatives of order ¢ and VOf:= f. When £ <0 or ¢ is not a positive integer,
V¢ stands for A¢ defined by (2.3). We use H*(R?),s€R to denote the homogeneous
Sobolev spaces on R® with norm ||-|| ;7. defined by (2.15), and we use H*(R?) to
denote the usual Sobolev spaces with norm ||-||z: and LP(R3),1<p<oo to denote
the usual LP spaces with norm |- ||z». We will employ the notation a <b to mean
that a < Cb for a universal constant C' >0 that only depends on the parameters com-
ing from the problem, and the indices N and s coming from the regularity on the
data. [|(p,u,q) |3 =1pl15x + 1wl + lall 3. We also use Cp for a positive constant
depending additionally on the initial data. In the article, we use t(n,u,q) or h(n,u,q)
to represent some function of (n,u,q) during the estimate.

For the global existence and large time behavior of strong solutions, we have the
following result.

THEOREM 1.1. Under the assumption that po—1€ HNT1 (ug(z),00—1)€ HY,
N >3, and that there exists a constant €y such that

llpo = 1| 4 +11(u0,00 — 1) s < €0, (1.2)
then the problem (1.1) admits a unique global solution (p,u,0) satisfying, for all t>0,
(o= 1) ()1 Frvsn + (1 (u?),0(2) = 1)1~ (1.3)
t
+/0 IV o) fignen + V() i +IVO(T) | Fv dr
<C(llpo =[x+ + ol [Frv +1160 — 1|[7w) - (1.4)
If, further, (po—1,Vpo,ug,00—1)€ H* for some s€[0,3/2), then, for all t >0,
lp(t) =115 + IV eI, + IV ). + ()5 +110(t) =113 <Co,  (1.5)
and for k=0,1,--- N, the following decay results hold:

IVE (o= 1)(®)||z2 +[IV* (0= D)(B)] |2 + | VFu(t)]| 2 < Co(14+8) 75" (1.6)

COROLLARY 1.2. Under the assumptions of Theorem 1.1 except that we replace
the H™% assumption by the assumption that pg,ug € LP for some p€(1,2], then the
following decay results hold:

IV (o= 1) (O[22 +IV* (0= 1) (O] 22 +|IV*u(t)]| 12 < Co(L+8) =77 for k=071"'(' N)
1.7
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Here the number o, 1 is defined by

31 1 k
S L 1.

The rest of this paper is organized as follows. The analytic tools used in this
paper will be collected in Section 2. In Section 3, we will do some crucial energy
estimates. In Section 4, the estimates of the negative Sobolev norms of the solution
are obtained. We will prove Theorem 1.1 in Section 5.

2. Preliminaries
Before we present the energy estimates method, we should recall the following
useful lemmas which we will use extensively.

LemMA 2.1. If0<m,a</{ and 2<p< oo, then we have
IV fllze IVl IV 1122 (2.1)

where 0<0<1 and « satisfy

(a3

Proof. This can be found in [12, pp. 125, THEOREM] for the case when « is
an integer. We only need to prove the fraction case.
Firstly, the V® f(A“f) is defined by the inverse Fourier transformation:

Vi) = [ e e, (23

where f is the Fourier transform of f and the constant is set to be 1. Roughly
speaking, V< f denotes the « order derivative of f. This inequality depends on the
following proposition of the homogeneous Sobolev space which can be found in [9, pp.
29],

PROPOSITION 2.2.  Ifs isin [0,3), then the space H*(R®) is continuously embedding
in L%(R:g). The norm of H*(R3) is defined by

Il = [ Pl < 0.

By the definition of V[, it is easy to check that V*(V7 f) =V f, then with the
help of Proposition 2.2, we have

(0% o . 1 1
IV Fller < CIVE Fll sy with v =3(5 = 7). (2.4)

Using the Parseval theorem and Holder’s inequality, together with |V®g|r2=
[11€1°G]| L2 and choosing appropriate m,£ such that

a+y=m(l—0)+£0, where a+ (€ [m,{] or [¢,m],0 €10,1],

we finally have

IV Ay = [ 167 (FF©) "t
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< [ lepe e
N 2(1-0) R 260
<[ (emi©)" (1) ae

]RIS
m -0
<CllIEM™ LIS 1€l 12
m en2(1—0
<OV OIS (2.5)
This means
IV flle <CIV™ IV A - (2.6)
where «, 6, m, and ¢ satisfy
1 1
a+3(5 —5) —m(1— )+ 0. (2.7)

This inequality is correct for the case p=o0, and one may check the [14] for detailed
derivation. 0

Next is the Gagliardo-Nirenberg interpolation inequality.

LEMMA 2.3. For m =|af, and j=0,1,--- ; m—1, 1<p,1<q,
|1 D7 ul| sy < Ol D™ ul| o sy Y |l | sy 7,

here

and

ae[%,l}, with a1 if 1<p<oo and mfjf%E{O}UN;
If j=0, pm<n, g=o00, then u—0 (|z| = 00), or ||ul|Lw®s) <00, w>0.
(2.8)

Then in order to establish the Negative Sobolev estimate, we should review the
following necessary lemmas related to the negative Sobolev norm.
The operator A*(V?) in R™ for s€R is defined by

Ng(o)= [ lelaeemos (29

where § is the Fourier transform of g and the constant has been set to 1. When the s
is negative, we rewrite s as —a with a>0. A7 is the usual Riesz potential operator.
There exists another definition for the Riesz potential operator. We will show these
definitions are equal.

LEMMA 2.4. The Riesz potential operator I, f in R™ can be defined as

II22°T(&
(Lof)(z) = Cia / ke ! Ejﬂady with cn,az(f), (2.10)
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or if we set the constant to be 1,
AT f(z) :/]R €7 f(§)e”m4dg, (2.11)

then (2.10) is equivalent to (2.11).
Proof.  From (2.10), if we set Ko (7)= &

n,all“nia ’

we can rewrite I, f(z) as

(Laf)(x) =K f.

Taking Fourier transform to (I, f)(z), we have
(Iof)=Kaof. (2.12)

To compute K,, we recall the following theorem in [9, pp. 23],

PROPOSITION 2.5. If o0 € (0,d), then F(|z|~7)(¢) =cas|€|7~¢ for some constant c4 .
depending only on d and s, where d denotes the dimension of space.

Set 0 =n—«, then we obtain

1
(2m)«

(Inf)= €7 £ (€). (2.13)

Taking the Fourier inverse transform and setting the constant to be 1, we have

Tnf= [ e e (214)

O
We can define the homogeneous Sobolev space H*® of g with the following norm:

191l g+ := 1A%l 2 = €19l 2 (2.15)

The index s can be any non-positive real number. However, for convenience, we will
change the index to be “—s” with s>0, in this case. We will employ the following
special Sobolev interpolation that related the negative index s:

LEMMA 2.6. Let s>0 and [ >0, then we have

1
1 I4+1 11=0 1|0 _
IVigllze <1V gllz2 Mgl o, where 6=

(2.16)

Proof. By the Parseval theorem, the definition of (2.15) and Holder’s inequality,
we have

p S1=0))) |5 —0
IV gllz2 = 1€l all 2 <N gl15=0 €I all Tz = IV all 12 gl .-

0
LEMMA 2.7.  Assume that ||(p,u)|| g3 <co <1, and Let f(p) be a smooth function of
p. Then for any integer k> 1 we have

V' £(p)- V"l 22 S ol V* (p,w) | 2 (2.17)
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Proof. For 1<k, 1<1<k, using the Leibniz formula for ) ., v; =1 we have

V!f(n) - V¥ lu= a sum of products f117 (p)V7 p--- V7" pV* Ly, with 4; > 1.
(2.18)
By the Sobolev interpolation inequality, we have ||p|| L= <||p|lgz <co <1. So, we have

|f747 (p)| < C, C depends only on function f.

Using the Holder inequality and the Gagliardo-Nirenberg interpolation inequality, we
have

IV f () VE ul e SV pll 22 [V 21 - [V p

|2 | V¥ | e
Yn k—1

-3 e 1-2n
SVl ™ FIVEplle ™ Vol

In k-1 k=l

X [IV*plle * [1Vall s~ 1V 2 F
-1

SVl IV (o)l 2

Seol VE(pou)| 2 (2.19)

3. L? energy estimates

Denote n=p—1, u=u, g=0-1, f(n)=:2, g(n,q) =202 1 hn,qg)=
alntLatl) _y and B(n,q) =P 10 Without loss of I
o , ,q) =" A . ithout loss of generality, we assume

P,(1,1)=Py(1,1)=C, =k=X=1. We can write the equation (1.1) as

Oyn+divu= gy,
Oru— pAu— (p+ AN Vdivu+Vn+Vqg—VAn=gs, (3.1)
q—Aq+V-u=gs,

where
g1 =—div(nu),
gs=—uNgq+ f(n)Aq—B(n,q)Vu+ 25 [2uD(u) : D(u) +v(Vu)?] + ke,

In this section, we will derive the a priori energy estimates for the equivalent
system (1.1). Hence we assume a priori that for sufficiently small ¢ >0,

& @) =ln®llas +llu®) e +la) s <e. (3.3)
Hence, for any k> 1, we immediately have

[f ()]s 1g(n, @)l [h(n, )], | B(n, )| < Cnllg],
1FE0)],1g™ (n,q)1, [®) (n,9)[,|B® (n,q)| < C.

LEMMA 3.1. Under the assumption (3.3), for k=0,1,---,N, we have

Ld

- \VEnde+ [ VFdive-VFnde <,/E3 (|VF nl7z + VA ul32).  (3.5)
2dt Jps R3
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Proof. Applying V¥ to (3.1),, multiplying by V*n and integrating by part over

R3,

ld k|2 kg k k3; k
—— | |V®n|dz+ | VPdive-Vindz < [ V¥div(nu) - Vindx
2dt Jps R3 R3

SIVERl s [IVEH ()| s SVl [VE (na)]] s -

To estimate the ||Vk+1(nu)||Lg term,

k+1
IV ()l g =Ci ) _[[WInV ]
=0
(5] k+1
=C Y VIV e+ G Y VRV |
1=0 =[5+
=W+ W,. (3.6)

For [ <[®#EL]) together with the Sobolev interpolation of Lemma 2.1, we have

(4]
Wil s <C Y (IV'nVH | o <[|V'n]|1s ]|V | 2
1=0
a —0 —0
SVl V50l 20 ul I [V |2
SV EIVF |72 [ VE (3.7)
Here «, 0 satisfy
k+1 )0

From (3.8),
k41—l k1

6= - .
kel YT 2010

So, 0<0<1,a€(3,1).
When [ > [%] +1, in the same fashion, the following estimates are obtained:

IWall, g <A/EIIVH ul|7: [V nll". (3.9)

So, from (3.7) and (3.9), we obtain
IV )l o SA/E8 IVl + [Vl 2). (3.10)
0

From (3.6) and (3.10), we conclude the proof of Lemma 3.1.
LEMMA 3.2. Under the assumption (3.3), for k=0,1,--- N, there exist a positive
constant C' satisfying
1d
f—/ |Vku|2+H|VkVn|2dx+C/ |VVFu|?dx
2 dt R3 R3
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—|—/ Viu-VEVndz+ | VFu-V*Vqdz
R3 R3

SVE IVl +IVE2nlfLa + VM gl 2 + [V ul2) (3.11)

Proof. Applying V* to (3.1),, multiplying V¥4 and integrating by parts over R3,

Ld (Vku)zda:Jru/ (Vvku)2dz+(u+/\)/ (VFdivu)?
2dt ]RS RS RS
+ / VFu-V*Vndrzds + / VFu- ViV qdedz — / VAV*n . VFudz
R3 R3 R3

:7/ Vk(u~Vu)~Vkudx+/ VE[f(n)(uAu+ (u+ N Vdivu)] - VEudz
Ra Rs

— [ V¥g(n,q)Vn) -VFudz+ | V*(h(n,q)Vq)-VFudz
R3 R3
=L+ L+13+14. (312)

We treat the — [po VAV nV¥*udz term first.

— VAan-Vkud:v:/ AVFEn - V*divudz
R3

R3

:/ AVFn-VF (—ny —div(nu))dz

R3

1d k.2 k. ok 1
=—— [ (V*Vn)de— | AV n-V¥div(nu)dz

th R3 R3
—li/ (VFVn)?dz -1, (3.13)
24t R3 > '

Next, we treat I;, i=1,---,4. We now estimate the term I;. Employing the Leibniz
formula and the Holder and Sobolev inequalities, we obtain

L=— [ V¥ -Vu) Viudr=— Z C’ﬁ/ (Vzu.vkalu).vkudx
k3 o<e<i JR?
S D0 Vi V| o [V s
0<t<k
S D0 Vi V| s [V e (3.14)
0<e<k

Ifi< [g], by Holder’s inequality and Lemma 2.1 we have

[Viu-VE || o S|Vl s ]| VF | e

Ls ™
< va 1_ﬁ vk+1 %—;—1 kL-;-l vk+1 1_ﬁ
SIV&ull g IVl 2 flull s VPl
SVENVE | L (3.15)

where « is defined by

L1 (a1 1 ¢ N k+1 1 y /
3 3 \3 2 k+1 3 2 E+1

k+1 1 k
=————¢c|-,1] Db (<.
2(k—|—1—€)€{2’ > ecause <35

(3.16)
Y
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If > [g] + 1, by Holder’s inequality and Lemma 2.1 again we have

IV V5 | g SV | o [V ]

Ls ™~

1—£_ _£ _L 1— £
Slullzs ™ [V | IV ul 27 [V ]

SVE IVl (3.17)

where « is defined by

3 3 \3 2 k41 3 2 k+1
k+1 E+1

1
el 2 > 7
« 27 <2,1] because / 5

(3.18)

In light of (3.15) and (3.17), we deduce from (3.14) that

L $\/& 1V (3.19)

Next, we estimate the term I,. We do the approximation to simplify the presen-
tations as

L= | —V*[f(n)(pAu+(p+N)Vdive)|Viude~— [ V*(f(n)V3u)- VFuda.

R3 R3
(3.20)
Because k> 1, we can integrate by parts to have

I z/ VL (f(n)V2u) -V  ude
R3

< Z /RSVlf(n)-Vk_leVkHudx

0<I<k—1
S D IV ]|V . (3:21)
0<i<k—1
If I=0, because f(n)= %7,
1F () VE a2 S/ EIVFF Ll o (3.22)

If 1<, using Lemma 2.7 we have

Yo IV VE T | [VE ] e SA/ESIVIH ()] 2 |V a2

1<I<k—1
SVE UV )Tz +[IVE  ul72). (3.23)
From (3.21), (3.22), and (3.23), we have
|| S/ E IVl + [V T2). (3.24)

Now, we estimate the term I3. Because k> 1, we can integrate by parts to have

I3 =~ - V(g(n,q)Vn)VFude <[|V* (g(n,q) V)| s [V ul s
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k
<3 [Vig(n)VF ]| g

i=l

k
= <ZI§1+132> [V*F | 2. (3.25)

i=1

VE g2 + g (n,g) V| o IVF 2

For I31, from the Leibniz formula we have

Vig(n,q) =g mmibreBe(n q)Vin... V' maVPiq... VP, (3.26)
where
ittt Bt B=0 =1, f;>1, 1<i<m, 1<j<h.
Set a=min{ry, -+ ,rm, 51, ,0n}; without loss of generality, we assume r =«. It is

obvious that r; < [’“;“1]7 S0

12| IV 2l 197200 sy 97 sy
T2 m

X ||Vﬁ1q|| 2(k+1—71) """ ||V’6th 2(k+1—7q) ||Vk+1_’"1nH 2(k+1—r1)
B1 Bh R

T T2
SNV [V ! P [

.

X o ||V po T VR |, S

8 b1 Bh B
X ([ Vg s FFE VR g T Vg TR VA g PR

SV, )12 IV (0,0) | s [V (0, 0) | 2
SV (@)1 92 11V (n,0) 111201 () 1201V ()19
SVENVE (n, )19V (n,9) 1127 (3.27)

Here we use the Holder inequality and Lemma 2.3, and a1, 6 satisfy

T a k
Hon = (- -0)+ (55 - D)6,
From (3.8),
07 k+177"1 k+1
kE+1 ° 2<k+1—T1)
So,0<0<1, ae[3,1).
For I3, noticing that g(n,q) < |n| we have
[I2| S Ml s [V 2. (3.29)
From (3.25), (3.27), and (3.29), we have
5| S/ EIVEH (n,0) 122 (3.30)

For 14, notice that I, is similar to I3, the only difference being that the smooth

function g(n,q) is replaced by h(n,q) with the same property. We have the following
estimates:

I3 S/ E3IVFT (n,q) |17 - (3.31)
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Finally, it remains to estimate the last term I5.

I 5\ Avknvkdiv(nu)dx’ < V20| 12|V () | 2
RS

k
52 HVHQ”HL2 ||V€”||L4 ||Vk+1_éu|\L4
=1
HIVE 20|z ([l V¥ 0l g2 + [0l 2 [V | 2)
SMi+ M. (3.32)

For My,
k
My = |IVF 20| 2| V0| o | VF | o
=1

k
SNV e nl| G [IVFF |1 ) G V5l 27
(=1

SelVHF (V)| 7.. (3.33)

where « is defined by

g—i:0x0+(1—9) (T—;),
9:4(]:%;)36 €(0,1)
For Mo,
Moy <e|| VY (Vn,n,u)|2.. (3.34)
From (3.33) and (3.34), we obtain
I S el VT (Vi nu)| 2. (3.35)

Finally, from (3.12), (3.13), (3.19), (3.24), (3.30), (3.31), and (3.35), choosing ¢
small enough, we conclude the Lemma 3.2. ]

LEMMA 3.3. Under the assumption (3.3), for k=0,1,--- N, there exist a positive
constant C' satisfying

Ld
2 dt
SVE IV nllTs + IV 2o + 1V gl 2o + [ VFF ul[2). (3.36)

/|qu|2da:+0/ |Vvkq|2daz++/ VEdivu- VFqde
R3 R3 R3

Proof. Applying V* to (3.1)5, multiplying V¥*q and integrating by parts over R3
1d
2dt Jps

=— Vk(Vq-u)qudﬂc—i—/ Vk(f(n)Aq)quda:—/ V¥ (B(n,q)divu) - V*qdx
RS RS RS

(VFq)2da+p / (VVFq)dz+ | VFdivu-VFqdzdz
R3 R3
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K
Fl——[2uD(u): D vk / Ml ——:Vu]V*qd
RSV [n+1[ pD(u): D(u) +v(Vu)*|Viqds + RBV [n+1 u]V*qdx
VIV Anu)VFqda
R3
=h+Jo+JIs+ 1+ 5+ Js. (3.37)

Applying the method used to estimate I, I3, and I3 in Lemma 3.2, we have the
following estimates:

|1 <€ (IVFqll7 + [ VFu)3) . (3.38)
|J2| <A/ESIIVF g7 (3.39)
|Js| <A/ES IV allZ + V5 )3 + [V gl]7,) - (3.40)

For J,, integrating by parts over R?,

——(Vu) }V’“qdaz‘

n+1

J <‘ ’f{i
|4|_ RSV n+1

[21D(w): D(w) +v(Vu)?)| vkqu‘ < ‘ g ve[

‘ Vk[t(n,Vn,u)(Vu)]qudx‘ + ‘ Vk[m(n,u)(VQu)]qudac‘
RS RS

+ ‘ Vk[m(n,u)(Vu)}Vqudx‘
R3
=Jy1+ oo+ Jys. (3.41)

Similar to Iy, we have

[ Jaa| < \/EF (VP all 22 + IV | 2a + ]|V 22). (3.42)
Now, we turn to estimating Jy;.
|Ja1 <‘/ VA=t (n, Vn,u)(Vu) V’qudx‘ <Z’/ Vit(n, Vn,u)VE= lquJrlqdo:’
1=0
<‘/ n,Vn u)Vkqu“qu‘ +Z‘ Vit(n,Vn,u)VE= luV’“quJc’
R3
k-1

=Ji1+ Y _Ji (3.43)
=1

For J411, we have
[ Jan| SV E IVl s [VFull s [VEH gl L2 S/ EGIIVFT (u,9) 172 (3.44)

For J},,, using the Leibniz formula and noticing that dy +---+dp, +c1 +++ +cpm =1+1,
we have

[T | S IVEn- - VI n Yoy .. VemuVE| [V g 2. (3.45)
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Using a method similar to that which proved Lemma 2.7, we have

[ inal S 4/ EFIVET (w,q)[7- (3.46)

Finally, from (3.44) and (3.46), we have

[Tl SVENIVE (w,9)]17 2 (3.47)
Similar to J41, we have
[ Jaa| SA/ENIVE (w,9) 172 (3.48)

From (3.48), and (3.42), (3.47) together with (3.41), we have
3 k+1 2 k+2 2 k+1 12 k+1 2
[ Jal <\ ES(IVEH )2 + V207 + IV gl 2 + [Vl 22) - (3.49)
As for Js, for k> 1, integrating by parts, we have
5| < / VH(ANRZ :Vu)VEqdz+ [ V*(w(n,Vn)Vu)VFqde
R3 R3
1
< ||k o 7R+ 1401 5 k 2 k
SIVH AVl g [V gl + [ V[ VP V] Ve
SIVH T2Vl [V o+ | ¥ ) VulVHeds
R

= J51+J52. (350)

Using the method which bounded W; in Lemma 3.1, we can estimate

Tt SV EUIVF2nl[Ls + Va2 +(IVF ), (3.51)
T2 S\ ESIVI VR + [V 22 + [[VF 1 q)122). (3.52)

From (3.50), (3.51), and (3.52), we have

I5 S\E (IVF il +IIVE 20 2o + [V gl 22 + [V | 22) (3.53)

At last, we turn to estimate Jg. After integrating by parts, we have
Jo < ’/ Vk(AndiVU)vkqdﬂC’ +‘ Vk(Anu)Vqudx‘
R3 R3

S’/ Vk(Andivu)qudx’+‘/ VkH(Vnu)V’”lqu‘
R3 R3
= Jor + Joz. (3.54)

Je1 is the same as J51, and using Holder’s inequality and the method in (3.33), we
have

o2 < |V (V)| 2 [V gl e

<V E (IVEnlZe + IV 202 + IV (w0)122) (3.59)
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Combining (3.51) and (3.55), we have
Jo S\ ES (VM nll7e +IVE 20 2: + [ VE gl 2o + [V ] 7). (3.56)

Finally, we conclude the Lemma 3.3 from (3.38), (3.39), (3.40), (3.49), (3.53), and
(3.56). 0

The following lemma provides the dissipation estimate for n.

LEMMA 3.4. Under the assumption (3.3), for k=0,1,--- N, there exist positive
constants C1 and Cy satisfying

d ,
o VFu-VVndr+Cy (V)7 + | VF2n)|7.) < Co | VE |7, (3.57)
R3
Proof. Applying V* to (3.1),, multiplying V#Vn, integrating by parts over R3
and using Holder’s inequality,

/|Van|2dx—/ VkVn-VAandxz/ |Van|2dx+/ Vi . VR 2nde
R3 R3 R3 R3

<— | VFOu-VVFndr 4+ (2u+ NV ul| 2 | VET2n| L2
R3

+ [ V¥(g(n,q)Vn+h(n,q)Vq) V¥ ndx
RS

+ [ V*(u-Vu+t f(n)(pAu+ (p+ N Vdivuu)) - V¥ ndz. (3.58)
R3

The delicate first term in the right hand side of (3.58) involves the time derivative,
and the key idea is to integrate by parts in the t-variable and use the continuity
equation. Thus by (3.1); and integrating by parts for both the ¢- and z-variables, we
may compute

- VFu, - VVFndx

R3
S Vku'Vandzf/ VEdivu- Vi, de
dt R3 R3
z—% Vku~Vanda:—|—||deivu||%2—|—/ VEdivu- VFdivu(nu)de. (3.59)
R3 R3

By Hoélder’s inequality, we have
/ VFdive - VFdiv(nu) dz < ||V (nu) || g2 | V| 2. (3.60)
R3

By using the same method as in (3.35), we have

IV RVE ]| 2 S IV 0| poe |V | 2

1- 4 X . == 1— 4
SVl VR )| 22 ul 727 1V ] ™

SVE IV nlle + V5 a2 (3.61)



X. ZHANG AND Z. TAN 1451

where « is defined by

() () ()
3 3 2 k+1 3 2 kE+1’ (3.62)
QZM<3 because £<w.
2(k+1-0) — - 2

While for £> [51] 41 (then k+1—¢< [%EL]), we can then interchange the roles of
n and u to deduce that (3.61) holds also for this case. Thus, in view of (3.59)—(3.61),
we obtain

d
*/ VEuy - VVnde < —— [ VFu-VVFnda+C||VF |2, +C\/ &5V 3.

R3 dt R3
(3.63)

Applying the same method used in Lemma 2.7 and Lemma 3.1, we have

VE (u-Vu+ f(n)(pAu+ (u+\)Vdive) +g(n,q)Vn++h(n,q)Vq) - V¥ nda
R3

SVE VM e +IVE 2 + IV gl 2 + [ VFF20 2. (3.64)

Consequently, by (3.63), together with Cauchy’s inequality, choosing /&S < e small
enough, we then complete the proof of Lemma 3.4. 0

4. Negative Sobolev estimates

In this section, our goal is to give some estimates of (A™*n,A™%u,A=%¢,A=*Vu).
To control the nonlinear parts in (3.1), we need to use the the following LP type
inequality for the Riesz potential. It can be found in [6, pp. 119]. In the sequel, we
have to set s € (0,2).

If A—* f defined by (2.3) is the Riesz potential, then the Hardy-Littlewood-Sobolev
theorem implies

: 1
NAT*flloe < C||fl|lLe, where s€(0,3),1<p<g<oo,—+ (4.1)
q

1
>

wl ®

We will establish the following lemma.

LEMMA 4.1. Under the assumption (3.3), for s€(0,1/2] we have

d —s —s —s —s —s s
7dt/ A0 + A3+ |A5u)® +|A 5 Vn2dz + C (|| VA~ %ul|2, + C|[VA*q||2.)
R3

S UVallze +1(Vu, Vo) [ F) (IAnll 22 + A gl L2 + A" ull 2 + A~ Vn] 12),
(4.2)

and for s€(1/2,3/2) we have
d —s —s —s —s —s —s
G IS+ A AP Ao+ CI VA ula + CIVA~gl}2)

Sl w1522 (190l 2 + |Vl + | Val )2
x (A= n L2 + | A~ (u,q) || 12 + | A=V 12) - (4.3)
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Proof.  Applying A=° to (3.1);, (3.1),, and (3.1); and multiplying the result-
ing identities by A7°n, A~%u, and A~ ®q respectively, summing up them, and then
integrating over R? by parts,

Ld

2dt

+/ VAT ul? + (p+N) | div A ul* do
R3

/IA’S(n,u,q)Idef/ A5V An-A"Sudz
R3 R3

= [ A (—ndivu—uVn)A"n—A"°(uVu+ f(n)(pAu+ (p+ N Vdivu) A ude
R3
div (Ku)

A3 A° AP —— A" %qdzrud
—&-/RS (g(n)Vn) —l—/]RS —— qdrudz

+/RB A7 (qu+f(n)AqB(n,q)Vu+ %H[mLD(u) :D(u) +I/(Vu)2]) A Pqdx

I:T1—|—T2+T3—|—T4—|—T5+T7. (44)
Let us treat — [ps A~V An- A~ udz first.
- A°VAn-A"udr= AT AnA™*divudx
R3 R3

= / —AT*AnAT* O — AT AnA™* div (nu) dx
R3

/ —ATPAnAT 0 An— AT An- A7  divhudx
]RB

— l1d IA=*Vn|?dz+ | A™5Vn-A~*VZ(nu)da.
2 dt R3 R3
_1ld IA=Vn|?dz + T (4.5)
24t Jgs e '
For Tl7
7= [ A= (ndivi)A~*nde < |A~* (ndiva) 1A 0ls (46)
RS

Applying inequality (4.1) to deal with ||A~*(ndivu)|/L2, together with Holder’s in-
equality,

[IA™* (ndivu)]| g2 < ||ndivu||Ll/2J1rs/3
<lnllzsss [Vul 22

1/2— 1/2+ g
SIVallys Va2 [Vl g | A~5nl| 2

S (IVallzn +1Vulze) IA=*n] e (4.7)
From (4.6) and (4.7),
Th <|[nllper« [Vl L2 [[A™"n| 2. (4.8)

Similarly, we can bound the remaining terms by

Ty=— / A V) A nds S [Ju] /-
R3

V?’LHL:»HA_STLHLz, (49)
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= _/ AT (u-Vu) - A ude S |ull po/e [Vl 2 [ A7 | L2, (4.10)
R3

T4:7/Ra AT (f(n,q)(pAu+ (u+AN)Vdivu)) A" %ude

S @)l o V20l L2 [ Al e, (4.11)
L= A (9(n,q)Vn) A" udz S [|(n, )| o [Vl L2 [A™ | e, (4.12)
R
To= | A*Vn-AV2(nu)dz < ||(n, V)| | (V2u, Vu, VZ0) || g2 || A 5ul| 2.

]R3
(4.13)

T7 contains many items, but the way of estimating each item in T+ is similar to some
T,(i=1,---,6).

|T7| <|[(n,Vn,u,q)]| 13/ ] (VQU,VU,V2H7V(])HL2 IA=%q]| 2. (4.14)

So, from (4.8), (4.9), (4.10), (4.11), (4.12), (4.13), and (4.14), together with (4.4) and
(4.5),

1d

2.dt

+/ VA= a2 4 (- A)|divA—ul? + | VA~ *q2dx
RS

[ A0 AT A A o
R3

Sl (nyw, Vi, g)|| psrs |V (n,u, q, Vu, Vo) || p2 || A% (n,u,q, V) || 2. (4.15)
Next, we turn to estimating ||(n,u,q,Vn)|| 1s/-.

Case 1. If s€(0,1], note that 2 >6. To estimate ||(n,Vn,u)
of (n,u) is needed:

||, 2, a higher order

1_ 14
[lull 2 <ClIVullzz " IIV2ull 72 2

<C(|Vullg2 +IV2ul| ). (4.16)
So, the estimate of ||(n,u,qVn)||2 is
||(n,u,q,Vn)||L% <|(Vn,Vu,Vq)||g:- (4.17)

Combining (4.15) and (4.17), we conclude (4.2).

Case 2. If s€(1/2,3/2), note that 1/2+4s/3 <1 and 2<3/s < 6. We will estimate
|(n,u,Vn)|| s/« by interpolating between L? and LS,

s—1 S—s

lull 3 <[l *[[ul[Zs (4.18)
Ls
s—1 3_

IVl 2 <IIVnllz=*11Vnllzs (4.19)

s—1 35
[Inll s <llnllL2*[InllZe (4.20)

s—1 35
llall, 2 <llallr2>llall7s " (4.21)

So from (4.18), (4.19), (4.20), and (4.21),
S_l g—s

102,100, )| e S (s, V)55 IV g, O 525 (4.22)

Consequently, from (4.15) and (4.22), we deduce Lemma 4.1. O
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5. The proof of the Theorem 1.1

In this section, we shall combine Lemma 3.1, Lemma 3.1, Lemma 3.3, Lemma
3.4, Lemma 4.1, and the Sobolev interpolation to prove Theorem 1.1.

Summing up the estimates (3.5) of Lemma 3.1, (3.11) of Lemma 3.2, and (3.36)
of Lemma 3.3 for each k=0,1,---,N, because ¢ is small, we obtain

d
= (IVEnl L + VUl e + IVEVRIT: +11VF ] F2) + Cr IV ulfa < Coel VH 31

(5.1)
From (3.57) of Lemma 3.4,
d
s VEu-VV*ndz + Cs|| V1|2 < Cul| VPl %1 (5.2)
R3

Multiplying (5.2) by 6/C4, adding with (5.1), choosing 6 > 0 small enough, then there
exists a constant Cs > 0 satisfying

d 5
dt{(v’mn%z +IVFul3 + IV V0|32 + | VF|l,) +C/Vku~vvkndx}
4
+C {1V + VM |2 + Vgl } <0.(5.3)

Denote F¥(t) =||(V¥n,V*u,V*q,VV¥n)||2,, because § is small enough, so that F*(t)
is equivalent to the expression under the time derivative in (5.3). Then we may rewrite
(5.3) as follows:
d
%Fk(t) +C5 {|[VF a3, + ([ VR )3 + |V g3} <. (5.4)
Summing up (5.4) from k=0 to k=N, and then integrating directly in time, we
get

() 1+ @) Fn + g 7~ SEF ) <E(0) S llmollFrns + lluollF~ + llgoll7-
(5.5)

This verifies (1.3).

Next, we turn to prove Theorem 1.1.  Firstly, we need to verify that
[A=*(n,u,q,Vn)||2 <Cy for all t>0. By Lemma 4.1, we shall prove them for
s€1[0,1/2] first.

Proof.

Case 1. s€[0,1/2]
Define F_,(t):=||[A™*n(t)]|2. +[|A"5u(®)||22 + |A*q(t)[|2. +|[|[A~*Vn(t)||2,. Then,
integrating (4.2) in time, by the bound (1.3) we obtain that, for s€ (0,1/2],

t
F_s(t)SF_s(O)—i—C/O (VR + IVall 7 + | Vullin) vV F-s(T)dr

<Cy <1+ sup m) (5.6)

0<r<t
This implies (1.5) for s €[0,1/2], that is,

A= n()1Z2 + A u@®) |7 + A q@)[ 7 + AT Vn(b)||7: <Co for 86[0,1/2(} |
5.7
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If /=1,...,N, we may use Lemma 2.6 to have

1
s

IV il > CIAT fIl IV FIl T (5:8)

By this fact and (5.7), we find

1
IV a3 + 1V gl13 + [V 32 > Co (IV )32 + | VEVR|32) 77 (5.9)
This together with (1.3) implies in particular that for k=0,...,N,

IVEE2nl[Ls + IVl 2o + [ VE ullFs + [V gl 12

ko (12 k, |12 k1,12 kon2 \1tEe (5.10)
>Co ([IV*nll72 + [V ull L2 + IV nl7 + [ Vqll72) 5
From (5.4) and (5.10), we obtain the following time differential inequality:
d k k 1+#
$F (t)+ Co(F*(t)) ° <0 for k=0,...,N. (5.11)
Solving this inequality directly gives
FFt)<Co(1+t)~ %+ for k=0,...,N. (5.12)

This implies that for s€[0,1/2], and k=0,...,N,
IV n(@)172 + IV u@)|72 + IV a1 72 + IV Vn(t) |72 < Co(1+8) "+ (5.13)

Case 2. s€(3,3).
Notice there is no damping effect on n, so the method for the case s€0,1/2] can
not be applied to this case. However, observing that we have no,uo, Vg € H1/2
because H=5NL2C H~%" for any s’ €[0,s], we then deduce from what we have proved
for Theorem 1.1 with s=1/2 that the following decay result holds for k=0,...,N:

IV R@)IIZe + IV a1 72 + IV a(@)lIF: + [V Vr(b)]72 < Co(L+1) "2 (5.14)

Hence, by (5.14), we deduce from (4.3) that, for k€ (1/2,3/2),

t
Fos(t) SF—S(OHC/O (s @)% (Il + [ Vull s + Vgl ) /F-y(r) dr

t
§CO+CO/ (147)~ /132 dr sup /F_,(7)
0

0<r<t

<Cy <1+ sup \/m) (5.15)

0<r<t
This implies (1.5) for s€(1/2,3/2), that is,

A= n(®)[I72 + 1A u®)]Z2 + A @)l + [A*Vn(t)]|72 < Co for s€(1/2,3/2).

(5.16)
Now that we have proved (5.16), we may repeat the arguments leading to Theorem
1.1 for s€10,1/2] to prove that they hold also for s€ (1/2,3/2). O
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