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SCATTERING OF SOLUTIONS AND STABILITY OF SOLITARY
WAVES FOR THE GENERALIZED BBM-ZK EQUATION*

AMIN ESFAHANI!

Abstract. In this paper, a two-dimensional version of the BBM equation will be considered.
The existence and scattering of global small amplitude solutions to this equation will be studied.
The orbital stability of solitary wave solutions of this equation will be also investigated.
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1. Introduction
In [2], Benjamin, Bona, and Mahony derived the following alternative to the KdV
equation model for the propagation of long, weakly nonlinear one-dimensional waves:

Up + Uy — U + ULy =0, (1.1)

where u is a real-valued function. The idea behind the derivation of (1.1) (so-called
BBM equation) is that the dispersion of the linearized equation at zero, while being
equivalent to that of the linearized KdV equation for long waves, does not possess the
bad short wave behavior of the KAV dispersion w(k)=k—k3 (see [2] for a very lucid
discussion of the shortcomings of the KdV equation with respect to modeling).

A natural weakly two dimensional generalization of (1.1) is so-called BBM-ZK
equation [1, 13, 22, 34]

Uy +€um_(uwt+ﬁuyy)m+uu$:03 (12)

where S €R*, £>0, and u=u(x,y,t) is a real-valued function. One can easily observe
that the dispersion relation of (1.2) is a good approximation of that of the Zakharov-
Kuznetsov (ZK) equation

Ut + (U +Uyy ), + Uty =0, (1.3)
which can be considered as a two dimensional version of the KdV equation
Ut + Upgg + Utly, = 0. (1.4)

The motivation of this work is to compare the behaviors of the solutions of the two-
dimensional versions of (1.1) and (1.4). In [16], Faminskii considered the initial value
problem associated with the ZK equation. He showed the local and global well-
posedness for initial data in H™(R?), with m € N. In [5], Biagioni and Linares dealt
with the case p=2 for the generalized Zakharov-Kuznetsov (gZK) equation,

Ut+(“xz+uyy)m+upux:0a (1.5)

and proved the local well-posedness for data in H'(R?). By considering the cases
p=1 and p=2, Linares and Pastor [25] improved the results in [5, 16] by showing
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that the initial value problem associated with equation (1.3) is locally well-posed for
initial data in H*(R?), s>3/4. Moreover they also proved the global well-posedness
in H!(R?), for p=2, via a standard method by using the unique ground state of (1.5).
Recently, the local and global well-posedness and a nonlinear scattering result in the
energy space, for the case p>3, have been investigated in [17, 26]. More precisely,
the authors in [17] obtained the local well-posedness of (1.5) in H*(R?) for s>3/4
if 2<p<8, and s>1—2/p if p>8. They also showed that solutions of (1.5) with

small initial data decay to zero like (14 |t\)_$‘il> in L2(PT1(R?). Recently Ribaud
and Vento in [30] improved these results to s>1/4 if p=2, s>5/12 if p=3 and
s>1—2/pif p>4; see also results of [29] for the three dimensional case of (1.5). It is
noteworthy that the Cauchy problem for the ZK equation in the Bourgain-type spaces
[9, 10, 11] seems not to work. It should also be noted that questions of existence and
orbital stability of solitary wave solutions of (1.5) were addressed by de Bouard [12].
In [12], the author proved that the positive, radially symmetric solitary waves are
orbitally stable.

We consider here a generalization of equation (1.2), namely the gBBM-ZK equa-
tion:

Ug +-ety — (Ugs 4 Buyy ), + (f (1)) =0. (1.6)

The author in [13] investigated the well-posedness of (1.2). He showed that equa-
tion (1.2) is globally well-posed in an appropriate functional space X, continuously
embedded in L?(R?). Furthermore, it was established in [13] that if the solution of
the Cauchy problem associated to (1.2) has a compact support for all times, then this
solution vanishes identically. It is worth remarking that the transverse instability of
solitary waves of (1.2) has been studied in [22].

In the present work, we study the decay behavior of small solutions of the initial
value problem for the gBBM-ZK equation. We obtain a lower bound for the degrees
of nonlinearity. These results allow us to establish a nonlinear scattering result for
small perturbations; that is, the small solutions of the nonlinear problem behave
asymptotically like the solution of the associated linear problem.

We also investigate the nonlinear stability of solitary waves of the gBBM-ZK
equation. Indeed, by using the famous result of [32], we prove the nonlinear sta-
bility and instability of solitary waves of the gBBM-ZK equation under appropriate
conditions on the nonlinearity and the parameter ¢, and some spectral assumptions.
Finally, we will compare the stability of solitary waves of the BBM-ZK equation to
the gZK equation and another two dimensional generalization of the BBM equation,
the so-called 2D-gBBM equation [3, 12]:

s ety —Aup+ (f(u)), =0. (1.7)

Regarding the decay and the scattering of the solutions of (1.7), Biler et al. [6] showed
that the supremum norm of solutions with small initial data of (1.7) with p>3 decay
to zero like (14[t|)~2/3. Tt should be noted that orbital stability of solitary wave
solutions and scattering of small solutions to (1.7) were addressed by de Bouard [12].

The rest of this paper is organized as follows. In the next section, the decay and
the scattering properties of (1.6) shall be studied. Section 3 is devoted to the nonlinear
stability of solitary waves of the gBBM-ZK equation. We will show that solitary waves
of the gBBM-ZK equation are stable if and only if d”’ >0 (see (3.11)). We will apply
our results to the power-law nonlinearity f(u)=u?*1/(p+1). The regions of stability
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of solitary waves of (1.5), (1.6), and (1.7) will be compared. We also study the effects
of the parameter ¢ on stability of solitary waves of these equations.

We finish this section by introducing some notations which will be used through-
out this paper.

Notations. Throughout this paper, the notation |||, is used to denote the
norm in the Bessel potential space LZ(R"™)=(I—A)~*/2LP(R™) such that for ue&
L2(R™), |Julls,p=|(I — A)*/?u|, < +oc, where |- |,, is denoted the norm in LP(R™) space.
We also use ||-||s for the norm in the usual Sobolev space H*(R")=L?(R"™). For
1< p< oo, the notation |(f,)|, is defined by |(£,g)|p = |1y +|gl,.

We also use the notation [ ||(s, s,) to denote the norm in the anisotropic Sobolev
space

5152 (RQ) _ (1—8923)781/2 (1_85)782/2[/2(]]%2)7
such that for u e H*1%2(R?),
[l (51.00) = ‘(I—@i)aﬂ([—@;)s’zﬂu‘z < +o0.

For any positive numbers a and b, the notation a <b means that there exists a
positive (harmless) constant £ such that a <kb. We also use a~b when a <b and
b<a.

2. Decay and scattering

In this section, we will study the decay and the scattering properties of (1.6).
Throughout this paper we assume that f€C?(R) such that f(0)=0 and f(s)=
O(|s|PT1) as |s| = +o0. Before stating our main results, we give the following results
for the existence of the local and global solutions of (1.6). The proofs of the first two
theorems follow by classical semi-group theory [28, 31] or the parabolic regularization
theory [21] (see also [15, 32]).

THEOREM 2.1.
(i) For ug€ H*(R?), s>1, there exists a T=T(||uolls)>0, and a unique solu-
tion we C([0,T); H*(R?)) of (1.6) with u(0)=uo. In addition, u(t) satisfies
E(u(t)) =E(ug), Qu(t)) =Q(up), and I(u(t))=1(ug), for all t€[0,T), where

I(u):/]R2udxdy, (2.1)

1
E(u) :_5/ gu2+5uz+2F(u)dxdy, (2.2)
]RZ
1
Qlu)=5 / u? +uzdady, (23)
RZ

where F' = f. Furthermore,
ueC ([0,T); H**(R?)),
where s1 >0 and sy =5—57.

(i) For ug€ H**2(R?), s1,80>1/2, there exists a T=T(|luol|(s,,55)) >0 and a
unique solution weC ([0,T); H***2(R?)) of (1.6) with u(0)=uo. In addi-
tion, u(t) satisfies E(u(t))=FE(up), Q(u(t))=Q(up), and I(u(t))=1(ug), for
all t€[0,T). Furthermore,

ueC ([O,T);Hmi“{wz} (R2)) .
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We also have the following weaker result.

THEOREM 2.2.

(i) If uo € H*(R?), then there exists a global solution uwe L> (R;H'(R?)) of (1.6)
with w(0) =ug. Moreover, there exists T >0 and a unique weak solution u €
C([0,T);H (R?)) of (1.6) with u(0)=wuo. In addition, u(t) satisfies E(u(t))=
E(ug), Qu(t))=Q(up), and I(u(t))=1(ug), for all t€[0,T).

(ii) If uop € HYO(R?), then there exists a global solution u € L> (R; H**(R?)) of (1.6)
with w(0) =ug. Moreover, there exists T >0 and a unique weak solution u €
C([0,T); H-O(R?)) of (1.6) with u(0)=wuq. In addition, u(t) satisfies E(u(t))=
E(up), Q(u(t))=Q(uo), and I(u(t))=1I(ug), for all t€[0,T).

THEOREM 2.3.

(i) There is § >0 such that if |Jug|l1 <9, equation (1.6) has a unique solution u€
C(R; HY(R?)) with u(0)=ug. Moreover, |[u(t)||1 <Clluoll1, for all time teR,
where C'=C(||uol|1) >0 and the functionals E, Q, and I are independent of t.

(ii) There is 0 >0 such that if |[uol|(1,0) <0, equation (1.6) has a unique solution
ue C(R;HYO(R?)) with w(0)=ug. Moreover, |u(t)||1,0)<Clluoll(1,0), for all
time t €R, where C'=C(||uo||(1,0)) >0 and the functionals E, Q, and I are in-
dependent of t.

Proof. ~ Without loss of generality we restrict ourselves to the case t >0 and
f=—1. By theorems 2.1 and 2.2, it suffices to prove that |[u(t)|; is bounded in [0,7).
In fact, using the invariants £ and @, we obtain

lull <€ (Jlwol3+u)[253) < € (luoll? + u(®)772), (2.4)

for t€[0,7), where the constant C'>0 depends only on |Jug|l;. Define M(t)=
SUPg<, < ||u(7)|l1. Then by (2.4), we have

M(t)<Cé+CM(t)4,

where ¢=p+2/2. Hence, for sufficiently small § such that ||ug||; <9, it follows from
the continuity of M (t) that M(t) remains in the bounded connected component of
{2>02<Cd+Cz?} containing the origin for all ¢t € [0,7"). Moreover, we have M (t) <
Cllugll1, for all time t€[0,7"). This completes the proof of (i). The proof of (ii) is
similar. 0

LEMMA 2.4. Let N> 1, t#0, and J=[—N,N]. Then there exists a constant C >0,
independent of t and N, such that

71 tg e-#ﬁn

e ) e gy dg‘ <Ct12NB2, (2.5)

Proof.  Denote the integral of the left hand side of (2.5) by A. Then by the

14-¢2

Teel we obtain

change of variable £ =a

t 2
// —15 'E —x —1511 sgn(t€)+iya |t§ +€ dadf
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Now we note that

2
iBasen(te) + iya Bysen(t€) 1+52> ify*(1+¢?)

1+&2
g~ ) ( >\ e el

hence

By~ (1+ By (1+ I
/ e +1ya\/gda—e‘ e )/ =o' qa=\fre A e PEif
R

Consequently, this yields that

/ 142 e <4=1/2pN3/2.
AN ~

LEMMA 2.5. Let S(t) be the Co-group of unitary operators for the linearized problem
of (16),

Al =/l

0

Up F Uy — (Ugt + By ) e =0.

(i) Let s1,89>1/2, 0=(2(s1+1))"1€0,1/3), and uo€ H**2(R)NL*(R?). Then
there exists a constant C' >0, depending only on s1, such that for all teR we
have

1S (t)uolse < O+ [8) 7 (Juol + |0l sy ) - (2.6)

(ii) Let s>1/2, 0= (2(s+1))"1€[0,1/3), and ug € H?>*(R)NL'(R?). Then there ez-
ists a constant C' >0, depending only on s, such that for all t € R we have

[S()uoloe < C(L+ )T (Juols + [[uollzs)- (2.7)

Proof. (i) Let N >0 be sufficiently large. Then we have

S(tyua= [ [ e rma ¢ e
€|>N JR

+ / / Clth(EmFaetum g ¢ pydnde,
§ISNJR

T+e?
the above identity is bounded by t~'/2N3/2|ug|;. On the other hand, the Cauchy-
Schwarz inequality implies that

where h(§,n)=¢ (€+’3"2 ) By Lemma 2.4, the second term in the right hand side of

SN2 gl 61,60

/ /ei(th(57n)+w5+y”)ﬂo(§7n)dn dg
E>N

By choosing N =t with |t| > 1, we obtain

[S(E)uol 177 (Juols + 1ol (sr.e0)

for all |t|>1. Finally by using the embedding H*1:%2(R?) < L>°(R?) for s1,s9>1/2,
we have for [t| <1 that

[S@)uol S lluoll(sy,s0)-
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This completes the proof of (i).
The proof of (ii) is similar to (i). d
The following lemma is a direct consequence of Lemma 2.5 and an interpolation
theorem.
LEMMA 2.6. Let 1<q<oo and 1/q+1/¢' =1.
(i) If s1,80>1/2, 0=(2(s1+1))"1€[0,1/3), and uge€ H**>(R)NLY(R?), then
there exists a constant C >0, depending only on s1, such that for all teR we
have

360—1

15(t)uly < Q1) T ) (ugly + ol o) (2.8)

(ii) If s>1/2, 0=(2(s+1))"t€[0,1/3), and up € H?**(R?)NLI(R?), then there ex-
ists a constant C >0, depending only on s, such that for all t€R we have

(392—1)(1_%)
1S(t)uoly <C(1+]t]) 7/ (luolg + [luoll2s) - (2.9)
THEOREM 2.7. Suppose that s>1, u=(1-30)/2, 6=(2(s+1))"1€[0,1/3), and
3(1-0)
P> 50

Then there exists § >0 and C >0 such that for any uo € H?*(R?)N L' (R?) satisfying
[ug|1 + ||uo||2s <9, there is a unique solution u € C(R; H?*(R?)) of (1.6) with u(0)=1uy
such that

u(t)]oo <CA+[E]) 7. (2.10)

Proof. Consider the map
<I>(u)(t):S(t)uo+/OtS(t—T)£_18$f(u(7'))dT, (2.11)
where £=1—02, and for T >0 define the norm |ju|| -, for u€ H?*(R?), by
lull 2 := sup (flu(7)l2s + (1+|7))"|u(7)]o0)-
t€[0,7)

We shall show that & in strictly contractive in a suitable closed ball in
C([-T,T); H*(R?)). First we prove that

| (1) = (0) oo (1) < Cs p([lull + [0l ) T+ [E) ™ lu—vl 2, (2.12)

for any u,v € H?*(R?). Indeed, for any u,v € H?**(R?), we have from (2.11) and Lemma
2.5 that

I‘P(U)—‘P(v)loo(t)S/O |S(t=7)L7 0, (F(u(r)) = F(v(7))) ] dr
5/0 (L4t =7) 7 (I£71 0 (F (u(r)) = F(u(7)))lx
HILT 0 (F(u(r)) = F(v())l2s) d7

S/O (I+t=7)""(|F (u(r)) = F(o(1) 1
HF (u(r)) = F(v(7))ll2s) dr,
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where in the last inequality we used the fact

0,8 <|le 0,

<K\ )| F|r2
Lb(R)N“ |L2(R)| |LI(R)’L7§(R) (213)

=Kl @ [1Flesm |y gy = 1K il

where K(z)=sgn(z)e”|*le L'(R). Now, we are going to estimate ||F(u(r))—
F(v(r))||1 and ||F(u(7))— F(v(7))||2s. Actually, for the H?*(R?)-estimate, by using
the fractional Leibniz rule [23, Lemma X.4] we have

1 (u(t)) = F(v(t)ll2s S lu—=vlsol|ul” +|v[?[l2s + [[]” + [v]? oo | —v]|2s
S lu—vloo|ful + [0l B[] +[o]l|2 + [fuf” + 0] oo = v]|2
SA+n) " (full% + o) lu—v] 2
On the other hand, it follows from the Cauchy-Schwarz inequality that
|E(u(t)) = F (o) Slu—vloo|[ulP ™2+ 0[P~ [oc |ul +]0]|3
S lu—vfoo |ufP 72+ [0l oo || [u] +[0][3,
S (L+7) TP ([l + o)) lu—oll 2.
We therefore conclude that
|@(u(t)) = 2(v()|oo S (L+1) 07D (July + [0l ) u—vll 2.
Next, we show that
1@ (u)(t) = @(v) (})l2s < Cop(lully + 0l ) (L+[E) " [lu—vll 2, (2.14)

for any u,v€ H**(R?). But, for any u,v€ H*(R?), we have from (2.11) and the
Leibniz rule that

t
||‘I>(U)(t)—<I>(v)(lﬁ)\lzs§/0 [ (u(r)) = F(v(T)) [ 25d7
t
5/0 [t = oo [[[uf”+ 0[Pll2s + llu = vllas|[ul + o] [Edr
t
5/0 [t —vlooul + V][5 [[Jul + [v]ll2s + [l — vlls][u] + 0] B dT

t
5(IIUIlp%JrIIvay)IIu—vH%/O (1+7)"dr
Sl + ol ) llu—vll 2

Combining (2.12) and (2.14) leads to the conclusion
12(u) = @(v) [l 2 < Csp ([[ull %+ [0l ) lu—v] 2 (2.15)
and
1
19 (u)[| 2 < Ci pluo| + l[uollas + [l (2.16)
Now for M >0, we consider the closed ball

Ba = {u€ C([=T,T): H* (R2); |ul o < M}.
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By choosing § >0 and M >0 small enough such that 6+ M?™' <M and Cs,M <1,
it follows from (2.15) and (2.16) that ® is strictly contractive on Bg and there
exists a unique solution u of (1.6) in By, if |ug|1 +||uol| <. Thereby, the continuity
of the norm ||ul| 2~ with respect to T and (2.16) allows us to conclude that ||l
remains bounded for all T'>0. Thus we have obtained a bound of ||u|| 2 for all T" and
consequently an a priori estimate of the local solution which permits us to extend u
globally. O

THEOREM 2.8. Let r,s>1, ¢'>2, §>2/r, u=(1-360)/2<q¢' /(¢ —2), 0=(2(s+
1))~t€0,1/3), and

4(r—q')+2rq
(1-30)(¢' —2)(rs—2)°

p>

Then there exists 6 >0 and C >0 such that for any uo € H?*(R?)NLY (R2)N LT, (R?)
satisfying |uolq + ||uo|l2s + [|wol|s . <8, there is a unique solution u€ C(R; H?*(R?)N
L7, (R?)) of (1.6) with u(0)=wug such that

ju(t)] g <C+) (7). (2.17)
Proof.  Let {=1-2/q'. For T >0, define the norm |u| o, for ue H*(R?)N
L;’(R2)7 by

lull o := sup (lu(r)ll2s + lu()llsr 4 (1+7)*u(7)]y) -
0<7<T

Similar to Theorem 2.7, it is enough to show that ®, defined in (2.11), in strictly
contractive in a suitable closed ball in C([-T,T];H*(R?*)NL",(R?)); we therefore
show that, for any u,v€ H**(R?)NL", (R?),

|(u) = @(v)lg <C ([lully +llv]l%) A+ Ju—v] 2, (2.18)
12 (u) = 2(©)lls.r < C (lully + 0l ) llu—vll 2, (2.19)
12(u) = @(@)ll2s <C (lullly + [[v]1%) lu—vl 2, (2.20)

where C'=C/(s,p,s’,r). To prove (2.18), note that (2.11), Lemma 2.6, and (2.13) imply
that

@ (u) =@ (v)|y 5/0 |S(t—7)L7 00 (F(u(r)) = F(v(7)))lq dr

< / (U t— 1) (1L 20, (F (u(r)) — F(o(r))l,
L0, (F(u(r)) — F(o(r)))2s) dr

5/0 (Lt =7)" " ([F (u(r) = F(o(r)lg + | F(u(r)) = F(v(7)) ] 2s) dT,

where in the last inequality we used the Mikhlin-Hormander theorem [33]. It remains
to bound F(u(r))— F(v(7)) in H*(R?)NLI(R?). First, observe from the Holder
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inequality, the Sobolev embedding, and the Gagliardo-Nirenberg inequality [18] that

F(u(r) = F(o(7))lg S Ju—vlg[lul” + 0] g

Slu— quIIUI+|vllpqq Nlu vl [[lul+1oll5,

qa'—q

Slu=vlg lllul+ [vllls o llul + o]

1 1 1
Sl —vlg Il + [olllsr oIl + T |EE D ] + o] | SO Y

SA+7) Dy — || g (ufl 2 + 0] )P,
where

2r
=— 2.21
“Tar—q)trd 221)

On the other hand, it is deduced from the Leibniz rule and the Gagliardo-Nirenberg
inequality that

1 (u(T)) = F(0(7)) 25

Sl —vllaslul? + V1P |oo + |t = v]oo | t]? + 0] s

Sl —vllas [l + [o][12, llul + o] 5 “"+||u—vuzl,r|u—v|;f“|||u|fj+|v|1’||25
Sl = vllaslful + [o][12, llul + o]

] + ][5!

< llu—wvlls el + [0l el + o] P

—|—||’LL—’U||S/7T|U—U q

1 1— —1
= oll2  fu— ol ]+ ol sl 4 ol 27D ] 4 o] S~ @D

S (14~ Q)IIU—UII%(HUII%ﬂLIIUII%) :

where a is the same as above. It is then concluded that

t
|@(u) = @(v)|g Sllu—vll 2 ([[u]l 2 + II’UH%)”/0 (L4+7) = (At —7) 7 dr

S+ lu—vll2 (Jull 2 +[lvll2)?.

To verify (2.19), one can observe again from (2.11) that

10 ()~ B(0) v < / 12710, (F(u(r)) — F(u(r))) v d
< / 1£710, (F(u(r)) — F(o()))r dr.
0
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But we get from the Leibniz rule and the Gagliardo-Nirenberg inequality that

1 (u(r)) = F(u(m)s.r

Sl =l el [ul? + 0[P oo+ [u—vloo [ [ul? + 0] | »
=l e llfeal + 127, ] + o]~
=)l =l ul? + o] ||
Slu=vllyr ol + [l |27, Jul + o]~
= ol|2 Ju— o]l + ol o ] + 0] 257

1—
Sllu=vllyr el +oll122, ul + oG~

SH+7) O Ju—vl 2 (flull 2 + o]l 2-)7,

where a is defined in (2.21). It is therefore concluded that

t
1@ (w) = @), Sllu—=vll2 (ull 2 + IIU\I%)p/O (147) 7 dr

Sllu—oll2 ([[ull 2 + o] 2:)".

Inequality (2.20) can be proved similar to (2.18) and (2.19).

_ 1— —1 —1
Hllu—v)|& = ol 57l + o]l ol + ol | 5P ] o227

0

We proceed by studying the asymptotic behavior of such solutions as ¢t — +oo.
We prove that under a smallness condition the solution scatters to a solution of the

linear problem. Precisely, we have the following.

THEOREM 2.9. Under assumptions of Theorem 2.7, let u(t) be the solution of (1.6).
Then there exists a unique solution u™ (t) € H?*(R?), s >1/2, of the linearized equation

of (1.6) such that
lu(®) = u* (1) 2s 0,

as t— +o0.

Proof. Let u(t) be the solution of (1.6) in Theorem 2.7. We define
+oo
=)+ [ S(t-r)L o (ulr) dr,
t

which is a solution of the linearized equation of (1.6):
Ug + Uy — (Ugy + Piyy) , =0.

Now we only consider the case u™(t), since the proof of u™(t) is similar.
By theorems 2.3 and 2.7, we obtain

+oo
() — u* (8) e < / 1S(t— 1)L 0, £ (u(r))|2a dr
+oo +oo
< / | F ()] dr < / 2 ] e d7

“+oo
gca/ (147) P dr < CF(14 )P4 50,
t

(2.22)

(2.23)

(2.24)
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as t— +o00. Using the integral form (2.11), we may write u*(¢) as the form
+oo
u+(t):5(t)uo+/ S(t—1)L7 0, f(u(r))dr=S(t)wT,
0

where w* zuo—i—f(;roo S(—7)L710, f(u())dr. Since the right side is a linear combi-
nation of solutions of (2.24), so is u™. Now we are going to show the uniqueness of u™.
Let w™ be another solution of (2.24) which satisfies (2.22). Let V(¢)=u™ (t) —w™ (¢).
We want to show that V() =0 a.e. Since V is also the solution of (2.24), we have

[V (0)[l2s = ISV (O) |26 =V (#) 125 lu(t) —w™ (£) 125 + Ju(t) —u™ (t)]]25 =0,
as t — +o0. This implies that ||V (¢)||; =0 for all £ > 0. Hence u™ =w™. This completes
the proof of Theorem 2.9. O
The following theorem plays a key role in our instability analysis.

THEOREM 2.10. Let ug € H*»%2(R?)NL>®(R,; L' (R,))NLY(R?), s1,50>1/2. Then
if u(t) is the solution of (1.6) with u(0)=wug, we have

3041
)

|0, u(z,y,t)]  <CA+t]) 2
where = (2(s1+1))"1€(0,1/3) and C is a constant depending only on

sup||u(t)[|1 +[luoll e L1 +uols-
>0

Proof.  Considering the group S(t) defined above, we can write

u(t) = S(tyug — /O S(t—7)L10, f(u(r))dr,

so that

x

U(t) =0 u(t) = /_
— 20— A)

where Z(t) =0, 15(t)up. On the other hand, we can write

w(zy t)dzs = Z(t) — /0 S(t—m)L= L f(u(r))dr,

S(t)up=wug— /OtﬁlamS(T)uo dr.
Then, we have
2(t)=Up— /O LS dr,
where Uy =0, ug. Now by our assumptions we get from Lemma 2.5 that

x t
|Z(t)] < ’/ uo(z,y)dz|+ / LS (T)ugdr
—00 0

S ’/UO(Zuy) dz
R

t
< ‘UO‘LW(Ry;Ll(RT)) +/ |S(T)£71u0|oo dr
0

t
+/ ’E_ls(T)u()LX) dr
0

(2.25)

3641
2

Sluolpe @it ®a)) + )72 (Juol + luollis, ,s2)) »
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where in the last inequality we used the fact |£71ugli <luoli (see (2.13)). Tt just
remains to estimate A(t). Note that another application of Lemma 2.5 yields

36—1

A< / (Ut =) 27 (L @)+ L7 (10 oy.0) 7

t (2.26)
s/ (Lt =) (|f@)+[f (w)]) dr.
0

Since |f(s)| < C|s|? for |s| <1 and |f(s)| < C|s|PH! for |s| > 1,
Fah<e ( [ tPasdys |u|p+1dxdy) <C (JuB+lulyi) < =C(lull).
lul<1 jul>1

36+1

It is therefore concluded that |A(t)| <C(1+¢) 2z . This completes the proof. d

3. Stability
We consider a solitary wave solution of (1.6) of the form u(z,y,t) =¢.(x —ct,y),
vanishing at infinity, where ¢>0 is the wave velocity; then ¢, satisfies

_68§@C+(C_€)¢c+ﬂa§@c_F(§0c):O- (3.1)

Using some Pohozaev-type identities, one can easily show that there is no solitary
wave solution of (1.6) if c<e or §>0.

Existence of solutions for (3.1) is well-known. It follows, for example, from the
results of Berestycki and Lions [4]. We are interested in the cylindrically symmetric
positive solutions of (3.1). We recall the results in the following theorem.

THEOREM 3.1. Suppose that f satisfies the assumptions stated at the beginning of
Section 2. If ¢>0 and <0, then equation (3.1) possesses a cylindrically symmetric
positive solution p.€ H'(R?), which is called a ground state of (3.1). Moreover,
0. € H®(R?), d,¢0.(r) <0, for all r#0 where r=|(v/cx,/—By)|, and there is a ¢ >0
such that for all o« € N? with |a| <2, [0%p.(z,y)| < Che .

For the sake of simplicity, throughout this section we assume that 5= —1.
We note that the solution ¢, of (3.1), given by Theorem 3.1, is the critical point
of

Se(pe) =E(pc) +cQ(pe)- (3.2)
Now, we define the linearized operator L. around ¢, by
Lo=8S!=E"+cQ"=—-cd.—92+c—c— f'(pc). (3.3)

It is clear that L. is self-adjoint from H'(R?) into H~'(R?) and that £~/2L.L~1/?
is self-adjoint on L?(R?). One can easily see that the solution ¢, satisfies

L.0yp.=0 and L.0yp.=0.

We continue by stating our hypotheses on . and L. (see lemmas 3.2 and 3.6
below), which are as follows.
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HYPOTHESIS 3.1. The ground state solution of (3.1) given by Theorem 3.1 is unique
and the curve c @, defined for ¢>¢ is C* with values in H*(R?). Moreover there
are positive constants C' and o such that

d
‘ (;ic (x,y)ISCe‘Q(””’y)',

for all (z,y) €R? and c>¢.

HypPOTHESIS 3.2. The operator L., for ¢c>¢, has a unique simple negative eigenvalue
Ae with a corresponding cylindrically symmetric positive eigenfunction x. such that
for all (z,y) eR?,

Ixe(z,y)| < Cce—pl(x,y)\’

for some positive constants C. and p. In addition, the mapping c— X s continuous
with values in H?(R?). Furthermore the essential spectrum of L. is positive and
bounded away from zero and the null space of L. is spanned by Oy, and Oyp..

The following lemma considers the power-law nonlinearity f(s)=sP™1/(p+1).

LEMMA 3.2. Let p>1 be an integer and f(u)=uP*'/(p+1). Then hypotheses 3.1
and 3.2 are satisfied.

REMARK 3.3. It is noteworthy that if ¢ satisfies
iag

—A¢+¢—p+1 =

)

and the operator L;=—A+41—1¢P satisfies Hypothesis 3.2, i.e. L; has a unique
simple negative eigenvalue A with a corresponding radially symmetric positive eigen-
function xi, then the operator L.=—c0?— 65 +c—e— P satisfies Hypothesis 3.2.
More precisely, the unique simple negative eigenvalue of L. is a multiple of A and the
cylindrically symmetric positive eigenfunction of L. is a dilation of x7.

Proof of Lemma 3.2.

Proof.  The regularity of . with respect to ¢ follows from Theorem 3.1 (see
(3.9)). Uniqueness of the ground state was proved in [24]. We show that J,¢. and
Oye are the only zero modes of L.. By Remark 3.3, it is enough to prove it for the
operator

Li=—A+1—yP.

We can use the same argument as in [24, 35] and see that any zero mode of Ly can be
decomposed into a series of radial functions multiplied by spherical harmonics. Since
each one of 0y, and J,p. corresponds to spherical harmonics of degree 1, it follows
that the only other possible zero modes correspond to spherical harmonics of degree
zero. Thus, it is sufficient to show that L; has no radial zero mode, or more precisely
the solution of

1
urr'f‘*ur—u-’-up:(), (34)
T

where r=|(z,y)|, with «(0) =1 and «'(0) =0, does not vanish at infinity. But Kwong
in [24] showed that if u(r,a) is the solution of (3.4) with w,(0,0)=0 and u(0,a)=«a,



306 THE GENERALIZED BBM-ZK EQUATION

and if g is the initial value generating the ground state, then wu,(r,ap) — +00 as
r——+00. On the other hand, uq(r,ap) satisfies u(0)=1 and «/(0)=0; hence this
solution does not vanish at infinity.

The properties of Hypothesis 3.2 are proved in [36, Proposition 4.2]. 0

Now we examine the relation between the convexity properties of the function
d(c) and the properties of the functional E near the critical point ¢, under suitable
constraints. Indeed by defining 1, in the form

ww:@c+8(w)Xc> (35)

where s(c¢) is an appropriate function, we can prove following theorem exactly as [8,
Theorem 3.1] or [32, Theorem 2.3].

THEOREM 3.3. If d’(¢) <0, then there exists a curve w1, passing through .,
lying on the surface Q(u)=Q(v¢), and on which E(u) has a strict local maximum at
U= Pe.

We also denote the tubular neighborhoods of the orbit generated by a solitary
wave by

U= {ue B int gl <}
zER2
and
U? ={u€eUg; u isy—cylindrically symmetric},

where € > 0.

LEMMA 3.4. Fix c>¢ and let ¢, be a solitary wave given in Theorem 3.1. Then,
there exist an € >0 and a C*-map ¢:U. —R? such that for all u€ U, and z € R?,

(1) (ul-+¢(w)),0ppe) = (u(- +((u)), Bype) =0,
(i) C(u(-+2))=((u) -z
(i1i) Moreover, if we U? then ((u)=((o(u),0), where

Oz pe(-—C(u))
(u,02¢c(- —C(u)))”

Proof. The proof of this lemma is well-known. In fact, one defines F': H'(R?) x
R? —R? by

Co(u) =

(3.6)

F(u.0= [ ul(e.0)+OV o) dedy,

where (=((1,(2). Then, taking into account that ¢. is cylindrically symmetric (see
Theorem 3.1), one can apply the Implicit Function Theorem to conclude the state-
ments. For details we refer the reader to [8, Lemma 4.1]. O

We continue by defining for u € U? the mapping
Bu) =0(-=~(t),) = (0(- = (1)), Lu)8 L™ (o (w)
0,

9 —A(t), ) — DL oo o ey,

(-— (3.7
<uaa§@6(' 77(15)3 )>
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where v(t) =(o(u(t)) and 9 is defined by

.
dw '

w=c

9= (3.8)

Now we can prove the following properties of B.

LEMMA 3.5. For any small €>0, the mapping B is a C'—function from U? into
HY(R2). In addition, the following statements hold:

(i) Blpo)=v;
(i) (B(u),Lu)=0, for allucU?;
(iti) B commutes with translations in x-variable.

Proof. The proof of this lemma is standard by using Lemma 3.4. For details we
refer the reader to [8, Proposition 4.1]. O
HYPOTHESIS 3.4. We assume that £(%£2) € L*(R?).

LEMMA 3.6. If f(u)=uP™/(p+1) with p>1, then Hypothesis 5.4 is satisfied.

Proof.  First we note from Theorem 3.1 that 0%, € L*(R?), for all o € N> with
|a] <2. An argument similar to [7] and [14] shows from

1

=K. c)s I?c SN = o T 5, .
¢ * f(pe) (&mn) s

that 0%, € L'(R?) for all a € N} with |a| <3. Hence the proof follows from the fact
that if ¢, is a ground state of (3.1), then . € H*°(R?) and

v =(e=o o ([ Eon2my) (39)

satisfies
—AY+—f(¢)=0. (3.10)
]

LEMMA 3.7. Let f € C%(R) satisfy the assumptions stated at the beginning of Section
2. Then L9 € L*(R?).

Proof. We recall that ¢ is defined by

dpe
V= de

+5'(¢)xe,

for some real-valued function s. We have from Hypothesis 3.2 and Lemma 3.6 that
L(dp./dc), x.€ L*(R?). On the other hand, since y,. satisfies Lx.=\x., for some
A <0, then y,. satisfies

Xc:Kc*(f/((Pc)Xc)7 ]?0(5,7’0:1/<sz+7’]2+0—8—/\).

Hence by the aforementioned argument in the proof of Lemma 3.6, we obtain that
92x. € L*(R?). This completes the proof. 0

We define the stability of solitary wave in the usual way.
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DEFINITION 3.8. Let . be a solitary wave solution of (1.6). We say that ¢. is
orbitally (or monlinearly) stable if for all €>0, there is a 6 >0 such that for any
ug € H* (R?), s> 1, with |[ug— @c|l1 <8, the corresponding solution u(t) of (1.6) with
u(0)=wuq satisfies

sup inf |lu(t) —pe(-—2)|1 <e.
t>0 2E€R?

Otherwise, we say that @ is nonlinearly unstable.

THEOREM 3.9. Suppose that f satisfies the assumptions stated at the beginning of
Section 2. Let ¢>¢ and ¢, be a solution of (3.1) given by Theorem 3.1, and also
assume that hypotheses 3.1, 3.2, and 3.4 hold. Then p. is stable if and only if d”(c) >
0, where

d(c) = E(pc) +cQ(pc). (3.11)

Proof of stability is exactly the same as in [8, 20, 32], so we omit it and we only
prove instability.

LEMMA 3.10. Suppose that ¢>e and d"(c¢)<0. Let @, be a solitary wave given in
Theorem 3.1. Then there is a small enough € >0 such that for any weU? which is
not a translation of . and satisfies Q(u)=Q(pc), there is a A=A u) € (—¢,€) such
that

E(pe) < E(u)+AE'(u), B(u)). (3.12)

Proof.  The proof follows from Taylor’s theorem. For details see [15, Lemma
3.11] or [32, Lemma 4.3]. |

The following lemma has a key role in the proof of instability. The proof is similar
to Lemma 4.4 in [32].

LemMMA 3.11. Let ¢>¢ and ¢, be a corresponding solitary wave given in Theo-
rem (3.1). Assume d”’(c)<0. Then, the curve c— ). defined in Theorem 3.3 satis-
fies E() <E(gc) for w#c, Q(vhw) =Q(¢c), and (E'(Y.,),B(¢w,)) changes sign as w

passes through c.

Now we turn our attention to complete the proof of instability of Theorem 3.9.

Let € >0 be sufficiently small as in Lemma 3.4, U be the corresponding tubular
neighborhood and a cylindrically symmetric data ug =1, with w close to ¢ (in H*(R?)-
norm), so that up € U N H?*(R?) with s>1, E(ug) < E(¢.), and (E’(ug), B(ug)) > 0.
By Theorem 2.1, there exists a 7* >0 and a solution u(t) € C([0,7*); H*(R?)) of (1.6)
with u(0) =ug. Let T* be the maximal time for which u(t) € C([0,7*); H*(R?)). Note
that since ug belongs to U? so belongs u(t), for t € [0, 7] with T <T™* (since the gBBM-
ZK equation is invariant from y to —y). We want to show that 7' < 400, which means
that u(t) eventually leaves U?.

Define the Lyapunov function

Alt)= [ 0, u(z,y,t)LI(z—~(t),y)dzdy.
R2
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From the Holder inequality, Lemma 3.7, and Theorem 2.10, we have

360+1

[A®) <105 u(t) 0| L9 S (1+1) 72 (3.13)

On the other hand, we see from u; — £719, E’(u) =0 and the definition of B that

Tdt
= (B (u(t)),0( =7(t),")) = (u, LI —(8),)) (B=L7 GG (u(t)), B (u(t)))
= (E'(u(t)), B(u(t))).-

Since F is conserved, we obtain from Lemma 3.10 that

A0 = (0 5 L0010, )~ (05 00206~ D) (Gu(0). 5 )

Au(t))(E" (u(t)), B(u(t))) > E(pc) — E(ug) =: Co > 0. (3.14)

So, since (E'(ug),B(ug)) >0, we deduce that A(u(t)) >0 and we may choose (if neces-
sary) €> 0 small enough such that [A(u(t))| <1 as long as u(t) € U?. Therefore, from
(3.14), we have for 0<t<T,

0<Co < [(E (u(t)), Bu(t)))| = th@)\. (3.15)

As a consequence of (3.13) and (3.15) we deduce that T is necessarily finite, i.e., u(¢)
must exits U7 in a finite time. This proves the theorem.

3.1. Application to power-law nonlinearity. = Now we apply our stability
results for the case f(u)=uP*!/(p+1). It is already seen in (3.9) that if p., with
¢>e, is the positive cylindrical solution of (3.1), then ¢ defined in (3.9) satisfies
(3.10). lemmas 3.2 and 3.6 show that hypotheses 3.1, 3.2, and 3.4 hold in this case.

A straightforward calculation reveals from the Pohozaev-type identities that

de)=c [ (Bupo)*dady.

Hence
dle)=ele—e)*? [ vidady,
R2
so that
63/2(6_6)2/;:72
d//(C)ITt/V(E,C,p), (316)
where

N (g,¢,p) = (16 —p?) + 2cp(pe — 4) — pe.

Therefore we get the fact that ¢, is stable if one of the following cases occurs, and is
unstable otherwise:

(i) p=4,e>1, and c>max{57ﬁ},

(ii) p<4, pe=4, and c>max{sM /525—_1},
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(111) p<4, p5#4, and C>max{57 4—pe+ (175—4)24_5(16_1,,2)p}7

16—p?

— 2 —1)—
(iv) p>4, pe <4, and {c>e}N {c< pedty/p 5(221)1681)5+16(6+1)p}v

(v) p>4, pe#4, and {c>e}N{a1(p) <c<az(p)}, where

_ pe—4—/p?e(c—1) —8p£+16(€+1)p

al(p> p2716

and

pe—4++/p2e(e—1) —8pe+16(c +1)
az(p) = 216 p.

In particular, when € =1, we observe that ., with ¢>1, is stable for p<2 or
p€3,4) and

4— V/8—2
cs (2ZPEVEZER
16 —p?
and unstable otherwise. Figure 3.1 illustrates the regions of instability of solitary
waves of (1.6) for e=0.2 and p=1,---,5.

3.2. Stability of solitary waves of the gZK, gBBM-ZK, and 2D-gBBM
equations. We are going to compare the stability of solitary waves of (1.6) to (1.5)
and (1.7). We note that if p.(x—ct,y) is a ground state of (1.7), then ¢, satisfies

(c—e)pe—cAp.— F(p.)=0.

As we mentioned before, when £ =1, the stability and the instability of solitary wave
solutions of (1.7) have been investigated by de Bouard [12]. We consider the homoge-
neous nonlinearity f(u)=uP*!/(p+1). In [12], it was proved that the solitary waves
of (1.7) is stable if dj,_gpa(c) >0, and is unstable if dj,_pz,,(c) <0, where

c
d2DfBBM(C)25(0_5)2/p|vw|§a (3.17)

and 1 is the radial positive solution of (3.10).
It was also proved in [12] that the solitary wave p., with ¢>0, of (1.5) is stable
if d ;- (c) >0, and is unstable if d’ ;- (c) <0, where

1
dzr(c)= 5(;2/1’|v¢|§, (3.18)

and 1 is the radial positive solution of (3.10). More precisely, the solitary wave .. is
stable if p <2, while it is unstable if p>2. When p=2, the stability/instability of ¢,
is still unknown (see figure 3.2).

For the 2D-gBBM equation, one can observe for fixed € >0 that there exists
py=pi(e) €(2,3] such that the solitary wave ¢, is stable if ¢>e and p<pj. For
p>pi, a straightforward calculation reveals that there exists ¢*=c; >0 such that
the solitary wave ¢, is stable if and only if ¢>c*. Figure 3.1 illustrates the region of
stability of ¢. for e=0.2.

Our results above show that for the fixed € > 0, there exists p5 = pj(¢) € (2,3] such
that the solitary wave ¢, is stable if ¢ >¢ and p <pj. On the other hand, for p>p3, a
straightforward calculation reveals that there exists ¢* =c; _ >0 such that the solitary
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=3
s/ P

-osf

Fic. 3.1. The region of stability of the ground states of the gBBM-ZK equation, p=1—2,2—
3,3—5, and €¢=0.2.

F1G. 3.2. The region of stability of solitary waves of the gZK equation for p=1—2,2—5.
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F1G. 3.3. The region of stability of solitary waves of the 2D-gBBM equation for p=1—2,2—
3,3—5, and e=0.2.

wave @, is stable if and only if ¢ > c¢*. Figure 3.3 illustrates the region of stability of
. for e=0.2.

These results show that pj >p3, so that the region of stability of solitary waves
of the 2D-gBBM equation is bigger than the stability regions of solitary waves for the
¢BBM-ZK equation. Also the region of stability of solitary waves of the gBBM-ZK
equation is bigger than the stability regions of solitary waves for the gZK equation.
Therefore, the 2D-gBBM equation has better behavior in stability of solitary waves
than the gZK and the gBBM-ZK equations.

3.3. Effects of transport equation. Since equations (1.7) and (1.6) are
obtained by combining the transport equation and the gZK equation, we investigate
here the effects of the transport equation on the stability of solitary waves of equations
(1.7) and (1.6). Actually, we want to see the effects of perturbations of the parameter
€ on the region of stability of solitary waves of the gBBM-ZK and the 2D-gBBM
equations.

One can observe from the results above and figures 3.5 and 3.4 that for a fixed
p>2, the region of stability of solitary waves, for both equations (1.6) and (1.7),



A. ESFAHANI 313

F1G. 3.4. The region of stability of solitary waves of the gBBM-ZK equation, from left to right
and then from top to bottom, for p=1,1.2,1.9,2.6. Green and blue correspond respectively to p=3
and p=4 in the last figure.

becomes bigger when € >0 tends to zero.

REMARK 3.5. One can easily observe that the transport equation with the parameter
€ >0 does not affect the region of stability of the gZK equation. Indeed, in this case
the solitary wave ., with ¢> ¢, is stable if p<2 and is unstable if p> 2.
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and Felipe Linares for their suggestions and comments. The author also wishes to
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F1G. 3.5. The region of stability of solitary waves of the 2D-gBBM equation, from left to right
and then from top to bottom, for p=1,1.2,1.9,2.6. Green and blue correspond respectively to p=3
and p=4 in the last figure.
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