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DECAY OF THE SOLUTION FOR THE BIPOLAR EULER-POISSON
SYSTEM WITH DAMPING IN DIMENSION THREE*

ZHIGANG WUT AND WEIKE WANGH#

Abstract. The global solution to Cauchy’s problem of the bipolar Euler-Poisson equations with
damping in dimension three are constructed when the initial data in H3 norm is small. Moreover, by
using a refined energy estimate together with the interpolation trick, we improve the decay estimate
in [Y.P. Li and X.F. Yang, J. Diff. Egs., 252(1), 768-791, 2012], and we need not the smallness
assumption of the initial data in L! space in [Y.P. Li and X.F. Yang, J. Diff. Egs., 252(1), 768-791,
2012].
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1. Introduction
The compressible bipolar Euler-Poisson equations with damping (BEP) takes the
following form:

Orp1 +div(pru1) =0,

Oi(prur) +div(prus ®u1) +VP(p1) =p1Vo—prua,

Orpa +div(paus) =0, (1.1)
Or(p2uz) +div(paus @ uz) + VP(p2) = —p2a Vo — paug,

A(ﬁ:pl*an l’ERg,tZO,

where the unknown functions p;(z,t),u;(z,t) (i=1,2),¢(x,t) represent the charge den-
sities, current densities, velocities, and electrostatic potential, respectively, and the
pressure P = P(p;) is a smooth function with P’(p;) >0 for p; >0. The system (1.1)
usually describes charged particle fluids, for example, electrons and holes in semicon-
ductor devices, and positively and negatively charged ions in a plasma. We refer to
[5, 19] for the physical background of the system (1.1).

In this paper, we will study the global existence and large time behavior of the
smooth solutions for the system (1.1) with the following initial data:

pz(x,O) :pl()((E) >0, UZ((E,O) :’U,i()(x), 1=1,2. (12)

A lot of important work has been done on the system (1.1). For the one-
dimensional case, we refer to Zhou and Li [30] and Tsuge [24] for the unique ex-
istence of the stationary solutions, Natalini [18] and Hsiao and Zhang [8] for global
entropy weak solutions in the framework of compensated compactness on the whole
real line and bounded domain respectively, Natalini [18] and Hsiao and Zhang [9]
for the relaxation-time limit, Gasser and Marcati [3] for the combined limit, Huang
and Li [7] for the large-time behavior and quasi-neutral limit of L*-solution, Zhu and
Hattori [31] for the stability of steady-state solutions to a recombined one-dimensional
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1258 BIPOLAR EULER-POISSON SYSTEM WITH DAMPING

bipolar hydrodynamical model, and Gasser, Hsiao and Li [2] for large-time behavior
of smooth small solutions.

For the multi-dimensional case, Lattanzio [10] discussed the relaxation limit, and
Li [14] considered the diffusive relaxation. Ali and Jiingel [1] and Li and Zhang [13]
studied the global smooth solutions of the Cauchy problem in the Sobolev space and
Besov space, respectively. Later, Ju [6] investigated the global existence of smooth
solution to the IBVP for the 3D bipolar Euler-Poisson system (1.1).

Recently, Using the classical energy method together with the analysis of the
Green’s function, Li and Yang [15] investigated the optimal decay rate of the classical
solution of Cauchy’s problem of the system (1.1) when the initial data is small in the
space H3NL'. They deduced that the electric field (a nonlocal term in hyperbolic-
parabolic system) slows down the decay rate of the velocity of the BEP system.
For more background, see the relevant works on the unipolar Navier-Stokes-Poisson
equations (NSP) and unipolar Euler-Poisson equations with damping [11, 12, 29, 25,
27, 28]. In fact, by the detailed analysis of the Green’s function, all of these works
show that the presence of the electric field field slows down the decay rate in L2-
norm of the velocity of the unipolar NSP system with the factor % comparing with
the Navier-Stokes system (NS) when the initial perturbation po — p,uo € LP N H?3 with
pe|l,2].

However, Wang [26] gave a different treatment of the effect of the electric field
on the time decay rates of the solution of the unipolar NSP system. The key idea is
to make an instead assumption on the initial perturbation pg—pe H™ 1, ug € L2. As a
result, the electric field does not slow down but rather enhances the time decay rate of
the density with the factor % The method in [26] is initially established in Guo and
Wang [4] for the estimates in the negative Sobolev’s space. The proof in [4] is based
on a family of energy estimates with minimum derivative counts and interpolations
among them without linear decay analysis. Very recently, using this kind of energy
estimate, Tan and Wang [22] discussed the Euler equations with damping in R?, where
they also gave the estimates in the negative Besov’s space.

The main purpose of this paper is to improve the L?-norm decay estimates of
the solutions in Li and Yang [15] by using this refined energy method together with
the interpolation trick in [4, 26, 22]. Comparing with [4, 26, 22], the main additional
difficulties are due to the presence of the electronic field and the coupling of two
carriers by the Poisson equation. First, as Wang [26] pointed out, for the bipolar NSP
system, there is one term n;u; V¢ which cannot be controlled by the dissipation terms
when using this refined energy method; see the introduction in [26]. However, after a
careful observation and an elaborate calculation, we can deal with this term for the
BEP system (1.1); see the estimates (2.26)-(2.28) and (2.38)-(2.39) in Lemma 2.9 and
Lemma 2.10. Second, the key point of this refined energy method to get the decay
result is to prove the boundedness of the solution in the H~* norm (0<s<3/2) (or
the BQ_go norm (0<s<3/2)). Wang [26] separated s into two parts: s€ (0,%] and
s€(3,2). For the case s€(3,2), in [26] it strongly depends on the derived decay
result of the case 5:% and the fact that the electric field enhances the decay of the
density for the unipolar case: ||p—p|r2=||V(V)| 2. While, for the bipolar case
in the present paper, we know that the electric field does not enhance the decay of
each density py, p2, since the Poisson equation only suffices to prove ||[V*(p; — p2)||z2 <
VALV | 12. So, we have to find some new skills to deal with the case s€(3,3). In
fact, by separating the cases that s€[0,3], s€(3,1), and s€[1,2) for the space H—

and s€ [O,%], SE(%,l), s€ [1,%), and s:% for the space Bgf)o, we obtain expected
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estimates (see Lemma 2.12, Lemma 2.13, and Subsection 3.2).
Our main results are stated in the following theorems.

THEOREM 1.1.  Let P'(p;)>0 (i=1,2) for p;>0, and p>0. Assume that (p;—
psuio, Vo) € H3(R?) for i=1,2, with eg=:||(pio— p,tio,Vo)| mzrs) small. Then
there exists a unique, global, classical solution (p1 —p,u1,p2 —p,usz,@) such that for
all t>0,

t
H(m*ﬁ,uhpz*ﬁm,vaﬂllﬂﬁ/ [(ur,u2)[[37s +[1(V 1,V p2, V(VY))|[F2dr
0
< C||(p10— P 1105 p20 — P> 120, Vo) 35 (1.3)
THEOREM 1.2. Under the assumptions of Theorem 1.1, if (pio—ﬁ,uio,V(bo)EH_s

(i=1,2) for some s€[0,3/2) or (pio — p,uio, Vo) € By 5, for some s€(0,3/2], then
for all t>0 there exists a positive constant Cy such that

(=75 T 8) O - < Co (1.4
or

(=715, V) (D) - < Con (1.5
and

IV (9 — p,ui, Vo) ()| st < Co(1+1) ™% for 1=0,1,2, se 0.5 (16)

2}

l+s

= for 1=0,1, se [0,

V! (pr = p2) ()| 2 < Co(1+1)

REMARK 1.1. (1.7) is derived from (1.6) and the fact that
IV (pr=p2) 2 =1V Al 2 < [V HIV |12, 120,

which shows the presence of the electric field enhances the time decay rate of disparity
between two species.

Note that Lemma 2.4 (the Hardy-Littlewood-Sobolev theorem) implies that for
pe(1,2], LP C H™® with s:3(% — 1) and Lemma 2.6 implies that for p€[1,2), LF C
BQ_’ 5. with s:3(]l) —3). Then Theorem 1.2 yields the following usual optimal decay

results of L? — L? type.

COROLLARY 1.1. Under the assumptions of Theorem 1.2 except that we replace
the H=* or By 7 assumption by that (pio— p,uio, Vo) € LP for some p€[l1,2], the
following decay results hold:

IV (pi — pr s, V) () || o1 < Co(1+4) 2273 for 1=0,1,2; (1.8)

IV (p1 = p2) (1) 12 < Co(14+) 2G5 for 1=0,1. (1.9)
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REMARK 1.2. From Corollary 1.1, we know the each order derivative of the density
pi —p and the velocity u; has the same decay rate in the L? norm as the solution of
the Navier-Stokes equations, while the velocity w; in [15] decays at the rate (1 —&—t)’%
in the L? norm, which is slower than the rate (1+t)*% for the compressible Navier-
Stokes equations. That is, we improve the decay result in [15], and what’s more, we
need not the smallness of the initial data in L' space.

REMARK 1.3. The energy method (close the energy estimates at each I-th level with
respect to the spatial derivatives of the solutions) in this paper cannot be applied to the
bipolar Navier-Stokes-Poisson equations. In fact, as Wang [26] pointed out, there is
one term n;u; V¢ cannot be controlled by the dissipation terms; see the introduction
in [26]. Hence, it is also interesting to consider the bipolar Navier-Stokes-Poisson
equations by using this new energy method with some big modifications or a new
method.

Notations. In this paper, V! with an integer [ > 0 stands for the any spatial derivative
of order [. For 1<p<oo and an integer m >0, we use L? and W"P to denote the
usual Lebesgue space LP(R™) and Sobolev spaces W™ P(R™) with norms ||-|/z» and
|| [[wm.», respectively, and set H™ =W™2 with norm || - || g= when p=2. In addition,
for s eR, we define a pseudo-differential operator A® by

Ngto)= [ [€FaeemY T s

where g denotes the Fourier transform of g. We define the homogeneous Sobolev space
H? of all g for which ||g|| ;. is finite, where

191l g7+ := 1A%l 2 = €19l 2
Let nGCgo(Rg) be such that () =1 when || <1 and n({)=0 when £>2. We

define the homogeneous Besov’s space Bp_ 5 (R3) with norm ||-|| g, defined by
1£11 55 :=sup2%7[|A; f| s,
T ez

where Ajf:=F~(g;)* f, p(§) =n(§) —n(2€) and ¢;(§) =p(277¢).

Throughout this paper, we will use a non-positive index s. For convenience, we
will change the index to be “—s” with s>0. C or C; denotes a positive generic
(generally large) constant that may vary at different places. For simplicity, we write
J f=Jfgs fda.

The rest of the paper is arranged as follows. In Section 2, we give some useful
Sobolev’s inequalities and Besov’s inequalities, then we give an energy estimate in the
H? norm and some estimates in H~* and B{ .- The proof of global existence and
temporal decay results of the solutions will be derived in Section 3.

2. Nonlinear energy estimates

2.1. Preliminaries. In this subsection we give some Sobolev’s inequalities and
Besov’s inequalities, which will be used in the next sections.

LEMMA 2.1. (Gagliardo-Nirenberg’s inequality). If 0 <m,k <l, then we have

IV gl <CIV™ gl IV gl
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-£-0-nfl-2)ea(-)

LEMMA 2.2. (Moser-type calculus) (i) Let k>1 be an integer and define the commu-
tator

where k satisfies

[V¥,glh=V"*(gh) — gV"*h.
Then we have
IIVE g1l 22 < Ci( Vgl V5 Al 2 + IV g 22| Al o)
(ii) If F(-) is a smooth function, f(x)€ H*NL>, then we have

IVEE(H)lze <O E o)V fl e

LEMMA 2.3. (4], Lemma A.5) If s>0 and 1 >0, then we have

1
I+s+1°

IV'gllL2 <CIV* g1 lgll% ., where 6=
LEMMA 2.4. ([21], Chapter V, Theorem 1) If0<s<n, 1<p<g<oo, and %—l—%:%,
then
[A™*gllLa <Cllgl|Lr-

Next, we give some lemmas on Besov space B2_ -
LEMMA 2.5. ([20], Lemma 4.5) If k>0 and s >0, then we have

k k 1-6 6
IV Fllze SCITH AL o where 9= ———.

LEMMA 2.6. ([20], Lemma 4.6) Suppose that s>0 and 1<p<2. We have the em-
bedding LP C B 5, with 1/2+s/3=1/p. In particular we have the estimate

q,o0
15,2, <Clifllze-

LEMMA 2.7. ([22], Lemma A.7) If 1 <r; <ry<oo, then

By CB7 .
LEMMA 2.8. (/22], Lemma A.8) If m>1>k and 1 <p<q<r<oo, then we have

6 —6
lollsy, <Clals Nl

where l=k0+m(1-0), %:g+%.
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2.2. Energy estimates in H3-norm. We reformulate the nonlinear system
(1.1) for (p1,u1,p2,us) around the equilibrium state (p,0,p,0). Without loss of gener-
ality, we can assume p=1 and P’'(p)=1. Denoting

P'(p;
n;=p;—1, h(n;) = (o) -1,
Pi
the Cauchy problem for (nq,u1,ne,us,¢) is given by
Oy +divuy = —uq - Vnyg —nidivug,
Opur +uy+Vng —Vo=—uy-Vuy —h(n1)Vng,
Ono +divus = —us - Vng — nadivus, (2.1)
8tuQ +U2+VTL2+V¢:*U2‘VUQ*h(TLQ)VTLQ, )
Ap=n1 —ny,

(n1,u1,n2,u2)(2,0) = (p1o — 1, u10, p20 — 1, u20) ().

In this section, we will derive a priori nonlinear energy estimates for the equivalent
system (2.1). Hence we make the a priori assumption that for a sufficiently small
constant ¢ >0,

I ()l s + lwi () s + [ VO(8) [ s <6, i=1,2, (2.2)
which together with Sobolev’s inequality, yields
1/2<n; <2, [h(n:)| < Clnil, [h*) (ng)| < C, i=1,2, for any k>1. (2.3)
We first deduce the following energy estimates, which contain the dissipation
estimate for uy,us.
LEMMA 2.9. Assume that 0<k<2. Then we have

1d
33 [ IV o o TP + 9% )

< CO([V M |22 +HIVEul|Fa H IV 2| L 1V Fua |22 HIVETI VL), (2.4)

Proof.  For 0<k<2, applying V¥ to (2.1)1,(2.1) and then multiplying the
resulting equations by V¥n;,VFu; respectively, and summing up and integrating over
R3, one has

1d
5%/|Vk(n1,u1)|2+||Vku1||2L2—/Vkulvkv¢

= —/anlvk(ul -Vni +nidivuy) +vku1vk(u1 -Vuy+h(n1)Vnq)

:—/Vk(ul-an)anl—Vk(ul'Vul)Vkul—Vk(nldivul)vknl—Vk(h(nl)an)Vkul
=L+ I+13+14.
(2.5)
We shall first estimate each term in the right hand side of (2.5). By Holder’s
inequalities and Lemma 2.1, we get

I1: _/ Z C}ivk*lul-vvlmvknlg Z Hvk’lulvvlmHLe/s||an1||Ls
0<I<k 0<iI<k
< > AIVE YV g | pes [V g || 2. (2.6)
0<i<k
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When 0<1< [g], by Holder’s inequality and Lemma 2.1, we have

VA uy YV g || oss < IV s || L2 |V g || o

L 1—L L L
< [l | Ea IV uall e * IV na |75 [V | £

< 6(IVE a2 + [ VFua [ 2), (2.7)

where « satisfies

l

z+%=a(1—f)+(k+1>g,

k

3k—20 ~[3 2) o k
5157 € 5,3) since [ < 3.

When [%] +1<1<k, by Holder’s inequality and Lemma 2.1 again, we obtain

which gives a=

IV uy V'V || oss < IV ua || s |V s || 2
B okl (o (oa, |1- L ok41, | FET
Sl 2 VI | 20 IV |77 5T [ VI g | £

< O(IVF e + 1 VFus |l 2), (2.8)

where « satisfies

1 [+1 k—1
S R

s il _ 3k—2041 1 : k41
which implies o= =575= € [5,3) since [ > #5=.

From (2.6), (2.7), and (2.8), one has
I <601V a2+ VFun [ 2). (2.9)
For I, using Lemma 2.1 and Holder’s inequality, we get
1
L= 7/([Vk7u1]Vu1+u1VVku1)Vku1§ ||vu1||Lm||v’“u1||iz—§/u1V(vkmvku1)

1
< HVU1||L°°||VkU1||2L2+§/divu1vku1'vkul < 6| VFuq |22

(2.10)
For I3, we have
Is= —/Vk(nldivul)vknl
— _/ > Civk-lnlvldivulvknl—/nldivvkulv’fnl
0<I<k—1
= 131 +I32. (211)

First, we estimate I3;. By Holder’s inequality, Lemma 2.1, and Cauchy’s inequal-
ity, we obtain

131 = —/ Z C’,lckalnlvldivulvknl
0<I<k—1
<C Y IV Vidiva [|pes [ VE g e (2.12)
0<I<k—1
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When 0<1<[%], using Lemma 2.1 and Hélder’s inequality, we have
||Vk_ln1Vldivu1 ||L5/5 < C||Vk_ln1 ||L2 ||Vl+1u1 HLS

< Cllm [ EF 19 |5 19| 5 (9 57
< CO(IVE | g + [V | 2), (2.13)

where « satisfies [+ % :a,’j—;i —i—k}c%rll7 which yields a= k+2l+3 € (273) since [ < g

When [£]+1<1<k—1, using Lemma 2.1 and Hblder s 1n0quahty, we have

Hvk_lnlvldivul ||L6/5 < C||Vk_ln1 HL3 Hvl—Hul ||L2

a I+1 ky, |15
< OVl 5 19 2 2 (9%l 5
< CO(IV* g2 + V¥ 1 52), (2.14)
where « satisfies
1 I+1 E—1—-1
E—l+-=a—+(k+1
+2 k +(k+1) ko
which yields a=1+ 211-7-2 €(2,3) since | > &L,
From (2.12), (2.13), and (2.14), we get
Iy <CO(| V¥ |22 + [V Fua][72). (2.15)

For I35, by Holder’s inequality, Lemma 2.1, and Cauchy’s inequality, we obtain

132 = — nldivvkulvknl =— nldiv(Vkulvknl) + nlvkﬂnlvkul
< OVl 2| VEur |l 22l V|| o + | oo [V 0 [ 2|V | 2
< CO(IVE || + [V ua |1 22). (2.16)

Thus, (2.11), (2.15), and (2.16) imply
L<O8(||IV g |22 + (| VFu||22). (2.17)

Next, we will estimate 1.

—/Vk(h(nl)an)Vkul :—/ Z O,lcvk’lh(nl)vl“nlvkul —i—h(nl)Vanl.Vkul
0<I<k—1
= Iy +1yo.
(2.18)
For 1,1, by Holder’s inequality and Lemma 2.1, we obtain

In= / > GV )V e VEuy <OV VI g || 2 | VEu || 2. (2.19)

0<I<k—1
When 0<1< [g], by using Holder’s inequality and Lemma 2.1, we get
[VF= lh(7”01)Vl+1”1||L2 < v*- lh(”l)”LﬁHVHlanm
< o[Vt lh(”l)”fr1 ||Vk+1h( )||Lz MHVQ e AR \ary ||k+1

l 1
< C|Iv*'n IIE“ IV 4 s | w IV |2 TV g | T
< 05||V’“+1n1||p (2.20)



7Z.G. WU AND W.K. WANG 1265

where o satisfies [+ 2 =a(1— m) +1, which implies o= 2k3f2+112 €[2,3), since [ < £.

When [g] +1<1<k—1, by Holder’s inequality and Lemma 2.1, we get
||V]g71fl(711)vl+1711||L2 <[V~ lh(nl)HLJ ||VIJF17§1||L6 o
< ClIV*h(n )lHLzl V5 () 2 = HV2n1||L2 = ||Vk+lln 12

l l
< CVo | V5 a2 eV |
< C’5||Vk+1n1||L2 (2.21)

where « satisfies

k—l+§: k_1+(k+1)<1—%),

which implies =2+ k“ € [2,3) since [ > kL
Thus, from (2.18), (2.19)7 (2.20), and (2.21), we deduce that

L<CO(|VF g |2, + (| VFuL|)22). (2.22)

Hence, for n; and u;, we have
2dt / [V () P [V |72 — / Vi VIV <COIVEim [ (2:23)
In the same way, we can get the following estimates for no and us, that is,
th/W n27u2)|2—|—||VkUQ||L2+/VkUQVkV¢<C(5HVk+1n2”L2 (2.24)

Lastly, we will estimate the last term in left hand side of (2.23) and (2.24). By
using the Poisson equation, we estimate them simultaneously as follows:

f/VngﬁVku1+/vkv¢~VkuQ:/V’“(divul)v%—/Vk(divug)vkqb
= —/Vk[ﬁtnl+div(n1u1)]vk¢+/V’“[@tn2+div(ngu2)]vk¢
— —/Vkat(nl —ng)Vk(b—/Vk(div(n1u1))Vk¢+/Vk(div(n2uQ))Vk¢
= —/v’fatAcz)v%—/vk div(niuy)) vk¢+/v’f div(naus))VFé

L d |vkv¢||L2+/v’“ niuy)VFVh— /v (naug)VFV e

:2dt‘

1d
= th‘lka(ﬁ”Lz +I51 +152 (225)

For I5;, when k=0, by Holder’s inequality, Sobolev’s inequality, and Cauchy’s
inequality, we have

/mmvsbé ClIVolsllurllrzlimlle <CO(IVVllL2 + [luaZ2). (2.26)
Similarly, for k=1 and k=2, we get

V(nlul)v(v¢):*/(”1U1)V2V¢SCHV2V¢HL2||U1HLGH”HLS
< CIVPVe|| 2 [[Vur || 2]l s < CS([V2V || 12 + [V [|72); (2.27)
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/V2(n1u1)v2v¢:—/V(nlul)VSngS||V3V¢HL2|| > VI Viug

0<i<1
3 o, 1 o3, -5t -4t oo
< CITP ol Vol 2 195 s 2 192 55
< CH(IVPVel172 +IVPnall7e + [ VPur172), (2.28)

_ 1 _
where o= 77, [=0,1.

I can be estimated in the same way. Hence, from (2.25) to (2.28), we have

Iy + 53> ~CO (V% [+ [ 94 |2 |95 |2+ Vs 2+ V44196 2,).
(2.29)
Combining (2.23), (2.24), (2.25), and (2.29), we deduce that

1d
5% |Vk(n1,u1,n2,u2,v¢)|2—|—||Vk(u1,u2)||%2

< CO(IV* || + IV w72 + IV 2|22 + [V Fu2 |22 + [V HV6]122). (2.30)

This proves Lemma 2.9. 0

Next, we derive the second type of energy estimates excluding ni,u; and no,us
themselves.

LEMMA 2.10. If0< k<2, then we have

1d
5o [ 175 0 T+ 94 )

< O3([V* |72 H IV || 2o IV 2| 2o+ [V ua |22+ VIV 72). (2:31)

Proof. Applying V¥*! to (2.1)1,(2.1)2 and then multiplying the resulting equa-
tions by V**1n,, VF*ly, respectively, summing up, and integrating over R?, one has

1d

5%/‘V’€+1(nlaul)|2+Hvk+1u1”%27/vk+1u1.vk+1v¢
- _/Vk+1n1Vk+1(u1'vn1+n1di"u1)+vk+1mvk+l(ul.VU1+h(n1)Vn1)
— _/[vk+l(u1'vnl)vk+1”1+vk+l(u1-Vul)vk+1ul]

—/[Vk‘H(nldivul)vk+1n1+vk+1(h(nl)an)VkHul]
=Ji+J, 0<k<2. (232)

Now we shall estimate J; and Jo. By Lemma 2.2, Holder’s inequality, and
Cauchy’s inequality, we get

J1:—/Vk+1(u1-an)Vanl—i—VkH(ul-Vul)VkHul
:—/[V]”l,uﬂ-Vn1Vk+1n1+([Vk+1,u1],Vu1)'Vk+1u1

—/ul VL VR 4 (uy - YV Ly ) - VR Ly

< C(IVurll o IV | e + [V |22 [V || oo ) [V | 2
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1
+||VU1||Loo ”vk+1u1”L2 _ 5/”1 ,v(vk+1nlvk+1n1 +vk+1u1 ,vk+1u1)

< C||V(n1,u1)|| p |V (n1,u1) |32 —i—%divulvkﬂnlvkﬂnl + divey, VA, -V,
< CO(I[V** 22 + V4 g ). (2.33)
In the same way, one can deduce that

T2 € CO(IVF |22 +IVF[22). (2.34)

Thus we have

1d
2dt |Vk+1(n1,U1)|2—|—||Vk+1u1||2L2 _/Vk+1u1Vk+1V¢
< CO(|[VF |22+ IVF a1 72). o)

The similar estimate of ng,us is

1d
3 [ 95 )P4 95l [ vV
< CO([ V¥ |72 + IVF ug|72). (2.36)

Finally, we give the estimates of the last terms in the left hand side of (2.35) and
(2.36) as follows:

—/vk“w-vk“ul+/vk+1v¢-vk+1u2
= / VEH (divu, ) VEF g — / VEHL (divuy ) VAL g
=— / VEFL O +div(niug )|V o+ / VA O,no +div(ngug) | VF e
=— / V0 (ny —ng) V1 g— / VA (div(nyug )V o+ / VL (div(ngus) ) VFe

S / V9, ApVF g — / VEFL (div(niu, ) VL o+ / VEFL (div(ngus)) Ve

1d

= iaﬂkaVd)H%z+/V’“+1(n1u1)vk+1v¢f/Vkﬂ(nQuQ)VkHng
1d .

= §£||vk+1v¢”%2 +J3+J4

(2.37)
Using Holder’s inequality, Lemma 2.2, and Cauchy’s inequality, we obtain
J3= [ VF N (njuy) VEIVe <C||VFIV | 12 | VT (nyun) || 2

< OVl (Il [V un | e + fJua [l [V | 2)
< Co(IIVF un||Fe + IV |72 + IVETI V)1 20). (2.38)

Similarly, we have
Ji= /Vk+1(n2uQ)-VkHnggC’||Vk+1v¢||,;zHVI““(nqu)HLz
< CS(|VF g |22 + ([ VF ng |3 + (| VFHI V7). (2.39)

Hence, plugging (2.33), (2.34), (2.37), (2.38), and (2.39) into (2.32), we deduce
(2.31). This proves Lemma 2.10. |



1268 BIPOLAR EULER-POISSON SYSTEM WITH DAMPING

Now, we shall recover the dissipation estimate for ny,ns.

LEMMA 2.11. Assume that 0<k <2, then we have

d
4 { / Vi, VT, +vkuQ-vvkn2} OV (11,m2, V) 125

< C(IV url| 2o + IV |22 + 1V ua| |72 + 1V ua|[72). (2.40)

Proof. Let 0<k<?2. Applying V* to (2.1)2 and then multiplying the resulting
equality by VV*ny, we have
[VEHIn |12, — [VVEn VEVe < —/v’“atul~vv’“n1+C||vku1||L2||vk+1n1\\L2
+[|V* (w1 - Vuy + k(1) V)| 22|V 0y || 2.

(2.41)

First, we estimate the first term in the right hand side of (2.39):

k k d k k k k
— [ VPu104u1 - VV nlz—a Viu1-VV®ni — [ Vidivu V¥0rnq

d
= —a/vkul~Van1+||deivu1H2L2+/deivulvk(u1~Vn1—|—n1divu1). (2.42)
Next, we shall estimate the last two terms in (2.40) by

/V divug - V* (uy-Vng) = / Z Ckvlu VVF I, - VEdivu,
0<I<k
<C D V-V g | [V g | e (2.43)
0<I<k

If =0, then

[ur -V VEn || L2 [ VFF || 2 < Cllua || o< [V 0 | 22 |V g | 2
< CS(IVF g |22+ VF g |32). (2.44)

If 1 <1< [k/2], using Holder’s inequality and Lemma 2.1, we get

[Viur-VV*tn 2 < C||Vk+1fl||L6 1V s || s
< C||n1\|k+1 ||Vk+1”1||Lk+1 ||VQU1HL’“+1 [V H'”+1

< CO(|[V* || e + | VE Ly || £2), (2.45)

where a= 2,631“7;[14 €13/2,3), since [ <k/2.

If [k/2]4+1 <1<k, using Holder’s inequality and Lemma 2.1 again, we obtain

Viuy - VV*lny 2 < (J||v’€+1*l||L3||vlulHL63
k—1
< CIIV“mlli IIV’““'MIIE? IIU1HL IIV’“+1 1||’““

< CO(|VEF g || 2 + | VE g || 12), (2.46)

where o= ?é’f—ig €[3/2,3), since [ > L.
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Thus, from (2.44), (2.45), and (2.46), we obtain

/ Vrdivi - VF(ur - Vi) < O8IV e + V¥ uall2). (247
Similarly, we also get

/deivul VF(nydivuy ) <CS(||[ V¥ g | g2 4+ |V g || 22), (2.48)

and
V¥ (uy - Vuy +h(n1) Vi) || g2 <CO(||[V* 0 || 2 + |V Ly || 2). (2.49)

Hence, by (2.40)-(2.49), we have

d
%/v’“ul-vv’“n1+0||v’€+1n1up —/vvknlvkw

< C(IV a2 + IV |122). (2.50)

On the other hand, by a method similar to the above, we have

dt

d .
f/V%-vvkn2+0||v’f+1n2uy+/vvkn2v’fv¢
< C([VFusll7z + IV usl|72). (2.51)

Finally, using the Poisson equation in (2.1), the second term on the left hand side
of (2.50) and (2.51) can be estimated as

1
—/vvknlvkv¢+/vvkngvkv¢:§||vk“v¢|\i2. (2.52)
Summing (2.50) and (2.51), and using (2.52), one has

d
g {/V’“uQ VV¥*no +VFu, - VV*n, } + OV Y (ny,m2,V ) || 12
< C(IVFur||F + IV |72 + ([ Vs |72 + [ VEH g |72). (2.53)

This proves (2.40). d

2.3. Estimates in H —5(R3). The following lemma plays a key role in the proof
of Theorem 1.2. It shows an energy estimate of the solutions in the negative Sobolev
space H~*(R3).

LEMMA 2.12. If ||ni0,ti0, Vo | gz <1 with i=1,2, for s€ (0,%], we have

d :
&Il(nuw,vcﬁ)\\z SOVl g + il 3 (i, s, VO) | ey i=1,2,  (2.54)

and for s € (%,%) we have, fori=1,2,

d
a”(ni,ui,ng)Hz .

s—1 S5 s—1 2_s
< Ol ma,us) 527 19 () ™ a2 a1 2 1m0 -
(2.55)



1270 BIPOLAR EULER-POISSON SYSTEM WITH DAMPING

Proof. Applying A~* to (2.2)1, (2.2)2 and multiplying the resulting identity by
A~*n1, A™5uq, respectively, and integrating over R3 by parts, we get
d .
— (|A*Sni|2+|A*5ui|2)+/|VA*Su,-|2+(fl)l/A*SV¢~A*Sui
= /A_s(—nidivui—ui~Vni)A_5ni—A_S(ui-Vui+h(ni)Vni)~A_Sui

If s€(0,1/2], then by Lemma 2.1, Lemma 2.3, and Young’s inequality, the right
hand side of (2.56) can be estimated as follows:

nidivullg-. < Cllmidivaal| s < Cllnall e | Va2
1 2+9 1/2—s
< C||Vni|l 1% HV2 020 Vg | 2
< C(IIVnl| 3 +[1Vui22), (2.57)

where we have used the facts %—i— % <1 and % >6.
Similarly, it holds that

i Vil - < CUIVul|Fn + 1 Vnil72), (2.58)
i Vil - < CUIVuill g + 1 Vui|22), (2.59)
1h(ns) - Vnill - < CUIVnillzp + [ Vnill72). (2.60)

Now if s€(1/2,3/2), then 1/2+s/3<1 and 2<3/s<6. We shall estimate the
right hand side of (2.55) in a different way. Using Sobolev’s inequality, we have

[nidivus|| - < Cllnidivai|| 1 < Cllngll o/s [| Vil 22
< Clnillss 12, 2 Vi e, (2.61)
where we have used the facts 1 5+3<1 and 2 = >6.
Similarly, it holds for s€ (1/2,3/2) that

s—1/2 3/2—s
i Vnill oo < Cllusll3z Vw3575 Vil 2, (2.62)

s—1/2 3/2—s
i V| e < Clluallsz 2 IVwl[352° Va2, (2.63)

s—1/2 3/2—s

1h(ns) - Vi)l - < Cllmall5z 2190|3622V 2. (2.64)

Finally, we turn to the last term in the left hand side of (2.56) with i=1,2. We
have

—/A*SVngA*Sul+/A*SV¢~A*SuQ
= /A*SQSA*Sdivul—/A*SQSA*Sdiqu
= —/AfsqﬁA*S@t(nl —ng)—l-/A*SqSA*SdiV(nlul—ngug)

= 2dt/|A SVo|* — /A V- A7%(n1us —nauz). (2.65)
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If s€(0,1/2], we use Lemma 2.1 and Lemma 2.4 to obtain

IA= (riai)l2 < Cluall gz sl - <0||uz\|m|\wu”2 N
< CJluillF2 + 1 Vnall7n), (2.66)

and if s€(1/2,3/2), we have
1A= (nawa) | 2 < Cllual 2 il e < Cllusl 2 | Vil 32 PV 35275, (2.67)
Consequently, in light of (2.56)-(2.67), and using Young’s inequality, we deduce

(2.54) and (2.55). |

2.4. Estimates in B{ 5 (R?). In this subsection, we will derive the evolution
of the negative Besov norms of the solutions. The argument is similar to the previous
subsection.

LEMMA 2.13. If |n0,ui0, Vo s < 1 with i=1,2, for s€(0,3], we have
d 2 2 2 .
g (0w, Vo) < CUIVnilli + uillz=) | (niyue, VOl e, 1=1,2, (2.68)
and for s € (3,2] we have, for i=1,2,

d .
s, Vo) }

< C{H(m’uz)lL{HV(nz,uz)||I;S+Huz||L2Hmlle IIVmHL;S}H(m,ui,W)llgi;-
(2.69)

Proof.  Applying A to (2.2)1, (2.2)2 and multiplying the resulting identity by
A, T, A, JUT, respectlvely, and integrating over R? by parts, we get

d
dt/(\A n1 24 |1Aju|?) /|VA ul? — /A Vo-Ajuy

= /AJ (7n1d1VU1 —Uuz- an)Ajnl - Aj (u1 . Vu1 +h(n1)Vn1) . A]‘ul

§C||n1dlvu1+u1Vn1HB;; ulHBz_; (270)

n1\|B;;+||u1.Vu1 +h(n1)Vn1\\B£;

Then, as the proof of Lemma 2.12; applying Lemma 2.6 instead to estimate the

B % norm, we complete the proof of Lemma 2.13. |

2,00

3. Proof of theorems

3.1. Proof of Theorem 1.1. In this subsection, we shall use the energy
estimates in Subsection 2.2 to prove the global existence in the H? norm.

We first close the energy estimates at each [-th level to prove (1.3). Let 0<1<2.
Summing up the estimates (2.4) from k=1[ to k=2, and then adding the resulting
estimates to (2.31) for k=2, by changing the index and since é < 1, we have

d
S IV ez, VO[B4 Cy SV () 3

1<k<3 1<k<3

<Cod Y [[VE(n1n2, V)7 (3.1)

1+1<k<3
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Summing up (2.40) of Lemma 2.11 from k=1 to 2, we have

d
o > /(Vkul~Van1+VkuQ-Van2)+Cg > IVE(n2, V)|

1<k<2 1+1<k<3

<Cy Y IVFu1,up)f3 (3.2)

1<k<3

Computing 2C%6/C5 x (3.2) 4 (3.1), and by using the fact 6 < 1, we can conclude
that there exists a constant Cs >0 such that for 0 <[ <2,

d 2050
T Z ||Vk(n1,u1,n2,uz,Vqﬁ)H%er 2 Z /(Vkul'vvknlJrvkuQv~Vvkn2)
3

I<k<3 I<k<2

+C5 4 Y IV ue)lfa+ Y [VF(m1.n2, V) 72 ¢ <O.
1<k<3 I+1<k<3
(3.3)
By the smallness of § and using Cauchy’s inequality, we deduce that

Cgl||vl(n17u1,n2au25v¢)||?{371 05
2 ,
< Z V¥ (n1,u1,n2,u2,V@)||32 + C’j Z /(Vkul-vvkm—i-vkug-vvkng)

I<k<3 1<k<2
< Co|| V! (n1,u1,m2,u2, V) || 25—, 0<1<2.

(3.4)
As a result, we have the following estimate in Sobolev’s space for 0 <[ <2:

d
%||Vl(n1,u1,n27u2,V¢)H%[H + {1V (w1, u) [ Fs—t + | VI (01,12, V@) || 372 } 0.

(3.5)
Taking =0 in (3.5), and integrating directly in time, we have

[(n1,u1,m2,u2, V)| Fs < CF|l(n10,u10,m20,u20, Vo) || 775- (3.6)

By a standard continuity argument, since |[(n10,%10,720,%20, Vo)|lgs is suffi-
ciently small, this closes the a priori estimates (2.2). Thus we obtain the global
existence in Theorem 1.1.

3.2. Proof of Theorem 1.2. In this subsection, we will prove the optimal
time decay rates of the unique global solution to system (2.1) in Theorem 1.2.

First, from Lemma 2.12, we must use different arguments for different values of
s. For s€[0,1/2], integrating (2.54) in time, and by using the energy estimate (1.3),
we have

t

([ (i, us, V)3, < ||(nio,uio7v¢o)||?;ﬁ+c/0 IV (s ui) || || (s i, V) || gy
< Co(1+ sup {[[(ni,ui, Vo) - })-
0<r<t
(3.7)
This yields

|(n1,u1,n2,u2, V)| - <Cp for s€[0,1/2]. (3.8)
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Using Lemma 2.13, we similarly have
||(n1,u1,n2,uQ,V¢)||B;; <C for s€10,1/2]. (3.9)

If 0<1<2, we may use Lemma 2.3 to have

- I+
IV il > CIA T IVl T (3.10)
By this fact and (3.9), we find
IV (n1,m2,V6) 172 2 Co (V! (n1,m2, V) [[72)F 755 (3.11)

This together with (1.3) yields for [=0,1,2,
||Vl(ul7u2),VH_l(’I’Ll,TLQ,V(b)H%{s_z > CU(Hvl(uhu2>n1an27v¢)”%13—1)1+ﬁ13. (3.12)

Hence, from (3.5), we have the following time differential inequality for [=0,1,2:

1

d
a”vl(ulau2unlvn2ﬂv¢)||?{3*l +CO(HVl(ulau27n17n27v¢)||?—I3*l)1+l+8 <07 (313)

which gives
1
IV (1, uzy 1, m2, V) |2as < Co(1+8) =) 1=0,1,2; se [0,5]. (3.14)

We now consider s€(1/2,3/2). Notice that the arguments for the case s€
[0,1/2] cannot be applied to this case (see Lemma 2.12). Observing that we have
N10,U10,M20, 20, Vo € H /2 since H-*NL2C H* for any s €[0,s], we then de-
duce from what we have proved for (1.6) with s=1/2 that the following decay result
holds:

I+

V! (1, u1,m2, 19, V) || o—1 < Co(1+1) ™= for 1=0,1,2. (3.15)
Integrating (2.55) in time, for s € (1/2,3/2) we have

||(ni,uti,v¢)||,-,,s < (nio, wio, uz0, Vo) | g7
_1 5__ _1 3_
+C / (s, l52* 1N sy )l 3"+l llmal 322 1 9mll 2™ s, V) -
0
< ||(nio,ui0,U20,V¢O)HH—s+C sup {||(ni7uiav¢)||H—s}
0<r<t

¢ s—% 2—s s—1 25
x| {012 19 o)l + a2 Il 32 [ 9mall 2} dr

0
= [[(ni0,uio0, u20, Vo) || s +Coiu2 (i ui, Vo)l o } - (K1 + Ka).
<7<t

(3.16)
For K, by using (3.15), we deduce that for the case s€(3,3),

t 1 54
K1:0/0 {Il(na,u)ll72 IV (i) | "M (s, i, V) | - d
t

< Co+Co/ (1+7)" 745247 sup {||(ni,us, V)| o}
0 0<r<t

<Go{t+ sw (0w Tol b} i=1205e (35). @D

- =
0<7<t 2°2
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For K, we must vary the arguments for s € (3,1) and s€[1,2). When s€ (3,1),

t 1 3
2

s—3 5—s
K2=C/ Ulillz2linall 2 2 1Vl 22~ HI(isws, Vo)l - dr

0
t t
SC{ [l [ |m||iz-1||w||iz23dr}
0 0
t

< CCO+CCO/ (]_+T)_i(2s_1)(1_~_T)—%(3—2s)d7_
0

t
1 1
< oco+oco/ (147)" 56494 <00y, sc (5,1). (3.18)
0

Thus, (3.16)-(3.18) imply that

[|(ni,ui, Vo) - <CCy, s€0,1). (3.19)
Combining (3.19) together with a similar argument as for the case s € [0,%], we
know that the decay result (1.6) is established for any s€[0,1):
V! (u1,u2,m1,m2, V) [ 15— < Co(1+8)"0F9)  1=0,1,2, s€[0,1). (3.20)
Choosing a constant s; =2+ % with s€[1,3), then s; <1. Then, (3.20) gives
[V (uy g, m1,m9, V@) || 25— < Co(1+8) ") 1=0,1,2, 5, €[0,1). (3.21)

By (3.21), we can prove the decay result for s€[1,2). In fact,

t 1 3_
Ky = C/O {llwill 22 nall 2 2 1m0l 22 HI (i, V) || iy o dr
t 3 s 1 s
< CCO/ (1—&—T)_Tl(l—i—T)_Tl(s_f)(l—l—T)_H?1(%_3)d7'
0

t t
s s 3
= CCO/ (1+r)31+%—5dr=000/ (1+7)% ~3dr<CCy, s€ [175). (3.22)
0 0
Hence, (3.16), (3.17), and (3.22) suffice to show that

3
(niyui, V)|l . <CCo, s€ [0,5). (3.23)

With (3.23) in hand, we repeat the arguments leading to (1.6) for s€[0,1/2] to
prove that it hold also for s € (1/2,3/2).

Lastly, by using Lemma 2.5, Lemma 2.6, Lemma 2.7, Lemma 2.8, and Lemma
2.13, a similar argument as that leading to the estimate (3.23) for the negative Sobolev
space can immediately yield that in the negative Besov’s space,

3
(n4,ui, V)| 5. < CCoy 36(0,5]. (3.24)
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