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UNIFORM LOCAL WELL-POSEDNESS AND REGULARITY
CRITERION FOR THE DENSITY-DEPENDENT INCOMPRESSIBLE
FLOW OF LIQUID CRYSTALS*
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Abstract. In this paper we first prove the uniform local well-posedness for the density-dependent
incompressible flow of liquid crystals in the whole space R3. Next, we provide a regularity criterion
for the strong solution when the initial density may contain vacuum.
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1. Introduction
In this paper, we consider the following density-dependent liquid crystals system
([1,6,15,19,20]):

Oyp+div(pu) =0,
O(pu) +div(pu@u) + Vr — pAu=—div(Vdo Vd),
Opd+u-Vd—Ad=d|Vd*, |d=1,

divu =0,

,.\A/.\,.\
—_ = e e
=W N =
D = —

with the initial data
(p7u7d)(xa0) = (pOaU07d0)($)7 |d0| = 13 x eRg' (15)

Here p denotes the density, u € R? the velocity, and d €S? (the unit spherical surface
in R3) the macroscopic molecular orientations, respectively. The constant p >0 is the
viscosity coefficient. The symbol Vd® Vd denotes a matrix whose components are
defined as

3
(VdoVd); ;= 0idpddy, 1<i,j<3.
k=1

The term

3 3
: 1
div(Vd® Vd) :kZl:Adedk + gkzi‘vwdkﬁ (1.6)

in (1.2) is a stress tensor which represents the anisotropic feature of the system.

When d is a constant vector in S?, the system (1.1)-(1.4) is reduced to the well-
known density-dependent Navier-Stokes equations and there are many results on this
system; see [2-5] among others.
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When p=1, the system (1.1)—(1.4) becomes the incompressible liquid crystals
system and many studies are available [16,18-22]. Recently, Li and Wang [17] studied
the system (1.1)—(1.4) in a bounded smooth domain of R3 where the existence and
uniqueness of local (global) strong solution were obtained with large (small) initial
data when the initial density is away from vacuum. Fan, Gao, and Guo [7] considered
the regularity criterion for the system (1.1)—(1.4) with an additional term d x Ad in
(1.3) in the whole space R? when the initial density has a positive bound from below.

In this paper we first establish the uniform local-in-time well-posedness of the
problem (1.1)-(1.5), i.e., we obtain estimates which do not depend on p>0. Our
result reads as follows.

THEOREM 1.1. Let 0<u<1 and s>5/2 be two real numbers. Suppose that there
exist two positive constants m and My such that the initial data satisfy

(1.7)

m<po <My, VpyeH**(R?),
(UQ,Vdo)EHS(RB), |Cl0|:17 divug =0.

Then there exists a positive time T* >0 such that the problem (1.1)—(1.5) has a unique
solution (p,u,d) satisfying

0<m<p<My, [[Vplreorm-1m®e))<C, [[(u,Vd)||Leorm:rs) <C. (1.8)

Here and in Section 8 below the positive constants T* and C' are independent of .

REMARK 1.2. By our estimates (1.8), the limit 1 — 0 can be studied directly. Hence
we also obtain the local well-posedness of the problem (1.1)—(1.5) with =0. We omit
it here for conciseness, and the reader can refer [11] for the corresponding results on
the density-dependent incompressible Navier-Stokes equations.

Next, we study the regularity criterion for the system (1.1)—(1.4) in the whole
space R? when the initial density may vanish on an open subset of R3. We assume
that the initial data satisfy

0<po< My <oo, VpoeL2(R})NLI(R3), 3<q<6, (1.9)
U()EHQ(R?’), divug =0, VdoEHQ(RB), |d0|:1, ’
and the compatibility condition
AUO—diV(Vdo@Vdo)-V?T():p(l)/zg for some g€ L*(R?). (1.10)

Under the conditions (1.9) and (1.10), it is easy to prove that there is a constant T >0
such that the problem (1.1)—(1.5) has a unique strong solution (p,u,m,d) in (0,Tp]; for
example, see Kim [14] on the density-dependent incompressible Navier-Stokes system.
However, the global-in-time regularity of the problem (1.1)—(1.5) is still open. Here
we provide a regularity criterion for the strong solutions when the initial density may
contain vacuum. Our result can be stated as follows.

THEOREM 1.3.  Suppose that the conditions (1.9) and (1.10) hold. Let (p,u,d) be a
strong solution to the problem (1.1)—~(1.5). If the following conditions hold:

2 3
we L"(0,T;L%(R?)) with —F5=1 3<s<oo, (1.11)
Vde L*(0,T; B, . (R?)), (1.12)
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0

0,00 denotes

then the solution (p,u,7,d) can be extended beyond T, where the symbol B
the homogeneous Besov space.

REMARK 1.4. If (p,u,d) is a solution to the problem (1.1)—(1.5), then so does
(pa,ux,dy) == (p, Au,d)(Az,A*t). In this sense, our conditions (1.11) and (1.12) are
optimal.

REMARK 1.5. It should be pointed out that a variant of the blow-up criterion
(1.11)—(1.12) for compressible liquid crystals flow was obtained recently by Huang,
Wang, and Wen [10].

We give some comments on the proofs of our results. Because the local-in-time
well-posedness has been proved in [17], to complete the proof of Theorem 1.1 we only
need to prove the a priori estimates (1.8). We shall employ an elaborate nonlin-
ear energy method to obtain these desired bounds. More precisely, we first derive
an energy estimate based on the L? energy of the system. Next, we use Sobolev
imbedding, bilinear commutator estimates, and the Gagliardo-Nirenberg inequality
to obtain higher order estimates on the density p, the velocity w, and the unit vec-
tor field d, which satisfies a differential inequality. Then our results come from an
application of the well-known Osgood lemma. To prove Theorem 1.3, by the local
existence and uniqueness result, and bootstrapping arguments, we only need to estab-
lish sufficient regularity estimates on the solutions which can be obtained by Sobolev
imbedding, the Gagliardo-Nirenberg inequality, and the conditions (1.11)—(1.12).

This paper is organized as follows. In Section 2, we give some notations and recall
some basic inequalities. The proofs of Theorem 1.1 and Theorem 1.3 are presented in
sections 3 and 4, respectively.

2. Preliminaries

In this section, we give some notations and recall some basic inequalities which
will be used frequently. The symbol ||-|z» standards for the norm in the Lebesgue
space LP(R?) and |- |lyyx» for the Sobolev space W*P(R?) (here k is an integer).
When p=2, we use ||-| g+ for the Sobolev space W*2(R3). We use C' and M; to
denote the positive constants which are independent of p and may change from line
to line. We also omit the spatial domain R? in the integrals below for simplicity.

First, we introduce the following Osgood lemma [8].

LEMMA 2.1 (Osgood lemma). Let y be a measurable, positive function, f a
positive, locally integrable function and g a continuous increasing function. Assume
that, for a positive real number a, the function y satisfies

y(t) <a+ t f(s)g(y(s))ds.

If a is zero and g(s) satisfies

/1dT_+OO
o 9(r) ’

then the function y is identically zero. If a is different from zero, then we have
Ldr

—G(y(t))+G(a)§/t F(s)ds with G(s)::/ Gk
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Next, we recall the well-known Gagliardo-Nirenberg inequality [9,25].

LeEMMA 2.2 (Gagliardo-Nirenberg inequality). Let ve€ W™ (R3)NLI(R?), 1<
q,r <o0o. Then the following inequalities hold:

D] » < Mo|| D*[|3- 0]l ;2% VO<i<k, (2.1)
where
1 1 £k
-2 -_r 1—a)=
S=gto(p-3) T,

for all a in the interval

The constant My depends only on d, m, j, q, v, and a, with the following exceptional
case:
1. Ifi=0, rk <3, and g=o0 then we make the additional assumption that either
v tends to zero at infinity or ve LI(RN) for some finite G>0.
2. If 1<r<oo, and k—i— N/r is a non negative integer then (2.1) holds only
for a satisfying i/k <a<1.
By the Gagliardo-Nirenberg inequality (2.1) and Sobolev imbedding, we have the
following inequalities which will be used frequently:

1901220 < Cllollz= | Av]ze for 1<p<oo, (2.2
||U|Ls% §C||v||1L;3/SHVvH?£/ZS for 3<s<o0, (2.3)
IVol|7a <CIIVoll g2 [ Av] 2, (2.4)
|7 < Cllvllzs [Avl 2 < O Vol 2 | Av] 2, (2.5)
IVl <C|Vd| 6] VAl 2 (2.6)

Third, we define the operator A:=(—A)'/2 via the Fourier transform

AF(€)=I¢lf(€).

Generally, we define A®f for s€R as

—

Asf(&) =€l f(£).

For s€ R, we define
. 1/2
1= 147 o= [l 1) d)
R3

and the homogeneous Sobolev space H*(R?):={f€S'(R?):||f| ;7. <oo}. Similarly,
the Sobolev space H*P(R?) is equipped with the norm

1 s == [[A° F 2o

Now we introduce the following bilinear commutator and the product estimates
due to Kato-Ponce [12] and Kenig-Ponce-Vega [13].
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LEMMA 2.3. Let s>0 and 1<p<oo. If f,geHS»P(Rf”), then there exists a constant
C, independent of f and g, such that

1A*(£9) = FA*glle CUIVFllLon A gllpa + 1A fll 2o [lgll o), (2.7)
IA*(f)lle SCUIFl[Lo [A°gl[Lar +[|A° Fll oz [l g a2), (2.8)

where py,pa € (1,00] satisfy
1 1 1

1 1
P PG P2 @

To end this section, we finally define the homogeneous Besov space B, ..

DEFINITION 2.4 ([26]). Let ¢ € C(R®) be supported in some annulus C C
R? centered at 0, say {€ €R?,3/4<|£]<8/3}, such that > qezP(2796) =1 for {#£0.
Denoting h=F 1, we then define the dyadic blocks as

A, i=p(271D)v =231 / h(29y)v(x —y)dy.
R3

For seR,pe[l,4+00], the homogeneous Besov space Bs __is defined as

P,

B;,oo = {vES’(R?’), [vllBs :zsgz)quAquLp < oo and v:ZAqv}.
4 q€L

3. Proof of Theorem 1.1

As mentioned before, the local-in-time well-posedness has been established in [17].
Although the functional setting in [17] are somewhat different from the statements in
Theorem 1.1, we can modify the arguments in [17] slightly to obtain our desired local
results, and we omit the arguments here. Thus, to complete the proof of Theorem
1.1, it is sufficient to prove the a priori estimates (1.8).

First, by the maximum principle, it follows from (1.1), (1.4), and (1.7) that

m<p<M; <oo. (3.1)

Multiplying (1.2) by u, integrating the result over R3, and using (1.1) and (1.4),
we have
1d 5 5
o¥T pluldz+ | p|Vul*dz+ [ (u-V)d-Addx=0. (3.2)

Multiplying (1.3) by —Ad, integrating the result over R3, and using the fact that
|d|=1 implies |Vd|* = —dAd, we obtain that

1
5%/|Vd|2dx+/|Ad|2dx—/(u~V)d-Addx
:—/|Vd|2d-Addx:/|d-Ad|2dxg/\AdFdx. (3.3)

Summing up (3.2) and (3.3) we infer that

1d

ia/{p|u|2+|Vd|2}01x+/M|vu\2c1xgo. (3.4)
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Applying the operator A to (1.1), multiplying the result by Ap, integrating over
R?, and using (1.4) and (2.7), we infer that

5 dt/\Adem——/[A(qu)—uVAp]Apdx
< A7)~ T Al el Apl
< OVl [V pl2
<Cllullu-[IVpll7

<C{|lullfs +1Vollzs}- (3.5)
Now, let
9::2max{s—1, %, 3},
s—5 2
! 2 2 2 3¢

‘P(f)::/o A+ 1Vpllge +llullzs +1IVdl[7:) = dr. (3.6)

Then (3.5) gives
IVp(®)]7: < C{1+2(t)}. (3.7)

Similarly, applying the operator A® to (1.1), multiplying the result by A®p, inte-
grating over R?, and using (1.4) and (2.7), we deduce that

3 dt/'Ag |2dx——/[As(qu)—uVASp]AS,odx
<A (uVp) —uVA®p| 2 [[A®pl| 2
<COUIVullz=l[Aplle + Vol Lo [[A%u]| 22) | A%l L2
<C(IVull e +[Vpll ) (IA°plI 2 + 1A ull72)
<Vl + llulli }-

Integrating the above inequality over R3, and using the estimates (3.6) and (3.7) gives
IV () [[Fr— < C(1+2(1)). (3.8)

Multiplying (1.2) by u, integrating the result over R3, and using (1.4), (3.1), and

(3.4), we get
5 dt/|Vu|2dx+/p|ut| dz

:—/(V-(VdG)Vd)—i-pqu)utdx

<(IVdl 2 [[Ad]| oo + [l o< 1wl L2 [[Vul oo ) ut]| 2
<C{l|Ad]| L +[[Vull oo Hut]| 2

1
<C{llully-+ IV} + 5 [ pluifd,

which yields

/0 g (7) |22 dr < C(14+B(1)). (3.9)
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Applying the operator A°~! to (1.2), multiplying the result by A®~tu,, integrating
over R3, and using (1.4), we infer that

5 dt/|VAé Lul? dx+/ |AS |2 da

:—/As—ldiv(vcz@w) -As_lutdx—/As_l(pu-Vu)-As_lutdx

—/[As_l(put)—pAs_lut}As_lutdx
<{|A* 1 div(Vde V)| p2 + [|A° (puVu) || 2
AT (pue) = pA* g 2 PIAT e 2
= {1+ I+ I3} A5 Ly || e (3.10)
By using (2.8), the term I; can be bounded by
L <C|Vd| p<||Vd| = <C|IVd|F..
Similarly, the term I5 can be controlled by
Ly <C{llpull L [|A%ul g2 + A (pu) | 2 V] o }
< C{llullr + (ol oo l|A* ™l 2+ [lul| oo [|A* 7 pll £2) | Vul| L= }
<C{llullFys +llullz [V pll o }
<C{1+ullzzs + IV pllz1 }-

Using (2.7) and the Gagliardo-Nirenberg inequality (2.1), the term I3 can be bounded
as follows:

I <OVl A 2] g+ CIA™ plL o e e
<CIplr 18l =)
75 2 1 3 2
T }

sC|Vp||H“{|
- 5/2}|\utum

Recall that the constant m is the lower bound of the density. Inserting the above
estimates for I1, I, and I3 into (3.10), we obtain

';;t/|VAS_1u|2dx+m/|AS_1ut|2dm

1
Z;l HA871

A 1ut|\Lz+0{||Vp||Hb IVl

2( )
<c+c{||w||m+||u||Hs+||v,o||Hs1+(||Vp||H +||Vpr”)||ut|L2}

Integrating the above inequality over [0,¢] and using (3.8) and (3.9), we have
/ [AS Py (1) |72 A7 < C(1+@(2) + D2(t)). (3.11)

Applying the operator A® on (1.2), multiplying the result by A®u, and integrating
over R3, we derive that

1d . ,
ia/p|A§u|2dx+,u/|A5+1u|2dx
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=— /Asdiv (VdeoVd)A udx — /[AS (pug) — pASug] A udx

7/[As(puVu)fpuASVu]Asudx
=14+ 15+ Ig. (312)
Using (2.8), the term Iy can be bounded as
L < C||Vdl| oo | Al | 2 | A% 2
1 S S
< glaTdlz. + C{lAMuz: + (V] 7. }-
Similarly, the terms I5 and Is can be bounded by
I < C(IVpll e A5 el 2 + 1A% g el o) [ A%l
< C{ a3+ [Tl e + il ),
I <C([V(pu)ll Lo [A%ul| L2 + [A° (pw)l| L2 |Vl oo ) [ A0 ]| 2
< O|Vpllgre—1 JullF
<C{IVPlgams + ullire }-

Inserting the above estimates into (3.12), we have

1d ;
CYT ,0|A5u|2dx+,u/\/\s+1u\2da:
1 S
< SN2+ Ol Il + IV s ). (313)

Applying the operator A® to (1.3), multiplying the result by A**2d, integrating
over R3, and using (2.8), we have

li s+1 712 / s+2 312

2dt/|A d?dz+ [ |[A*T2d|*dx
:—/As(u~Vd)~A5+2ddm+/As(d|Vd|2) A2 dde
<c{|Ivd| as

ull g+ | A2 d] L2 + || V|| | A*F2d 2 }
1 S
< SIA 2l +C{IV e +lluli.}- (3.14)

Combining (3.13) with (3.14), integrating the result over R?, and using (3.9) and
(3.11), we have

/|A5u(t)|2 +|A () Pdz < C{1+ (1) + 3(1) }. (3.15)

Due to (3.4), (3.7), (3.8), and (3.15), we conclude that

L)) = <00 =1+ IVl s+l + V)
<C(1+0(t)+2%(t)
<Cc(1+a(1)”, (3.16)

which yields (by the Osgood Lemma) that there exists a 7" > 0 independent of p such
that ®(T*) <C, and thus (1.8) holds. This completes the proof of Theorem 1.1.
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4. Proof of Theorem 1.3

Because the local existence of strong solutions can be obtained in a standard way,
we only need to prove a priori estimates. By arguments similar to those in Theorem
1.1, we have

0<p<My<o0 (4.1)

and
T
sup /{p|u|2+|Vd|2}dx—|—/ /,u|Vu|2dxdt§C. (4.2)
0<t<T 0

Multiplying (1.2) by d;u, integrating the result over R3 using (1.1) and (1.4), we

derive that
p d 2 2
BWT |Vu|*dz+ [ p|Oyu|”dz

z—/pu-Vuﬁtudx—!—/V@tu:(Vd@Vd)dx

Using (4.1), Holder’s inequality, Young’s inequality, and the Gagliardo-Nirenberg
inequality (2.3), the term I]; can be bounded as

11, < /0 2 ul - |V 2,

<ellVporullzz +Cllullz- [Vul? 2

s
5—2

Ls

25
<e{llvporulliz + | Aullte} +Cllul 1 [Vl 2,

where 0 <e<1 is a sufficient small constant.
On the other hand, because (u,7) is a solution of the Stokes system,

—pAu+Vr=f:=-V-(Vdo Vd) — pdu—pu-Vu. (4.4)
It follows from the H2-theory of the Stokes system (for example, see [27]) that
IV2ull 2 <C|f]l 2
<C{ IVl el Adl -+ A0l 2 + - V] 2, )
<CIAdIL IVl VAL +Cllyporullz:

B

Ls

,00

1—3/s 3/
+Cfull - [Vl 2% | Aul 3,

where (4.1), Holder’s inequality, the Gagliardo-Nirenberg inequality (2.2), and the
elegant Machihara-Ozawa inequality [23] (also see Meyer [24])

IVul3s < Cllull gy _l1Au] 2 (4.5)
are used. Hence

1/2 1/2 1/2
IV2ull <CIAdIL IVl s VAL
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+C|y/pOyul| L2

By integration by parts, the term 115 can be rewritten as

2 IVl e (4.6)

IIQ:E/Vu:Vd@Vddx—Q/Vu:Vd@@tVddx

/Vu Vd© Vddz — 22 /auja d0;0ddx

1,j=1
dt/w Vdo Vddz+2 gl/aujaa doyddx

=4 | Vu:VdoVddz+211;. (4.7)

Applying the equation (1.3), Holder’s inequality, the Gagliardo-Nirenberg inequalities
(2.2) and (2.3), and (4.5), we obtain that

1= /a w00 d(Ad+d|Vd]® —u-Vd)da

3,j=1
<C{IVull L2 (IAd] s +VllZs) + 1Vl | 2, [lull e | Adl|zs V]| 4 }
<C{lIVull 2 llAd e+ ClIVull? 2 Tullz: +ClAdI L [Vl o, VA2 }

2(1-2
<O{IVull |Vl gy I9Ad] g2+ [l [l 7 )

| A3
+1Ad] 12| Vdl gy VA2 }

<e{IVAd||Z: + | Aulf} +CI V]G, (IVulliz +1Ad|IZ:)

25
- IValZe, (4.8)

where 0 <e <1 is a sufficient small constant.
Applying the operator A to (1.3), multiplying the result by Ad, and integrating
over R3, we get

2 2
2dt/|Ad| dx+/\VAd| da
3

k=

= J1+J2. (49)

‘/Au Vd)-Addz|+

/ 01 (d|Vd|?)dx Addz

Using Holder’s inequality, Young’s inequality, the Gagliardo-Nirenberg inequali-
ties (2.2) and (2.3), and (4.5), the terms J; and Jo can be estimated as follows:

J1 < ’/Au-VdAddx +2

<||Aul| 2 lIVd] e[| Adl| 4+ ClVull 2| Ad] 2
<ellAulZ: +C{||Ad||L2 [ Vill gy [[VAd] L2
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1Vl 2 [Vdl gy [V Ad]|z2}
<l A3+ VAL +CIVdlS, (Va3 +]AdR2), (410

3
Jo < Z
=1 k=1
3 3
<> +>
k=1 k=1

gc{/|w|2v2d|2dx+/|w.|Ad|.|VAd|dx}

3

1>

/ O,d|Vd|*OpAddx

/ doy|Vd|*OrAddx

/8k(8kd|Vd|2) -Addx /d6k|Vd|28kAddm

<C{IVdl7:l|Ad||74 + (V]| s |Ad] 4 | VAd] 2 }

< | VAR + O Ad] 2|Vl gy [V Ad]

<2€[|[VAL||7: +C|IVd|[%,  [|Ad]7-, (4.11)
where 0 <e< 1 is a sufficient small constant.

Combining (4.3), (4.6), (4.7), (4.8), (4.9), (4.10), and (4.11), taking e small
enough, noting that

‘/Vu:Vd@Vddx <||Vullp2||Vd||3s < C||Vul 2| Ad]| L2,

and using the Gronwall inequality, we get that

IVull L o,7;22) <C,  [[Vullzzo,7m) <C, VPOl pz(0,1;02) < C, (4.12)
HvdHLoo(O’T;Hl) + HVd”L?(O,T;HZ) <C. (413)

It follows from (1.3), (4.12), and (4.13) that
||8td||Loo(07T;L2) <C, ||atd||L2(0’T;H1) <C. (414)

Applying the operator d; to (1.2), integrating the result over R?, and using (1.1),
(1.4), (4.12), and (4.13), we obtain that

1d
5&/ |8tu|2dx+,u/|V(9tu|2dx

SC/|Vd|8tVd|V(’9tudx+‘/pwV[(@tquUoVu)@tu]dx

+C"/p8tu~Vu~8tudx

<C{IIVd|| = |0:Vd|| 2 |V Orull L2 + |/ pOyu| L2 ]| < ||V Dyu| 2
+[ull 7o [[Vull Lo VOl L2 + 1v/pOul| L2 ]l Lo | Vul 36
+[[ul| 7o [|Aull 2 |8sw]l Lo + [|v/pOeul| 2| V]| Lo |Opul| Lo }
1
< §||V3tu||%2 +C{IVdll L 10:Vd||7> + |[ul|F o |/pOrul|7 >
+[|Aul|Z2 + [ Aul 2 VpOull 2 + | Vul Fs || /pOrul|7 } - (4.15)
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Applying the operator d; to (1.3), multiplying the result by 9;Ad, integrating
over R?, and using (4.12) and (4.13), we have
lg/|va d*d +/|A8 d2d
2 dt re e v

< ‘/(8tu~Vd+u~V8td)A8tddx +/(8td|Vd|2+d8t|Vd\2)A8tddx

<C{ (10wl LoV d|| s + [l o | VOed]| L3 ) | AByd]| 2
+ (10edl| Lo IVl 6 + | dl| oo |V dl| L6 [|0: V| 15) | ADydl | 2 }
S C(||V3tu||Lz + HV&gdHLz + ||V8td||L3) ||AathL2
1
<3 | ADyd||22 + C{||VOul| 22 ++|Vid| 22}, (4.16)

where the Holder inequality and the Gagliardo-Nirenberg inequalities (2.4) and (2.5)
are used.
Combining (4.15) with (4.16), and using the Gronwall inequality, we have

vPOeul| Lo (0,1;12) + [V Oeul L2 (0,1;12) < C, (4.17)
[0edl| o< 0,711y + [10edl| 2 (0,7 112) < C-. (4.18)

It follows from (1.3), (4.12), (4.13), (4.18), and the Gagliardo-Nirenberg inequality
(2.6) that

[VAd|| > < C||VOd+Vu-Vd+u-V2d—V(d|Vd|?)| L2
<C+CO{|IVull 2| Vdllzoe + [Jull s | Ad] s
+[Vdl|z | Adl L2 + | Vd] 36 }
<C+C{IIVd| L= + [ Ad| L5}
<C+O{|IVl| & [VAE + | Adl 2 [V A7)
which gives
IVd|l 10,70 <C. (4.19)
Similarly, we can prove that
IVull Lo 0, m1) + [Vl L20,7,w1.0) < C. (4.20)
Applying the operator 9; to (1.1), multiplying the result by |9;p|9~20;p, integrat-
ing over R?, summing over i, and using (1.4) and (4.20), we conclude that
5 [t <Vl 1900 IVl o Vol
which implies
IVl Lo 0,7;020L0) < C.
This completes the proof of Theorem 1.3.
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