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HOMOGENIZATION OF STOCHASTIC SEMILINEAR PARABOLIC
EQUATIONS WITH NON-LIPSCHITZ FORCINGS IN DOMAINS
WITH FINE GRAINED BOUNDARIES*
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Abstract. The present work deals with the homogenization and in-depth asymptotic analysis
of a nonlinear stochastic evolution equation with non-Lipschitz nonlinearities in a domain with fine
grained boundaries in which the obstacles have a non-periodic distribution. Under appropriate con-
ditions on the data it is proved that a solution of the initial problem converges in suitable topologies
to a solution of a limit problem which contains an additional term of capacity type. The notion
of solution is that of weak probabilistic which is a system consisting of a probability space, Wiener
process, and a solution in the distribution sense of the problem.
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1. Introduction
Let © be a bounded domain in the Euclidean space R™ (n> 3) with boundary
0. For 0<T < oo, we denote by Qr the cylinder (0,7)x . We assume that for

each natural number s there is defined a finite number of disjoint closed sets Fi(s)(i =
1,2,...,1(s), I(s) is a natural number) lying inside Q. Let Q(*) be the sequence of

perforated domains obtained by removing the set F(*) = Ui:81) FZ-(S) from €, i.e., Q) =
Q\F(s); the boundary 9Q(*) of Q%) is assumed to be sufficiently smooth (e.g., of class
C?). In the sequel we shall formulate some conditions on F Z-(S) from which it follows in
particular that as s — oo the diameters of FZ.(S) tend to zero. We consider the sequence
of cylindrical domains ng ) = (0,7)x Q). In ng ), we consider the initial boundary
value problem for the stochastic partial differential equation

d
du'®) = {Au(s) +f (t,u(s))} dtJngk (t,u(s)> dwt(s)k7 in ng), (1.1)
k=1
(s) _ (s)
u'® (t,x)=0, on 0Q;’, (1.2)
ul® (0,2) =ug (z), in Q) (1.3)

where Bng )= (0,T) x 90) | f and gy, are real valued functions taking values in some
Hilbert spaces, ug () is a deterministic real valued function defined on Q) A is
the Laplace operator, i.e., A=Y"" 9%/0x2, and W (t)= (wt(s)l,...,wf)d) is a d-
dimensional Wiener process.

The case of linear noises which corresponds to f and ¢* independent of u(®) was
considered in [50]. The present paper considers the more difficult question of nonlinear
noise which in addition does not satisfy the Lipschitz condition. In this regard the
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346 HOMOGENIZATION OF STOCHASTIC PARABOLIC EQUATIONS

notion of solution for the problem (1.1)-(1.3) is already different from the one in [50].
As is known the adequate notion of solution here is that of probabilistic weak solution

(5(s> FOLLF)

which will be defined in the next section.
The aim of the present work is to investigate the behavior of the sequence

ORTHOING!
0§t§T7 ) ) )

SOFOF} POWON ) =12,
0<t<T

of solutions of problem (1.1)-(1.3) under some appropriate conditions on the data
and on the perforated domain Q(*) that we make precise later on. We shall prove
that under those conditions the sequence of solutions converge in suitable topologies

to a probabilistic system (E,G,{Gt}o<t<T,P,VV,u) which is a weak solution of a

homogenized stochastic evolution problem in the cylinder Qp. Namely

d
du= [Au—c(a:)u—l—f(t,u)]dt—Fng (t,u)dwf in Qr, (1.4)
k=1
u(t,x)=0 on OQr, (1.5)
u(0,2) =ug (x) in Q. (1.6)

The function c¢(x) is defined in terms of the geometry of the sets Fi(s). The investi-
gation will be based on a corrector formula with remainder term involving u(*) and
its limits and the solutions of some auxiliary elliptic boundary value problems that
we introduce in neighborhoods of the sets Fi(s), the analog of cell problems in the
periodic homogenization setting. The accuracy of the corrector formula is given by
proving that the remainder term converges to zero in suitable topologies. This im-
portant and crucial rigorous asymptotic study provides an in-depth analysis of the
problem. A central idea in the work which is absent in the deterministic case lies in
seeking the remainder term in the corrector formula of u(®) as a sum of stochastic
integrals of some functions with respect to the Wiener processes w,gs)k (k=1,...,d).
This representation is of paramount importance in achieving our goals. In view of the
different notion of solution and the kind of nonlinearity considered the present work
differs from [50] in many regards. The lack of appropriate regularity of the solution,
such as L..-boundedness, requires new ideas at various stages to deal with the arising
difficulties.

Since the pioneering work of Bensoussan and Temam [4, 5] in the earlier 1970’s,
stochastic partial differential equations (SPDE’s) have grown into one of the most
active areas of research in the frontiers of mathematics today. The incorporation of
randomness in partial differential equations (PDE’s) governing a wide range of models
arising in applied sciences make them more realistic in view of the overwhelming preva-
lence of stochastic factors in nature. This thought pattern based on both empirical
and experimental data led to the emergence of SPDE’s. A great wealth of results have
been obtained in several directions of research and collected in numerous monographs.
An area which has remained relatively dormant is that of perturbed SPDE’s, and no-
tably homogenization of SPDE’s. We note that the interaction between probability
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theory and homogenization has been mainly in the use of the probabilistic methods
in order to investigate deterministic perturbed PDE’s and in the study of PDE’s with
rapidly oscillating random coefficients or in perforated random domains. A wealth of
interesting results using various methods is now available and the field is expanding.
We refer to [7, 9, 11, 19, 24, 29, 31, 35, 36, 37, 43, 44, 45, 46, 48, 54, 55, 60, 65] for
classical and recent results. It is worth noting the new direction of numerical homog-
enization which has also recorded in recent years some success in the treatment of
random parabolic equations; see [1, 20, 21]. Further references can be found in these
papers.

As far as the homogenization of stochastic evolution problems driven by random
noises is concerned, very little is known so far. In view of the huge interest presented
by SPDE’s in applied sciences, there is a need to develop frameworks that will enable
the study of the corresponding stochastic homogenization problems. The work of Ben-
soussan [6] which deals with the homogenization of a sequence of stochastic PDE’s in a
fixed domain was pioneering in this direction. The work [50] was the first dealing with
the homogenization of stochastic evolution PDE’s in perforated domains; furthermore
no conditions of periodic distribution of the holes were assumed. These works were
followed by [27, 28, 62] and [63] in the periodic setting. The two last papers treat the
case of perforated domains with periodically distributed perforations. In particular
they extend Tartar’s energy method and Nguetseng-Allaire’s two-scale convergence
([3, 41]) to the stochastic setting; a nice introduction to these notions can be found
in the monograph [14]. It should be noted that the limit problem in these cases does
not differ in form from the original one as in the corresponding deterministic case.

In the present work we limit ourselves to a simpler model of SPDE’s which, as
witnessed in the subsequent pages, encapsulates most of the complexities arising in
SPDE’s in domains with fine grained boundaries. We provide a rigorous investigation
of the problem and lay down a framework which can be used to study more general
problems. We note that the stochastic limit problem obtained in the homogenization
process has an additional term of capacity type depending on the geometry of the
sets Fi(s). This phenomenon arises also in deterministic problems and was originally
discovered in homogenization of elliptic boundary value problems in the celebrated
work of Khruslov and Marchenko [38] (see also the long awaited English version [39]);
the nonlinear version of their theory was developed by Skrypnik [58]. More infor-
mation on results obtained in this kind of deterministic problems can be found in,
for example, [44] (heat equations in perforated domains by probabilistic means) and
[2, 16, 13, 18, 51]. Deterministic evolution problems in non-periodically perforated
domains have been less studied; we refer to [12, 15, 59, 52] for some results in this
direction.

It should be noted that even under the stronger conditions of periodic distribution
of holes our main result has an additional novelty compared to the previous work
done in [6, 27, 28, 62] and [63] in the periodic framework, in the sense that there
the authors deal only with noises that satisfy the Lipschitz condition, and we also
obtain an optimal corrector result (Theorem 3.2) which was not considered in these
papers. The framework developed in the paper is quite general and enables the
study of wider classes of stochastic evolution problems in varying domains with non-
periodic geometry. An analog of the homogenization theory of Cioranescu and Murat
elaborated in [16] can be developed in the framework of SPDE’s. In view of the
appearance of measures in the limit problem in that framework, a new class of SPDE’s
will emerge, notably SPDE’s with measure-valued coefficients. However there is no
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indication that sharp corrector results as in the present work could be obtained. Still,
in this direction an important issue is the derivation of Brinkman’s law for turbulent
flows of fluids governed by the Stochastic-Navier Stokes equations. The deterministic
stationary case was solved in the work of Allaire [2]. Since homogenization of SPDE’s
is in its infancy, numerous problems are waiting to be solved.

It is by now well known that problems such as (1.1)-(1.3) describe processes
(heat conduction, diffusion and reaction-diffusion processes) taking place in highly
heterogeneous media under the influence of random factors. We can also view the
problem as a simplified stochastic model of fluid dynamics in a turbulent regime
filling a cylinder with tiny cylindrical obstacles.

The plan of the paper is as follows. In Section 2, we state some preliminary
results on the existence and uniqueness of a solution of problem (1.1)-(1.3) following
[8] and [40]. Next we introduce some auxiliary elliptic boundary value problems

in the neighborhood of the sets Fi(s) whose solutions and their a priori pointwise
estimates play a central role in our investigation, and we state the conditions on
the geometry of the perforated set Q) and formulate our main result. In Section
3, we construct a corrector formula with remainder term for u(¥)and prove that the
remainder term converges to zero in suitable topologies. In Section 4, we derive the
stochastic evolution problem satisfied by the limit of »(*) in a sense that we make
precise in Section 2.

2. Preliminary results
We shall use the following well-known Lebesgue and Sobolev spaces Ly, (-), W, (-),

W, (-) (p>1) (we denote H' () =: W5 (-), Hg (-) =: W3 (-)) as defined, for example in
[22]; H~!(-) stands for the dual of H}(-), (.,.) denotes the scalar product in La (),
where throughout - stands for either  or Q(*). (C°(.) is the space of infinitely
differentiable functions with compact support in -.

Let X be any Banach space of functions defined on  or Q) and let (S,F,P)
be any probability space over which the expectation is denoted by E. By the symbol
L,(S,Ly(0,T,X)) we denote the space of functions u=u(w,t,z) defined on S x [0,T]
with values in X, and such that
a.u(w,t,z) is measurable with respect to (w,t) and for each ¢ is F;-measurable in w.

b.u(w,t,z) € X for almost all (w,t), and

1/p

T
ullp, (s,,0,7,x)) = (E/o (Iu(t)|§<dt)p/q> < 00; (2.1)

E denotes the mathematical expectation. If ¢ =00, we write

1/p
Hu||Lp(87LOO(O7T,X))= <Eess sup ||u(t)||§<> < 00. (2.2)
0<t<T

Let Z be any Banach space of functions defined on the cylinder Q7. We denote by
L, (S,Z) the space of random variables u defined on S with values in Z and such that
1
lull, 5.2y = (Ellull)"” <oc.
The following density result, similar in proof to the deterministic case (see e.g.,
[33, Chap.1, § 1.1], [64, §25]), holds.
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LEMMA 2.1. Let Q be a sufficiently smooth domain, p,q>1, and let
u € Ly(S,Loo(0,T,L,(Q))) N Ly (S,Lp <O,T,WI} (Q))).

Then there exists a sequence of functions

(Um) =12, €Lq(S,C5° (Qr))

such that
fn}gnoo ||um - U| |Lq($,Loo(07T7LP(Q))) - 07
i [[ 22 “o.
Mmoo ox Ly(S,Lp(0,T,Ly(R)))

We also have the following result, which is [34, Chap. 1, Lemma 1.3].
LEMMA 2.2, Let (gx).—1 .. and g be some functions in Ly (0,T,L4(Q)) with g€
(1,00) such that
||gl€HLq(0,T,Lq(Q)) <C, V&,
and as K — 00

g — g for almost all (t,x) € Qr.

Then g,, weakly converges to g in Ly (0,T,L,(2)).
REMARK 2.1. The results of the lemma hold for the space L, (=,L,(0,7,L,())) in
EXQT.

The next result is from [56, Section 8, Theorem 5]. It is a sharper version of a
theorem due to Aubin (cf. [34, Chap. 1, Par. 5]).

LEMMA 2.3. Let X, B, and Y be some Banach spaces such that X is compactly
embedded into B and let B be a subset of Y. For any 1<p,q<oo, let V be a set
bounded in Ly (0,T,X) such that

T—60

éiﬂ(l) [lo(t+6)—v(t)|]} dt =0, uniformly for all veV.
—9Jo

Then V is relatively compact in L, (0,T,B).

The following Poincaré inequalities in an annulus as proved in [58, Lemma 1.4,
Chap. 8|play a crucial role for obtaining sharp estimates.

LEMMA 2.4.  Let K(p1,p2) be the ring {z:0<pi<|z|<p2<r} and f(z)€
H'(B(0,r)). Then

[ erasc-gl [ witasec20 [ jpaPa.
K(p1,p2) K(p1,7) r K

(r/2,r)
(2.3)
Furthermore if f(z) € H} (B(0,7)), then

[ v@Pwsclp-g) [ vitan (2.4)
K(p1,p2)

K(p1,r)
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We now introduce the following definition.

DEFINITION 2.5. By a weak solution of problem (1.1)-(1.3), we mean a system

<5<s>’;<s>7 {70 }O<t<T ’p(s)’W(S)7u(5)>

such that for each s,
* (S(S)7}'(s),{ft(s)} ,73(5)) is a probability space, {}}(S)} is a fil-
Rty 0<t<T
tration on (S©), F) P,

o W) (t) is sequence of d—dimensional ]-"t(s) standard Wiener process,

o u®(t) €L,(S®, Lo (0,T,Ls (U)))NL, /2 (S, Ly (0,7, HE (U))), for
any p € [1,00),

o for any ne H} (Q(S)) the integral identity

) (
(u(s)(t) = (uo,n / (8 I ) gg_)dr
t t -
+ / (fm)dr+k; / (gkrm) s (2.5)

holds for almost all w and t € [0,T].

We assume the following conditions on the data:

f:(0,T) x Lo (Q(S)) — Lo (Q(s)) is a nonlinear mapping such that
e f(t,-) is measurable for almost every ¢,
e v— f(t,v) is continuous from Ly (Q*)) into Ly (Q)),

15 )l g 0y SC (1l g0 ) (2.6)

gk :(0,T) x Lo (Q(S)) — Lo (Q(S)) are nonlinear mappings such that
e ¢(t,-) is measurable for almost every ¢,

e v— g (t,v) is continuous from Lo (Q(S)) into Lo (Q(S)),

98 (6,911, () <C (11101l o)) (2.7)

uo (z) € Ly (Q(s)) . (2.8)

We introduce the space Z (mdexed by 6>0 such that T—6>0) of functions
v(t,x) defined and measurable on QT and such that

T
2
sup [0l ) Co. [ I0Olfy(am) dt<Ca.
0<t<T 0

T—60
/0 o (t+6) 0 (]2 oy i < C6.
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We endow Z(gs) with the norm
- 1/2
2
HU”Z:022£T||U‘|L2(Q(s)) + (/0 |v(t)|Hé(Q(s))dt>

+(supg [0(t+0) —v Ol (o) dt
>0 0 Jo

We also consider the space Xp(fg (1<p<o00) of random variables v defined on S®) x
ng ) such that

1/2

T p/2
(s) 2p (s) 2
E OittlgT||vHL2(Q(s))<oo, E (/0 |v||H5(Q<S))dt> < 00,

T—6
E<s>/0 [[0(84+6) =0 (][ (g0 dE < CO,

where E(*) denotes the mathematical expectation on (S, 7 P(*)). Endowed with
the norm

1/2p T
= E® 2p £ 2
lollgy = (B s 1012y ) (B9 ([ ol oy

1/2
) 1 T—60 9 /
B (s [ o(t40) 0Ol oyt |

p/2\ 2P

6>0

X}Sf(,) is a Banach space. We denote by Zy and .)Ep,.g the corresponding spaces with
Q) replaced by .
The following existence result holds (see, e.g., [8, 40]).

THEOREM 2.6. Under the above conditions, for each s, the problem (1.1)-(1.3) has a
weak solution

<5<s>7 7o {7}

such that u'®) satisfies

PE) W)y
OStST’ ) )

H“(S)

‘X(S <c, (2.9)

)
.0

with a constant C' independent of s, for all p>1 and for sufficiently small 6 > 0.
Note that the equation (2.5) implies that almost surely

u (e (O,T,L2 (Q<S>)) :

This follows by arguing as in [61, Chap. 3 Par. 3]. Thus the initial condition (1.3)
makes sense almost surely.
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Let @(®), @ be the extension by zero to Q7 and to Q of the functions u(®) and
g, respectively, such that P(*)-almost surely

a® (z,t)=u® (2,t) ¥V (2,0)€QY, @) (x,t) =0V (2,t) ¢ QY

Gio () =ug (z) in Q) and g (z) =0 outside Q).

Under the smoothness conditions on Q(*) and the fact that u(*) satisfies the Dirichlet
boundary conditions such extensions always exist.

These extensions induce extensions f and § of f and gy from (0,T) x Lo (Q(S)) —
Ly () to (0,T) x Ly () — L2 (Q) preserving the inequalities (2.6) and (2.7) with
obvious changes of Q(*) by Q; g (x) is bounded in Ly (£2). Therefore from (2.9) it
follows that the function @(*) satisfies the estimate

’ )ms)

< .
o, 56 (2.10)

with the constant C' independent of s.
Now we consider the set

K=C(0,T7,R*) x Ly (0,7, L2 ()
and B(K), the o-algebra of the Borel sets of K. For each s, let ® be the map
O:S—K :w— (W(s) (w,-),a® (w,-)) .
For each s, we introduce the probability measure 7, on (K,B(K)) defined by
75 (A) =P (271 (A)) for all AcB(K).
We have the following result.

THEOREM 2.7. The family of probability measures {ms:s €N} is tight.

The proof of the theorem can be carried out following [8] and [40] (see also [49]).
Thus we have, from Prokhorov’s compactness result ([47, 17]), that there exists a
subsequence {,, } and a measure 7 such that

Ts; =T

weakly. By Skorokhod’s limit theorem ([57, 17]), there exist a probability space
(£,G,P) and random variables (W(Sﬂ'),u(sj)), (W,u) on (2,G,P) with values in K
such that the probability law of (W(Sj),u(sj)) is s, ; hence {W(SJ')} is a sequence of
d-dimensional Wiener processes. Furthermore

(W(Sj)’u(sj)) %(I/[/’u) in K, P-a.s., (211)

and the probability law of (W,u) is 7.
Set

Gi=c{W(7) 7u(T)}T€[O,t] :
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We show that W (t) is a G¢-standard Wiener process. For this we use the following
characterization of Wiener processes through their characteristic functions (see [25])
which stipulates that for any meN, 0=tg <t <---<t,, and vg,v1,...,Um eRY,

EGXp{Zi’l)k~[W(tk)—W(tk1)}—Z'U0-W(t0)}
k=1
1Y
=exp —§§\vk\2(tk—tk_1) , (2.12)

where E denotes the mathematical expectation over (£,G, P). (2.12) will follow if we
can show that for the conditional characteristic function we have

Elexp{iv-[W (t+h)—W (¢)]}/Gi]=exp (— ‘U‘Q h) (2.13)

for all A >0 and any v € R%. Note that for any given o-algebra G' and random variables
X and Y on a probability space (E,G, P) (it can be any probability space) on which the
mathematical expectation is denoted by E, if X is G-measurable and E|Y|, E|XY|<
oo, then

E(XY|G)=XE(Y|G), EE(Y|G)=E(Y),
that is
E(XY)=E(XE(Y|@).

Using this fact we see that (2.13) will be proved if for any continuous bounded func-
tional Ay (W (-),u(-)) on E depending only on the values of W and w on the interval
(0,t), we have

Elexp{v-[W (t+h) =W )]} Ay (W (-),u())]
v|*h

—exp (—2> EA(W(),y()- (2.14)

Since [W () (t+h)— W) (¢)] are independent of Ay (W) u()) and W) is a
Wiener process,

E [exp{iv~ [W<Sf> (t+h) — W) (t)] }At (W@j)’u(sj))}

=Fexp {iv. {W(SJ‘) (t+h)— wsi) (t)} }EAt (W(sj)m(sj))

_ [v]*h (s;) . (55)
—exp<— 5 EAt(W R )

In view of (2.11) and the continuity of A; we can pass to the limit in this equality and
get (2.14). The required claim is therefore proved.

A crucial step is to note that the pair (u(*), W (%)) satisfies the problem (1.1)-
(1.3). We note that this a not a subsequence of (u(*),W()); they only share at this
stage the same law. This fact may seem obvious but in view of the nonlinearity
considered in the noise, the proof requires some work; we follow [8] and [49].
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Since we shall be using (u(*), W) and (u(*),W(*)) at the same time, in order
to avoid some confusion we temporary denote u(*) and W) by y(%) and B3,
respectively. We shall revert to the original notation later.

From (1.1)-(1.3), we have

u® (t,x)

=g (gc)—I—/t [Au(s) (rx)+f (r,u(s) (T,;C))} dr+/tG (nu(s) (r,m)) CZW,SS)7 in ng),
0 0

where

d
(s) (s) — (s) (s)k
G (r,u (r,x)) dW ;gk (r,u (T,:L')) dw,.
We set
U, (t)=T (u(s) t),G (nu(s))) )
where
\ (u(s) (t),G (r,u(s)) ,W(S)>
=l (t,z) —uo (x) —/Ot {Au(s) (r,x)+f (r,u(s) (r,x))} dr
/OtG (r,u(s) (r,m)) dw®)
and

T
X, ()= / 10 (6)| % .

Hence almost surely

X,=0

and
X
(s) s

1+ X, 0,

since X4 >0 a.s.
Let
U, (t)=W (y(sj) t),G (r’y(sj)) 7B(Sj)) ,in Q(qf]‘)’

and

T
V@)= [ o, @l a

Our claims will be proved if we can show that

Ys,
1+,

=0. (2.15)
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An obstacle in the realization of this goal is the fact that X, is not a deterministic
functional of u(®) and W) in view of the presence of the stochastic integral in X,.
In order to circumvent that difficulty we introduce a regularization of G with respect
to t, given by

T —T
=1 [ o(-Z)couinan (2.16)
where p is a mollifier. We have that
T T
E(S)/O 1G= (y) (t)llig(m))dtSE(s’/o 1G (£, (D)7, (ac0) (2.17)
and
G (1) () > G ) () in Ly (89, L2 (0.1 (27) ) ). (2.18)

as € = 0. Next, we set
T
X,.= / W4 ()32t oo (1) =0 (u (1), 6% (r,u® ), W),
0

T 2
Y, . :/O H‘l’sj,a (t)HHfl dt; U, - t)=0 (u(sj') (t),G* (r,u(sf)) ,B(SJ)) ,
and introduce the mapping
b1 C (0,1 RY) x L (0,1, L (219) ) (8¢, F ), p))

given by

X
¢s,a (W(s),u(s)) = ﬁ

Owing to the definition of X, ., it is easy to see that ¢; . is bounded and measurable.
Similarly, let

Y,
. (BG) (sn)zsiwf_
e (B 0) =

We use the conclusions of Skorokhod’s theorem as follows. Since the laws of
(B(Sf),y(sj)) and (W(Sf),u(sj)) are identical,

Ys, e . ,
BT gy (B<sj>7y<sj>):/¢sj, (w,)dr,,
1_"_}/8% 5 i s 7.€ K
X,
—EG)g, (W<sj) <sj>):E<SJ>$. 2.19
Ps; e U 1+X,, . ( )
But
S ple) _Kss
1+, 1+ X,,
—-E Ysj YSj£ +E Ysjvs
CO\HY 14Y . 1+Y,, .
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_E(SJ)&_,_E(SJ') ( XSJ"E ij ) .

1+ij, e 1—}—){7‘%7 8_1_|_ij

Hence
E’ | Yo=Y\ gy, v,
1+Y5j 1+Y5j,6 B (1+Y5.7.)(1+Y5j75) = 55 55,€

g (v) 0 -9 (s7) )

1/2
2
£ (00 dt)

¢ (u(Sj)) (t)—g (u(Sj)) (t)

gC(E/OT’

1/2
<C (E(Sj)/OT‘ 2L2 (Q(SJ)> dt) .

The right-hand sides in these estimates converge to zero as € — 0, in view of (2.18) (re-
formulated accordingly on the probability space (2,G, P). Combining these relations
with (2.19), we get

(sj)l Xsje X
1+X,,, . 14X,

Eﬁ _ E(SJ)A <|E Ys; — E(s4) X, <0.
1+Y,,; I+ X || 7] 14Y, I+ X, |~
It therefore follows that
E Ysi — | E(si) ij —
14V, 14X,
This proves (2.15) and hence we get
d
du(3i) = [Au(sj) +f (t,u(sj))} dtJngk (t,u(sj)) dwt(sj)k7 in ngj), (2.20)
k=1
u3) (t,2)=0, on 8@5?”, (2.21)
w9 (0,2) =ug (), in Q6. (2.22)

Next we have that the extension of u(*9) to Qp, which we denote again by u(%3),
satisfies the estimate (2.10). As a consequence, the following convergences hold: for
any pé€ [1,00),

u®1) —~y weakly-star in L, (Z, Lo, (0,T, Ly (Q))), (2.23)
u(*7) —u weakly in L, /s (Z,L2 (0,T,H} (). (2.24)

Furthermore
€ Ly(E,Loo(0,T,L()))N Ly (2,L2 (0,7, Hy (Q))), (2.25)

and almost surely

u()eC(0,T,Ly ().
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Letting p=4, we have that
ul*) € Ly (8, Log (0,T, L2 (2))).
Combining this fact with (2.11) we deduce via Vitali’s convergence theorem that
u(®) —u strongly in Lo (2, Lo (0,7, Ly ())). (2.26)

Our aim is to determine the initial boundary value problem satisfied by the func-
tion w and estimate its closeness to u(*) in suitable topologies finer than the above
weak convergence. For this purpose we need some suitable assumptions on the do-
mains Q%)

Let B(x,p) denote the ball of radius p centered at x. Let dgs) be the radius
of the smallest ball containing Fi(s) and xl(s) the center of that ball. We denote by

rgs) the distance between B (x(s),dgs)) and the set U;«; B <x§s)’d§‘s)> Uof; we shall

i
impose some conditions (forthcoming Hypothesis 1) which guaranty that the sequence
(s)

(ri ) is positive and does not converge to zero rapidly, and hence which prevent

B (Jjgs),dz(-s)) from crossing 0f2.

%

B (a:l(s),dgs)) lies inside © and  is open, so there exists a ball B (:c(s),a) (a>
dgs) for sufficiently large s) inside € which contains B(xgs),dz(-s)). We set Bgs) =
B (xE”,a) \Fi(s). We consider the deterministic functions vgs) (r)e H! (Bi(s)) which
are solutions of the boundary value problems

Avl (x)=0in BY,
vgs) (r)=1on 8Fi(s), (2.27)

o (r)=0o0n 0B (xﬁ,a) .

K2

We set vl(s) (x)=1 on FZ-(S) and UZ(S) (x)=0 outside B (xgs),a). It is well-known that

(2.27) is uniquely solvable. In particular ”1@

problem

f{ L

We note that this quantity is the capacity Cap (Fi(s)) of the set Fi(s) (see e.g. Evans-
Gariepy [23] for a definition), i.e.,

Cap(Fi(S)):/B(xES),a)

By the maximum principle (see e.g. [22, Section 2.2.3]) and the extension of vfs) (x)
by 1 in Fi(s), we get that

(z) is the solution of the variational

9y
ox

2dCL‘Z o(z) e Hy (B (xz(-s),a>), p(x)=11in Fi(s)}.

'™ ?

B dr.

0<v® (2)<1in B(xgska). (2.28)
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The following pointwise a priori estimates are well-known (see e.g. [30] for proof in the
case of higher-order elliptic equations and [51, 53, 58] for quasilinear elliptic models):

2
8’(}(8) (8) n—2
i < \ 2.2
/ Lo 5] =0 (@], (2.29)
|:dgs):|n72
‘.’,U*I(s)

for any a=(ay,...,a) with non-negative integer components such that |a| <1, D% =
Df'---D% D;=0/0x;; the constants C; and C5 are independent of s. Combining
the last estimate with the regularity results of the gradient of the solution of Dirichlet
problem for elliptic equations (see [32] or [26]), we have

(s)
a;i < i) : (2.31)
Tl (B(=7.1)) d;

with the constant C independent on s. It is easy to check the sharpness of this
estimate when Fi(s) is a ball.
We impose on the perforated domain Q) the following conditions. There exist

constants A; and Ay independent of s such that
Hi1.

d¥ <Ay, tim max =0, (2.32)
s—o01<i<1(s)
H2.

I(s) [dgs)i| 2(n—2)
< A,. (2.33)

H3. There exists a bounded function ¢(x) such that for any open set G C €,

61520 Z Cap(Fi(s)):/c(:E)d:E, (2.34)

i€l (G) G

where I, (G) is the set of indices i € {1,2,...,I(s)} such that Fi(s) CG.
The main result of the paper is the following.

THEOREM 2.8. Let the conditions (2.6), (2.7), and (2.8) on the data hold and assume
that the hypotheses H1, H2, and H3 are satisfied. Given a sequence of weak solutions

(S, F) { ;(s)} ORTHORNON
’ ’ t OStST’ 9 ’
of problem (1.1)-(1.3), there exist a probability space (E,{Gt}OStST,G,P> and
stochastic processes (W(Sj),u(sj)), (Wyu) (W= (wtl,...,wf) is a d-dimensional Wiener
process) on this probability space such that (W(Sf),u(sf)) has the same distribution as
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(W&, u)) and converges to (W,u) in the sense of (2.11). Furthermore u satisfies
almost surely in the sense of distributions the stochastic initial boundary value problem

d
du= [Au—c(m)u+f(t,u)]dt+2gk (t,u)dwf, in Qr, (2.35)
k=1
u(t,x)=0, on 0Qr, (2.36)
u(0,2) =ug(x), in £, (2.37)

where  0Qr=(0,T)x00. In addition w3 strongly converges to wu in
L, (E,Lp (O,T,I/Vp1 (Q)>> for all pe (1,2).

REMARK 2.2. The existence of the probability system (E,{Gt}0<t<T,G,P,VV,u) is
a consequence of the Prokhorov and Skorokhod’s compactness results as obtained
above. Therefore the main issues are the construction of the limit problem (2.35)-
(2.37) and the strong convergence statement. The latter will follow from a deep

asymptotic analysis, undertaken in the next section, centered around an appropriate
(s)

corrector result for the sequence u(%/) involving the functions v, and some suitable

test functions.

REMARK 2.3. The equation (2.35) contains an additional term of capacity type de-
fined in Hypothesis H3. Explicit expressions for the function ¢(x) may be obtained
for special cases, for instance when the sets Fi(s) are balls that are periodically dis-
tributed. We refer to [38, Chap.1, pages 55-56], [16, 44] for details. Cioranescu and
Murat introduce an abstract version of our conditions, so our geometry is a particular
case of theirs.

The next sections of the work will be devoted to the proof of Theorem 2.8.
3. Corrector result of u(*) with remainder term

3.1. Formulation of the corrector result. In this section we deal with a
corrector result with a remainder term for the sequence (%) in terms of the functions
u, vz(s) () and appropriate test functions that we shall introduce shortly. We prove
that the remainder term converges to zero in suitable topologies, making it possible
to justify the corrector formula. We start by introducing the test functions alluded
to earlier.

We consider the numbers

. 1 s 1 s)] 7z s
e L i S

where A; is the constant from Hypothesis H1 and

2
As=  sup {’7’”*211’127'}.
0<r<diam$}

By the definition of pgs) and the Hypothesis H1, we see that
(s)

A< T
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() ()
Furthermore, for i # j we have that B (xg‘g),dgs) + '02) NnB (acgs),dgs) + 132) =0{. Let

f1 and 0> be such that 0<6fy<6f; <1. We consider the functions w§s) eC®(R™),
such that 0 <\ (z) <1, %\ () =0 for > 0,0, ) (2) =1 for (=)

r—T;

T— x§5> i

nggs), and

| _ ¢
< SR
or |~ PES)

with the constant C' independent of s. We note that 1.*) (l‘)’(/J](-S) (x)=0 for i#j. Let
us consider the following sets of indices:

-y LY oo 1 [ ]2 2 ()
= = vee . _— . > h h
I {z 1,2,...,1(s) <1+2A1 d;” > oA, {rz ] In“r;” 5,

1 ]. ’22
I'={i=1,2,....1(s): (14— |d'¥ 7{ @}n n2r L
¢ {Z 201 (8) < 2A1) Y M i

It is clear that I.NI) =(. We have the following lemma.
LeEmMA 3.1. If the conditions H1 and H2 are satisfied, then

. )" 7% _
slﬂilo;[di } =0, (3.2)
511)1202 {pgs)} =0. (33)
eIl
Proof. We have
n—2 |: (é)i|2(n ’
PR DR
i€l} i€l [dgs)}"
R 2(n—2)
<0 1 Z [dE )}
ma - - —

By condition H2, (3.2) follows from a passage to the limit as s— oo in the above
inequality; here we have made use of the definition of the set I..
()
For the proof of the relation (3.3), we note that since the balls B (xis),dgs) + T%) ,
1=1,...,1(s) are pairwise disjoint and 2 is bounded, it follows that

goee

1(s)

> [] "<, (3.4)

i=1
where C' is a constant independent of s. We have, by the definition of the set I7,

Z [pgs)}”g [2;)]"1313;?3){ Hs)} "2”21112”7;?5)} Z [TES)}H'

iely iely



M. SANGO 361

A passage to the limit in both sides of this inequality and the relation (3.4) yield
(3.3). The lemma is proved. |

As a consequence of Lemma 3.1, we have

g {pﬂ <K, (3.5)

i=1
This readily follows from (3.3) and the estimate

1(s) Y
3 [dﬂ < K. (3.6)

i=1

The constants K; and K5 in these inequalities are independent of s. To establish
(3.6), we apply Holder’s inequality and get

I( I(s) | gt®) 2
(sq"*: [Z} {m}%
2(l e
n—272 % 1
I(s) [dz(_s)} I(s) RE
ol S
i=1 Hs)} i=1

Thus, (3.6) is an immediate consequence of condition H2 and the relation (3.4). Ob-
viously (3.6) implies that dES) tends to zero as s —00. Therefore the sets FZ-(S)

as s — Q.

vanish

Next we proceed to the construction of the corrector formula for u(®). Let p=4 in
(2.25), so that u € Ly (2, Loo (0,T,L2(2))) N L2 (E,L2 (0,T,H} (2))). By Theorem 2.1
there exists a sequence (um)m:mw €Ly (E,C°(Qr)) approximating u in the sense

given there. For simplicity we denote from now on a solution u(%) of the problem
(2.20)-(2.22) (often referred to as problem (1.1)-(1.3)) as u(*). We look for u(*) in the
form

u(® (t,x)=u(t,x) — His (t,x) — Hos (t,x) + Rs (t,2), (3.7
where

Hys(w,t,x)= sz) wtx)w(s)(x),

il

Hys (w,t,z)= ZU(S wtm)z/)(s( ),

iell)

and Ry (w,t,x) is the remainder term.
A surprising fact is that the remainder turns out to be expressed in terms of
stochastic integrals as

d t
Rs(w,t,x):Z/ G (w,T,2) dw!®*, (3.8)
k=170



362 HOMOGENIZATION OF STOCHASTIC PARABOLIC EQUATIONS

where G (w,t,x) are some appropriate Gy-measurable functions such that
t
E/ |G o (w,7,2) > dr < 00, for t€[0,T7.
0

Investigating the convergence of the functions Hys (k=1,2) and the remainder
R, is the main issue to be addressed in the work. A direct study on the functions Hy
turns out to be difficult since some needed regularity results such as L., boundedness
of u are not known. We therefore use the sequence {u,,} as an auxiliary tool. Namely
we rewrite the functions Hys (k=1,2) as

Hys (w,t,x)=H}Y (w,t,2)+ HY (w,t,z), (3.9)
where

Hﬁ”wtx ZUS) um“’tl’)w(s ( )a
il

HY (w,t,z)= sz) w(w, t,2) =t (w,t, )]0 (),
i€l

H}Y (w,t,x)= Zv(s Vit (w,t,2) 1 (),
ZEI//

HY (w,t0) =Y 0 (@) [u(w,t,2) = (w,t,2)] 0} ().

el

From now on we denote all constants depending only on the data and independent
of s and m by C, and constants depending on m and independent of s will be denoted
by Cpy,.

The main result of this section is as follows.

THEOREM 3.2. As s— 00, under the conditions of Theorem 2.8, we have

Hy,—0 strongly in Lo (E,Lg (O,T, H} (Q))) , (3.10)
]
Hys— 0 strongly in L, <E7Lp (O,T, WZ} (Q))) with p€ (1,2), (3.11)
Hos — 0 weakly in Lo (E,LQ (O,T7 H& (Q))) , (3.12)
Ry —0 strongly in Ly (Z,L2 (0,T,Hj (Q))). (3.13)

We immediately note that the last assertion of Theorem 2.8 is a direct consequence
of this theorem.

3.2. Proof of Theorem 3.2. We denote the ball B (xgs)791pgs)) by DES).

Since p§S> —0 as s — 00, we can assume that for s sufficiently large, 6, pz(.s)

1. Recall that u,, € Ly (E,C5°(Qr)) implies that

is less than

1/4
el m.cm 0 = [ sup  [D%um (wit,a)|* ] <oo.
L4(2,C2°(QT)) (t,2)€Qr
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STEP 1. We prove (3.10), i.e
T

lim E [ [|Hy|[30) dt =0 (3.14)
0

S5— 00

We have

E/ |H™ ||H1(Q)dt<EZ/‘

i€l

dt
L2(Q2)

s)
o [0 @) (@, t,2) 0 ()

(I{’;'—FI;’S”—FI;,’S”), (3.15)
where

ol w“ dzdt,

= EZ/

il

Y= EZ/ S>

el

I3V = EZ/

iel]

8um
Ox

dxdt,

() |?
9 dzdt.
ox

Using Poincaré’s inequality, we have

8um dx

i

Ls<|E sup
(t,z)eQT

)2/

av<5

scmz [dﬁ] : (3.16)

where we have used inequality (2.29).
Next by (2.29), we have

Ly<Cn Y [dﬁs)] " (3.17)

i€l

Thanks to the properties of wgs) (x), the boundedness of vgs) (x), and the definition
of I, we have

n—2 n—2
Le<Cn 3 [0 e [ (3.18)
eI’ icl’
We derive from (3.15), (3.16), (3.17), and (3.18) the inequality

E/ [ HTY 371 ) 4t < Com Z[d‘s} - (3.19)

i€l
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Next we have

T
B [ Wiy o <20 4 T+ I, (3.20)
where
2 2 —u) 2
=ey" / o | L“g N dwat,
e’ QT v
(s) 2 2 () ’
Igg/':EZ/ U g —ul? | 5| dadt,
e,/ Qr
2
mi (s) 2 2 8"/}1‘(8)
I3, :EZ v | — 3 dxdt.
i€l =T t

We have, in view of the boundedness of v and 1/1§5),

%

T N2
<EY" / / ’3(“m 9 gyt
ier /o JB(=.05) Oz
T N2
SE// ’8(“’" 9| drar

0 uiGI;B(xES),GlpES)) Oz
3 (tm —u) |?
<FE Ot ) dzdt=e1(m),
Qr ox

where €1 (m) — 0 as m — 00; here we have used the fact that the balls B (xgs),ﬁlpl(.s))
are pairwise disjoint.

The estimation of I5?" is more involved. First we note that the strong conver-
gence of U, to u in Lo (E, L2 (Qr)) implies that u,, converges to u in the dP x dt x dz
measure. Hence by a theorem of Riesz there exists a subsequence w,, of wu,, which
converges almost everywhere in = x Qp; the whole sequence u,, does not converge
almost everywhere in general. In view of the necessity of this result, we can consider
that throughout the approximating sequence u,, is actually replaced by the subse-
quence u,,, which achieves the needed convergence, and we therefore denote u,,, as
Um. Now by Egorov’s theorem for any € > 0 there exists a set A, in the Borel o-algebra
of Ex Qr with measure (dP x dt x dx)(A:) <e and

lim sup [ (U, — ) (w,t,2)| =0. (3.21)
m—oo (w,t,z)E(EXQT)\ A

By the above remark for any e > 0, there exists the set A. such that

2

n
o'
I <CE sup K / | dx
2 (w,t,z)E(EXQr)\Ax ; zegl:g B<I§S)’1) 8:Uj
)] |0l [
+;/Ae‘wi [t —ul® | =5 dadtdP. (3.22)
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Using (2.31), we estimate the second term above by

57 -1
CE ([min [dgs)] } / |u—um|2dxdt> , (3.23)
i€l’s i

€

where A, is the projection of A, on Q7. We cover the set A, with a finite number of
balls b, [=1,...,L, and since ¢ is an arbitrary positive number, we choose the radius

2
of bls such that its measure meas [blg] is equal to min;e s [dz(s)] max;ey: dgs). Thus by
(2.29),

n—2
Il <CFE sup |um_u|z {dl(s)}
(w,6:2)E(EX Qr)\ A o
BhS 1
s 2

The second factor of the first term in the right-hand side of the above inequality
converges to zero as s — oo by (3.2), while the first factor is finite and independent
of s. Hence the first term vanishes as s — 0o. As s— 00, by the Besicovich-Lebesgue
differentiation theorem,

1

[ — | ddt — |(u— s ) (center of bL) 2,

: (9)7]? () Juy
min;e d; max;e d; E

which is finite, while the first factor in the second term in the right side in (3.24)
converges to 0 as s — co. Hence we have shown that I}, vanishes as s — .
Similar arguments show that

13" < Crnes (s),

where £3(s) =0 as s — 0o. Combining these estimates we deduce from (3.20) that

T
B [ g ot <o (m) +Coe (), (3.25)

with £(s) =0 as s = co. From (3.19) and (3.25), we get

T n—2
E/ HHL‘;H?{&(Q) dt <Chp, Z [dﬁﬂ +e(s)| +e1(m).
0 i€l
Passing to the limit in both sides of this inequality as s — 0o, and using (3.2) we get
T

lim E i ||H13||§Ié(mdtgal(m).

§—00

A second passage to the limit as m — oo gives (3.14) and therefore (3.10) holds.
STEP 2. Let us establish (3.11), i.e.,

T
lim E/ ||Has (w,t,z)|[",  dt=0. (3.26)
0 w.

s—o0 1(Q)
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We start with the proof of the relation
T 2
E/ 13 (w,t,2) |33 )t < Cos (3.27)
0

Combining the boundedness of w,, and vfs) with the properties of wi(s) (z), and the

inequality (2.29), we get

E/ 1 ||H1<mdt<EZ/

iell)

2

dt
L2 ($2)

o @) ume (@)

<Cp Z[d?)}"*ﬁz[p?)]" . (3.28)

el iely
This inequality together with (3.5), (3.6) gives (3.27).
Next since H3?' (w,t,x) =0 outside Ujcrr Dfs), by Holder’s inequality we have
2

P

T, o <O @)y 2 (7] 0 pe(12).
Wa icly

Integrating both sides of this inequality with respect to ¢ and passing to the mathe-
matical expectation we get from (3.27) that
—1

2
P

E/ M b, < S (3.29)

el

Repeating the same arguments used in the estimation of H{?”, it follows that

T
B [ 1R w2y oy d < ), (3:30)
0

where € (m) —0 as m— oo. Thus for pe (1,2),

T T p/2
E HM (w,t,2)|[f.,  dt<C|E / HY (w,t,2)| 20 ondt | < . (3.31
/O |[Hay" (w w)HW;(Q) < ( ; 3" (w,8,2)] 1 0 <e(m). (3.31)

Hence
T (s) n
E/ o (b2, dt<Cd 3 [0l +e(m).
0 Wy (Q) iezl:”

Passing to the limit in this inequality as s — oo, and using (3.3) and passing to the
limit in the resulting relation, we get

T
lim E/ ||Has (w,t,z)|[",  dt=0.
s—00 0 Wi(Q)
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This proves (3.11). On the other hand (3.27) and (3.30) imply that Hs, is bounded in
Ly (E,LQ (O,T, H} (Q))), and thus it converges weakly to a function £ which is equal
almost everywhere to 0 in view of (3.11). The statement (3.12) is therefore established.

STEP 3. We proceed to the proof of (3.13). It is the most involved part of
the work. In view of (2.24), (3.10), (3.12), and the relation (3.7), we have that
Rs,e Lo (E,LQ (0,T7H3 (Q))) and

Ry —0 weakly in Ly (2,Ls (0,7, H (2))). (3.32)

This does not imply strong convergence of Ry in Lo (E,L2 (0,7, L2 (£2))) directly. The
latter follows from the strong convergence of Hag to zero in Ls(E,L2 (0,7, L2 (£2))),
which can be established by rephrasing some parts of the proof of (3.10). This fact,
combined with the strong convergence (2.26) of u(*) to u in Lo (Z,Lo(0,T,Ly(Q)))
and (3.10), enables us to claim that

Rs; — 0 strongly in L2 (E,L2 (0,7, L2 (£2))). (3.33)
Let ygf) (w,t,x)=C(n (t) Rs (w,t,z), n=1,2,... be a sequence of random functions in

Ly (Z,L2 (0,T,Hj (2))), where ¢, (t) €C° (R), ¢u(t)=1o0n [£,T—21], and ¢, (t)=0
outside (0,T). We have y(s)( t) =0 outside (0,7) and

T 5 T
lim / / o (. t,0)| di= / / IRy (w,t,2)| 2 dt. (3.34)
n=oo o JQ) 0 Jo®

We recall the following formula of integration by parts:

T
/ / yff)du(s)dx:/ yy(f)(.,T,.)u(s)(.7T,.)dx—/ v (,0,)ul) (.,0,.) dx
0 Ja® Q) Q)

T T

—/ / 9y da — / dyduPdz.  (3.35)
0o Jae ) 0o Jaw

(s

Multiplying the equation (1. ) by yn ) and integrating both sides of the resulting

equation over the cylinder QT , we get

T T T
- / / v Au® dadt = — / / y® dul®) dz + / / y(®) f(t,u(s)>dxdt
0 Q) Qs) Qs)
(s)
+ N dxdw?
Z/ /( )y gk ) t-

Further integrating by parts over the integral containing Au(®) and the one containing
y du® (using formula (3.35)), and using the above multiplication rule and the fact
that y( )(. 0,.)= yy(f) (.,T,.)=0, after passage to mathematical expectation we get

) AR,
E n
Z/ /m) Ox; Ox;

:E/ (f(s)7Cn (t) Rs) dH_E/T (u(s),Rs) 5Cgt(t) dt
0 0
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+EZ / 6 (1) (97, R ) duof "
d T

+Z / (n(t)(u(s),Gsk>dw§5)k+EZ / G (8) (g, Gsp)dt  (3.36)
k=10

=M+ Mgg’ + M+ M+ M.
Taking into account (3.33), we see that the first two terms M{™, M{™ in the right-

hand side of (3.36) converge to zero. Let us represent the left-hand side of the equation
(3.36) in the form

8R
E . — 1o — Iys— 3o+ I, .
Z / /Q() ax] Ty 1o Ios = I+ Iy (3.37)

where

8u 8R

IlstZ / /Q .
8H18 OR,
? ; 0 Qs) ( 61‘]‘ 6.1?]
“T ast IR,
IBS_E.E_:/O /ms)Cn( dx; O,
aR OR,

EZ/ /Q( ) al']

here we have omitted the index n in the notation of the I;,, for simplicity. Thus by
convergence of any I;; when s— oo, we shall also generally mean that n— oco. By
(3.10) and (3.32), and the fact that ue Ly (Z,L2 (0,7, H} ())), it follows that Iy,
and Is5 converge to zero as s — 00.

We proceed next to the estimation of I3;. We note firstly that since vfs) (z) is a
solution of problem (2.27), it satisfies the integral identity

61} &p
—dx=0, 3.38
/B() Oxr; Ox; (3:38)

n

for all o (z)€ Hg ( (S)) ; recall that Bgs) =B (xES)J) \Fi(s). Using the definitions of
’Ul(s) () and the test functions z/JES) (z), we write

Iys=Jis+ Jo + Ty + J5 + T3, (3.39)

where

o 9 (#)
Jlg*EZ/ Cn (8 Z/<s>\F<s> 8:5] aisc](Rsuwi )dx dt,

iell
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Z /D< ) 81);5] i ( 1/)( )) dt,

n T
JgszEZ/ Ca(2)
j=1"0

ZEI” ]
J! —Ei/Tg (t) Z/ )aRSi(u w“))dx_ dt
3s = 0 " zeI” D( s) vi 8xj 833]‘ m ’

n T (s)
ov;” 0 (s)
" o_ z : 2 : i . (s
JQS_Ej—l/o w0 iezu/Dgs)Rs Oz; Ox; <[u unl¥: )dx "

L0010 (s)
Z/D() ¢ %ja—%([%umm )da| d.

| iely

n_ LT
=F Cn ()
>

For s sufficiently large we may assume that 91p1(-8) <1, ie., DES) CB <x£s),1>. Thus

w;s) (x) =0 outside B (acgs),l) Since Rsuwgs) €eH} (B ( (S)> for almost all £ and w, then

taking into account the integral identity (3.38), we get that J;5,=0.
In order to estimate Jys and J3s we shall need an auxiliary result. For 0 < p<1,

let B, = {.’L‘ eB (xgs),l) 1 0< vfs) ()< ,u}. We define the function

( )(CC) 'UES) (1:) ifIEBH,
Vi pifx¢B,.

An easy verification shows that the function ¢ (z)= vfﬂ) (x)— ,twgs) (z) is an admissible

test function for the integral identity (3.38). Hence substituting it in (3.38) we get

2
/ Vvl(s)Vv#dx:,u/ ’vas) dz.
B(zgs>,1) B(m§'§>,1)
2
The left hand side of this equation is equal to [, ‘Vvié (3.38)
we get the inequality
Ok ()]"?
/ ‘vvf ’ dv<culd®]” . (3.40)
Bl"
By the boundedness of u,,, we have
Jos < Fogt+ Fyg, (3.41)
where
(s) (s) ?
S S
Fj,=C_ [E sup |um|]® |E / / Rl| 28| 2 gt | | (3.42)
(t,2)eQr ity D(S) oz ox
(s) ’
a (s
Fl=C [E sup |um]® |E / / T (3.43)
(t,x)eQr iely D(g) al’
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Let us denote Béf) :DZ(S)\B (xgs)ﬁgpl(-s)), and also denote the integral in (3.42) by
F}. Using Holder’s inequality and the definition of 1/}1(8) (z), we have

9 1/ 1/2

2
T
2
dzx > /O /D . |R,[*dxdt | . (3.44)

iery

o
ox

—2

/ (s)
Fr< Z[pi } /B(S)
24

eIy

()

o @) By

Let us estimate the integral in the first factor. We set p;”" =max__ )
24
(2.30) we have
n—2
d
7]
Since
2 2
vl v
/ L / L
B | Ox B | O
wy
it follows from (3.40) and (3.45) that
2(n—2)
o e[
/ 8’01 dz < C,Ml(s) {dga)] < i —
B | Ox |:p(s)j|

This inequality and (3.44) imply

|:d(‘5):| 2(n—2)

T 1/2
Fl< r 4 Ry[*dzdt| . 3.46
e </ o ef ) .

1/2

iery

Let us estimate the integral over Dgs) in the right-hand side of (3.46). As noted
() (=)
at the beginning of Section 3, 6;p\" < p{*) < d"'T—l—ris). Define (") = %4—1‘58). By

inequality (2.3) in Lemma 2.4, we have

2 (s) 2 aRs
/Dgs) |Rs‘ dng(elpz ) »/B(CEES),G'ES)>‘ ox

{9101('5)}”

2
[g(s)r /B(x‘) o)) B de

"

2
dx

+C

This inequality and (3.46) give

[d(s)

( T 1/2
’ v 2
FQSCZ |:p§6):|n (/0 L<x5§)7afg)) |Rs| dl’dt)

el

e 1/2
}2( 2)
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n— 1/2
|:d(s):| 2( 2)

i T OR, 2 12
(s)]™ 2 (/ / (=) () ’ ox d;vdt) '
[pis :| 0 B(mi e )

The balls B (mgs),ags)) do not intersect, thus by the definition of I/ and (3.42) we
get that

|:d(s):| 2(n—2)

W E </QT Rs|2dasdt>

4] o

1
+Cp [SUP —— 5057 — E(/
”]2( 2 ; ] Qr

{lnrg

eIy

1/2
OR,

ox

2
dmdt) .

The first term in the right-hand side converges to zero thanks to (2.33) and (3.33).
The two last factors in the second term are bounded for similar reasons, while the
first factor converges to zero. Hence we get that lim,_, ., F, =0.

Next, by Holder’s inequality we have

1/2

1/2 n—2
Fy < Cyp (E / |Rs|2dxdt> 3 [dﬂ
Qr

=

(3.6) and (3.33) imply that lims_,o, F5, =0. Hence we have proved that

. !
Slggo Jys =0. (3.47a)
Similar arguments show that
. !/
Shggo J55=0. (3.48)

Next we prove that J§, and J¥, converge to zero as s— oo. By Egorov’s theorem,
for any >0 there exists a set A. in the Borel o-algebra of = x Qr with measure
(dP x dt xdx)(A:) <e and

lim sup [(trn, — ) (w,t,z)|=0. (3.49)
M= (w,t,2)€(EXQr)\Ae

We have J. <G, +GY, where

n T
’QZCEZ/
j=1"0

(5) 9,(s)
Z/ R [u— ) v ” 9%, dx | dt,
O Ox; Ox;

(s)
() 00" Ou—um]
s ————|dz | dt.
Z/Dgs) B a0, |

n T
Gy gCEZ/
j=1"0
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Thus
p 00 0
G,L<CE sup |um—u| / / . L\ dx | dt
’ (w,t,2) E(EXQr)\ A Z EZI: " Oz Ox;
(é) a¢(5
. dzdtdP. 3.50
[u=um] 6xj [“)xj ( )
The second term is estimated above by
1/2

1/2 971
C(E/ RS|2dgsdt) E([min M@” / |u—um|2da:dt> : (3.51)
Qr icll! A,

where A. is the projection of A, on Q. We cover the set A, with a finite number of
balls bls7 l=1,...,L, and since ¢ is an arbitrary positive number, we choose the radius

2
of b such that its volume is equal to min;¢ I [pgs)} . Thus

av( s) (9’(/J(5

dr|dt
S Ox; Ox;

GL<CE sup —U|Z/ Z/()
Dt

(W;t7w)€('—'><QT) ZEI”

L 07 -1
+C, /E/ |R,|* dzdtE Z {m'}n [pl(.s)] } / |t — | dedt. (3.52)
Qr =1 L€ o bl

The second factor of the first term in the right-hand side of the above inequality
converges to zero as s—» 0o (see the investigation of the term Fj, above), while the
first factor is finite and independent of s. Hence the first term vanishes as s — 0o. As
s — 00, by the Besicovich-Lebesgue differentiation theorem,

W/ |t =ty |* dwdt = u— 1,y |* (center of bl )

which is finite, while the first factor in the second term in the right side in (3.52)
converges to 0 as s —0co. Hence we have shown that G, vanishes as s — co. Similarly
G4 —0 as s—o00. Thus JJ, —0 as s— o00. Analogously J§, —0 as s — co. Combining
all the results of convergence obtained, we get that I3, (see (3.39)) converges to zero
as s — 0o.

Therefore taking into account that the first three terms in the right-hand side of
(3.37) and the first term in the right-hand side of (3.36) vanish at the limit, we have

(n)

where ¢; ' — 0, as s,n— oco.
We proceed to the estimation of the stochastic integral

d T
M =EY /0 Co () (g1, R ) duct
k=1

2
dadt =™ + i + M 4 p (3.53)

s
Q) 7 ‘ 63)
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We have, by the Martingale inequality,

EZ/ Cn(t) (g, R dwgs)k<ZE

/ gka dwtg)k

373

1/2
<CZE</ (91, R )th) .

In view of the condition (2.7) on g, we have

LT (s)k
E E n R dw,’®
k_l/O Cn () (gn ) dw,

SC[E sup (1—|—H (s)

0<t<T

)] [E(f, o]

The first factor in the right-hand is bounded and the second vanish at the limit by

(3.33). Hence lim, ,, 00 M{™ =0.

In order to estimate the last two stochastic integrals M, i?) and Mé:) we need the

relation

(w,t x)‘ dt=0,

lim E/ /
§—00,N—00 Q)

the validity of which we now establish. From the definition of ySf

and (3.33) that

lim E/ /
§—00,N— 00 Q)

But since (see e.g. [42, page 29])

T
/ (gkv dwt E/ gk?a | dt
0
k

and the Wiener processes w; are independent, we have

T d T
E/ / / G (2, 7w dwf)k
0o Ja® [; 0 ( )

Since

o f b

(3.55) and (3.57) imply that

E

w,t,x ‘ dxdt=0.

(3.54)

) we have by (3.34)

(3.55)

(3.56)

2
T T
:E/ / / [Gor (z,7,w)]* drdadt.
o JawJo

(3.57)

2
1) * dwdt— n G ( (k|
(w,t,x T / /Q()C lZ/ g (z,mw)d 1

lim E/ / / .1‘7'&)} drdadt=0.
§—00,N—00 Qs)
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Combining this relation with Fubini’s theorem and the non-negativity of the integrand,
we get (3.54). Arguing as in the estimation of M?E:) and taking into account (3.54), we
easily show that the integrals M, i;” and M, é:) in (3.53) converge to zero. Thus passing
to the limit in both sides of (3.53) as n,s— 00, and using the definition of (, (t), we
conclude that

2 2

OR, dxdt=0.

lim F
im o

§—00 QT

drdt= lim lim E gn(t)’aRs
Qr

S—»00M—y00 oz

The relation (3.13) is proved. This completes the proof of Theorem 3.2.

4. Derivation of the limit problem

In this section we construct the limit problem (2.35)-(2.37) satisfied by the func-
tion u(w,t,z). Let h(x) be an arbitrary function in C$° (€2). We consider the sequence
of functions

1(s)

h (@) =h(2) = h(z)v () (2), s=1,2,.., (4.1)

i=1

where wz@ (x) are the test functions introduced in the previous section and the func-
tions vgs) (x) are solutions of the problem (2.27). It is clear that hg(z)€ H} (Q(s)).
Let us denote the second term in (4.1) by G, (x). Arguing as in the proof of Theorem
3.2 (see Steps 1 and 2), we see that

hs(x) —0,, weakly in H} () (strongly in Ly (Q)), (4.2)
and

hs (z) — 0 strongly in WI} (Q),pe(1,2).

Substituting n(x) =gs (z) in the integral identity (2.5), we get

T (s)
Z/ / ou ahsdxdt
=170 Jo® Ox; Oz
:—/ ul®) (w,T,x) hy (x)dm—l—/ ug () hs (z)dx
Q)

Qs)
T d T
+ / / f(t,u(S))hs(gc)dxdt—i—Z / / hsgk(t7u(8))dxdw7£s)k_(4.3)
0 Q) k=170 Q)

By (4.2) and the strong convergence (2.26) of u(®), it readily follows that

E [ /Q _uo(w)h, (x)ds /Q u @ Twh, (x)dx} (4.4)
—>E[/Quo(x,w)h(x)da:—/Qu(x,T,w)h(x)dx}.

The convergence (2.26) implies, modulo extraction of a suitable subsequence, that for
almost every (w,t) with respect to the measure dP x dt,

u'®) = strongly in Lo (€2).
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Combining this with the boundedness of u(*) in Ly (Z,Ls(0,T,Ly(Q))) and the con-

tinuity of f(¢,v) in v enables us to appeal to Vitali’s convergence theorem to claim
that

f (t,u(5)> S f(tu) in Lo (2, L (0,7, La ().

This fact together with (4.2) implies

E/OT/Qf(t,u(s)>hs (m)dxdt%E/OT/Qf(t,u)h(sc)dxdt. (4.5)

Similarly, owing to the conditions on g,
ak (~7u(5) (-)) g () in Lo (8, Lo (0,1, Ls (Q))). (4.6)

The convergence

d T d T
EZ/ / hsgk (t,u(s))dxdwt(s)k%EZ/ /hgk (t,u) drdwf (4.7
k=170 J2© k=170 79

is more involved; it will follow from

t ¢
/ Gk (T,u(s) (7“)) dwﬁs)k —>/ Ik (T,u(r))dwf weakly in Lo (E,L2(9)), (4.8)
0 0

for almost all ¢t € [0,7]. The difficulty here lies in the coupling of the nonlinearity of
gr with the presence of a varying Wiener process. To prove (4.8) we introduce the
regularization

1 [t q—r
@@= [ o~ ) lrutran (19)
e Jo €
where p is a mollifier and u € Lo (E, L2 (Q1)). We have that
r 2 r 2
B[ o Ol )@t <E [ Nt ot (4.10)
and
g% (t,u) = gg (t,u) strongly in Lo (Z,La(9)). (4.11)

Also, for s fixed,
g (t,u(s)> g (t,u(s)) in Lo (2, Lo (Q)). (4.12)

From the definition of g;, we have

[l () 0 -st [} ar
< /Ot Hgk (u(s)) (r)—gr (u) (r)‘ QLZ(Q) dr. (4.13)
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Next, by integration by parts we have

[ () @yl = (w) @l [ (u) 1yl
0 0

In view of (2.11) and (4.6), passing to the limit as s — oo in this relation we get

¢ ¢
92 (4 0wl s g ) 0k [ g ) (ryukar (414)
0 0
pointwise for almost all w, z; the right hand side is equal to fg g5 (u) (r)dwk. Since
2
r) dadw®* <S> ‘ dr<C, (4.15)
sz L2 ()

it follows from Remark 2.1 that

/ g5 ( (S)) (r) dw ¥ —>/ (r)dw” weakly in Ly (2, Ly (),

that is, for all ¢ € Lo (E,L2(Q)),

B (s [ ot () ) = (o [ @ mant). @

5 [ ()]

Thus there exists n€ La (2, L2 (€2)) such that for all ¢ € L2 (E, L2 (R2)),

Also

gk s) ) dw,, s)k dr<C.

L2 ()

Q

E (qs, ok <u<5>) (r) dw$5>k) S E(é7). (4.17)
We show that .
1= [ gt vk, (4.18)
We have . .
B (o [ (49 ) -5 (0, [ atw) (k)
— L+ D+, (4.19)
where
L=F (¢a t (g (u(‘s)) (r)—g° (u(b)) (r )) dw(“’)k>
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By the Cauchy-Schwarz inequality, (4.13), and (4.6) we have that I; converges to zero
as s —o00. I converges to zero by (4.16), and I3 converges to zero by the Cauchy-
Schwarz inequality and (4.11). Hence, passing to the limit in (4.19) as e =0 and
j— o0, we get (4.18). This proves (4.8). (4.7) is then a consequence of (4.8) and

(4.2).

Next we estimate the mathematical expectation of the expression in the left-hand
side of (4.3). Setting Hy = H1s+ Has, where Hy; and Hog are from the relation (3.7),

with u replaced by its approximation u,,, we have

n T
Ou'®) Ohy
E§ dxdt=L14+ Los+ L3,

11/0 /Q(s) O0x; 5931‘96 1o bost b

where

n AT
ou'®) oh
Li.=F
1s ;/0 /Q<s> Ox; (%cidzdt’

n T
OH; 0G
Los=F
s ;/0 /Q(s> 8$1 6':cz dl‘dt’

n T n T
Ly=EY. / O OGs dedt+EY / ORs 0Gs 1.
i=170 i=170

Qs) axi 33% Q(s) 8331 6%1

(4.20)

Since u(®) converges to u weakly in Lo (E,Lg (O,T, H} (Q))) and h € H} (Q), it follows

that

n_.T
Ou Oh
lim Li;=F dxdt.
Jim L Z/ | oo
By Theorem 3.2 (relation (3.13)) and (4.2) we get
lim L3s =0.

S—r 00
We now estimate Los. By the definition of Hy, Gy, vis), and wgs), we have
L2s = Jls + J25 + J387

where

n I(s) . (s)
_ Ovi” 9 [ () ()]°
Jls —EZZ/ o) Tx]@i‘r-} ('Ui Umh |:1Z)’L :| dxdt7

JQS:EiIz(sj) / ’ / vf)aij (um@s)) % (vgs>hwgs>)dxdt,

Q) J
T (s)
ov;” 0
Jss=E / / vf)hwf)—’— (umwgs) dxdt.
_7:2112:; 0 Qs) a.’Ej &rj )
We note that Jog is a sum of expressions of the type

n I(s) . (8) aasz,,(5) 9a s, (s)
5 0% Uy, 922901 Gaag(®) gaapy gas
B3 [ e e Lt

(3 q a2 a3 (e 7] a5
Q) 5'1:j 8:z:j axj 6xj axj

(4.21)

(4.22)

(4.23)
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where the ay’s are integers taking the values 0 or 1 and such that oy +ax=1, az+
a4+ a5 =1. We shall prove that each of these expressions converges to zero. However,
we limit ourselves to one of them; the others are proved analogously. We take for

example
n I(s) (s)72
JQS_EZZ/ / [a;”; ] hdadt.
J

Since |h(x)| <C and u,, is finite, we get

I(s)

ng <Cp Z [ } /DES)\B(IES)’%PES)) [Ugs) (17)] Qd%

where we have used the definition of w;s) (x). Thanks to (2.30), we have

{ (s)f(” 2 [ <s>r(” 2

T30 < Z mZ

@ e e )
I(s) [dzgs)}z(nﬁ)

ngZ[dgs)rﬁ_FCmsup ! — Z |:(s):|n ;
T

n—2
el {lnr( )} 2n=2) i=1

where we have used the definition of the sets I, and I7. Passing to the limit in both
sides of this inequality and taking into account the relation (3.2) and the condition
(2.33) we get that lims_, o J5, =0. Similar arguments show that the remaining expres-
sions of the type (4.23) converge to zero. Therefore lims_,o, J2s =0. Analogously we
prove that limg_, ., J35 =0.

Assuming that s is sufficiently large so that 6, pgs) <1, we can write

J _J15+J15’
where
"t vy < ) () (5)
Jls—E;;/ /(S) P axj [0 @) umh (v =1) (0 +1) | daat,
n I(s) .1 (s)
B 31} 0 (s)
J{;E;;/O /(> o 8%[ (2) b dadt.

The function &\ (w,t,2) = v\ (z) umh (w§8> —1) (1#2(5)4—1) € H} (BZ.(S)) for almost

all t and w. Thus by the definition of the functions vf) (z) (it satisfies the integral
identity (3.38)) we get that Ji,=0.
Let us write

n I(s)

81)(8) av(s
1"
Jis=FE E E / /() ) umhda:dt

j=1l1i=1




M. SANGO 379

n I(s) ( ) 5
j=1li=1 ° J

Arguing as we did above we can show that the second term in the right-hand side of
(4.24) converges to zero. Thus

av( s) av(s)
" _
Ji,=F E E / / D, O, umhdzdt + ps, (4.25)

where limg_, oo s =0.

We now cover {2 with a system of closed sets G;, [=1,2,...,L, such that the
interior of G; does not meet the interior of Gy, for [ #k, Q=U;G}, and furthermore
L is chosen such that for fixed m the modulus of continuity of the function u.,,h
in G with respect to x is less than 1/mL. We denote by I;(G;) the set of indices
i=1,2,...,1(s) such that FZ-(S) C G. Since the Fi(s) vanish as s — 0o, we can choose G
so that Uy I, (Gy) ={1,2,....,1(s)}, i.e., all Fi(s) lie inside some G for large s. Let c(x)
be the function defined in Hypothesis H3. We have

J{'S:E/OT/QC(:E)u(x)h(x)dxdt

- vl ol s :
+E;/O Z Z / av;] ;9153 dI/G,C(I)dI um<z£ ))h( ())d

Jj=liels(Gy)

_EZ/ /G 2) () — (ﬂcES))h(xES)))dmdt
+E;/O /Glc(x)(um(x)U(iﬂ))hdxdtJrus;

we have omitted to write the variables ¢t and w for simplicity. Passing to the limit in
both sides of this equality first as s — oo and later as m — oo, thanks to (2.34) and
the properties of u,, and h, we get by the dominated convergence theorem that

lim J{, —E/ / x)uhdxdt. (4.26)

§—00

As a result we have shown that

lim Log= E/ / x)uhdzdt.
S— 00

This together with the relations (4.4), (4.5), (4.7), (4.20), (4.21), and (4.22) enables
us to pass to the limit in (4.3) and obtain that

ou 8h
EZ / /ﬂ { e )uh] dadt
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:—E/u(w,T,x)hda:+E/ uo (x) hdx
Q Q

T d T
+E/ /f(t,u)hdxdt-i—EZ/ /hgk (t,u)dmdwf.
0o Ja /o Ja

Since h(x) is an arbitrary test function, this implies that u(w,?,x) is a generalized
solution of problem (2.35)-(2.37) for almost all w. This completes the proof of Theorem
2.8.
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