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GLOBAL EXISTENCE OF SMOOTH SOLUTIONS TO THE k-¢
MODEL EQUATIONS FOR TURBULENT FLOWS*

DONGFEN BIANT AND BOLING GUO%

Abstract. In this paper we are concerned with the global existence of smooth solutions to
the k-e model equations for turbulent flows in R3. The global well-posedness is proved under the
condition that the initial data are close to the standard equilibrium state in the H3-framework. The
proof relies on energy estimates on velocity, temperature, turbulent kinetic energy, and the rate of
viscous dissipation. We use several new techniques to overcome the difficulties from the product of
two functions and higher order norms. This is the first result concerning k-¢ model equations.
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1. Introduction

All flows encountered in engineering practice, both simple ones such as two-
dimensional jets, wakes, pipe flows, and flat plate boundary layers, and more com-
plicated three-dimensional ones, become unstable above a certain Reynolds number.
At low Reynolds numbers flows are laminar. At high Reynolds numbers flows are
observed to become turbulent. Turbulence stands out as a prototype of multi-scale
phenomena that occur in nature. It involves wide ranges of spatial and temporal
scales and this makes it very difficult to study analytically and prohibitively expen-
sive to simulate computationally. Up to now, there is no general theory suitable for
turbulent flows. Many, if not most, flows of engineering significance are turbulent,
so the turbulent flow regime is not just of theoretical interest. Fluid engineers need
access to viable tools capable of representing the effects of turbulence [2, 7]. Hence,
research about the above system (1.1) is nascent and very important.

We consider in this work the k-¢ model equations for turbulent flows on R3,

pt +div(pu) =0,
(pu)¢ +div(pu®u) — Au—Vdivu+ Vp=—2V(pk),
(ph)¢ +div(puh) — Ah= Dp"’Sk,
k t+d1v uk) — Ak =G — pe,
(p P p
( Pun?)—Ae:%_Cszea
(p,

(z,1)]t=0= (po(x),u0(x),ho(2),ko(z),e0(7)),

with
g [ (8ui N 8uj) 2. QuFout g Op dp
k= a_ - ) ij b o> a._ A
Oz; Ox; (‘3xk (‘3xj p? Ox; 8%
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i i j k
0= g5, lne (o, )~ 390 (o))

where §;; =0if i #j, 0;; =1if i=7, and u, p, C1, and Cy are four positive constants
satisfying p+ p: = e

The system (1.1) is formed by combining effect of turbulence on time-averaged
Navier-Stokes equations with the k- model equations. Here p, u, h, k, and € denote
the density, velocity, total enthalpy, turbulent kinetic energy, and rate of viscous
dissipation, respectively. The pressure p is a smooth function of p. In this paper,
without loss of generality, we have renormalized some constants to be one.

This paper is devoted to the study of the global existence of smooth solutions for
the system (1.1) under suitable assumptions. We mainly apply the standard energy
method in [1, 3, 4, 6] to prove the global well-posedness for the k-¢ model equations
(1.1). Our result is expressed in the following.

THEOREM 1.1. If the initial data are close enough to the constant state (p,0,0,k,0),
i.e. if there exists a constant g such that

[ (po — P, w0, ho, ko — k.€0)|| 3 wa) < do, (1.2)

then the system (1.1) admits a unique smooth solution (p,u,h,k,e) such that for any
te€[0,00),

t
H(p—@u,h,k—ke)llifﬁ/ IV ol 2+ (Vu, VR, Vk, Ve) |3 ds
0
SC”(pO_ﬁau07h0ak0_];7€0>”%{37
where C' is a positive constant.

REMARK 1.2.  The existence of local solutions for (1.1) can be obtained from the
standard method based on the Banach theorem and contractivity of the operator
defined by the linearization of the problem on a small time interval (see also [4, 5, 8]).
Hence, we omit the local existence part for simplicity. The global existence of smooth
solutions will be proved by extending the local solutions with respect to time based
on a priori global estimates.

REMARK 1.3. Although our proofs are in the spirit of those for the Navier-Stokes
and MHD equations [1, 3, 4, 6], we shall derive several new estimates arising from the
presence of the total enthalpy, turbulent kinetic energy, and rate of viscous dissipation,
and overcome the difficulties from the product of two functions and higher order
norms.

NOTATION 1.4. Throughout the paper, C stands for a general constant, and may
change from line to line. The norm ||(4,B)||x is equivalent to ||A||x +||B||x. The
notation LP(R?), 1<p<oo, stands for the usual Lebesgue spaces on R? and |[|-||,
denotes its LP norm.

The rest of this paper is organized as follows. In Section 2 we establish Proposition
2.1 and some a priori estimates used in the proof of Theorem 1.1. In Section 3 we
complete the proof of Theorem 1.1.
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2. A priori estimates
In this section we establish a priori estimates of the solutions. we assume that

(v,u,0,k,e) is a smooth solution to (1.1) on the time interval (0,7) with T'>0. We
shall establish the following proposition.

PROPOSITION 2.1. There exists a constant § <1 such that if

sup |[(p—p,u,h,k—k,e)| s <3, (2.1)
0<t<T

then for any t€1[0,T), there exists a constant Cy >1 such that
t
o= hb=Ee) s+ [ Vol I(T0 TR TR T s,
O .
Scl||(p07ﬁ7u03h0ak071}360)"?‘[3'

’

L E)p), we rewrite the system (1.1)

Proof. First, letting p=a+p, k=m+k, f'(p)=
as follows:

ac+div((a+p)u) =

ut—l—u Vu——— ( u+Vdivu)+V[f(a+ﬁ)_f(ﬁ)]

+p
2 V((a+p) (),
he+u- Vhfm h=—f (a+ﬁ)(a+ﬁ)divu+a+p5k, (2.3)
me+u- Vm—aT_pA :a+pG g,
_ Ci G Che?
eitu-Ve— fzAc= R TE s R

(a,u,h,m,e)(x,t)]t=0 = (ap(x),uo(x),ho(x),mo(z),c0(x)),

; —(y(Ou oy 25 Dufout e _ 9p da ouly _
with Sy =[5z, + 52;) = 3%iHan, ) on; T @rp2 o2, 05 G*az [ﬂe(am, + 95;)

— 7 uk
305 ((a+p)(m+k) +pe G-
From a priori Assumption (2.1) and the Sobolev inequality together with the first
equation of (2.3), we have

sup|(a,at, Va,u,Vu,h,Vh,m,Vm,e,Ve)| <C|(a,u,h,m,e)| gz < CI. (2.4)
z€R
Moreover,
_ E B B
g§p=a+ﬁ§2,§, 5 Sk=m+k<2k, (2.5)
and
1
0< o <fl(p)<Co<oo, |f™(p)|<Cy for any positive integer n, (2.6)
0

with Cy a positive constant.

In what follows, we will always use the smallness assumption of § and (2.4)-(2.6).
We divide the a priori estimates into three steps.

Step 1: L%-norms of u, h, m, and ¢.

Multiplying the second equation of (2.3) by u and integrating over R®, one can
deduce that

1d 1 ,
§$IIUH§+@(IIVMH§+ [ divul3)
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:—/ u-Vu- ud:ﬂ—|—/Rg(f(a+,5)—f(ﬁ))divudz

“fows

/}R3 3 V((a+p)(m+k))-udz. (2.7)

[(Va®u): Vu+divu(Va-u)|de

3

el

With the help of Holder’s inequality, Wl’Q(Rg) < L5(R3) and (2.4), we estimate the
right-hand side of (2.7) as

*/BU'VU'udl‘SCIIU||6||VU||2||U|I3 <G| Vull3, (2.8)
R

1 .
/RS W [(Va®u): Vu+divu(Va-u)|dz

<C|Valla|[Vullz]lul = < C|[(Va, Vu) |3,

(2.9)

2 B _
_/Rs Satp - (ANmER) ude

[ AmAR) 2 e
N /Rs 3(a+ﬁ)v 3(a+,5)( Fp)Vm-ud

<C6)(Va,Vm)|3, (2.10)

[t )= p)ivuds

:_/RS[f(a—i—ﬁ)_f(ﬁ)K%)dm

:_i [ Flaao- ['(p+ba)
RS a+p

_7/ a)dz+C3|ValZ, (2.11)

au-Vadx

with € (0,1) and F(a) is defined as

f8+p fls+p)=fp) 4

2.12
- (2.12)

Combining (2.8)-(2.11) with (2.7), we get

1d

1 .
3B+ [ Pladdal + ——(IVul+ [divul}) < C8(Va,u.Tm) . (213)
Multiplying the energy equation, governing equation for turbulent kinetic energy
k, and e-equation of (2.3) by h, m, and ¢ respectively, and integrating them over the
whole space R3, we can similarly get that

5 I+ = Ivh3
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1
= ———Va-Vh-hdz— "(a+p)(a+ p)divuhdz
L ar [ Fatiern)

+/ Sy - hdx — / u-Vh-hdx, (2.14)
R3 A +P R3

1
+——|IVml|3
|| I3 a+p|| 2

2dt
1 1
—/ ———Vm-Va-mdx — / 5~mdx—|—/ 7G-mdx—/ u-Vm-mdz,
rs (a+p)? R3 R3 Gt P R3
(2.15)
3 el + Vel
1 2
/ ——Ve-Va- 6dx+/ %dx—/ Ce’ dz —/ u-Ve-edo.
rs (a+p)? rs (a+p)(m+k) s M Ak R3
(2.16)
A direct computation gives that
1
/ ————Va-Vh-hdz <C||Va|2||[Vh|z2||hl| L= < CS||(Va,Vh)|3, (2.17)
e (a+p)?
—/ f'(a+p)(a+p)divuhde < C||Vall2 || Vullz||hll; < C8[|(Va, Vu) |3, (2.18)
R3

/ Sk - hdx
R3 @+ p
1 out  OulN\ 2. ouFyou’ pe  9p da
- P hd
Asa+p{{ﬂ<6xj+8xi) 3 jﬂ@xk}axj+( +p)? dx; 835]} .

<C4)|(Va,Vu)|3, (2.19)

- / w-Vh-hdz < Cllulls| Vhl2|lhlls < Co|I VA2, (2.20)
RS

1
/ ————Vm-Va-mdz <C||Vmlz||Valz||m| L=~ <CS||(Va, Vm)|3, (2.21)
rs (a+p)?

—/ e mdz < Cllel|a]|mlls|[m+ k6]l + klle < COl[Vml[3, (2.22)
R3

1
/ -G -mdax
R3 A+p

= [ atan, (G + ) 30 (@G
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< C6|(Vu, Vm)|3, (2.23)
—/ u-Vm-mdz < Clulls[|Vml|z|lmlle < C[[Vm3, (2.24)
R3
1
Ve-Va-edz <C|V \Y o <C6][(Va,Ve)|l3, 2.25
/RB(aer) e-Va-edzr <C||Vellz|[Valla[e]| 1(Va,Ve)3 (2.25)

C1Ge? Cye? ou’ out  oul
o2 [ G duip eont owy
r3 (a+p)(m+k) r3 (a+p)(m+k) Ox; Ox; Ox;
2 _ - ou”

< C9||(Vu, Ve)|j3, (2.26)
CQE
- dz < Cllel2llells|lell6llm+Elle < C8||Vell3, (2.27)
R3 m—l—k:
—/3u-Vsoedx§C||UH3||V6H2||5||6§C§||V5H§. (2.28)
R

The estimates (2.17)-(2.28) together with (2.14)-(2.16) imply

th”h”z J\Vh||2<05\l(Va V)3, (2.29)
1d
5= lml3+ HVm||2<C5||(Va V)3, (2.30)
2.dt

H I3+ J\V€||2<C5II(V& Vu)3. (2.31)

Step 2: L?-norms of V3u, V3h, V3m, and V3e.
Applying the differential operator 0y, to the momentum equation of (2.3), then
multiplying it by Opnnu and integrating over R3, one gets

1d
2.dt

= /RS Oimn (mAu) Oymnudx + /RS Oimn (ﬁﬁVdivu) Omnudr

||almnuH2

8l,,m (u-Vu) Opmpudz+ [ Omnlf(a+p)— f(P)] Otmndivude
R3

2ABGZWH[Q—V((Q+p)(m+k))] - Oymnudz. (2.32)

3

The first term on the right-hand side of (2.32) can be estimated as

/]R3 Oimn (iﬁAu) Ormnudx
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1
_—/3 atp |6lmnvu‘ dx—F/R3 (a+p) V@lmnu (Va@@lmnu)dx

+/ [ 6 7010000 aAu+ ———= 2 (8Zma8 aAu+ Oy, a0maldu
re b (atp)* (a+p)?

+O0mnadaAu+ 000, a0, Au+ 0100y, a0m Au+ 0,,a0mad; Au)
1

(a+p)?

0By At + Dy A+ anaalmAu)} Oynudz

(O1mn @ AU+ O a0n At + Oppy 40y Ath 4 Oy a0y A

1
SC5||(V2u7V3u,V4u,V2a7V3a)||§—/ ———|Opmn Vul?da. (2.33)
R3 a-+p

Similarly, we can estimate the second and third terms on the right-hand side of (2.32)
as

1
/ 6lmn(ﬁVdivu>8lmnudx
R P . (2.34)
SC’(SH(VQu,V3u,V4u,V2a,V3a)|\§—/ ——|Omndivu|*da,
R3 G+ P

— | Opn(u- V) - Opmpudz < C8|| V3|3 (2.35)
R3
Now, let’s estimate the fourth term on the right-hand side of (2.32) as

- al'mn [f(a+ ﬁ) - f(ﬁ)] : 8lmnd1V’U/d(E

= | Ol (a+ )~ F(P)Oumn

ai+u- Va)dx
RS

ny
_/ [fm(p)alaamaana+f/l(p)almaana+f/l(p)alnaama
R3

+1"(p)Omnadia+ f'(p)Oimnal X [— 81a0,,a0pa(a;+u-Va)

_6
(a+p)*

2
+— (@tp? (5‘lma8 aay + O0py,a0pmaas + Oppnaliaa: + 01a0,y, a0y as
+0,a0,a0,, at + Onalp,a0jas +u - Vady,alpa+u- Vady,adma
+u-Vad,nadia+ ou-Vad,,ad,a+ 0,u-Vadad,a+ d,u-Vadad,,a
+u-0Vad,adna+u- 0, Vadadpa+u-0,Vadadma)

1
(a+p)?
401,00+ OpnarOra+1-VaOymna+ Oju-Vad,,a
+0pmu-Vada+0,u-Vadma+u-VIa0yna+u-VOn,ad,a
+u-VI,a0;ma+ Omu-Vad,a+ O - Vad,a+ Opnu- Vao,a
+u-VOimaOna+u-VOinaOma+u-Vomnadia+ou-Vo,ad,a
+ou- V@naamaJramu Voa0,a+ Omu-Vo,adia+ 0pu-VOad,a

+0pu-VOnada)+ - —— (Otmnat + Opmnt- Va+ Oppu-Vo,a

(atalmna+ alata'n’m,a/'i_(‘3777,altalna/‘|_ana/talﬂ%a"_almatana

+0 - VOma+ Omnt- Voja+ 0w -VO,na+ Omu - VOoa
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+0pu-Voma+u- V@lmna)} dx
SC(5||(Va,Vza,Vat,VBa,VZat7V2u7V3u)||§—/ [ (p)0yadmad,a
R3

+f"(p)Oymadna+ f"(p)Onadma+ f (p)Omnadia+ f'(p)Opmnal
1
x [a+ﬁ(almnat +u~V6;mna)} da. (2.36)

Since

1
—/]R3 a+ﬁflll( )alaamaanflalmnatdﬂﬁZ/R3 31(mf”’(ﬂ)azaﬁmaana)amnatdx

<C[|(Va,V?a,V2a,)| 2,

1
. " maOp, mn dr =
<C6||(V2a,V2%a;,V3a) I3,

" (p)@lmaana) Omnarde

—/R3 a+/3fm( )(’)la&naanawV(’)lmnadaztz/]R3 (a+ —— "(p)D1ady,adpau )Glmnadx
<C6|(V?a,V3a)|3,

and

1
1 o )
_/]R3 a+[)f (p )8zma8nau~valmnadx—/ﬂ§3 8J(a+ﬁf (p)Oimalnau )3lmnadx

<C3|[V2all3,

we obtain

7/ [f" (p)0yadmadna+ f(p)Omadna+ " (p)Omadma+ f" (p)Omnada)
R3

1
X {Fﬁ(almnat +u- Valmna)} dx
<CH||(Va,V3a,V3a:, Via)l|3. (2.37)

Finally,

!
. {LJ(FP; Otmn@(Opmnat +u-Vympa)dz
f'(p)

f'(p)
—= Oimna);dx +
2 Jrs a—i—ﬁ( : ) 2 gz a+p

“ 7"(0)
lmna) di vu+ +p (8l’mna') u-Va

- (c;f—lf/;))Q (8lmna)2u -Vadz

d I'(p) 2 3 112
d—/ a—|—ﬁ 8lmna dx—|—2/ { } (Oymna)*dz+C3|| Va5
d

\ /\

a+plt

\_/

N)\»—l [\3\)—l

I /\
a

/ I'(p 2 (Opmna)?dz+Cs||V3al|3,
JFP

together with (2.37), thus (2.36) can be replaced by

s 8lmn [f(a +/3) - f(ﬁ)] : almndIVde



D. BIAN AND B. GUO 715

1d !
<06||(Va,Vay,V3a,V3a;,V3a,V2u,V3u)||3 — Sq iip;
R3

(Otmna)?dz. (2.38)

The last term on the right-hand side of (2.32) can be estimated as

2 1 B -
2 /R o[ =V (@t p)m )] - D
m+k

2
:g/RS amn [mVa—‘er} 'allmnudx

:2/ [Ma 466V —
R‘3

3 (@t ((m+k)dmnaVa+0,ad,mVa

(a+p)?
+ 0nadmmVa+ (m+k)0,a0,Va+ (m~+k)0,a0,,Va) + iﬁ (OmnmVa
+ 0NV Opa+0,mV Opa+ (m+k)VO,a)+ Oman] - Olimn udz

<C6||(Va,V2a,V*m,V3m,Vim, Vi) |34+ C / (VOpna)ide,
R3

which together with (2.33)-(2.35) and (2.38) gives
1d 2 f'(p)
g gl Omnlot | S

1

+/ —— |Oimndivul*da
R3 G+ P

<C|(Va,Vas, V2a,VZias, V3a, Vu,V3u,Vm,V3m,Vim)|3

+C [ (VOnna)?dz. (2.39)
R3

1
(6lmna)2d$]+/ Tﬁ|almnvu|2dm

rR3 Q

Applying Ojny to the energy equation, k-equation and e-equation of (2.3), multiplying
the resulting equations by Oynnh, Oumnm, and Oj,,e respectively, then integrating
them over the whole space R3, one can prove that

1d )
2Ot

_ /R 3 6zmn($ﬁAh) O hdaz + /R 3 almn(%) Oz

—/ Omn(f'(a+p)(a+ p)divu) - Oymnhdz — | Opmn (- Vh) - Opmnhdz, (2.40)
R3 R3

1
= / 8lm’n (7_Am> : 8lmnmd'r - almnf‘: ' almnmdx
R3 a+p R3

G
. _ . . 41
+,/]RB alrrm <a+ﬁ) almnmdx s 8lrnn (u vm) almnTnd-'I;a (2 )

1d 9
iﬁnalmndb
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1 OlG{f
= mn 7,A Ulmn d mn\ 7 ;35 ) Yimn
/RB(()Z <(a+p)2 6) Omn€ I-l-/RS(()l <(a+p)(m+k)) Oymnedx
C2€2
- /R 3 almn(m) Otmnede = | Otgun (- V) - Oymnedr. (2.42)

As same as the estimate (2.33), we can deduce

/R3 O (ﬁﬁAh) Oimnhdz

. (2.43)
§05||(V2h,V3h,V4h,V2a,V3a)H%—/ ———|Omn Vh|?dz,
R3 A1 P
1
RS p . (2.44)
<C5||(V2m, Vim, Vim, V2a, V3a) |2 — / O Vm2da,
R3 @+ P
1
/ 8lmn (ﬁAE) 8lmn<€dl‘
R P (2.45)

1
<C5||(V2e, Vie, Ve, V2a, Via) |2 — / Ve e
R3 @+ P

Again, from the Holder inequality, (2.4)-(2.6), WH2(R3)— LO(R3), and H?(R3)
L>®(R?), we get

Sk
/R?» 8lmn(m) 8lmnhdx
1 out  oul 2 ouk N ou’ e Op Oa
= amn D _*51" a. 5 a_. Ao 'amnhd
/Rg ! {a—&—p{('u(axj+8xi) 3 j'uazvk>8xj+(a+p)2 0 (“):cj}} ! .
<C3[(V2a,VPu,V*u, V3h,V*h)|3,

/RS 8lmn (%ﬁ) '6lmnmdl‘

o (G )2 5}

<C6[(V?a,V?a,Vm, V'm,Viu, V)3,

/R3 P (m%ﬁfm) Otmnedz
:/RS alm”{(a—l—pf(lrfl—&-/@({iﬂuj [ue(gxuj - ?TZ) - %‘51‘3‘ ((a+ﬁ)(m+l’c)
+ﬂegz:>] } - Oymnedx

<C3[(V3a, V3u, Viu, V3m, V3e)|3,

— | Opun(f'(a+p)(a+p)divu) - Opmnhdz < C§|| (V3a, V3u, Viu, V3h,Vih)||2,
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— | Oumn(u-Vh)-Oymnhdz < CS||(V3u, V3h,V1)]2,
]R3

— | Oumne - Oumnmda < CS||(V3e,V3m, Vim)||3,
RS

_ / O (11- 10 - ez < CO | (V3m, Vi, V3u) 2,
RS

Coe? 3 3.2
— R < V V
Agalmn(m+k> 6lmn5dx_06”( m, 8)”27

— | Opnn(u-Ve) - Opnedr < C|(V3e,Vie, V3u)|3.
R3
Incorporating the above estimates and (2.40)-(2.42) yields that

1d 1
= —|1Opmnhl||? / — 1Oy Vh|2d
thH lmn b3+ Rsa+ﬁ| ) |“dx

<C6||(V?a,V3a,V?h,V3h,V3u,Viu)|3,

(2.46)

1d 1
S 11 8mn 2 78mnv 2d
5 10+ [ 1 VmPda

<C5)(V2a,VPa, V2m, Vom, Ve, Vou, V4u) 3,

(2.47)

1

d 1
——|1Oimnel|? ——|Oymn Vel?d
5371l || o Vefs

<06||(V2a,V3a,V3m, Ve, V3, Viu, Viu) 3.

(2.48)

Step 3: L%-norms of Va and V3a.
We first estimate for Va. For this purpose, we calculate as

1 (a+p)?
ZIVal? Va-
/Rsb' a’+—5—Va UL

(a+ _)2 (a+ _)2 (2.49)
= [ Va-Va,+(a+p)aVa-u+ TpVat%H— TpVa-utdx.
R3

The first term of the right-hand side of (2.49) can be estimated as follows:

Va-Vadx
R3

=— [ Va-Vdiv[(a+p)u|dz
R3

=— [ Va-(V:a-u)+Va-(Va-Vu)+(a+p)Va-Vdivu+|Va|?divuda
R3

§C<5||Va||§—/ (a+p)Va-Vdivudz. (2.50)
R3
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Also, we estimate the other three terms as

/ (a+p)a;Va-udz < C4|(a;, Va) |3 < C3]|(Va, Vu) I3 (2.51)
R(}

—\ 2
/ (“gp) Va, -udz < C6||(Va, V)2, (2.52)
RS

_ 1 1
/ (a+p) g, wyda _/ (atp)?o (_U.VU+7_M+7_Vdivu
e 2 b 2 a+p a+p

VU (a+) = )= gy V0 P) -+ ) )

+p)
gcan(w,vmngf/ wIV *da
R3 3
,2 2y
- / DY () Vafae + / LYa (Au+Vdivu)dr.
R? R?

(2.53)

Since

/ a+pVa~ (Au—Vdivu)dx:/ maia'(ajjui—aiajuj)dx
R3 2 R3 2
1 . 0 1 ) 0 .
:/ —i&-aajaajuz — ?&-jaajul + §8ia6ja8¢u-7 + —a;paijaaiu]dx = 0,
R3
together with (2.49)-(2.53) and (2.5)-(2.6), we show that

1 =\2
/ [i\Va\Q—I—@Va-u]t—i—CHVaH%SC’(SHVuH%. (2.54)
R3

Now, we turn to the estimate for V3a. Almost parallel to the inequality (2.49),
we get

1 =\2
/ b\@lmnaFJr@almnaalmu"} dz
R3 t

—Oimn@Oimndiv](a+ p)u] + (a+ p)arOymnadimu”™
R3

(a+p)?
2

8lmndiv[(a + ﬁ)u] Omu™ +

—\2
(‘”;”) Opn Dy de.  (2.55)

We estimate the right-hand side of (2.55) as follows:

—Olmn @Opmndiv(a+ p)uldz
R3

—Oimn ot VOmna+ 0w Vomna+ Onu-Vopa+ 0pu-Voma
R3
4+ VOna+0pu-Vo,a+ 0mpu-VOia+ Ot Va+ Opmnadivu
+0ym a0y, divu + 0y, a0, divu + Oy adidivu + 0;a0,,, divu + 0,,a0;, divu
+0nad;mdivu+ (a+ p)Opmndivu]da
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§05||(V3a,V3u)H§—/ (a+ P)OimnaOimndivude, (2.56)
R3

/ (a4 P)arDimmadumudz < C8||(V3a, V20) |2, (2.57)
R3

2
—/ (a—;p) Ormndiv[(a+ p)u]Opmu™da
R3

=2
_ 7/ (a—;p) A" [Opmn (1 - Va) + Opmnadivu + Oy, adp divu
R3

40700y, divs + O a0y divu + 0yaOpm  divu + Oy a0y divu + 0y, a0y divu
+(a+p)Omndivu]dz
<CH||(VZ%a,V3a,V2u,V3u,Viu)|3, (2.58)

2
/3 (a—;p) Otmn@O0imuy dx
R

5)2 . 1 1 )
:/ (atp) 3zmna31m[*uz&un+7,3ﬁun+7ﬁmuz
RS 2 a+p a+p

~0u(Fa7) = (7)) = g7z 00 (a-+ ) (m ) o

<CH|(V3a,V3a,V2u, V3u, V3m, Vim)|2

- —\2
+/ a;palmna(almiiun +8lmniuz)dx - / <a+p) f/(/)) (almna)de

R3 R3
—/RS W(ﬁlmna)zdx. (2.59)

Noting that

_/(a+ﬁ)almnaalmndiVde+/3?almna(almiiun+8lmniui)dx
R R?

:/3 aT—i_palmna(almiiun - almnzuz)dx
R

1 )
= § aiaalmnaalmiun + (a + ﬁ)almniaalmiun - aia/almna/alrnnuZ

RS
- (CL + ﬁ) alnmiaalmnuidx
1 .
=—— 0;a01n 0O0mi "™ — 0;a01na0mnudx
2 Jps

<C5[(V?a, V2u)|l3,

based on the estimates (2.55)-(2.59), with the help of (2.5)-(2.6) and the interpolation
inequality, one obtains

1 =\2
/ |:7|8lmna|2+ (a+p) almnaalmun d.T—I—CHVSCLHS
R3 2 2 t

<C06||(V2a,Vu, V3u, Viu, Vim, Vim)||3. (2.60)
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Step 4: Conclusion
Consequently, multiplying (2.39) by a appropriate small constants «, together
with (2.13), (2.29)-(2.31), (2.46)-(2.48), (2.54), and (2.60), we have

d /
{In T e v i+ [ Faaea[Ivug+ [ D000
R3 R3

a+p
1 o (a+p)? 1 o (a+p)? n
+/]R3 [2\Va\ + 5 Va u—|—2|8[mna\ + 5 Olrmn 0Om U }dx}
+C(a)||(Va, V3a,Vu,Viu,Vh,V*h,Vm,Vim, Ve, Vie)||3
<0, (2.61)
where we have used the fact that
‘ i+1
Via | <CY (IVFa|+|VFul), i=1,2.
k=1

Integrating the inequality (2.61), from (2.4)-(2.6), (2.12), and the smallness of «, we
can finish the proof of Proposition 2.1. ]

3. Proof of global existence
We will finish the proof of Theorem 1.1 in this section. First, let’s state the local
existence. Since it can be proved in a standard way (as in [4, 8]), we omit the proof.

ProprosITION 3.1. Under the assumption of the Theorem 1.1, there exists a constant
T >0 such that the system (2.3) admits a unique smooth solution (p,u,h,k,e) and a
constant Cy >1 such that for any t€[0,T7],

t
o= panik =k + [ (9ol +1(F0T0TETE)ts
SCQ”(pO—ﬁﬂﬁo,ho,/{o—]},&‘o)”%s.

In the following, by a continued argument, combining the local existence and the
a priori estimates proposition, we will prove the global existence of smooth solutions.
First, suppose

EO:||(p07ﬁ7u05h07k07]_€750)“H3 <mln(6/ \% 0275/ \% 0102)7 (32)

where § is defined in Proposition 2.1. Since the initial data satisfy Ey<d/+/Ca, then
by Proposition 3.1, there exists a constant 7% >0 such that there exists a unique
solution on [0,T™*] satisfying

Er:i= sup |[(p—p,uhk—Fke)|ms </CaFEo. (3.3)
0<t<T~

Therefore, using the inequality Ey < d/+/C1Cx, from Proposition 2.1, we have

FEi <y 01E0<(5/\/ Cs. (34)
Notice that T depends only on Ey. Starting from 7, then the initial problem (2.3)
with initial data (p,u,h,k,e)(T*) still has a unique solution on [T*,27*], and from
Proposition 3.1, we get

sup  ||(p— pyushyk—E,e)|| gs < /CoBy < /C1CyEy <.

T*<t<2T*
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Again from Proposition 2.1, one can deduce

Ey= sup |(p—pyu,hk—k,e)|ms </C1Ey<3//Cs.

0<t<2T*

Repeating the procedure for 0<t<NT*, N=1,2,3,---, we can extend the local
solution to infinity as long as the initial data are small enough such that FEy<
min(§/+/C2,5/4/C1C2). Thus the proof of Theorem 1.1 is complete.
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