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MODELING ERROR IN APPROXIMATE DECONVOLUTION
MODELS*

ARGUS A. DUNCAT AND ROGER LEWANDOWSKI#

Abstract. We investigate the asymptotic behavior of the modeling error in 3D periodic Approx-
imate Deconvolution Models, when the order N of deconvolution goes to co. We consider generalized
Helmbholtz filters of order p, then the Gaussian filter. For Helmholtz filters, we estimate the rate of
convergence to zero thanks to energy budgets, Gronwall’s Lemma, and sharp inequalities applied to
the Fourier coefficients of the residual stress. We next explain why the same analysis does not imply
convergence to zero of the modeling error in the case of the Gaussian filter, leaving open issues.
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1. Introduction
Direct numerical simulations of flows from the Navier-Stokes equations (NSE)

w+V-(u®u)—vAu+Vp = f
V-u=0, (1.1)
u(x,0) = up(x),

are accurate only for small Reynolds numbers. For large Reynolds numbers, flows
are turbulent and only means or large scales of velocity and pressure fields may be
computed via turbulence models.

The derivation of Large Eddy Simulation (LES) models of turbulent flows follows
an application to the NSE of a low pass filter specified by a convolution kernel G,
leading to the filtered NSE

W+ V- (u®u)—-rvAu+Vp = f+V-S(u,u),
V.u=0, (1.2)
ﬁ(X,O) = u70()‘:)7

where U= Gx*u is the filtered velocity, p=Gxp the filtered pressure, and
S(u,u)=TT—u®u (1.3)

is the subfilter scale stress tensor. A modeling process seeks suitable approximations
of S(u,u) in terms of W in the scope of closing system (1.2). This yields, in the end,
an LES model [5, 11, 33].

Most LES models are over-diffusive and tend to underestimate the energy, creating
a subfilter scale region (SFS). The total error committed is the sum of the numerical
error NE and the SFS area [7]. To reduce the SFS area, one may apply a deconvolution
operator to the filter [7, 13, 38, 25, 26].
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Fi1G. 1.1. From Chow et al. 2005 [7]. American Meteorological Society. Reprinted with per-
MISSIOMN.

In the case of the simplified Bardina model [3, 24, 6], the deconvolution procedure
is based on the approximation

S(u,u)~S(w,u) =uRU—-URU. (1.4)

The approximate deconvolution model (ADM in what follows) is derived from the
simplified Bardina model by changing approximation (1.4) to

S(u,u) =Sy (T,d)=u®u— Dy(U)® Dy (T), (1.5)

leading to the ADM system below with solution (Uy,Py):

0Ny + V- (Dy(Uy)® Dy (ty)) —vAUy + Vpy =T,
V-uy =0, (1.6)

iy (0,%) =W (),

where the deconvolution operator Dy is given by the formula

N
Dy=) (I-G)". (1.7)
n=0

Here, for simplicity, G still denotes the operator associated with the kernel G.
We always have Sy (@, u) =S(u,1) and, if ||G|| < 1!, then, for a fixed u,

lim Sy(@,@)=S(u,u). (1.8)
N—o00
The ADMs (1.6) shown above have been introduced by Stolz, Adams, and Kleiser
in a series of papers [2, 39, 40, 37|, showing very good performance of the ADM in
the practical tests the above authors have carried out.
Following their work, in the last decade the ADMs have been the focus of in-
tense research, both theoretical as well as computational; see [17, 19, 18, 6, 21, 20,
22, 26, 32, 34, 4, 14, 31]. The ADM class of models has been enlarged to include

IThe operator norm is based on natural energy spaces to which the fields belong, which will be
latter specified.
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other deconvolution procedures as well, such as the Tichonov deconvolution method,
[35], Chebishev optimized ADM [23], the continuous deconvolution method [28], or
the multiscale deconvolution method [8]. In the next lines we list some of the mathe-
matical properties of ADMs that have been proved in the above papers as well as the
issues that are investigated in this report.

Existence and uniqueness of a solution to system (1.6) was proved in [9] when G
is the usual Helmholtz filter in the 3D periodic case, and in [4] for more general filters.
More generally, if one can prove existence and uniqueness of a solution to system (1.6)
for any G that satisfies (1.8), it is expected that the sequence (i ,Py)Nen converges
to (4,p) =(Gu,Gp), for some solution (u,p) of the NSE [4].

Such convergence results have been proved in [4] in the 3D periodic case, when
G =G, is the generalized Helmholtz filter of order p with p>3/4, where

e1k-x

— 2
Ga7P(X)_ Z 1+a2p|k|2p7 (19)
keT;

upon proving existence and uniqueness of (Uy,py ). In Definition (1.9), 73:=27Z3/L,
L >0, denotes the size of the computational box and a > 0 is the filter’s width, usually
of the same magnitude as the mesh size in a numerical simulation (see [27] for further
discussions). We should not be limited to the usual case p=1, as will be discussed
later.

In this paper we investigate the remaining issue of the convergence rate of the
modeling error ey =u—uy to 0 in terms of IV, as IV goes to infinity. Staying within
the 3D periodic framework and the generalized Helmholtz filter of order p (p>3/4),
we show in this paper that L? and H' norms of ey are of order (p(N +1))~1/4? (see
our main result, Theorem 3.1 below).

To derive this rate of convergence, we first write the equation satisfied by e, by
subtracting (1.6) from (1.2),

atE?NJrV'(DNEN®DNﬁN)7VA€N+VTN:7V~?N7V~DNﬁ®DN€N, (1.10)
where 7y =D —Dy, and
Tyn=u®u—Dyu® Dyu (1.11)

is the residual stress. By using successively an energy budget procedure and Gron-
wall’s Lemma, we get an inequality satisfied by the norms of AY2Dyen, where
A=G"! (in terms of operators), from which we deduce an inequality satisfied by
the norms of ey itself (see inequality (3.30) below). This inequality highlights the
role played by the L? norm of the residual stress.

The weakness of this approach is the regularity assumption imposed on the field
u, which is L*(0,7;H'(Q?)). However, such assumptions are similar to the usual
uniqueness proofs of the NSE.

To conclude, we have to estimate the L? norm of the residual stress (see inequality
(4.9)). We carry out this calculation by using Fourier series expansions and calcula-
tions outlined in Appendix A, which, although using only elementary real analysis,
are not straightforward and were first deduced and checked using numerical and sym-
bolic computations with Octave and Maxima software packages [10, 1], before being
rigorously proved.

2In terms of operators Ga,p=(I—a??AP)~1 where AP denotes the p-Laplacian, and Aq p,=
I-a?PAP=G~L
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We observe that the rate of convergence slows down as p increases in the range
[1,00[. Moreover, the resulting bound goes to a constant that only depends on « and
u when p goes to infinity and N remains fixed. This is consistent with the idea that
the larger p, the smoother the filtered fields, enlarging the SFS area. Therefore, one
needs a high order of deconvolution to reconstruct well the resolved scale area for
large values of p.

Then we consider the popular Gaussian filter,

Galx) = (afﬁ)g/?exp (- S ti?). (1.12)

often used in LES. Applying the ADM theory for general abstract filters developed
in [34] we deduce that the ADM is well-posed in the case of the Gaussian filter.
Therefore, one may ask if there is convergence of the model to the filtered NSE when
N — 00, and if yes, then what is the convergence rate?

The theory we develop for Helmholtz filters to determine the convergence rate
of the modeling error in terms of N does not apply to the Gaussian filter because of
the strong convergence of its Fourier modes to zero as the wave number increases,
although this is not evidence that a convergence to zero in some weak sense is never
possible.

Instead, we show that the Gaussian filter can be approximated by

G - TTCL G R 1.13
am(®) =D {1+, e, (1.13)

keTs

when m — 0o, and we prove that our procedure is still valid for this sequence of filters,
and we derive a bound of order (N 41)~#" for them. This bound goes to a constant
depending on « and u when m goes to infinity for a fixed N. Therefore, we cannot
conclude that the deconvolution process converges to the filtered field (@,p) in the
case of the Gaussian filter. Because of the strong regularization effect of this filter,
we may conjecture that if such a convergence would hold, then it should be very
low. Therefore, the deconvolution process does not seem to be appropriate for the
Gaussian filter. This remains an open issue.

The paper is organized as follows. We first fix the mathematical framework and
recall the results of [4] useful for the remaining sections of the paper. We next detail
how to bound the modeling error in terms of the residual stress for the Helmholtz filter
and its powers. Further on, the L? norm of the residual stress is estimated by Fourier
series expansions and inequalities presented in the appendix. We finally consider the
Gaussian Filter. We show how to approximate it by the G, n’s, (1.13), and how to
estimate the modeling error of the latter.

The paper ends with a series of remarks and open problems, mainly regarding the
typical size of the constants involved in the inequalities (see Subsection 6.1). Indeed,
these constants seem to be physically very large, hinting to some drawbacks of the
method, although we conjecture the optimality of the convergence rate we have found
in terms of N. Therefore, better constants should be achieved, yielding the main
problem left open in our work.

A technical appendix includes key inequalities used to derive estimates of the
residual stress.

3 A a? -m
In terms of operators Go,m = (1 — mA) .
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2. Mathematical framework

2.1. Function spaces. Throughout the paper, v >0 and a >0 are fixed and
we stay within the periodic case framework. The domain of study is the 3D torus

T3=R3/73, where T3:=27Z%/L, (2.1)

for some given L >0, which is the size of the computational box. All the fields we
consider have zero mean on Tg. Let Hj be the vector field space

Hs: W:(wl,’LUQ7’lU3): Z ‘/I\Vkeik-xi Z |k|28|\/7\\/k‘2<00 5 (22)
keTs keTy

equipped with the Hermitian structure defined by the inner product and its associated
norm

(Wv)a= D KW Vi, (wllo=| D K™ wi* | (2:3)
keTs keTy

where
Vk=(ki,ko,k3) €Tz, |k|>=kI4+k3+E2,

and z* denotes the complex conjugate of z. It can be proved (see [29]) that for all
seR,

M, is isomorphic to H*(T3)*, (H,) =H_,, (2.4)
and we denote by

V(w,v)eH_o xH,, _4(w,v)s= Wi Vi (2.5)
KeTy

the duality pairing.
Let H, CH, be the closed subspace of fields valued in R3, characterized by

Ho={w= Y Wee™¥cH,:VkeTy, Wi=W_x and k- W =0
keTy

One can show (see [29]) that

Hsz{w:T3—>R3,w€Hs(T3)37 V-w=0, wdx:O}. (2.6)

T3
2.2. Operators.

2.2.1. The filter. The general Helmholtz filter W= G, , *w is defined by the
Fourier series expansion of the kernel G, p:

1

Cap)= 3 Guc™ Grom
keTy
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Viewed as an operator, one has G p=(I1—a??A?)~! Furthermore, given a diver-
gence free field w, W is solution of the PDE problem

—a?? APW+W+ Vg =win T3,

V-w=0 in Tg, (28)

where the Lagrange multiplier ¢ is constant in this case.
From now on, we write G instead of G, p, and we denote in the same way the
kernel and the operator. For all s >0, G defines an isomorphism,

Hs — H5+2p
G:{ w= Z ‘/R\/kezk-x W= Z kakezkx’ (29)
keTy keTy

and we set A= G, characterized by its kernel

Ax)= Y Age™™, A=1+a |k (2.10)
KeTy

Notice that if we H;, then We H,, 5, and the restriction of G to H, still denoted
by G, is an isomorphism that maps H onto Hyo,.

2.2.2. The deconvolution operators. Let Dy denote the Van Cittert
deconvolution operator, characterized by the kernel

Dy = Z (I_G)”: Zf)]\ﬂkeik'x,

0<n<N kETs

where

N 2p|k|2p n
A _ o _ 2 2
DN,k—Z <1+a2p|k|2p) =(14+aP[k[*)pN,p ks

n=0 2.11
a2 [k[ze \ Nt (211)
PN,p.k = 1-— (1+a2p|k|2p)
The following holds [4]:

1<Dyx<N+1, VkeTs, (2.12)

~ 1+a?P|k|?
DN7k%(N+1)W7 for large |k|, (2.13)
lim Dyx=N+1, (2.14)

|k|—+o00

Dyx<(1+a?|k[*)=Ay, VkeTs, (2.15)

where Ay is defined by (2.10). We deduce the following from (2.12) and (2.14).

LEMMA 2.1. Given a real number s >0, the operator Dy is an isomorphism over Hy,
such that 1<||Dn|| < N+1. Moreover, the subspace of divergence free fields Hy is
stable under the action of Dy .
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2.3. Former results. This section presents some results proved in [4] with
regard to the system

ouny+V- (DN(ﬁN) ®DN(ﬁN)) vAUN + VDy :f
V-uy =0, (2.16)
uy (0,x) =1g(x).
Throughout the paper, we assume that ug and f satisfy
w €Hy, feL?([0,T],H_1(T3)), (2.17)

and o >0 is fixed.

DEFINITION 2.2 (Regular Weak solution). We say that the couple (Un,Py) 15 a
“regular weak solution” of the system (2.16) if and only if the three following items
are satisfied:

1. REGULARITY

iy € L2(0,7);Hy4,) NC([0, T H,,), (2.18)
oy € L2([0,T];Hy), (2.19)
Py € L2((0,T); H' (Ts)), (2.20)
2. INITIAL DATA
lin [T (¢, ) — 5] 1, =0, (2.21)

3. WEAK FORMULATION

Vve L2([0,T]; HY(T3)?), (2.22)

T T
/ atﬁN~V—/ DN(GN)(@DN(ﬁN)'VV
0 JTs 0 JTs

. (2.2
—H// VHN:Vv+/ VDy V= / / fv.
0 Tg 0 Tg TS

THEOREM 2.3. ([4]) Assume p>3/4. Problem (2.16) has a unique regular weak
solution. Moreover, when p>1,

3)

Oty € L2([0,T),H,_1), Py € L2([0,T], HP(T3)). (2.24)

THEOREM 2.4.  ([4]) Assume £ L?([0,T) x T3)3. There exists a weak dissipative
solution of the NSE (1.1)

(u,p) € [L2([0,T],H1) N L*([0,T],Ho)] x L*/3([0,T] x T5)

such that from the sequence (Un,Dy)NeN, one can extract a sub-sequence (still denoted
(Un,Py)Nen) such that

weakly in L*([0,T],H14,(T3)*)NL>([0,T],H,),
uy—u
strongly in L™([0,T]; HP(T3)3), V1<r<+oo, (2.25)

Py —D weakly in L?([0,T]; H'(T3))NL>/3([0,T];W?P:5/3(Tjy)).
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3. The estimate of the modeling error

3.1. The regularity assumption and the main result. Let (un,py)
be the solution of Problem (2.16). We assume that the limit (@,p)=(Gu,Gp) of
(Un,Dy ) Nen satisfies the regularity assumption

u=Aue L*(H;)4 (3.1)
By the Sobolev Embedding Theorem, we deduce
ue L*([0,T] x T3). (3.2)
Because (u,p) is the solution of the NSE, one has
Ap=-V-(V-(u®u))+V-f, (3.3)
which yields in the periodic case
peL*([0,T] x ), (3.4)
and we derive from the NSE
drac L*([0,T],H_,). (3.5)

Our main result is as follows.

THEOREM 3.1. Let ey =u—uy be the modeling error, and assume that (3.1) holds.
Then we have

llen (t, )3 +a?llen (t, )13+ fy ([Ven (s, )3 +a?|[Ven(s,)|[2)ds 36)

8C2%a 4 221,773Hu||i4(H )
< sapvroy e L, e v

where C' is a universal constant, obtained as a product of Sobolev constants.

3.2. Modeling error and residual stress. Let ey and 7 be the modeling
error and the residual stress defined by

EN = u-—uy,

T~ =u®u—Dyu®Dyu. (37)

The equation satisfied by ey is derived by subtracting (2.16) from the filtered NSE
(1.2). Expressing the right hand side in terms of 7y, we obtain

oen+V- (DN€N®DNﬁN) —vAen+Vry=—-V-Tny—-V" (DNﬁ®DNEN), (38)

where 7y =D—Dy -
The aim of this section is to estimate ey in terms of 7. One may try to

estimate first A/ 2D11V/2€N rather than ey, because the natural multiplier to get
an energy balance from equation (3.8) is ADyey, and formally (0;en,ADyen)=

(d/2dt)||A1/2D11v/26N||0. Once A1/2D11\,/25N is estimated, we derive bounds for ey
(Corollary 3.1 below) by comparing the norms of the various operators.

4For simplicity, we use the notation L*(Hy) instead of L*([0,T],Hy).
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THEOREM 3.2. The following inequality holds for all N >0 and t>0:

142 DY et v [ 142 DY e (o, s

2, ||L4(H1>/ 7 (5, )] [2ds.

v

(3.9)

1

Proof. The proof is based on an energy equality satisfied by AzD ~NEN, to which

one applies Gronwall’s Lemma. To do so, we use ADyey as a multiplier in (3.8), and
then integrate by parts.

The proof is divided into three steps. In the first one, we check that ADyepn
is appropriate as a test function. Next, we perform integrations by parts. In the
last step, we apply a standard interpolation inequality in order to apply Gronwall’s
Lemma.

Step 3.i. Consistency of the procedure. We check the regularity of A/ 2D1/ 2

and each factor in equation (3.8) one by one, beginning with ey. The regulamty
assumption (3.1) combined with the regularization effect (2.9) of the operator G gives
ue L4([0,7],H42,). Therefore we have, from (2.19),

en € L2([0,T),Hyy,) C L*([0,T],H;p). (3.10)
Applying Lemma 2.1 combined with (2.9), we get
ADyen € L*([0,T],H;_,). (3.11)
We now prove that each factor in equation (3.8) is in
L2(0,T), Eyp1) = (L3([0, 7], Hi )’
(see Subsection 2.1). For simplicity, we write things as

(2.19) + (3.5)} {8tsN€L2([O,T],HO) if 3/4<p<1,

+ (2.24) den e L2(0,T1.H, 1)  ifp>1. (3.12)

When 3/4<p<1, Hy—Hy—H,_q, and when p>1, H,_; —H,_;. In all cases,

Oren € L*([0,T],H,_1). (3.13)
Similarly,
(2.20) + (3.4) Vry € L2([0,T] x Ts)3 if 3/4<p<1,
+ (2.24) } { Vrn € L2([0.T], H-(Ty)?) it p>1, (3.14)
which yields
Vry € L2([0,T),H,_1). (3.15)

From the embedding H; < H;, we deduce
(3.10) = Aey € L*([0,T),H,_1). (3.16)

Furthermore, as (u,p) is a dissipative solution to the NSE, ue L*°([0,7],Hy). There-
fore e L>=([0,7],Hs,), and by Lemma 2.1 we get

DNﬁGLOO([O,TLng), (317)
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from which we conclude

2.18) + (3.17 N
( )+ Lemma 2.%}:>DN€N€L ([0, 7], H,). (3.18)
Because p>3/4, we deduce from the Sobolev Embedding Theorem H, < L*(T3)3
that

(3.17) : (3(213 } ~ V. (Dnex®Dyun) € L%(0,T),Hap1).  (3.19)
Similarly,
V'(DNﬁ(X)DNEN)ELOO([O,T]7H21,,1). (320)

Finally, ue L*°([0,T],Hy) combined with (3.2) and properties of G and Dy given
above, yields

V. -7n € L*([0,T],Hgp_1). (3.21)
Bringing together all of these results, we conclude that if
Ay :8t€N+V-(DNsN®DNﬁN) —vAen+Vry+V-Ty+V- (DNﬁ®DNEN),

then A € L?([0,7],H,_1). Therefore, the duality pairing ,—1(An, ADNeN)1—p is well
defined, which makes consistent the multiplication of equation (3.8) by ADyeyn. In
what follows, we omit the subscripts when writing duality pairings.

Step 3.ii. Energy equality. Because all the operators we consider are self adjoint,
the following holds (see [30]):

d 1 1
(Oen,ADnen) = 2 |AZDZenl|3,

L (3.22)

(—AEN,ADNEN) = HAED]%ENH%
Furthermore, because ADyen has zero divergence, (Vry,ADyen)=0. Finally, as
the operators commute with the differential operators,

(V- (Dnen®Dnywn),ADnen)=(A"'V-(Dyey®@Dnwy),ADnen)
= (A_1V' (DNEN ®DNWN>,ADN€N) = (V . (DNEN ®DNWN),DN€N) (323)
=((Dywn-V)Dyen,Dyen)=0,

because Dywy has zero divergence. Finally, arguing as in (3.23) to eliminate the bar
in the integrals of the right hand side, we get

NI 42 D exl B +142 Dexl = (r, VDwex) ~ (Dyen-V) Dyt Dyen).
(3.24)
Step 3.iii. Bounds and Gronwall’s Lemma. We bound each term of the right
hand side of (3.24) one by one. From the Cauchy-Schwarz inequality combined with
Young inequality, we get

1 v
\(TN,VDNEN)IS;IITII3+ZHDN€NII?~ (3.25)
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In the same way, by using the Ladyzhenskaya’s inequality [41] we obtain

|(Dnyen- V)DNEIS)NEN)\ <||Dnenl3slIDylx

1 3 -~ (3.26)
<||Dnenllg[|IDnenl|f [|DnTl]1.

The symbol of DyG is equal to pnpk€[0,1] (see (2.11)). Therefore, we have
[|Dnll1 <||ul|;. By Young’s inequality combined with (3.26), we obtain

_ 27 v
((Dnen-V)Dnu, Dyen)|< 5yl |1 Dnenll3+ leDNé‘NIl%- (3.27)

We deduce from (2.15) that the symbol of Dy is less than the symbol of A1/2D]1V/2,
which leads to

1
[IDxenlo <147 Dienllo. (3.28)
regardless of N. Combining (3.24), (3.25), (3.26), and (3.28) yields

d 11 11 2 27 1.1
aHAzD12V€N||3+VHA2D12V€N||% < ;IITIIS+QIIUIIZ‘I\A2D}“V€NII3- (3:29)

Inequality (3.9) results from inequality (3.29) thanks to a standard generalization of
Gronwall’s Lemma [12]. d

COROLLARY 3.1. The modeling error e satisfies

t
||€N(t7-)||3+a2”ll€zv(t,')\|§+”/0 (IVen (s[5 +a™[Ven(s,)I;)ds

3.30)
2 27|y ¢ (
< e Mo [ s, fds,
v 0
for all N >0 and t >0.
Proof. Let v= Z Ve € H,. We observe that
keTs
1 .
1AZv][5= " (1+a k) [vic* =[[v][5 +a®||v][- (3.31)
keTs
We first take v:Dle/zsN in (3.31). By using (2.12), which yields the general formal
inequality ||w]|s < \|D11\,/2w||s, we deduce that
lexll§+allenll; <I14*Dy en]l3 (3.32)
We next take v:('?iD]lv/zsN in (3.31), which yields
IVenl[3-+a®|[Venll} <[4 Dy *enl3. (3.33)

We deduce (3.30) from (3.9) thanks to (3.32) and (3.33). O
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4. Residual stress and rate of convergence

Now that we have shown that the modeling error ey is driven by the L? norm
of the residual stress T, involving the L*(H;) norm of u, it remains to estimate the
L? norm of 7y, which is what we aim to carry out in this section. The framework,
assumptions and notations are those of Section 3.

In what follows, S, denotes the Sobolev constant® in the embedding H, <>
L*"(T3)3. To begin, we show the following result.

LEMMA 4.1. The following inequalities hold true:

lmnllo <2Cfu(t, )1 [[a = Dyally 2, (4.1)
—Dowll? I - 2
=Dl < el (42)
where C:&Sl/z,G
Proof. Step. 4.i. Proof of (4.1). We write Ty as
TN:(u—DNﬁ)(X)u—l—DNﬁ@(u—DNﬁ). (43)

Therefore, combining Holder’s inequality with 1/3+1/6=1/2 for conjugation and the
Sobolev inequality ||w||ps < S1||w||1, we get

[ITllo <281 [[ufh[[a—Dyal|zs(r,)s, (4.4)
To estimate |Ju—DyTl| 13 (1,2, we use the embedding of H 5 into L3(T3)? to obtain
l[a—Dnl|ps(ry)s < S1y2lfu— Dyl /2, (4.5)

hence (4.1) follows by combining (4.4) and (4.5).
Step. 4.ii. Proof of (4.2). We deduce from (2.11) that

7 ke \PNTY
lu—Dnalfp= ) (Hagpwgp) K| [t (4.6)
keTs

We apply the technical inequality (A.6) proved in Appendix A below, with = o? |k|?,
a=2p(N+1)>1, which yields

2p||2p 2p(N+1) P|k|P
(Lt Yo o)

1+ a2 k[P ~V2p(N+1)

We raise both sides of (4.7) to the power 1/p, multiply the result by |k]||t|? and get

a?P|Kk|?P 2(N+1) L N .
(1+a|k|> el < oy Kl ol (4.8)

hence (4.2) follows from (4.6).

5The constants S; and S1/2 do not depend on L. One can prove that Sp < (1643/m)1/3; see
[29]. Unfortunately, we do not know a numerical bound for S1/2, although it is likely that such a
bound may be found in the literature

6Inequalities (4.1) and (4.2) both hold at any fixed time t € [0,T], which is not indicated here to
simplify the notations.
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COROLLARY 4.2. The following estimate holds for all t €[0,T):

(2C)2a 4

N < e Jult, ) |[1 4.
HTN(a)HO—(Qp(N_'_l))l/QpHU(7)”1 ( 9)
Inequality (4.9) results from (4.2) combined with (4.1). |

Summarizing: (3.30)+ (4.9) =

t
|\€N(t,~)||3+042”||€N(tw)||§+V/O (IVen(s,)I[§ +a|[Ven(s,)l[7)ds

8C%a 2 e
WHUH%%HI)W”S LA(Hy) |

(4.10)

for all N >0 and ¢ >0.
5. The case of the Gaussian filter

5.1. Framework. In the scale space analysis (see A. Witkin [43]), structures
are represented as families of their averages on different length scales. Furthermore,
in the scale-space theory such families should fulfill certain scale-space axioms. In
this respect, the generic (most used) scale-space is the linear Gaussian scale-space in
which the smoothed family is obtained by convolving the structure under study with
the Gaussian kernel [42, 15].

In the context of LES, Gaussian filtering has been used for flow representations
at different length scales starting with the Bardina model [3], being one of the most
popular filters appearing in the LES literature.

The Gaussian filter is specified by its kernel,

Ga(x)=G(x) = (afﬁ)wexp (- S 1x?) (5.1)

where we omit the subscript « for simplicity. It can be shown (see [36]) that

G(x)= Z Gre™™, where Gi=e~ e . (5.2)
keTs
Let s>0 and g>s. There exists a constant C' such that
VkeTy, Gilk|?<C|k[. (5.3)
Therefore,
Vs>0, VYucH,, V¢>s, GuecH,. (5.4)

Let u be given such that Yk e T3, |[tx|=|k|7'79#0 (¢>0). Such a vector field u
belongs to H,, but it can be easily checked that G1 ¢ H for any s. This is why the
theory above regarding the Helmholtz filters fails in this case, because it is based on
the fact that G defines an isomorphism between the Hj spaces.

However, the ADM may be considered for the Gaussian filter, and the resulting
model yields a well posed problem [34]. Moreover, we shall show in what follows that
it can be approximated in some sense by a sequence of operators which fall within the
framework of the theory presented above.
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5.2. Approximation of the Gaussian filter. = We note that for all ke 73"
fixed,

S : 0?2\ "
Gix=1limG,,x, where Gi=|1+ . (5.5)
m—y ) ’ 24m

Let G,, denote the kernel

CGn(x)=> <1+ O‘2|k|2)_meik*, (5.6)

e 24m

which corresponds to the operator, still denoted by G,,,
G = <1 - O‘A) . (5.7)

In a sense that needs to be specified, the sequence (ém)meN converges to G. To be
more specific, we have the following result.

LEMMA 5.1.  For allkeTs,

(Cre— G| < 27 (5.8)
m

Proof. 'We prove in Appendix A the technical inequality (A.7):

r\N~™m 2

Ve>0, Ym>1, (1+f) —e < 2

m m

, , L : o’ |k|?
We deduce inequality (5.8) upon replacing in this inequality x by YR |
The following corollary is straightforward.
COROLLARY 5.2. For all ue Hg,
~ ~ 2

IGu—Gully < = [full. (5.9)

_ In other words, there is a weak star convergence of the sequence of operators
(Gm)men to the Gaussian filter G in H, (s>0).

5.3. Powers of the second order filter. In what follows we put, for m
fixed,
2
5y
=— 1
W= o (5.10)

and we denote by H,, the m™ power of the second order Helmholtz operator
H,,=I—p2A)"m™. (5.11)

"This estimate is uniform in k, but unfortunately we cannot conclude from this the normal

convergence of the kernel sequence (Gm)men because the series 1/m is not convergent.
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Estimating the modeling error that corresponds to H,, yields estimates that corre-
spond to G,. The theory developed above regarding the Helmholtz operators applies
to the operator H,,. Indeed, let

~ 1
2 — 5.12
= e 12
be the symbol of H,,. Using the scalar inequality 1+2™ < (1+4z)™ <2m"1(142™)
for positive x, we get
1 - 1

<Hpp<—
2m71(1_~_,u/2m|k|2m) — n.k = 1+u2m|k|2m

(5.13)

Using results of [4] (Section 6), we deduce from (5.13) that the ADM corresponding
to H,, has a unique regular weak solution (Uy,Py), in the sense of Definition 2.2
with p=m. Furthermore, this sequence of solutions converges to some solution (u,p)
of the filtered NSE when N goes to infinity. In the next theorem we estimate ey
corresponding to the new filter H,,.

THEOREM 5.3. Let ey=u—uy be the modeling error corresponding to H,,, and
assume that (3.1) still holds. Then we have ®

m t m
Hé‘zv(t-)ll/%+M2 llen (&) v Jo (IVen (s )15+ 2™ [Ven (s,)lI7)ds
8C2um!/?

(5.14)
< S 7,

7
em”ullL‘l(Hl).

Proof. Thanks to (5.13), one can copy line by line proofs of Theorem (3.2) and
Corollary (3.1) and derive

llen (t G+ 2™ len (8,112, 4 Jo (IVen (5,13 + 2™ [Ven (s, )12,)ds

el (5.15)
< ZewMlitan) M7y (s,-)[3ds.

It remains to estimate ||7x(s,-)||3. Step 4 in the proof of Lemma 4.1 can be reused,
so that (4.5) still holds in this case. Therefore, we only have to bound

) 1 2(N+1) )
lu-ovale= Y (1= ) Kk, (50
o= 2 U e

where as usual u= EkeT; e’ . We apply the technical inequality (A.2) proved in
Appendix A below, with z=pulk|, a=2(N+1)>1, m>1. We obtain

2(N+1)
1—% gﬂm. (5.17)
(L4 p?[k[?) (4(N+1))1/2m
We multiply the result by |k||t|? and get
2N +2
1 co12 vmip 215 |2
<1_(1+M2|k|2)m> k[t |” < WM [0 |7, (5.18)

8The constant C is as in Theorem 3.1, inequality (3.9); see also Lemma 4.1.
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hence

Vmp

—[2 2

||U_DNU||1/2SWHUH17 (5.19)
which yields by (4.5),
4C%\/mpu

PR Sl 1 5.20
||THO—(4(N+1))1/2m”u||17 ( )
giving (5.14) thanks to (5.15). o
5.4. Passing to the limit. From the results of Subsection 5.3, we deduce

thanks to the relation (5.10) that the ADM associated to the filter specified in Sub-
section (5.3) has a unique solution (Un,m,Px.,,) Which converges to some solution
(W, D,y ), Of the filtered NSE, by assuming that (u,,p.,) satisfies the regularity as-
sumption (3.1).

Let enm=1,, —Un,, denote the corresponding modeling error. Thanks to
(5.14), we obtain?

t
llenm(t)[5+ 0™ (24m) ™™ [len,m (t,)I[7, +”/ (1Venm(s.)ll6
0

+0?™(24m) " [Ven,m(s,-)|[7,)ds

202(1 27 a4

< sy e Mo, (521)
Without any convergence result regarding the ADMs associated to the Gaussian filter
(5.1) when N goes to infinity, we cannot consider the corresponding modeling error,
and therefore take the limit in (5.21) when m goes to infinity. Nevertheless, we
observe that for a fixed N, the right hand side of (5.1) converges, as m — 0o, to some
C =C(v,a,u,C), which does not depend on N. We can only deduce a bound for the
sup limit of the terms in the right hand side.

6. Conclusions and open problems

6.1. Typical size of the constants. The main estimate (3.6) we get in
the paper yields the rate of convergence to zero of the modeling error in the case of
Helmholtz filter of order p. The bound involves a constant of the form

1 27 4
/{:;HuHZLL/L(Hl)ezVSHuHLél(Hl). (61)

The number N of iterations required to reduce substantially the SF'S area is driven
by the size of the constant k.

This constant involves gradients of the true velocity of the fluid, which may be
very large. For instance, in some turbulent boundary layer, one may observe flows for
which Vu is of order 3.10* s~! in layers of thickness about 10~! m. For such an air
layer at 50° (that can be considered as incompressible) of width and length equal to
1 m, over a time range of 1 s, with ¥~20.107% m2s~!, we find

28 _
k1010 misT2,

9For simplicity, we use um!/2 < /4 instead of (5.10).
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which is a very huge constant. Therefore, even if the resolution would be of order o=
1018 m, to fully solve such a flow, the number of iteration N required to substantially
reduce € is so large that the deconvolution algorithm seems not suitable for practical
simulations, which is in contradiction with results of [38], suggesting that very few
iterations are sufficient to significantly reduce the SFS area.

The rate of convergence as (p(N +1))~'/*? comes from estimating norms of the
residual stress 7y involved in the equation for €, whereas the constant x considered
above comes from Gronwall’s Lemma, which is known to lead to non optimal results.
This yields the conjecture that the rate of convergence we found is optimal, which is
not the case of the constant, that might be substantially improved. This conjecture is
motivated by results in [38], already mentioned, and other practical simulations using
high accuracy methods, such as pseudospectral methods, where people typically take
N= 5 to 7 [16].

Furthermore, there is also the question on how the regularity assumption ue
L*(H;) could be weakened.

REMARK 6.1. Let denote < the optimal constant, and let ¢y be a given accuracy
threshold. Observe that

N1 Le-rloge)
p

is the number of iterations necessary to achieve the required accuracy. This number
is minimal when p=p,,

1

P ol )
which might be less than 1. This is why p=1 may not be the optimal choice.

6.2. (GGaussian filter. The issue of convergence of ADM in the case of the
Gaussian filter also remains. We conjecture that the convergence holds, but in a very
weak sense as yet undefined, according to Corollary 5.2.

Appendix A. This technical appendix aims to provide two general inequalities
that have been used in the proof of the estimate (4.9).

THEOREM A.l. The scalar inequality

holds true for any >0, a,m>1.

Proof. We apply the Lagrange intermediate formula to the left hand side above
(as a function of x) on [0,z] and obtain the equivalent inequality

. 1 SR S
al1= -

(14-z)m (x4+1)m+1 — %/a
for any x>0, a,m>1.

We make the substitution y= H% €(0,1) and the inequality becomes

(1 —ym)Cﬁl y7n+1 S a—l—l/m
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for any y€(0,1), a,m>1.

The left side above as a function of y has maximum value on (0,1) equal to
m+1

a—1
am—m m-+1 m
( am—+1 ) (a7n+1) :

Therefore we need to show that

m+1

a—1
am—m ML\ i
am—+1 am—+1 -
Now let z=1/m € (0,1]. The inequality becomes
a—1 142
a—1 142 <1
a+z 1+z/a -
Let f be the function defined by the natural log of the left hand side above, i.e.

(52 (55) )

The derivative of f is

for a,m>1.

for any a>1, z€(0,1].

1+2

fl(@)=In(a—1)—In(z+a)+

The second derivative is

(z+1)(az—z—a)
a2(a—1)(z+a) ~

fMa)=—

Obviously, because a>1 and z€10,1),
f"(a)>0.
We conclude that the first derivative is increasing, therefore

f'(a)< lim f'(a)=0.

T a—oo

Therefore f’ is negative, so f is decreasing. It follows that

f(a)<lim f(a)=0.

a—1

We conclude that f(a) <0, which proves the inequality. O

COROLLARY A.2. The scalar inequality

(1~ ) <% 42

holds true for any >0, a,m>1.
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Proof. 1In the previous inequality we replace x with 2% and get

1 ¢ ma?
1-— < A3
(o) <% )
for any x>0, a,m>1.

Replace in this inequality a with 2a, but still keep ¢ >1 (but works for a>1/2)
to get

1 2 a2
1——k— < A4
( (1+x2)m) ~ 2a (A4)
for any >0, a,m > 1.

Now extract the square root of both sides to find

(-wre) <% 4

REMARK A.1. Setting m=1 in the previous inequality gives

for any >0, a>1.

The following inequality will be used to approximate the Gaussian filter with a
power of the second order Helmholtz filter and calculate the accuracy of this approx-
imation.

THEOREM A.3. The scalar inequality

(1afn) ™ —e®| <2 (A7)

n
is valid for any real x >0 and any integer n>1.

It is well-known that as a function of n (and fixed z >0) the expression
(1+z/n)™"

is decreasing and converges to e~ as n— co.

Therefore, the left hand side in (A.7) can be written as
14z/n) "—e % =(142/n) "—e* :efnln(l%»z/n) —e® zefnln(l%»y) —eTW
|(1+2/n) |=(1+z/n) :

where y=xz/n>0 .

Applying the intermediate value theorem of Lagrange (corresponding to the func-
tion £ — e~ ") to the last term above we get that

e~ nin(l+y) _ ,—ny _ ne_nf(y —In(1+y))

for some £€[In(1+y),y]. Here we used In(1+y)<y for y>0. Because e ™ <
e~ "4y we further have that

eIt _ = < a2 (L) (y _n(14y))=n(1+y) "(y—In(1+y)  (A8)
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for any real y >0 and integer n>1
The term y—In(1+y) appearing in the last term in the inequality above is esti-
mated as

2
O§y—ln(1+y)§%

for any real y >0

Going back to inequality (A.8) we finally have
y?
e n(HY) _ o=y < (1 —|—y)7"5.

We replace y=x/n and obtain

-n -n 22 -n 1
(1+f) —e‘”ﬁn(l—i—f) L=x2(1+§) —.
n n 2n2 n 2n

But, as pointed out before, for any fixed z the function n— (1+z/n)~" is de-
creasing, so we have that, for n>2,

(143) "< (1+3) <
n - 2 1422

Therefore, for n>2,

AL A 422 1 2
1 7) —eTt<L 2(1 7) S
(+n € =7 +n 2n ~ 1+222n —n

For n=1 the left hand side of (A.7) becomes
(1+2) t—e<(1+x) T +e %<2

for any x>0, so the inequality (A.7) is valid for n=1 as well. d
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