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THE EXISTENCE OF LOCAL SOLUTIONS FOR THE
COMPRESSIBLE NAVIER-STOKES EQUATIONS WITH THE
DENSITY-DEPENDENT VISCOSITIES*
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Abstract. In this paper, we consider the isentropic compressible Navier-Stokes equations with
density-dependent viscosities. We prove the local existence of the classical solutions, where the initial
density is allowed to vanish.
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1. Introduction
The motion of a compressible viscous barotropic fluid in a bounded domain €2 in
R3 can be described by the compressible Navier-Stokes equations

pr+div(pu) =0,
(pu) +div(pu®u)+ Lu+VP(p)=0, (1.1)
Lu=—div(2uDu) — V(Adivu),

and the boundary conditions

psu)|t=0= (po,uo), in 2, (1.2)

u=0, on (0,T) x 09, '

where p, u=(u',u?,u®) and P=Ap” (A>0,7>1) are the fluid density, velocity, and

pressure respectively, Du= % (Vu+!Vu) is the strain tensor, and Q C R3 is a bounded

domain with smooth boundary 9. The viscosity coefficients p=pu(p) and A= A(p)
are the functions of the density p. Here we consider the following two cases:

M) €C®0,00), u(-) €C?3[0,00) and pu(-) > po >0, 2u+3X>0, (1.3)
or
M) eC3[0,00), u(-)=A1p*, 2u+31>0, (1.4)

where « is an arbitrary real number and pg, A; are positive constants.

There are huge literatures on the existence and behavior of solutions for com-
pressible Navier-Stokes equations. For the case where that the viscosity coefficients
are constants and the initial density pg>0, the one-dimensional problem has been
studied extensively by many people; see [11, 18, 27, 28] and the references therein.
For the multi-dimensional case, the local existence and uniqueness of classical so-
lutions can be found in [26, 29]. The global classical solutions were obtained by
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Matsumura-Nishida [24] for initial data close to a non vacuum equilibrium in some
Sobolev space H?®. Later, Hoff [12, 13] studied the problem for discontinuous initial
data. For a general initial density pg>0, the existence of weak solutions is due to
Lions [21] (see also Feireisl [7]), the local existence of strong/classical solutions were
obtained by [3, 4, 5] and the global classical solution was studied in [14].

From physical considerations, the viscosity coefficients are functions of the tem-
perature. If we consider the case of isentropic fluids, this dependence is reduced to the
dependence on the density (see [10]). For the case that the viscosity coeflicients are
functions of density or temperature, the one-dimensional problem has been studied
widely; the local existence theorems were obtained by Makino in [23] and Liu-Xin-
Yang in [22], and the global existence was studied in [6, 8, 9, 16, 31, 32, 33]. For the
multi-dimensional problem, if the initial density is away from vacuum and p> @ >0
(11 is a constant), the local existence of strong solutions was obtained by Valli in [30],
the global strong/classical solutions were obtained in [17, 34] under the assumption
that the initial data are small in some Sobolev space H®. When the initial density is
allowed to vanish, the global weak solutions were studied in [1, 25].

The purpose of our paper is to prove the local existence of classical solutions when
>0 and the initial density pg >0, or u= A1 p%, 2u+3X>0, pg > 0. Because the initial
density is allowed to vanish, the equations have singularity, so some methods used in
previous papers cannot be applied to our case. The main difficulties arise from the
fact that the viscous coefficients u, A are functions of p and that equation (1.1)s has
a singularity. In this paper, we have to deal with the higher order estimates of the
density. Moreover some ideas in [4, 5] are used.

Before stating the main results, we explain the notations and conventions used
throughout this paper. We denote

/ fdz= /Q fdz.

For 1 <r<oo and k is a positive integer, the standard homogeneous and inhomoge-
neous Sobolev spaces as follows:
L =L"(Q), D" ={u€ Li, (D [|V*ullz- <o}, [lull pr.r =V ull -,
Wkr=LrnDk" HF=Wk2 DF=D*2 Hl={ucH'| u=0 on 09},
D' ={ue L% ||Vu 2 < oo}

The main results in this paper can be stated as follows.

THEOREM 1.1. Assume that p, A satisfy (1.3) and that the initial data (po,uo)
satisfy

0<po€H?, P(po) € H?, woc HJNH?, (1.5)
and the compatibility condition
— din(241(po) Do) — V(Mpo) divuo) + V P(po) = pog. (L6)

for some g€ H}. Then there exists a time T, >0 such that (1.1)-(1.2) has a unique
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classical solution (p,u) on Qx (0,T.) which satisfies

peC(OTL ), peC(0 T H?),

per € L°(0,T,; L2) N L2(0,T,; HY),

we C([0,T.); HY N H¥) N L2(0, T, ; HY) N L (7, T, HY),
up € L2(0, T, HY) N L2(0, Ty H2), \/puq € L(0,T,; L?),
Vouw € L2(0,T,; L?), \/pu € L*(7,T,; L?),

ug € L°°(1,To; HHYNL?(7,T,; H?),

(1.7)

where T € (0,T) is any positive constant.
We can also prove the following.

THEOREM 1.2.  Assume that p, X satisfy (1.4) and 0<p<po € H3, p 18 a constant,
and uOEH&ﬂH?’. Then there exists a time Ty >0 and a unique classical solution
(p,u) satisfying the regularity properties in (1.7).

By virtue of Theorem 1.1, we also can prove the existence of the local solution
for the Cauchy problem of (1.1). Consider the Cauchy problem for the equation (1.1)
with the far field behavior

u(z,t) =0, p(z,t) =0 as |z|— o0 (1.8)
and initial data

(p>u)|t:0:(p07u0)7 .%‘ER?’. (19)

THEOREM 1.3. Assume that p,\ satisfy (1.3) and that the initial data (po,uo)
satisfy

0<po€H?, P(py)€ H?, upecD'ND3, (1.10)
and the compatibility condition
—div(21(po) Duo) — V(A(po) divig) + V P(po) = pog,

for some g€ D' with pé/ggéLz. Then there exists a time T,>0 such that
(1.1),(1.8),(1.9) has a unique classical solution (p,u) on R x (0,T,) which satisfies

pGC([O,T*];HS), ptEC([O,T*];H2),

pit € L°°(0,T,; L2)NL2(0,T,; HY),

we C([0,T.]; D' N D¥) N L(0,T,; DY) L (r,T.: DY),
up € L2(0,T,; DY) N L2(0,T,; D?), \/puy € L%(0,To; L2),
VPU € L?(0,T,; L?), VPUt € L2(1,T,; L?),

ug € L(7,Ty; DYYNL2(1,Ty; D?),

where T € (0,Ty) is any positive constant.

The rest of this paper is organized as follows. In Section 2, we give some elemen-
tary facts, and then study the linearized problem of (1.1) and prove some existence
and regularity results for a linear transport equation and a linear parabolic system. In
Section 3, we first construct an approximate solution to the Navier-Stokes equations
(1.1)-(1.2), then we derive some uniform estimates in higher norms, which implies the
local existence of classical solutions of (1.1)-(1.2). Theorem 1.2 and Theorem 1.3 are
proved in Section 4.
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2. Preliminaries
In this section, we will give some elementary facts which will be used later.

LEMMA 2.1. (Korn’s inequality [15]) Let Q is a bounded domain in R?® with smooth
boundary. Assume that u, \ satisfy (1.3), u€ HLNH?. Then there exists a positive
constant C'=C(Q,u,\) such that

/(2M'Du|2+)\(diw)2)dm2C/|Vu|2dx. (2.1)

LEMMA 2.2. ([2]) Let Q be a bounded domain of R™ and suppose 00 is C*. Assume
1<p<n, and u€ W"P(Q). Then uc LP" (Q) with the estimate

* np
lull o < Cllullwin, p € [Ln—_p] (2.2)

Moreover if p>n, we have
[ull L < Cllullwre, (2.3)

where C depends only on p, n, and 2.
Consider the elliptic system

jﬁ:lag;lDa(A?jB(x)Dlguj) —fi, i=1,..,N, o
u=0, x€odl,
where 2 CR"™ is a smooth bounded domain, and
AP (2)€L€] > Colé]?, Co>0, AT () € L™, VE€R™.
The following lemma can be found in [2] and [20].

LEMMA 2.3. Assume that f; € L?, \VAf‘jﬂ(x)||Vu| € L2. Then the solution u of (2.4)
satisfies uc€ H? and

N
/|V2u|2dx§0/ <|Vu|2+|VA?jﬂ(x)2|Vu2+2|fi|2> da.
Q Q i=1

We now study the linearized problem of (1.1). Consider the following linearized
system:

(2.5)

pt+div(pv) =0,
pus+pv-u+ Lu+VP(p)=0,

where Lu=—div(2uDu) — V(Adivu), P=Ap” and v is a known vector field.

LEMMA 2.4. Assume that A\, p satisfy (1.3) and (po,uo) satisfy the regularity condi-
tions

§<po€H?® forsomed>0, ugcHiNH?,
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and that v satisfies the regularity conditions
veC([0,T; HynH*)NL*(0,T; HY),
v, €C([0,T); HY)NL?(0,T; H?).

Then there exists a unique classical solution (p,u) to the problem (2.5), (1.2) such
that

pEC([O,T];H3)7 ptEC([(LT];Hz),

pu € L°(0,T;L*)NL*(0,T; H'),

we C([0,T]; HE N H3) N L2(0,T; H*) N L (r,T; HY),

up € L(0, T3 HY) N L2(0,T; H?), \/pus € L (0,T;L2), (2.6)
VPU € L?(0,T;L?), VPUt € L3(7,T;L?)

ug € L°(7, T; HY) N L2 (7,T; H?),

p>0 on [0,T] xQ,

where T € (0,T) is any positive constant.

Proof. Clearly, the equation (2.5); has a unique solution p, which can be
expressed by

t
p(t,z)=po(U(0,t,x))exp <—/ divv (s,U(s,t,x))ds) , (2.7)
0
where U=U(t,s,x) is the solution of

2U(t,s,x)=v(t,U(ts,x), 0<t<T,
Ul(s,s,z)=ux, 0<s<T, ze€.

Using (2.7) and Sobolev’s inequality, we have

T
p(t,x) > dexp (—/ ||Vv||H2dt> >0,
0

for (t,z) €[0,T] x Q.
We now prove

sup_([|pll s + 1Pl zs + lpell 2 + | Pell 2 + lpeel 2 + || Peell £2)
0<t<T

T ) (2.8)
+ [ (1l + IV Palf) de <C.
0

where and in rest of the proof of this lemma, we denote by C a generic positive
constant depending only on the norm of v, ||po|| gz, and T', but independent of 4.
Multiplying the equation (2.5); by p and integrating (by parts) over Q, we obtain

d
" / plPdr<C / Vol de.

Sobolev’s inequality thus yields

d
Zlelzz <ClIVoll=llplzz < CllollmsllplZe- (2.9)
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Differentiating (2.5); with respect to x;, multiplying by J;p and then integrating over
Q, we have

d
& [10s0Pdz < [ (196902 410111170 do
<C (ol ol + ol 192 1920 o)

Using Sobolev’s inequality, we have

d
e 19ipl72 < Cllvlls llpl - (2.10)
Similarly, differentiating (2.5)1 with respect to z; and z;, multiplying by
0;0;p,1<1,j <3, and then integrating the resulting equation over €, we have

d

5 [10:00dn <C [ (1901720 + V20| [Vpl[ 92|+ 5170 V20 o

<C(IVollz= V2plIZ2 + Vol ol V0] Lo [Vl 2
Hlpllzo V3] L2l V2l 2)
<Cllollzs llollZe- (2.11)

Similarly, we have

d
£/|V3p|2dx§0/(|V3p\2|Vv|+\V3p||V2p||V20|

+| V2|Vl | V20| + p| V|| V*0] )da:
<CllluslV2pllFz 4+ Cllvllgs (IV2pll 72 + 1V2pl172)

+C Vol V2 pll 22| V30| s + Cllpll o= [V pl| 2 | VA0 22
<)l gallplls- (2.12)

Combining (2.9)-(2.12), we get

sup ||pllss <C.
0<t<T

Because p; = —v-Vp— pdivo = —v*.p — pOyv* and

00 py = —v*0;0;01p — 0;0"0;01.p — 0;0" 0;01,p — 9;0;0* Oy p — 9,0 pORV*
— 6ip8j8kvk — ajpaiak’l}k — paiajﬁk’l}k,

then we have

sup |[pllz2 <C sup ([[ollLs | Vpllze + [lpll zslldivel ) <C
0<t<T 0<t<T

and
sup [[V2pillz2 <C sup (|[ollre<[[V3pll2 + Vol s |V pl| Lo
0<t<T 0<t<T

+V?0l| 2 Vol ps + ol [ V30| 12)
<C.
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Differentiating (2.5); with respect to ¢, we have
Pt + pedive + pdive, +Vpy -v+Vp-v, =0.
Thus
Oignglpttllm SCozltlgT(llptllm IVl s +lpll e [V | 22

+IVpellz (vl + Vol s |lve|l s )
<C,

and

T T
/O HthtHizdtSC/o (lpellizoe V20l Lz + ol V2t | 2
IVl IVvell 2 + Vel 2l Vol oo + V2ot 2 0] 2
HIV2pl s vrll o + V20| 2 0] ) dt < €.
Note that P= Ap” satisfies
P,+v-VP+~yPdivo=0.

Similarly to the above proof, we can prove
T ~
sup (1Pl + |l + 1 Pall2) + | [V Palade<C.
0<t<T 0

Hence (2.8) is proved. Note that (2.5)2 can be written as a linear parabolic system
ug+v-Vutp ' Lu=F, (2.13)

where F=—p~!VP. (2.8) implies that F € L>(0,7;H?) and F,€C([0,T];H*)N
H'(0,T;L?). Hence the existence and regularity (2.6) of the solution of (2.13) follow
from the parabolic system theory (see [19]). O

3. Proof of Theorem 1.1.

Without loss of generality, let po € C3(2) and pos = po+0. From P(pg) € H?, we
have P(pos)— P(po) in H? as § —0. Let ups € H:NH? be a unique solution to the
following elliptic boundary value problem:

Lsuos =—div(2u(pos)Duos) — V(A(pos)divugs) = Fops in Q and wugs=0 on 09,

(3.1)
where
Fos ==V P(pos) + posg-
We will show that
uos—uo in H? as 6—0, (3.2)
D3ugs — D3ug in L? as 0—0, and |[D3ugs||z2 <C||D3ugl|z2 +C,

According to the theory of elliptic systems, we have

llwos || e < C|| Fosl|mr +C||Vpol| gz < Ch,
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where C, C are the constants independent of d, 2, and VP (pos) — VP(po) in H' is
used. This means that there exists a sequence d;, 0; — 0 such that {uos;} converges
strongly in H? to a limit @€ H? and {D3ugs,} converges weakly in L? to D3a.
Letting 6; —0 in (3.1), we get

Lo =—div(2p(po) Do) — V (A(po)diviie) = =V P(po) + pog = Fo,

a.e. in 2. Note that Lug = Fy. The uniqueness of solutions of elliptic problems implies
g =1ug. Hence (3.2) holds.

To prove the existence of solutions of (1.1)-(1.2), we construct approximate solu-
tions inductively as follows:

(i) first define u®=0,

(ii) assume that u*~1 was defined for k>1, let (p*,u*) be the unique global

classical solution to the linearized problem (2.5) and (1.2) with v replaced by u*~1,

ie.

pF+ub 1 Vpk 4 pFdiveF 1 =0, in (0,7)xQ, (3.3)
pPuk 4 pFuF =t vk + LuF + VP =0, in (0,7)xQ, (3.4)
oFlico=pos, uFli—o=wups, inQ, uF=0, on (0,T)x9Q, (3.5)

where
Lu® = —div(2u(p*)Du”) — V(A\(p")divuk), PF = A(p*)7.

According to Lemma 2.4, the linearized problem (3.3)-(3.5) has a global classical
solution (p*,u*) with the regularity (2.6).

Next, we show that the approximate solutions satisfy some uniform estimates to
k and 0, and converge to a local classical solution of (1.1)-(1.2).

We introduce a function @k (t) (K is a fixed positive integer) defined by

ic(t) = max sup (141" ()]s + u" ()]s +1v/oFuf (5)]| 2+ 1 () )
1<k<Ko<s<t

Then we prove that @k is locally bounded.
To simplify the presentation, we use the following notations:

AN=A(p") and p* =p(p").
Note that
0<pf<C, O<po<ph, |Vt VA <CIVp",
V2NV < C (VR P+ 1V20H)
VIV UM < C(IVpF 1P+ VM| V208 |+ VP F]) on [0,T]x 9,

~ L 7\ k .
where C' depends also on ||dd%||Loo and Hddl;\j Iz j=1,2,3.
Throughout this section, we denote some increasing continuous functions by

A(®g,t), which do not depend on ¢ and satisfy }irr(l)A(@K,t):& Moreover we de-
—

note some positive constants independent of § by C. To prove that ®x is locally
bounded, we will show

P (t) <CHA(Pk,t) +exp{A(Px,t)},
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which implies that there is a time T, >0 such that ®g(¢) is uniformly bounded to
t€(0,Ty) and K.

LEMMA 3.1.
10" (|2 + | P* | g2 < Cexp{ A(®k, 1)}, (3.6)

t
/ IVPFuE 2 ads + | Vb ()2 < C + A, t) + Coxp{A@i.t)},  (3.7)
0

for all k1 <E<K.
Proof.  Similar to the proof of (2.8), we can obtain (3.6). We now estimate (3.7).

Multiplying (3.4) by u¥, and integrating it over 2, we obtain
k|, k(2 d by k12, A E\2 _ pk k
/p || dx—i—dt/<,u |Du”| —|—?(divu )* = PPdivu” | dx
_ (k/kaQ (Ak)/kd k2d
= [ (wryokmarp+ B g aivaty? ) o
—/(pkuk_l-Vuk-uf—i—Pt’“divuk)da@
1
SC’/|pf||Vuk|2d:c+/(pk|uk_1|2|Vuk|2+|Ptk||Vuk\)dm+i/pk|uf|2d:c. (3.8)
Integrating (3.8), using Lemma 2.1 and (3.3), we deduce that
t
/ /pk|uf|2dxds+/|Vuk|2dx
0

t
§C+C/|Pk(t)\2da:+/ /|pf\|vuk|2dmds
0

t t
+/ /p’“|u’f—1|2|vu’f\2dxds+/ /|Ptk\|Vuk|dxds
0 0

t
§C+C/|Pk(t)\2dw+/ IV P (e = ) ol V|7 ds
0

t t
+C/0 ||p’“||LooIIVu’“‘llle\IVu’“II%4ds+C/0 (" 1z = 7o 172"

HIVPE | o o VU | 2 + [ P [l Vb ™| 2| Vet 2) ds. (3.9)
Hence (3.7) follows from Sobolev’s inequality and (3.9). 0
LEMMA 3.2.

t
Nz e / b |3y ds < C+ A(@xc,t) + Cexp{A(@r., )}, (3.10)

forallk, 1<k<K.
Proof. Differentiating (3.4) with respect to t, we get

prul 4 phul + (pFuh Vb)), — div(euDul) — V(\Edivul ) + V PF
—div(2(u") pFDuk) — V((A*) pFdiva®) =0. (3.11)
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Multiplying (3.11) by uf and then integrating the resulting equation over (2, one gets
after integration by parts

1d
2 dt

:/div(pkuk_l)(uf—&—uk_l~Vuk)-ufdx—/pkuffl~Vuk'ufdm
1
—/uf(|Duk|2)tdx—§/Aff((divu’“)Q)tder/Pt’fdivufdx

:—/pkuk_1V((uf+uk_1~Vuk)-uf)dx—/pkuffl-Vu’“ufdx

pk|uf|2dx+/ (2p%|Dup ? + NF (divuy)?) dz

—/(uk_l-VP—i—’deivuk_l)divufdx

1 .
—/,uf (|Duk|2)tdan—§/)\éc ((dlvuk)Q)tda:.
Using the equation (3.3), we deduce that

1d

Sd pk|uf|2dx+0/|Vuf|2dx

< [ M IV Pt 9D P92
b P | 4 [ |+ VP i

+y P |dive® 1 || divu?|
+ (21(1") | |diva® [V aF [ Vg [+ () [V ||| diva || divey |) ) da

8
=Y "1I;. (3.12)

Using Sobolev’s inequality, Holder’s inequality, (3.6), and (3.7), we get

I <2 M|l o /PP | 2 V| 2 < M (@),

I < || p* [ poe lu = [ poe Va7 22 [V | o llug | o < M(®x),

I3 <l p" |l oe llu" = 2o lluf Nl o1 V20" | 12 < M (@),

L <l ||z [[u" 2o IVt [ o | Ve || 2 < M (@),

I < || p" [l olluy ™ |l ol Vet || 2 g || o < M(@x),

Is < | VP | o lu" e | Va |2 < M (@),

Iy <[y PPl VU 2 [ Vg [ 22 < M (@),

Is < O([lp" | o IV~ po + V0" [ o l[u* I o)V | o V|| 2 < M (@),
where M = M(+) is an increasing continuous function from [0,00) to itself with M (0) =
0, which is independent of 4.

Inserting all the estimates of I;, (i=1,2,---,8) into (3.12) and integrating it over
[1,t], 0<T<t<T, we obtain

d
P / Vb P < M(Dye),



P.X. ZHANG AND J.N. ZHAO 1287
and
¢ ¢
IR+ [ I9uteds< [t Podas [ M(@ras. (313
Multiplying (3.4) by uf and integrating over {2, we have
/pk|uf|2dx < 2/ (P* |2 VR 2+ (pF) T LuP + V PR 1?) da.
Therefore, letting 7— 0 in (3.13), we conclude that

t
IV pFuf |12 +/0 [uf |31 ds < C(po,uo) + A(Pk 1), (3.14)

for all k, 1<k <K, where

C(pos,uos) = 2/ (posluos|*[Vuos|® + pos | — div(2u(pos) Duos) — V(A(pos)divios)
+V P(pos)|?) da

= 2/ (pos|wos|* | Vuos|* + pos|g|?) da;

according to the compatibility condition (1.6) in Theorem 1.1, we may require that
C(pos,uos) is uniformly bounded to 4.

Note that for fixed t>0, (3.4) is a elliptic system. According to Lemma 2.1 and
Lemma 2.3, (3.4) implies

V20| 2
<O (||p"uy + pu" ' VuF + VP¥|| 2 +(|12(uF) V¥ - Dur — (NF)'V pFdive|| 2
+H[ V]| 2)
<C (I W= 1M B bl o+ 104Vt + [V P+ [V |9 1
+HVu* 2)

1
<C+A(Pk, ) +Cexp{A(®rk, )} + 5 [V 12,
where estimates (3.6), (3.7), and (3.14) are used. Hence we have
[V2uF|| 2 <C+ A(Dk,t) + Cexp{A(Pg,t)}. (3.15)

Combing (3.14) and (3.15), we get (3.10). |

LEMMA 3.3.
570 3+ s + s+ 1P s
t
+ [ (Vi + 19192 ) s

<CHA(Pk,t)+Cexp{A(Pk,t)}. (3.16)
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Proof.  Multiplying (3.11) by uf, and then integrating the resulting equation

over (), one gets after integration by parts

d Ak
G ] (o v ? o [ ot s

d 1
= <—2/pf|uf|2—/pfuk1~Vuk~uf+/Ptkdivufdx
—/(2(,uk)’pruk~Vuf—|—(>\k)’pfdivukdivuf)dz>
1
vy [ ohluPars (bt~ vy adda [ Vil o
—/pkuk_l-Vufufﬂac—/Pﬁdivufdm
kv ki k2 ) e o
+ (1°) P | Dug|” + 9 pi (divug)” | dx

+/((2(,uk)’pf’Duk)t-Vu,]f+((>\k)’pfdivuk)tdivuf)d:ﬂ
7
::jtJo—l—;Ji.
It follows from (3.6), (3.7), and (3.10) that
|J0|:'_;/PfUfP‘/Pfuk_l-Vuk~uf—|—/Ptkdivufda:
—/(Q(Mk)’pffDuk~Vuf—&—()\k)’pfdivukdivuf)dx
§/|pkuk71~V|uf\2|dx+0/|’ypkdivuk71+VPk~uk71||divuf\dx

+C/|pkdivuk*1+Vpk~uk*1|(|Vuk\|Vuf|+\uk’1||Vuk\|uf|) dx

(3.17)

1 _ 1 —
<C (Ilpkl\im [u" Moo 1(0*) 2 | 2 [V |2 + | P* [ oo [V~ 22 [ Vug | e
T 2o [V PE (|2 | Ve |2 + 10F | oo VU 2o [ V0| 2 [V || 2
HIVA s 0 oo IV | s [V | 2 + 1V 5 [ 2|1 I V| o g | o

HlIP® oo IV | o 0| oo [V 2 0 || )

< A(Pg,t)+Cexp{A(Pk, 1)} +¢|| Vb2, (3.18)
and
21l =2 [ bl | =2 [ (bt~ 4 ) Wty
<C (o5 Il oo 1w pa 4 1% oo Ny ™ ) 1k || ol Vuf | 2
(3.19)

<M(®k),

where we have used

1p¥ ||z < CllpF | rr2 = Clldiv (pPu" =) 2 < Cllp" [l rra | | 172 < M (@)
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Sobolev’s inequality and Holder’s inequality give
|J2:‘/(pfuk_1~Vu Ve -upda

—‘/(pftuk Lok + pfuf 1~Vuk+pfuk*1'Vuf)~ufdx

k— k k
<lptell ez lluh=" - b (| pallug | o +11p¢ | p2 lleg ™ | o lug | oo [ Ve* | s
ot [1u* oo | Vug || 2 l|uf || o
<M(®xk), (3.20)

where we have used
o8l 22 = [lpf dive® ! 4 pFdivuf ="+ Vpf -ub !+ Yok uf |
<C (0¥ Il ol VUl ps + 1" I\LOOIIVUf iz

HIV oz Ml + 190" | oo g~ ) o)
< M(D).

Similarly, we have
1Pz < M (Pk).

Using Cauchy’s inequality, we have

|J3|+[Ja]| = ‘/pkuf_l VuP uk de

+ ‘/,okuk1 Vb -l de

1 1 E_ _
<UoP17< 1) 2 ugill e (g ™ 1oV || oo 4[| oo ([ Vg | £2)

<el|(p*)2ufy |72 + M(D), (3.21)

J5|:‘/Pt]§dlvutdx <C||PE|| 2| VUl || 2 < M(®k), (3.22)

)\k / ]
al=| [ (it + CF ptaivaty? ) a

(3.23)
<Cllpt oo IVuy |72 < M(®x),
and
|J7|—’/ (2pF pf D) - Vuy + (N pf divu®)divuf) da
/(\P D] + ol | Du* |+ | pf || Dug |) [Vuy | da
<C(loF I V0¥l 2 Vg || 22 + lof |2 |Vt~ | oo [Vl 22
Hlpg Nz Vg [1Z2)
<M(Pg). (3.24)

Substituting (3.18)-(3.24) into (3.17), then integrating over [0,t], choosing & > 0 suit-
able small, one has

t
[Vl |2, +/ IV pFul,||22ds <C+ A(®ge,t) + Cexp{A(Px,t)} . (3.25)
0
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Using (3.6), (3.7), (3.10), (3.25), and the regularity theory for elliptic systems, we
obtain from (3.4) that
V20| 2
<OV (p*uf +put ! Vut + VPY) | 2
+C||IV (2(")'V - DUk + (N Y pPdiva®) || 2 + C|| V0¥ | 2
<C(IV (P uf)lp2 + IV (p*u" 1 Vub) | g2 + [ V2PF| 2
HIV IV 2|2+ (IVRF 2+ V205 ) VU 22 + (V20| 2)
<C (10" e IVugllzz + IV oF ol | zo + V0" | o[l | oo [V s
2o V6 2o [ Vet o 10" | oo [ VP | oo (V20 2 + [ V2P 12
HIVO Lo (V2P| 2 + IV F [ [V 2 + V208 |2 [ Ve [ o + VP00 2)
<C+A(Pk,t)+Cexp{A(Pk,t)}. (3.26)
Hence combining (3.10) and (3.26), we get
[u¥ || s < C+ A(®k, )+ Cexp{A(®k,t)}. (3.27)

Using the L2—estimate for elliptic systems, (3.6), (3.7), (3.10), (3.25)-(3.27), we find
from (3.11) that
IVl 2 < Cllp"ugy + pfug + (p"u - Vur) + VP 12
v (2(4) pEDuE) — T (A pldiva) | 2
H|2(6*)'Vp* - Dug — (AF)' Vb divey|| 2 + Ol Vg | 2
<C (I utllez +11pF s lluf | o + |08 | oo [0~ | o< Vet 2
H1pE | o oty ™ o [V |z + 10" o [0 | oo [V | 2
HIVE 2 + Vo8 oo [V uf |2 + | pf | 2 Vet L [ V0" 2
HIVUr Lo [VoF 2 + 1o Lo V20 [ 22 + [Vl | 2)
<C(p") il + M(Px) + A(@rc )+ Coxp{A(®@x.1)}. (3.28)

(3.28) and (3.25) imply
T
/Hv2uf||2L2dtgC+A(¢K,t)+cexp{A(q>K,t)}. (3.29)
0

Using (3.27) and the regularity theory of elliptic systems, we also have
V4" 2
<CO|V2 (pFuf +p"u Vb + VPF) || 12
+CO||V2 (2(")'V ok - Duk + (\F)'V pFdivu®) || 2 + C|| V3uF | 12
<C (Ip"uf ez + 1 p" a1 Vi |2 + | VP*| 2 + V" - Vb g2
HIIV AP IVl ||z + V" PVl || 2 + ][V 0" [V F [ V| 12 + VP 2)
<M(®g)+CO||V2ul| L2+ A(Pg,t) +Cexp{A(P,t)}. (3.30)
Using (3.25), (3.27), (3.29), and (3.30), we obtain

t
/ V4|2 .ds < A(®ge,t) +Cexp{A(Pk,t)}. (3.31)
0
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Similarly to the proof of (2.8), using (3.31), one can obtain

t t
105 | s <l po | zrs exp (C/ Vuk_lHads) <Cexp (Ct—l—/ ||uk_1||%14ds>
0 0

Similarly, using (2.8), we can prove

t
1P 5 < P po) | ars xp (o / ||Vu“||Hsds) < Coxp{A(@x.1)}.
0

The proof of Lemma 3.3 is completed. 0
From lemmas 3.1-3.3, we conclude that

@K(t) SC+A(@K,t)+CeXP{A((I)K,t)},

for some constant C independent of k£ and J. Because }in%A(i) K,t) =0, there exists a
—

time 7% >0 and a constant C depending on A, 4, [|g|lz, and ||(po,uo)||ms such that
dyr(t)<C, 0<t<T,, (3.32)

for all positive integers K. Hence from lemmas 3.1-3.3, we get

k k k k k
Csup (10" s ¥ s - s + /2R 15 + 1 3 )

: .
[ (B B IRt <0 (339
0
for all k>1. Moreover, (3.33) and (3.1); imply

S (pF 172 +1PE I Fr + NI + 1 PlIE2) (3.34)

4=

T
+ [ UV + 19 PEIE: ar<c. (3.35)

Then (3.32)-(3.35) imply that there is a convergent subsequence of (p*,u*) such
that the limit function is a strong solution of (1.1)-(1.2), which possesses the following
regularity:

peC(OT.LHY), p (0T H?),

pet € L=(0,T,; LA)NL2(0,T,; HY),

we C((0,1.]; Hi N H3) N L2(0,T; HY), \/puy € L% (0, T,; L?),

u, € L>(0,T; Hy)NL?(0,Ty; H?), and /puy € L*(0,T,;L?).

(3.36)

We now prove that the above strong solution is also a classical solution of (1.1)-
(1.2).

LEMMA 3.4. The strong solutions of (1.1)-(1.2) have the following regularity:

t/puset € L2(0,Tw; L?),  tug € L®(0,Ty; HY). (3.37)
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Proof. The following calculations are formal, and (p,u) is required to be more
regular. They can be made rigorous by a Steklov averaging process. Differentiating
(1.1)2 twice with respect to ¢, we have

PULt — le(2/,LD’LLtt) - V(AdiVUtt) = *tht - ,D(U . Vu)tt - 2,015 (U . Vquut)t
—put(u- Vu+uy) +div(2ug Du) + V(A divu)
+div(4p:Duy) + V(2 e divag ). (3.38)

Multiplying (3.38) by us and integrating over €2, one gets after integration by parts
that

1d
2dt
= /Pttdivuttdx—/p(u-Vu)tt~uttdx—2/pt(u-Vu)t-uttdx

3
f§/pt\utt|2dxf/pttu~Vu~uttd:cf/pttut‘uttdz

— / (Q;LttDu . Vutt + )\ttdiVUdiVUtt) dxr

/p|utt|2dx+/ (2ulDuee |* + A(divuy )*) de

- / (4ﬁthUt . Vutt + 2)\tdiVUt diVUtt) dx

=Y M, (3.39)
We can estimate each term of the right hand side of (3.39) as follows:

My = / Pudivugda < C(e)|| Pull% el Vugel|%e <l Ve |22 + C(e),

M2 = — /p(u Vu)tt 'uttdl'

1
<Cllpllzee (lueellLo IV ullps + [l Lo [ Vel s + lull Lo Ve || 22) [|v/prell 2
<el| V|2 +C(e)llvouulzz +ClI Va2,

Mz = —2/Pt(u-VU)t ~ugede <Ollpel s (luel| Lo [|Vull o +Jull oo [ V|| 22) [l o

<el|Vuullz, +C(e),

2
1
< Clpllze llull oo [[Vuee | e ll/ouse | 2 < el Vueel|22 + C(e) | /puse |22,

3 3 [,
M4:—7/pt|utt|2dx:5/dlv(pu)\utt|2dx§3/p|u||utt||Vutt|dx

Ms= —/Pttu'vu'uttdiﬁ§C||Ptt||L2||U||L°° IVl L lueel| o < el V|72 +C(e),
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Mg = —/Pttut cugydr < Cllpael| 2 el s Jueel| Lo < el Vuge|| 72 +Ce),

M7:—/(2,uttDu-Vutt—k)\ttdivudivutt)dxSC’/(|ptt|—|—|pt|2)\VuHVutt|dm

<C(llpeell =+ llpel o) IVull L [ Vueel 22 <l Vuell7- +C(e),

Mg:—/(4utDut~Vutt+2)\tdivutdivutt)dxSC/|ptHVutHVutt|dx

< Cllpdllpe | Vuell 2 | Vuel 12 < el Vw72 +C(e).

Substituting all estimates of M;, (i=1,2,---,8) into (3.39) and choosing £ >0 small
enough, we have

d
a//’\uttﬁdﬁf‘*‘ IVuulz: < C (14 1V |72 + [l vpuu|72) - (3.40)

Multiplying (3.40) by t, integrating over (7,7T}), and using Gronwall’s inequality, we
deduce that

tpun (Ol + [

T

T,
IV () [32ds < C (L7 Puse () [32) (3.41)

Because ||\/pus |32 € L?(0,T%), it follows that there is a sequence {7}, >0} such that
7 —0 and Tk||\/ﬁutt(7k)|\%2 —0 as k—o0.

Therefore, letting 7=71; — 0 in (3.41), we conclude that
tpu®l3s+ [ V() 3ads < (3.42)
Multiplying (3.38) by w4+ and integrating over 2, we have
/p|uttt|2dx+ %% (2| Due|* + A(divuyy)?) da
= /Pttdivutttdwf/p(qu)tt~utttdx72/pt(u-Vu+ut)t~umdx
—/ptt(qu)-utttdx—/pttut-utttdx
— / (2 Du- Vg + Apdivudivug, ) de

— / (4,U/tDut Vg + 2 ¢ divuy diVUttt) dx

=Y Ni. (3.43)
We can estimate the terms of the right side in (3.43) as follows:
d
N1 = /Ptt diVuttthC = % /PttdiVUttd.I — /Ptttdivuttdx

d .
g—t/Pttdlvuttdx+0(||Pttt||2L2—&-HVuttHQLg)

d .
S @/PttleUttd(E—f—C(lﬁ- vatt”%‘z + ||VUtt||%2),
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where we used the fact that

| peeell L2 =l prediva+2pydivey + pdivig +V oy - u+2V pg - ue + V- g || 12
<C(llpeell 2 Vul Lo 4Nl pel oo [Vuel Lz + |l pll oo | Ve 2
HIVpuell L2 llull e + Vel Lo lluell s + IV oll e l|lweell o)
<CA+[[Vpeelzz + I Vusel| r2),

and notice that P= Ap? satisfies
P,+u-VP+~Pdivu=0.
Adapting the above proof, we can prove

| Pretll 2 <C 1+ Vpsell 2 + [ Vugel 2) -

N2 = —/p(u Vu)tt . utttdx

1
<Cllpl zoe (lweellzo IV ullps + el Lo [ Vel s + [ull Lo [[Vuee || 22) [/ | 2
<ellvpurellze+C€) (IVurl 22 VullZs + Vel 2 ull Frz + [ Vuel72 ] Vel |72)
<ellvpunelz: +C(e) (14 Va2 + 1V 72).

N3:—2/pt(U~VU+Ut)t'Utttdx

d
E @ (2pt(u . Vu)t s Ut +pt‘utt|2) derQ/ptt(u . Vu)t «Uttdﬂ?

+2/pt(u.Vu)tt.uttdx+/ptt|utt|2dx

d
< (20:(u-Vu)e s+ pelu|*) de

+ Cllpeel 2 lluee ]| o ([[wll oo [[Vuel £s + lluell 2o [ V]| o)
+Cllpellallueell o (lull oo Vsl 2 +2[ue ]| o [[Vuel| s + [[wse ]| o [[Vul| £s)

+Cllpatl| 2 [t |74
d
S — i/(2pt(u-Vu)t-utt+pt\utt|2)d$+0(1+ HVuttHiz + ||V2Ut|‘%2)7

N4:—/ptt(u-Vu)~utttdx
d
:—@/ptt(u-Vu)~uttdsc+/pttt(u‘Vu)-uttdx+/ptt(u~Vu)t-uttdx.
Note that

/pttt(u'vu) gt dx < || proe || 2 |Vl s |Jul| pos [|wet || 2o

<C(1+]Vugl2 + [ Voullis)
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and

/ptt (u . V’U,)t . Uttdﬂf = /(ptt (Ut . VU) +ptt (U . V’U,t)) . uttda:

< (lpeell 2 lluel Lo [Vl o + I oot | o 1ull oo Ve || 22 ) 1t 2o
<C(1+[Vueel| 2z + [ VorellZ:) -

We have

d
Ni<—g [ pulu Vo) wda+C (14 [ Vunlffs + [Vpal2).

Ny=— /Pttut “Uygpd

d

:_a/pttut-uttdx—&-/(ptttut + preuse) - ugd
d

<- pr pretue - tredx +C (|| peael 2 |well 3 | wee || o + || peell 2 l|uee ]| 7.4)
d

< G [ i vds 1 C (14 [Tl 19 pul),

Nﬁ =— / (Q/J,ttDU . VUttt + AttdiVUdiVUttt) dx

d
=— % (2,utt'Du . Vutt + )\ttdiVUdiVUtt) dzx

+ / ((2utDu)t - Vugs + (Apedivu) pdivugs ) de.
Note that

/(utﬂ?u)t . Vuttd:v = /(uttt'Du—l—uttDut) . Vuttdx

= / (1 peee +30" pepre+ " p2) Dut (4 pes + ' p7) Dy) - Vugy d:

<C([lpeeell 2 + lloel Lo lpeel 2 + el Ee ) [Vl oo | Vel L2
+C (llpeell Lo I Vuell o + lpellF oo Vel 2 ) Vel L2
<C(1+IVpullis + 11 VuelFz + [ Vuell 32 | Vul2) -

Similarly, we have
/(/\ttdivu)tdivutttdx S C (1 + ||tht||%2 + ||Vutt|\%2 + ||V2Ut||2L2 ||Vutt||%2) .

Then,we have

Ng<— %/(QUttDu Vs + Apdivudivuyg ) do

+C (L+IVpeell 72 + | Vuee 72 + [V ue |72 [ Vel 72)
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N7 = — / (4,UftDut . Vuttt + 2)\tdivutdivuttt) dx

= _% / (41 Duy - Vuge + 2 e divuedivug ) da

+ / ((4,utDut)t . Vutt =+ Q(Atdivut)tdivutt) dl‘
Note that
/(utDut)t . Vuttdx

:/(uttDu—i—ut'Dut)-Vuttdm

= / ((M/ptt + /JNP?)DU + M/Ptput) ‘Vuydz

<O (el +llpel7a) IVull Lo Vel 22 + Cllpell Lo (Ve 2] Ve | 22

Similarly, we have
/ (Aedivuy)sdivugede < C (14 || Vug|72) -
We have

d
N7 S —ﬁ/(él,uﬂ)ut . Vutt +2)\tdiVUtdiVUtt)d$+C (1 + HVUttH%Q) .

Substituting the above estimates of N;, (i=1,2,---,7) into (3.43) and choosing £ >0

suitably small, we have

d .
/p|uttt|2dx+%/(2M|Dutt\2+)\(dlvutt)2)dx
(3.44)

d
S%f(t)JrC(lJr IV peell7> +11V2uel 2 + | Vg |32 + V20 |7 (| Vue |7 )

where
f(t) Z/ (Predivugy —2p¢(w- Vu)g - s — peluse|* — pee (- V) gy — preu - uge) do
— / (2u1Du- Vg + Apdivudivug ) da — / (44 Duy - Vugs + 2 ¢ divugdivug ) da.

Multiplying (3.44) by t2, integrating over (7,7%), and using Gronwall’s inequality, we
conclude that

T,
/ 2| Bsse] |2t + 2] Vg (£) 2
T (3.45)

T
<C+ 07| Vuge (1) |72 + T2 f(T) |+ |72 (7)) +C/ tf(e)]de.

It is easy to show that

t|f (1) <C(e) +et?||Vug |32, for any t € [0,T).
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Therefore, recalling that

T.
/ HIV e (8) |22t < C
0

and
2| Vg (13)||32 — 0 for some sequence {73} with 74 —0,

we deduce from (3.45) that

T,
| Iualdi+ £ vun o)l <C. (3.40)
0

Combining (3.42) and (3.46), we complete the proof of Lemma 3.4. d
LEMMA 3.5. The strong solution of (1.1)-(1.2) satisfies

tu, € L®(0,Ty; H?), t*uy € L?(0,Ty; H?), tu€ L>(0,T,; H*). (3.47)

Proof. Differentiating (1.1)2 with respect to ¢, leads to

pug + peg + (pu- V), + VP, —div(2pu pyDu) — V(N pedivu)
=div(2uDuy) + V (Adivauy).

This shows that tu; satisfies the following elliptic equation:

(tug)(z,t) =0, z€09, te(0,T),

where
Fy =tpug +tpsus +t(pu- V) +tV Py — 2tdiv(p’ ps - Du) —tV (N pydiva).

Note that (3.36) and Lemma 3.4 imply Fy € L>(0,T;L?). Then it follows from elliptic
system theory that

V2 (tue) |22 < ([ F1 [l o2 + 1126V p- Dug + NV pdivee | 2)
and
V2(tus) € L>=(0,T,; L?). (3.48)
From (1.1)g, t?uy; satisfies

diV(2[Lt2DUtt) + V(Ale(tZUtt)) = FQ,
(t2uge)(z,t) =0, z€I, te(0,Ty),
where

Fg =t2 (puttt + VPtt —|—p(u . Vu)tt + 2pt (u -Vu+ Ut)t —|—ptt (u -Vu +utt)
—div(2usDu) — V(Agedive) — div(dps Duy ) — V(2 e divug) )
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Note that (3.36), Lemma 3.4, and (3.48) imply Fy € L?(0,T; L?). Then it follows from
the elliptic system theory that

IV2(#*uu) || L2 < C ([ F2]l 2 + 126"V o Duge + X'V pdivug | 2)
and
V2(t*uy) € L*(0,T,; L?). (3.49)
Differentiating (1.1)2 with respect to z; and z; and multiplying t? leads to
div(2ut*Do;0;u) + V (Aiv(t20;0;u)) = Fs,
where
Fy =t20,0,;{pus + pu-u-+VP(p)} — div(20;0; ut*Du) — V (9;0; Adiv(t?u))
— div(20;t*DOju) — div(20;ut* DOju) — V(9 Miv(t*0;u) ) — V (9; Adiv(t?0;u)).

Note that (3.36), Lemma 3.4, (3.48), (3.49), and Sobolev’s inequality imply F3 €
L=(0,T;L?).
Then it follows from elliptic system theory that

|VA(#2w) || 22 < C (|| F3|| 22 + |26/ V p- DO;0u+ N'V pdivd; Ojul| 2
and
V4(#?u) € L>=(0,T; L?). (3.50)
Combining (3.48), (3.49), and (3.50), we complete the proof of Lemma 3.5. ad

Combining lemmas 3.1-3.5, Theorem 1.1 is proved.

4. Proofs of Theorem 1.2 and Theorem 1.3

Proof of Theorem 1.2. We use the result of Theorem 1.1 to prove Theorem
1.2.

By virtue of the assumptions of Theorem 1.2, there exist a constant § >0 such
that

inf>s
Set
Aqp©, if p>d/4,
ps(p) =< A1($)* + Ara($)0 " (p—6/4) + A1 XG5 (3) a2 (p— 5 /4)2
+ A, a2 (8)a=3(p—6/4)3 4 C(p—6/4)%, if p< /4.

Clearly if we choose C large enough, we have

O

ps(+) € C?[0,00) and s >C(8) >0, ap

<Cy(6), j=1,2,3.

Lo

We consider the following problem:

pr+div(pu) =0,
(pu); +div(pu®@u) + Lu+VP(p) =0, (4.1)
Lu=—div(2usDu) — V(Adivu),
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and the boundary conditions

psu)|t=0 = (po,uo), in £, (4.2)
u=0, on (0,T) x 09.

By virtue of Theorem 1.1, (4.1)-(4.2) has a local solution (ps,us) which satisfies

sup ||us || 2 < C(6).
0<t<T
Note that
t
ps(t,x)=po(U(0,t,x))exp <—/ divus (s, U(s,t,x))ds) ,
0

where U=U(t,s,x) is the solution to

LU(t,s,x)=us(t,U(t,s,x)), 0<t<T,
U(s,s,x)=ux, 0<s<T, z€.

Hence there is a time 7% >0, T* <T such that

>6
P5_2»

and this implies (pg,us) is a classical solution of (1.1)-(1.2). Theorem 1.2 is proved.

Proof of Theorem 1.3. We define ¢%*(x) =¢(z/R), where ¢ € C§°(By) is a
smooth cut-off function such that ¢ =1in By /5. Denote pl=po+R73, gt =0Tg. Let
ups € HEMH? be a unique solution to the following elliptic boundary value problem:

Liufl = —div(2u(pl)Dull) - VN divaf) = B, in By,

4.3
and u(l)%:O, on 0OBg, (4:3)

where
Fy' ==V P(py)+p5 9", and Fo=—VP(po)+pog.
We will show that for any Ry >0, there exists a sequence R;, R; — co such that

uéz"—>u0, in H*(Bg,) as R;— o
D3ul’ —~D3ug, in L*(Bg,) as R;— o0, (4.4)
and ||D3u§||L2(BRO) SC”DSUO”L? +C7

where C is a constant independent of R;, Ry. According to the theory of elliptic
systems, (4.3) has a unique solution u{* € H3(Bg), and

/ (208 [VuE|2 + A () (divued?)?) e
Br (4.5)

:/ (Q,u(po)Vuo-Vu§+/\(p0)divu0divu§)d$+/ (FR - Fy)-ulldz.
Br Br
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Note that
/ (FF—Fy)-ubida
Br

< /B P(pf) — P(po)||Vulf|dz + R~ / gulldz+ / po(@F —1)g-ullde.
R

Br Br

Using Poincaré’s inequality, we have

R : lgug'ldz < R7*(|lgllZ: + [ugill7z) < C+CR™Y|Vug |17, (4.6)
R

/po(qSR—l)g-uoRdx:/ (qu—l)(Luo—l-VP(uo))-u(}fdm
Br Br

<C /B (VR [ulf] + 6" — 1] [Vul) (| V| + P(po))dr (47)
R
<el|Vult |25 +C(e),

where Lug=—div(2u(pg)Dug) — V(A(po)divug) = —V P(po) + pog = Fo, Hence from
(4.5)-(4.7) and Sobolev’s inequality, it follows that

IV 125 < C and [l ogs) < CIVUE (s < Cr. (4
According to the theory of elliptic systems,
IVug |28y < CIES |11 () + ClIV poll 12 < O,

where C, Cy, and Cy are constants independent of R and VP(pf) — VP(pg) in H' is
used. This means that for any R >0 there exists a sequence R;, R; — 0o such that
{ué%j} converges strongly in H?(Bg,) to a limit g € H?(Bg,) and {D3ugj} converges
weakly in L?(Bg,) to D3ueL? Thus there exists a subsequence of {ul} (still
denoted by {uORj}) such that u(}_)%,Dué%j,DQUé%j — g, Diig, D a.e. on R®. Letting
Rj— 00 in (4.3), we get

Lig = —div(2p(po) Diig) — V(A(po)diviig) = =V P(po) + pog = Fo, g € D' N D?

a.e. in R3. Note that Lug = Fy. The uniqueness of solution of elliptic problem implies
tip =ug. Hence (4.4) holds.

We now consider the first boundary value problem of (1.1) in a ball B CR3. The
boundary conditions are as follows:

{ pn)li=o=(of,ulf) = (po-+ B=%,uf), in Bp, (49)

u=0, on (0,7)x0Bg.

By virtue of Theorem 1.1, there is a time 7' >0, such that (1.1) and (4.9) has
a unique solution (p®,uf) satisfying (1.7). Note that the time T depends only
on [[v/pg'g" |2, [V |2, IVud =, Iz, 1P| ms, [V oE | s From (4.4) and
g®—g in D, \/plg®— /pog in L? as R— oo, it is easy to show that there is a
time T} >0 such that for any R>0, (1.1) and (4.9) has a solution (p%,uf)in (0,7}).
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According to the estimates (3.33)-(3.35), (p%,u®) satisfies the following estimates,
which are similar to (3.33)-(3.35):

0<Stu<PT (HPR”%{S(BR)+HP(PR)H%I?»(BR)+||UR||%)1mD3(BR)+HVPRU§H2L2(BR)
- (4.10)

T
il Borisn) + [ (10 Wb + 1 ey + VPl ) < C
0
Moreover, (4.10) and (1.1); imply

s (o W0 +IPe 0™ e ) 108 W0+ Pet(0 ) 1))

>4k -
| (9P 19 P ) < €411

where the constant C does not depend on R.

Hence the solution of the Cauchy problem (1.1), (1.8)-(1.10) can be obtained as
the limit of a sequence of solutions to (1.1), (4.9) by choosing Ry=R; R; —00 as
j —00. We omit the details of the argument.
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