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CONVERGENCE TO SPDE OF THE SCHRODINGER EQUATION
WITH LARGE, RANDOM POTENTIAL*

NINGYAO ZHANG! AND GUILLAUME BAL}

Abstract. We study the asymptotic behavior of solutions to the Schrédinger equation with
large-amplitude, highly oscillatory, random potential. In dimension d <m, where m is the order of
the leading operator in the Schrodinger equation, we construct the heterogeneous solution by using
a Duhamel expansion and prove that it converges in distribution, as the correlation length & goes
to 0, to the solution of a stochastic differential equation, whose solution is represented as a sum
of iterated Stratonovich integrals, over the space C([0,+00),S8’). The uniqueness of the limiting
solution in a dense space of L%(2x ]Rd) is shown by verifying the property of conservation of mass
for the Schrodinger equation. In dimension d >m, the solution to the Schrédinger equation is shown
to converge in L?(Q2 xR%) to a deterministic Schrédinger solution in [N. Zhang and G. Bal, Stoch.
Dyn., 14(1), 1350013, 2014].
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1. Introduction
We consider the following Schrodinger equation in dimension d <m:

(i%—k(P(D)—ﬁq(%)))ue(t,x):& t>0,zeRY,
ue (0,2) =up(z), reR?,

(1.1)

where P(D) is the pseudo-differential operator with symbol p(§)=|¢|™. Taking the
Fourier transform of both sides of (1.1), we obtain

a d
<ia+£‘“)a5:a‘f/fﬂ@‘)as(t,f—s‘lodcy
0(0,8) =110 (€).

(1.2)

We assume that the Fourier transform of the covariance of the potential 1%(5) is
bounded and continuous at 0, and the initial condition satisfies (1+ [£]2™)]dg(£)| < C
uniformly in ¢ € R?.

The main objective of this paper is to construct a solution to the above equation
in L2(Q x RY) uniformly in time on bounded intervals and to show that the solution
converges in distribution as e —0 to the unique solution of the following stochastic
partial differential equation (SPDE):

i%+P(D)u—auoW:0, t>0,rcR? (1.3)

u(0,2) =up(x), reR?
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826 CONVERGENCE TO SPDE OF THE SCHRODINGER EQUATION

where W denotes spatial white noise, o denotes the Stratonovich product, and o is
defined as

o?:=(2m)4R(0) = (27)? / R(z)dz. (1.4)
Rd

To study this solution, we may take the Fourier transform of the equation to get

(i +€Mi(t.8) =o(zn) [ u(s,p)0di (2)

(1.5)
=o(2m) / ‘72@/ 1A (s, )dEr 0 dW (x),

with initial condition @(0,£) =10 (§). To look for a mild solution, we recast (1.5) as

t
ﬂzio(?w)_d// e’fm(t_s)e_i&x/e’flxﬂ(s,fl)d&dsoch(x)+eit5md0(§). (1.6)
0

Define formally the stochastic integral

t
Ha(t, €)= (—i D) —d i(t—s)E™ —ikx ISP , dé dsodW ) 1.7
i) = (—io)2m) ™ [0 [ [t dsoaw @), (1)
We may rewrite (1.6) as
a(t,€) =" g (§) + Ha(t,£). (18)

The mild solution to (1.3) is thus defined as u(t,z) = F ~1{a(t,£)}, where ! denotes
the inverse Fourier transform. Suppose that d <m. The following result holds for the
solution of (1.5).

THEOREM 1.1. Suppose d<m. The series

a(t,e) =Y _a™(tg) (1.9)

n>0

converges in the L?(Q x R?) sense for each t >0 and ¢ €RY, and is the unique solution
to (1.5) in the space M, dense in L?(Q2x R?) and defined in Section 5, where

ﬂ(”)_(—io—)”(%r)"det/ooo---/ooo/ewtdﬁ/ﬁdfk
k=1

m —1

n k n n n

[T [1-if|e-2a) —#) | IIeomi(e=>g) Tlaw )
j=1 Jj=1 J Jj=1

k=0 =1
(1.10)
The following theorem shows the weak convergence of u.(t,z) to u(t,x) for any ¢ >0
and z € R4,

THEOREM 1.2. Suppose that d<m. For any integers r>1, mq,---,m, >0 and
€W € eRE 4y, 1, >0 we have the convergence of moments

lim E{[de (t1,6))™ - [aae (b, €)™} =E{ [a(t, €)™ - [a(,, €)™} (111)

e—04
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The finite dimensional distribution of 0(t,£) is uniquely determined by its mo-
ments of all orders. Moreover, the family of processes {uc(t,-),t>0} is tight, as
=04, over C([0,400);S"(R?)). The process {i(t,-),t >0} converges in law over
C([0,+00);8'(RY)), as e =04, to {a(t,),t>0}. Also, we have that in the spatial
domain, the process {u.(t,-),t >0} converges in law to {u(t,-),t >0}.

The rest of the paper is structured as follows. Section 2 gives the formal Duhamel
solutions for both the multi-scale Schrédinger equation and the limiting SPDE in
the Fourier domain. Section 3 demonstrates the first order moment convergence of
Duhamel solutions .. Section 4 proves that 4, as the Duhamel expansion of the
limiting equation, is well defined in the space of in L?(Q x R?). Section 5 generalizes
the first order moment convergence proved in Section 3 to arbitrary orders. Section
6 follows the approach as in [5] to show that the weak convergence of {u.(t,£)} in
C([0,400),8") to u(t,€) follows from tightness and convergence in finite dimensional
distribution.

The asymptotic theory of solution to parabolic equation with large potential in
dimension d<m is presented in [1, 6]. In [5], analysis is provided of the heat equa-
tion with long range correlated potential in d=3. Equation (1.1) may be seen as a
model for quantum dynamics with the wavelength of initial condition much larger
than the scale of oscillations of the random potential. The treatment of Schrodinger
equation (1.1) with the right scaling of potential (O(¢~ %)), in dimension d>m, is
presented in [7]. Tt is then shown that u. converges in L?(£2x R?) to the solution of
a homogenized equation. For the case d=m a logarithmic correction to the scaling
of potential appears, which causes the solution to (1.1) to be a deterministic solution
to a homogenized equation. Although this critical dimension case which separates
homogenization from a stochastic limit is not discussed in [7], it is analyzed in [2] for
parabolic equations, to which we refer the readers for more details.

2. Duhamel expansion
Iterating Duhamel’s formula we obtain

e (t,6) =" g (&) —ie %//15'““ DG(C)tie (5,6 —e 1) dsdC
—+o00
n=0

where

n+1
) (4,€) = (—i)" f%// dsl...dsn/.../Hei(sk_rwléfa-lz;gfsjl
Ay (t)
H (&r)dEpto (€ Zﬁg (2.2)

Here, we introduce the notation 22:1 & :=0and A,(t):=[t>s1>--->s5,>0]. Let
A, (t):= [ZJ 17 <t,7;>0]. Changing variables s;:=> " _;7; and denoting 7o:=t—
>oi T we can rewrite (2.2) in the form

Ot = (e ¥ [ /W) -~~dm/~~-/§ﬂ@>d@
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n+1

Lol EE Y
400 —+o0 n n
" —*/ / / /dro -d70( ZT] 1T (6 dex
= k=1

n+1 n
« H e L|e—eT E g . (2.3)
k=1

Using §(t) = [ e"P'dp, we obtain, for any 7> 0,

((t,8) = (—i)"e zent/Jr"O /+OO/ /dTo dTan &k )€,

% eBt=27- OTJ)H ie1|6—e T 500" 1Z§] (2.4)

k=1

Integrating out all 7; and choosing n=1 we get

a0 (1,6 = (—iyre=Een [ ettap [ [ TTaende

m 71
n k n

X H 1—i 5—671253‘ —-B ﬂo(ﬁ—filzfj)- (2.5)

k=0 j=1 j=1

We now come to the analysis of the limiting equation. By Duhamel’s principle,
the solution to (1.5) formally satisfies the equation

U =€ty —io)(2m) "¢ tei(t_s)gm e %%y (s, 2)dso x
(1) =" )+ (i) 2m) 0 [ 0 [ (s aydso v (a)

€™ 0 (€) + (—icr) (27) /0 ilt=o)g™ / emiée / 65, £1)derds o dW (z).
(2.6)
)

Integrating (2.6) iteratively, we obtain formally the Duhamel expansion for (1.5):
= i ™, (2.7)
n=0
where
a© =" G(6)  and @™ =H"a(, (2.8)
for n=0,1,---, or more explicitly,

n+1

4™ = (Zig)"(2m) nd/ / // ik sER
= An(t) H

He_l(ﬁj §i— l)lauO H ﬁdskoHdW(,’Ej) (29)
k=1 k=1 j=1

Jj=1
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Here, we define sg=t, s,11=0, and & :=¢&. At this point neither the iterative
Stratonovich integral of (™) for n=1,2,--- in (2.9) nor the sum (2.7) are well de-
fined. We give a justification for these expressions in Section 4.

Using the change of variables £, — &1 — &k, and applying the same type of trans-
form as in (2.5), we obtain

a("):(—io)”(27r)_"det/Rd/---/ewtdﬁ/kf[ldgk

m 1

n k n n n

II[-ifje-2a] -8 [Te7 o™ aole=3_&)e [ aw (),
j=1 j=1 j=1 j=1

k=0
(2.10)
which is the same as (1.10).
3. Convergence of the first moments

We shall prove the convergence of moments as stated in (1.11). For simplicity, we
shall first consider the case when n=m=1 and show that the limit

5£%+Eﬁs(t7€) (3.1)

exists. The proof of convergence for general moments is given in Section 6.
Taking expectation of both sides of (2.1), we obtain

Ei.(t,§) =Y Eal*"(t,¢). (3.2)

n>0

This is because expectation of the product of an odd number of Gaussian random
variables is 0. The expectation of the product of an even number of Gaussian random
variables is given as a sum of products of the expectation of pairs of variables, where
the summation runs over all possible pairs. The contribution of products of potentials
can thus be represented by

E{Iﬁq“@k b= T st +¢p), (3:3)

T (ef)en

where (ef) denotes pair of indices, m denotes a pairing of the 2n indices, and the
summation is over all possible pairings.
Adding up all the delta functions gives Ziil &, =0. We can therefore write

Eal*™(t,€)

—(—~1)"eMetag (€) /R eotag [ [

-1

2n k " 2n
STT =il le—e">¢] -8 E{[[a¢nde}
k=0 Jj=1 k=1
:( n€nd€tU0 § Z/ “%dﬂ/ /
2 k o
T |- gfalzsj - [T R(€)d(e+¢p)decdes.

k=0 j=1 (ef)en
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The above summation extends over all possible pairings = made over vertices
{1,---,2n}. By changing variables & :=¢~1£, we obtain

Eal™ (t,€) =(—1)"e"io (&) Z / e’tdp / /

-1

2n k
X H 12 f‘ij -B H R(fe)6(§e+§f)d£ed§f'
k=0 j=1 (ef)em

We will show that the exchange of taking limit and expectation,

lim Ea.(t,) = Zsli%l+Ea§2”)(t,§), (3.5)
n=0

6*)0_*_

is legitimate based on the fact that the sequence {sup|Eu(2") (t,)1}52, is summable.
Let L(m) be the set of all left vertices of a given pairing m. Define

& m
A== "61 , (3.6)
j=1
and
&Y =[—i(A-p) L. (3.7)

Using the contour integration method, we are able to show that

iAtyp—1 _—t
(p) _ )€ t € > 07
‘A= { 0, t<0. (3:8)

The following estimate is then derived.

LemMMA 3.1. Suppose that p>0. There exists a constant C' >0 such that for an
arbitrary n>1 we have

cngne— 1 7t
/ it} ag)< (39
11 T
Readers are referred to [5] for the proof of this lemma.
With such notation, we may rewrite (3.4) as
Ea™ (t,6) = (=1)"ettio(€) Z/ / H ke, * F(t,&;m)
k¢ L(m),k#2n
x I Rlete)d(ee+ep)deadey, (3.10)

(ef)em
where

-1

k m
Ftgm= [ea-ien-a) T] =i le-Yg) 5] a8 Gy

keL(m)
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and J[y¢z(x) koon *€a, denotes the convolution of all e4,’s, where k is the right ver-

tices in the giving pairing 7, except k=2n.

The following inequality plays an important role in estimating JE@?”) (t,6).

LEMMA 3.2. Suppose p€ (%,1). Then

sup | =B+ —w|™+1i|PdE < +oo. (3.12)
BERweR? JRE

Proof.  We may first shift £ to get rid of w and perform the spherical change of
coordinates

+oo
/I—B+|§—wl“‘+il"’39d/ | Brem et e, (3.3)
Rd 0

where g is the area of the unit sphere in R?. Let Q =¢™. The integral on the right
hand side of (3.13) may be rewritten as

“+o0
/ |—B+Q+i| QY™ 1dQ. (3.14)
0

Without loss of generality, we assume >0 and the integral above can then be written
as the sum of three integrals I, II, I1I according to whether £ belongs to (0,3/2),
(8/2,2p), or (28,+00). We have

B2

B\21-% 4_q m B\21-5/8\ % m
< = n < — s 2yt < 2 ,
rsfie(p)] ) eFraesgle(5)] ()< e
The second integral can also be estimated as
d 28
1<ee)*t [ 1Q-p+ilrdq (3.16)
5
If <1 we have
IT<3x2w 2 (3.17)
If 5>1, we estimate
25 1 1_p
d d
<(28)w 1 —B|7rdQ < - Wt .
=09 [ ie-sraes i (5) 2 (3.18)
The third integral is estimated as
1I< %(ﬁ%l)—%ﬂ% < %. (3.19)
This concludes the proof of the lemma. a
Let
k m -P
eBtdp
Fy(t&m ::/.— 1—il | €= & —p 3.20
ST | a e A k},}ﬂ) 2 ' 520
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and
. m —(1-p)
Fz(t,é;w)::/ewtdﬁ I 11-ille->g| -5 S @321
R keL(r) j=1
Since
Fi(t,&m )—e%’)@) 6532+2(g)(t) (3.22)

for some B;(&), we get Fy(t,&;m)=0 for ¢t <0. Likewise, F5(t,&;m)=0 for t<0. We
can therefore write

tf, / F1 85, )FQ( f, )d8>0 (323)

Observe that by Lemma 3.1,

Cntn(lfp)fl
. < - - .
FQ(tagﬂﬂ-)_ [(n—l)']l_p (3 24)
and
Cnn 1

T  ream< -1 (3.25)

k¢ L(m),k#2n

for t >0. On the other hand, we have obviously

m —-pP
k
|Fy(t,67)|<C | ———— 1—i| €= & -8 (3.26)
1 /1+|s Eam!! ( 2 )

keLl(m)
for some constant C'>0. As a result, we obtain
[EaC™ (t,¢)]
: (t—s)""'ds 1d5 -
< Ce'lio (¢ |Z (s.6m) [ R(e€e)d(Ee+Ep)décdss

< T |, - orsn 1dsZ/1+|fsm BIQ/ /

& -pP
< ] Re&)d(ee+endéedéss ] 1@(52@ 5) . (3.27)

(ef)em keL(m)

Here, we just need half of the order of decay of the initial condition %g(§) that we
assumed:

G ¢ S
(+fem—BP)7? = U+ @) P+ fem—BP) 7 = (1+ )17

The right hand side of the above inequality is then used for estimating the integration
in # by Lemma 5.2 in [7]:

(3.28)

<C 1+log, [¢]

/%o db (3.29)
coo (LHB)V2(14[Em—p2)L/2 = 7 (14£2m)1/2 '
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where log , |£]:=max(0,log|{]).
Using Lemma 3.2 we conclude therefore that

Cntn(2—p)et 1+10g+|£|

~(2n
IEa{®™) (t,€)| < (2n—1)!! T (rem)E (3.30)
and (4.6) follows by letting ag, = (2n— 1)!!%. We obtain
(2n)
61_1>m+]Eu5 (t,6)= Zu (t,6), (3.31)
where
a®™ (¢,€):=(—R(0))"e' 4 ePtdp | -
& o€
—Jr
m ~1
2n k
<STTH=i{ |e=> ¢| -5 IT occ+¢p)decde;.
k=0 j=1 (ef)ern
(3.32)
In what follows, we show that
a®m (t,6) =Ea®™ (£,¢). (3.33)

The expectation of multiple Stratonovich integrals is defined as follows:
2n
IE:{ []aw () } S I Stee—ap)deeday. (3.34)
J=1 T (ef)em

Upon integrating in all variables z, the first moment of %(*") can therefore be written
as

Ea ™) =(—ic)?™(2r) =24 tz / / / Btqp / Hd{k

) (3.35)
ST 11— |e- Zg] -8 ao(€) T dc+¢p),
k=0 (ef)em

which gives exactly (3.33).

4. L? convergence of the SPDE solution

We now come to the series (1.9), which we claim is the solution to (1.6). The
readers are referred to [1] for a more complete description of the relationship between
the Stratonovich and It6 integrals and for additional details on the theory presented
in this section.

We first prove that (t,-) in (1.9) as a series is well-defined in the space L2 (2 x R9).
Denote (™ =T,(fn), where Z,, denotes the n-th order iterated Stratonovich integral,
and f, is a n-parameter function, i.e.

To(fn)= o @y, o xn)dW (xy) ... dW (25,). (4.1)
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By the definition of the L? norm of multiple Stratonovich integral, we have

E|0™ |2 =B{Zon(fn @ fu)}

=E Ty, ) fo(Yns sy )AW (21) . dW (2,) AW (y1) ... dW (y).

R2nd
(4.2)
Taking the same approach as in the calculation of the first moment in (3.35), we
obtain

Bl (1)
— (o™ (27)~det)2 i(BL=B2)t 18 dBotin (£ — S (EOR . (2)
ram S [ [ [ o amdsminte-3 e ie+ 367)

m m —1
n k n k
<A TT =il le=2¢"] +80 ) [T |1+ [e+D267| +8
k=0 j=1 k=0 j=1
[T o(cc+&p)agVae™. (4.3)

(ef)em

We denote dé(l) :dfy) - -dfﬁ), 1=1,2. & and & are paired arguments in the graph
comprised of 2n arguments in total with their index e and f.

The idea that we use to estimate the first moment applies here too. However,
note that we have {k=n} € L(x) for the crossing graphs defined in [2], and one of the
terms [1—i(§™—3)]7! in the function Fy defined in (3.20) now becomes [1—i(|¢—
Z?Zl §](-1)|'“—ﬁ)]_1. Therefore, we have to make the following adjustments in the
proof. Using the smoothness condition for the initial condition, we have

do(E— Y &) '< 1 1

: 4.4
1—i(je =0 €V m = B1) | T (1 [e =30 €8P pmyr/2 (14 57)1/2 #4)

We use the term [1+|§—Z;L:1§j(-1)\2m]_1/2 for the integration in &,, and the term
[1+B2]71/2 together with [1 —i(¢™+ ;)] " indexed by {k=0} in the first product in
(4.3), and get

oo (LABYDVRL—i(Em+ )~ (14+&2m)H2

We also use the smoothness condition for the initial condition and obtain another
(1+1log, |£])/(1+&2™)1/2 from the integration in 5. Finally, we obtain the estimate

Ontn(pr)et 1_|_10g+|§|
(Er {1+ €)1

E[a™ (t,6))? < (2n—1)!! (4.6)

for any pe( %,1). This implies that the iterated Stratonovich integral 4(™ is indeed
well-defined. Integrating in £ and summing the above bound over n gives

(& [ la(t.o)Pde) < Y [ a0, Pde) < ox, (4.7)

n>0
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and the L?(2 x R?) convergence of (1.9) follows. In fact, by first multiplying £™ with
(4.6) and performing the integration and summation we can further obtain

E / €™ a(t,€) P < oo. (48)

5. Uniqueness of the SPDE solution
Let us now provide the rigorous definition for the operator H. Suppose f(t,€) is
a sum of iterated Stratonovich integrals

= ;Jzn(fn(t,s,-))- (5.1)
We define 7
&)= ;In((ﬂf)n(t,fw)), (5.2)
where _

(Hf)n+1(t 6756 L1, T ) ZU 271' / / it-a)e™ Z(éo E)Zf (S &)rrly ) n)déodvs
(5.3)
One can check that under this definition Ha=3Y", ., 4™ =a—a®. The Duhamel
solution (1.9) is therefore a solution to the equation (1.6).
We can also define

3 5) = Zl-n-&-l((jf)n-l-l (tafa'))7 (54)

n>0

where
(jf)n+1(t7£7$7xlv"' ,l'n) ::e_ifw/eigowfn(sagmxl"” vxn)d&)' (55)

For the Duhamel solution (1.9), we have

EZnt1 (T @) nt1(t,8))]°
n+1 n+1

— (o"(2m) %) Z/// (P1=B2) 48, 4Byt (€ — 25(1) §+Z£(2)

n+1 n+1 —1
x{H{li(‘fZ@(l) +,6’1> 1T 1+2’< +ﬂ2) }
k=1 j=1 k=1

< ] 0(ce+¢p)dgag®. (5.6)
(ef)em

§+Zs§2>

j=1

Although it looks a little different from (4.3), it can be estimated in the same way as

Cntn(2—p)et 1+10g+‘§|
7 (e

(Ela™)?)Y2 < (2n—1)!! (5.7)

which upon summation in n implies that E|a(t,£)|? is uniformly bounded for all ¢ € R,
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Note that Hi(t,&) = (—io)(2m) = [} /=" (Fa)(s,6)ds. a(t,€) is therefore a
solution to the equation

(15 +€™)i(1,€) =0 (2m) T (1.6). (58)

Now we prove that this equation preserves mass. Multiplying this equation by ﬁ(t,f ),
and integrating in £ and over the probability space €2 gives

Ok / (af2de +E / €™ |[2de = o (2)E / (Ti)ade. (5.9)

The right hand side of this equation can be written out explicitly as

B [(Fiidc- | ;nE{InH( e [eorg, o &)dfl) o (P, 6))}615

/ D / ¢ / e fu(t.60)d61 fin(1.6) D[] O(we—ayp)dx | dg

n,m T (ef)em
3 B E A T e T |
n,m mw (ef)em
_ZZ/f" (t,z fm (t,z) H O(ze—xy)d (5.10)
nm w (ef)ern

which is real-valued because of the symmetry of this summation. Extracting the
imaginary part from both sides of (5.9) gives

0 X
aE/\u(t,g)ng:o. (5.11)

Finally, we define the space M in which the equation (5.8) admits a unique
solution. In light of the equation (5.9), M consists of sum of iterated Stratonovich

integrals f(t,£) =3, ~oZn(fn(t,&,-)) such that
1. f(t,6) e L2 (QxRY),
2. JfelL?(Q),
3. €% f(t,€) e L2(QxRY).
As a reminder, defining the sum of iterated Stratonovich integrals f as in (5.1),
we have that

F=Y"T(fa) = Inlgm) (5.12)
n>0 m2>0
where
E)!
gm(t,f,l‘):z Z;;ék / fm+2k t 5 Xm7y )dy (513>
k>0

Here, y®@y = (y,y), and

I (gm) = /Rmd Im (6, &, @1, X )AW (221) - - dW (2,) (5.14)



N. ZHANG AND G. BAL 837

denotes the iterated It integral. The L? norm of f can then be computed using the
orthogonality of the Wiener Chaos expansion as

1
2 2

71z = | 3 / ’:L,*,;é’i el yiiy | dx | <o
(5.15)
The readers are referred to [1] for more details.
It is easy to verify that the space defined above is dense in L2(Q x R%). Denote
the space consisting of all functions that satisfy condition (1) and (2) by M. In fact,
any function f(&) € L?(Q2 x R?) can be written as its Wiener Chaos expansion

(©) = Im(gm(&Xm))- (5.16)

m>0

Each g, can be approximated by a function f¥, which vanishes in a set of measure
at most £~! in the vicinity of the measure 0 set of diagonals given by the support

of the distributions d(x. —xs). By the change of change of coordinates in (5.13), we
(k) _ (k)

have gy, , so that the Ito and Stratonovich integrals agree. Define
FE =D Tl ) (5.17)
m>0

Using formula (5.15), we may verify that
1T F 8|20y < oo, (5.18)
and
Jim | £ (€) = £(6)l] 22 @xra) =0- (5.19)
We have shown that M is dense in L?(2xR%). Since M is dense in M, it is also
dense in L?(2 x R?).

6. General moment convergence
We now extend the result of Section 3 to general moment convergence. It suffices
to prove that for all (¢;,6M), - (£,,£)), we have

lim B e (£, 1) -+ e (6} = E{aa(t1,61) -t 60} (6.1)

We will take the same approach as we did for proving the first moment convergence.
Specifically, we shall rewrite 4. as the expansion (2.1), and show that every cross
moment

() =E{a{") (t1,6W) - al*) (¢, 1)} (6.2)

converges, where n=(n1,---,n,). We point out that since all Z (n) are the expectation
of a product of Gaussian variables, the terms for which |n|:=3",_, n; are odd are equal
to 0. Using equation (2.5) and (3.3) we may write Z.(n) explicitly as

Z.(n) = (~i) " exp ztl > [ oo Zﬁm Hdﬁl /- / Hdg@

[n|d
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[T (9 =>"6") TI Riee)ote+¢p)
=1 k=1 (ef)em
-1

ron k "
T il |e®-> | 5 . (6.3)
j=1

I=1k=0

Here, we define dﬁ(l) = «E dfnl , and denote the pair of vertices by (ef). Ase—0,
Z.(n) converges to

I(n): = (~io(2m)" '”'2/‘ et Zﬁm Hdﬁl/ /Hdé‘“
xHuo(é” S T ate.+¢)

k=1 (ef)en
m —1
roong k
IIIT | -i|[s”->2¢"| -
I=1k=0 j=1
:E{ﬁ(”l)(tl,g(l))~~12(”T)(tr,§(r))}, (6.4)

which are the cross moments that appear on the right hand side of (6.1).

Now we show that moving the passage to the limit of € — 04 inside the summation
is legitimate. Reproducing the work for estimating the first order moment in Section
3 yields

(Ct2r)'F erT)

G o

Ze(n)| < (In|=1)!

assuming 0<ty,...,t, <T, where the constant C' is independent of ¢ € (0,1], |n|, and
r. The summation of (N ;"jl_ 1) non-negative integer-valued multi-indices satisfying
equation |n|=N is estimated as

> I.(n)| <cn, (6.6)
In|=N
where
r— 2—p %erT
o= (Voo o

The convergence of Z;OZOI cy is easy to verify.
As a result, we conclude that

lim B{ie(t,€)-ie (6,67} =3 tim To(n)= 3 T(n) =E{a(tr,6V) (£ )).
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7. Weak convergence

The sufficient condition to prove the weak convergence of a.(¢,§) in
C([0,40),8"(R)) is tightness and the convergence of finite dimensional distribution.

In order to prove the tightness of {i.(t,£)} over C([0,+00),8 (R)), it suffices
(by [4]) to prove the tightness of {uf(t):=(tic(t,-),¢)r2(ray,t >0} for an arbitrary
# € S(RY), which, by Kolmogorov’s theorem, follows from the following result.

PROPOSITION 7.1.  For T>0 and ¢ € S(RY) there exists a constant C >0 such that
Elug (t) —u (s)? <C(t-s)?, (7.1)
uniformly in s,t €[0,T] and € > 0.

Proof. From equation (1.2), we obtain

uff(t)—uf(s):i/: Y(r)dr+(— i/// (r,& —e10)d¢dedr, (7.2)
where ¢1(€) :=£™¢(€). Define

r)i= Y v (r)

n>0

VO (r) = (—i) e U T / ¢f7dp / / Hq (Ex) e, / d¢

—1
n

k n
AT - g_g—lzgj 5| ¢ (61D )06 (73)

k=0 3=0 j=0
We then have
t t
uf(t)—u?(s):z/ ufl(r)dr—l—/ v?(1)dr. (7.4)
Mimicking the proof in Section 4, we argue that for all 7€[0,7], we have

Elu?t(7)|? < C and E|v?(7)[? < C for a constant C independent of € € (0,1]. Applying
the Cauchy-Schwarz inequality to the right hand side of (7.4) leads to (7.1). o

Using (2.10) for any (Z)ES(]Rd), we can write
(@™ (t,),0) = (@™ (s,

[eofea / e«

<< I 5—2@- +5 o (£ — Z@ OI[e "o [dW (xy)
j=1 j=1

k=0 j=1

—z’/ TdT/,Be Wdﬂ/ /Hd{k/df

x {H lli ( -3 +ﬂ)] } 06— &)o@ [T e o [T (ay).
k=0 j=1 j=1 j=1 j=1
(7.5)
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Applying the technique that we used in Section 4, we check that for any 7'>0, we
have

E[(a™ (t,-),0) — (2™ (s,),8)]* < (CT)*(t —)*(n) ™, ¥n > 1,5,t€[0,T]  (7.6)
for some constant C' >0 independent of n. This in turn implies that
El(a(t,),¢) — (a(s, ), $)[* < C(t—5)%Vn>1 (7.7)

on any compact set. By the Kolmogorov-Chentsov Theorem, we have that (a(t,-), )
is continuous almost surely.

It remains to prove the convergence of the finite dimensional distribution of 4.,
i.e., the convergence of distributions of (@ (t1,&M), -, 1 (t,,£7))) for an arbitrary
r>1,t,,t,>0,60 .. £0) eRY For simplicity we consider only the case r=1,
as it is easy to generalize to the case for arbitrary r. Since we have already had
moment convergence, it suffices to verify the determinacy of the distributions by their
moments. In fact, we point out that the estimate (6.5) still holds if we replace some
of the terms in (6.2) with their complex conjugates. Therefore, for n being even, we
have

" Z N+n 1 (Ct2=r) % ent
Using Stirling’s formula we can easily obtain that
N+n—1 n—1 N \n—1
<Cll1+—— 1+ — . .
< n—1 >C( o N ) ( +n—1) (7.9)

Plugging this into equation (7.8) therefore gives

_ N o
Ela(t,¢)|" <C2" ! "’fz <1+> (N—l)!!u

fran Ck
n—1 2—p
et Z (1+) (N—1)!!(((’;£!)2_)p.

The first term is bounded by Cn"™ while the second by a constant C' independent of
n. Therefore we have

hS)

(7.10)

—+00 1 oo .
E@oP 7 = niz 11
nz::l [Ela(t,£)[2n]1/2n *C; aiz = to% (7.11)

and the uniqueness follows from Carleman’s condition.

Weak convergence of {i.(¢,£)} follows from the convergence of finite dimensional
distribution and tightness. Back in the spatial space, by the Plancherel theorem,
we have (u(t,-),cé):(ﬂ(t,-),(;@). Hence, the process {u.(t,z)} converges in law over
C([0,400); 8" (R)) to {u(t,z)}.
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