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SUB-LINEAR ESTIMATE OF LARGE VELOCITIES IN A
COLLISIONLESS PLASMA*

ZILI CHENT AND XIANWEN ZHANGH#

Abstract. We consider the Vlasov-Poisson system in three space dimensions in the electrostatic
case. For a smooth solution with compactly supported initial datum, the growth estimate of its

2

velocity support is improved to t1I 7€ for any €>0. As a consequence, we obtain a better decay
1

estimate of the electrical field, namely || E|loco = O(t~ 11 1¢) as t — oco.
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1. Introduction

In this paper, we consider the asymptotic behavior of classical solutions to the
three-dimensional Vlasov-Poisson system:

Of+v-Vuf +E-Vuf=0, f(0,2,0)=fo(x,v), (1.1)
=AU (tx) =7p(t,x), p(t,x) / ft,x,v)dv, (1.2)
E(t,x)=-V,U(t,z), (1.3)

where the unknown f(¢,z,v) >0 denotes microscopic density of particles at time ¢ >0
and position z € R3, moving with velocity v € R®. The self-generated field E(t,x) is the
Coulomb field or Newtonian field, which is described by y=1 and = —1 respectively.
Assuming fo € CL(R? x R?), we know that there exists a unique solution f€C!(Ry x
R3 x R3) to this system, and the smooth solution remains compactly supported at
any finite time; see [9, 12]. So, we define for ¢ >0

R(t)=sup{|v|: 3 2 €R? such that f(t,2,v)#0}. (1.4)

Several different super-linear estimates for R(t) were given in [2, 9, 12]. The first
sub-linear estimate was obtained in [13]:

R(t)<C2+t) P m*B(241), t>0,
which was improved in [7] with exponent 2/3, namely
R(t)<C2+t)* IV (2+1), t>0.

Another method to get the existence of a classical solution to the Vlasov-Poisson
system is based on the control of moments (see [4]). For more background and related
topics, see [1, 11] and the references therein.
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280 LARGE VELOCITIES IN A COLLISIONLESS PLASMA

For the case of y=1, strong a priori estimates were obtained in [3, 8]:

//(vfx/t)Qf(t,x,v)dvd:cgC’til, t>1, (1.5)
ot )ls/s <CE2°, t21, (1.6)

where the constant C'>0 depends on f(1). So it is natural to expect a better bound
in this case. G. Rein gave a direct estimate in [10]: R(t) <C(1+t)?/3. C. Pallard
improved this bound to R(t) <C(1+¢)%/251n%2%(2+¢) in [5, 6]. The purpose of this
paper is to slightly refine the last estimate. Our main theorem is the following.

THEOREM 1.1. For any nonnegative function fo€Ct(R?xR3) and £ >0, there exists
a constant C. > 1 depending on fy and ¢ such that

R(t) <C-(1+t)T1Fe, ¢>0. (1.7)
Furthermore,

IE(t,)loo < C-(148)"TF5, 0. (1.8)

Denote the characteristic flow corresponding to the first order hyperbolic partial
differential equation (1.1) by (X (s,t,z,v),V (s,t,z,v)), then

{ EXLED) v (s,t,2,0), X(tt2,0) =, wo)
WZE(S,X(S,LJ:,U)), V(t,t,z,v)=w0. .

By uniqueness we know
X(S]_,SQ,X(SQ,t,ZL’,U),V(Sg,t,x,’lj)> :X(Sl,t,$,v),
V(SlvsQaX(S%tvx,v)aV(527t7x,v)) :V(slvtamav)7

and moreover the characteristic flow is measure preserving. For the sake of simplicity,
we shall use the shorthand

(X (s),V(s)=(X(s,t,2,v),V(s,t,z,v))
and
(X*(5),V*(s)) = (X (s,t,x*,0"),V(s,t,x",0"))

throughout the paper, where (z*,v*) means that it belongs to the support of f(t).
Using the notation of [13, 6] we define

A(t,P)sup{AE [0,¢]: V(z*,v") Gsuppf(t)ﬁ/tA|E(s,X*(s))|ds§P}

and

The analysis centers on estimating ftt—6 |E(s,X*(s))|ds for some 0 <d <t. On the one
hand, from (1.9) we know

[V*(@t)-V*(t—9)|< /t—é |E(s,X*(s))|ds.
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On the other hand, from (s6*)'(s) =sF(s,X*(s)) we obtain

9*@)*&9*@ 5)+ 1[765E(3,X*(s))ds, (1.10)

and then

\0*(t)|g|9*(t76)|+/t75|E(s,X*(s))\ds. (1.11)

So, we define

I:/t76|E(s,X*(s))\ds.

The estimates for I are critical in this paper. At first, we give a result obtained in
[10] (see also Proposition 1 in [6] for its proof).

LEMMA 1.2. There exists a constant C > 1 such that for any P>0 and t> 2,
t
/ \E(s,X*(s))|ds§C’(P4/3t’1/35+51/215’1/2lnl/Q[t(2+P’1)]>, (1.12)
t—5

where § <min{t'/?, A(t,P/5)}.
This lemma implies a lower bound for A(t, P) (see [6]).
LEMMA 1.3. There exists co € (0,1) such that for any t>5 and P >0,

A(t,P)>comin{t, P*tln~'¢, Pt>/TIn~*/7¢}. (1.13)

In this paper, the letter C is used to denote a positive constant which changes from
line to line, c1,c9, etc. denote fixed positive constants, and ||-||, always denotes the
norm of the space LP(R?) for 1<p<occ.

2. The estimate about [
The point is to get a better estimate than (1.12) for a suitable § € (0,t). Note
that fo is nonnegative, and then f is nonnegative, so

I</ / dxds
t—oJra [T — X*
/ / (52 U) ——— _dxdvds.
t—6 JR3 JR3 |9C (s)]?

Similar to the decomposition in [13], the integral area is divided into three sets:

G={(s,x,v)€(t—0,t) xR3*xR3: |v—V*(s)|<P or lv—x/s|<P},
B={(s,z,0)€(t—8,t) xR3xR3: |z—X*(s)|<r(s,2,0)}\G,
U=(t—6,t)xR*xR*\ (GUB),

with

1
d(s,x,v) :szin{s

1 sl 2ag—1. L x 5/77, —4/7
25 25|v V*(s)|*sIn™ " s, 5|v V*(s)|s* "In s,

1 1 5
2—5|v7x/5|2sln_15, 5|vx/s|s"/7ln_4/7s},
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R
lv—V*(s)|lv—x/s]2(s,z,v)’

r(s,z,v)=

(5:02min{;t, Alt, %|v* —x*/t|)},

where ¢z is the constant stated in Lemma 1.3, P and R are undetermined parameters,
and P will be chosen less than ¢~2/71n%/"¢. Following from Lemma 1.3, we have

1 — 1 — 1
5(t,x,v)§min{5t, A(t,g|v—v*|), A(t,5|vx/t)}. (2.1)
2.1. The contribution of G. Denote

ﬁ(s,x):/ f(s,z,v)dv.
[v=V*(s)|<P or |lv—z/s|<P

Following from (1.6), we have |p(s,")|ls;3<Cs 3. And using the well known
inequality[6]

_ 5/9
/]| leooS61|\f€||5§3||1<6||4/9 (2.2)
we obtain
(s,z,v)
dxdvds</ / dzds
///G |z — X*(s t—sJ |T—
_ 5/9 ~
<o / 6Hp(s,->||5§3||p<s,->uiégds
t
§C/ 3_1/3dsP4/3,
t—4§
that is

Ig <Ct=Y3pi3s, (2.3)

2.2. The contribution of B. Following the method used in [6], a further
partition of B will be given:

BY=Bn{|z—X*(s)|>2tP/5}, B~ =B\B".
5
By the definition of §(s,z,v) we decompose B= |J By by
k=1

sa(_1k
Bk:{(s,x,v)eB: 5(3,:10,11):5_%(21) 02|v—V*(s)|"1k|v—x/s|"2’“s_a’€1n_5ks},

where o1y, o2k, ak, and Bi(k=1,---,5) are respectively defined in the table.
For s>5 and (s,z,v) € By, we have

|z — X*(s)||v—V*(s)|* T v —z /5|72 <3 Rs“* InP s, (2.4)

where c3 = E

In the following, we denote BTNBy and B~ N DBy by B,j and B, respectively
(k=1,---,5).
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k|ow ou ap B
1 0 0 -1 0
2 2 0 -1 1
31 1 0 -5/7 4/7
4 0 2 -1 1
50 0 1 -5/7 47

The contribution of B~: Pick (s,z,v)€ B~. Note that 6 <t/5, so we obtain
2tP/5<sP/2 and hence

lv—a/s|>v—X*(5)/s| —s HX*(s) —x| > |v—X*(s)/s| — P/2.

Since |[v—z/s| > P we have

. 3
lv—X (5)/3|§§|v7m/5|.

Similarly,
1
o= X*(3)/s1 > o= /5|~ 57 [X*(s) | > o —a/s] ~ P2 LJu—a/s]

and thus

1 . 3

§|U—IL‘/S|§|U—X (s)/s|§§|v—x/s| (2.5)
Combining (2.4) and (2.5) we obtain that

|z — X*(s)[|Jv—V*(s)| "% v — X*(5) /s> T2 <y Rs™* In"* s,

where ¢4 =(2)%c3. So integrating in the x variable first gives:

f(55$7v)
I,-= —_
Br /Bk |x—X*(s)|2d$dvdS

t
<&l foll oo (o ><]R3)/ Rs“* InP* g
t—5

1
. dv | ds
</|U—V*(s)|>P and |v—X*(s)/s|>P/2 ‘U_V*(s)‘lJrglk |'U—X*(S)/S|2+a2k )
t
SC/ Rs®* InP* s
t—4

1
. dv | ds.
</|U—V*(s)|>P and [v—X*(s)/s|>P/2 |V = V*(s)[1 Ttk v — X*(s) /s[2 o2k )

Firstly, note that by the definition of R(t) we have that |v|, |V*(s)|<R(s). Then
assuming that there exists positive constants v and C such that P>Ct™7 for any
t>1, we can directly compute that

¢ 1

-1
s ds/ dv
t—5 PJ2<v—X*(s)/s|<|o—V*(s)|<2R(s) [V =V *(8)[[lv—X*(s)/s]?
t
1
—I—CR/ s‘lds/ dv
t—s P<jo—V*(s)|<|v—x*(s)/s| 1V = V*(s)[[v—X*(s)/s]?

I, <CR
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t
1
<CR s_lds/ ————dv
t—5 P/2<|v—x*(s)/s|<2R(s) [V —X*(s)/s|®

¢ 1
+CR s_lds/ ————dv
t—s P<|v—v*(s)|<2R(s) [V = V*(s)[

t
< CR/ s tnsds.
t—5

Now, we consider By . The definition of d(s,x,v) implies that
[o=V*(s)| <[v—2/s].
Combining this with (2.5), we obtain |v —V™*(s)| <2|v—X*(s)/s|. Following from
o=V (s)|+|v—=X"(s)/s| = [V*(s) = X"(s)/5]| =[6"(s)],

we have

* 1 *
o= X"(3)/s]2 5107 (5)!
Consequently,

t
I,-<C Rs 'lns
2 t—6

1
. dv | ds
</|v_x*(s)/s|2;9*(s)| and P<|v—V=(s)|<2R(s) [V = V*(8)]3]v — X*(s)/5]? )
t
1
SC/ Rsillnsds/ dv
t—s P<lv—v+(s)|<2R(s) [V = V*(s)[3|0*(s)[?

t s 1In?s
SCR/ ——ds.
t—5 10%(s)[?

Similarly, for B; we also have |v—X*(s)/s|>2[6*(s)| and |v—V*(s)|<2Jv—
X*(s)/s|. Then we have By = (BiUB3), where

Bi={(saneBr: 20l Vo) <2 x ()51}
and
B ={ e By 0= X0/l g6 2 5o~V O}

For the first one,

¢
I SC/ Rs~%/TIn*"
? t—5

1
. dv | ds
</§|9*(s)gu—v*(s)gmv—x*(s)/s [v=V*(s)|*lv—X*(s)/s|? )

t
1
<C R$75/7ln4/7sds/ T g v
t—5 -V (s)22]0%(s)] [V =V *(5)]

t —5/T1.4/7
gCR/ s
-5 10%(s)]
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For the second one,

t
Ipz < C Rs~%/TIn*"s
t—0o

/ 1 dv | ds
lo— X *(s)/s]> 110% ()] and [v—V*(s)|<2]0=(s)] [V = V*(8)[?[lv—X*(s)/5[?

t
1
<C R3_5/71n4/7sds/ dv
v+ (s)|<2]0= (s)] [V =V *(s)[?|6%(s)[?

_5/71 4/7
<CR/ (s - ds.

So,

t ¢—5/7] 4/7
S n S
IBS_:IB%—'_IB_%SCR t_(;wds.

For I Br the definition of §(s,z,v) implies that
[v=V*(s)|=[v—z/s]|.

So [v—V*(s)|>2|v—X*(s)/s| because of (2.5), and then [v—X*(s)/s| <3R(s). B
the same computation as B, , we obtain

o=V ()= 216°(s)]

Then, following the method used in [6, 13] we obtain

t
137§C/ Rs 'lns
4 t—5

1
. dv | ds
</U—V*(s)|zga*(s)| and P/2<|v—X*(s)/s|<3R(s) [V = V*(8)[[v—X*(s)/s[* )

t
1
SC’/ Rsfllnsds/ dv
t—s P/2<lv—x*(s)/s|<3R(s) L1V —X*(5)/5[3|0*(s)]
t 17,2
<oppt [ 5 I,
i~ 10%(s)]
Analogously, we obtain
t —5/71,11/7
_=CR 78 In sds

=5 107(s)]

t t —11
Ip- SCR{/ s*llnsds+/ . “st
- t—510*(s)]

t _5/71 11/7 t _11 2
S n S S n s

+/ 7ds+P_1/ ds b.
s 10*(s)] i~ 10%(s)]

Thus
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Remember that § =comin{$t, A(t,%|v* —2*/t|)}, so by the same arguments used in
Lemma 2.2 below, we have

X*(s)

31t~ | < \v*<s>—

7
5 §g|v*—x*/t\.

Thus,
Ip- <CRI[St 'Int 46t Int|0* ()| 2
+0t =TI 70 (6)| "L+ 0Pt In ¢|0% (¢)| Y]
<CR[6t Mnt+6t  nt|0* ()| "2 +0P 1t In?t|0" (¢)| ] (2.6)
since P<t=2/7In®/"+.

The contribution of B*: For B/, k=2,3,4,5, we know [v—V*(s)|<|v—x/s| or
|v—V™*(s)| > |v—x/s| because of the definition of §(s,z,v). Then,

|z — X*(s)|Jo—+[3Fo1Fo2 < ) RsOr InP g,
where x=V"*(s) or z/s. Writing z=X"*(s)+ pw with p> 2L and weS?, we find
plv —*|37k pertontoz < o) R InPrs, €€ (0,3),

since (s,z,v) € B and B;f NG =0. Then

t o)
IB+§C/ / // 1+ (s, X* () + pw,v)dvdwdpds
k t—5J 22 Jg2 Jr3 Tk

3 _ B(egtorptoor) [ 3 ¢ 3oy 3B
<CR3* %P 3ck p *crdp 53k In3=<r sds
t—o0

2tP

5
3leptogptoop)ter Bap—ey 3B

<CORTw P e g et InToent,

Actually, we can choose €2 =¢4 =€ and €3 =¢€5 =€’ to obtain

4e+6

Iy =1Ipr SCORTF P55 Invrt,

4’3 —15/7—¢ 12/7

Ly =1y <CSRTTP 5t s Insot.

For I+, by dividing the integral area into two parts—|v—V*(s)|<|v—x/s| and |v—
V*(s)| > |v—x/s|—we can similarly compute that

—3—¢

3 der 1
Ipe <C6R3=P 3-«t3-1 .
1

If P<t=2/7In/7t, then for any e€ (0,3) we can choose e¢; =¢' =¢ to get Ipy <Ipy
and IBlJr < CIB;. As a consequence, we have

4e+6

Ipi <CORF=P~ 5 cts< Invet (2.7)

for P<t=2/7In*7¢. Combining (2.6) and (2.7), we obtain
1 : eto -
s1s <CRt 'Int+R5 P 5 <t Inset
+ Rt Int|6* (t)| 2+ RP~ L Int|0* ()| 7] (2.8)

for P< +=2/T1n3/ 7,
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2.3. The contribution of U. Note that the characteristic flow is measure
preserving and f(s,X(s),V(s))= f(t,z,v), so we have

J s means= [ [ ([ R s) fe i

It is natural to follow the classic method used in [9, 12], and especially in [13, 6], to
control the inner time-integral. The next lemma is the main tool.

LEMMA 2.1. Let s+ (X (s),V(s)) be a characteristic curve and At €[0,t] satisfying
AtSZ(téW—v*D.
Suppose there exists some D >0 such that for any s € (t— At,t)
r(s,X(s),V(s)) > Dr(t,x,v),
whenever (s,X(s),V(s))€U. Then the following upper bound holds true:

o1y (s,X(s),V(s)) . 1
/t—m | X (s) —X*(s)[? I §D|U*v*\7“(t7l’,v)'

This lemma means that by controlling At we could bound I in the ugly set. For its
proof we refer the readers to [13].

Now we show that the conditions of Lemma 2.1 are satisfied for At=4§(t,z,v).
Remember (2.1), so we only need to prove the following result.

LEMMA 2.2. There exists a constant c4 >0 such that
r(s,X(s),V(s)) > cqr(t,z,v), (2.9)

for any t>5 and s€ (t—0(t,x,v),t).
Proof. Following from (2.1), we have

1
5(t,1‘,U)SA(t,g|’U—’U*D,
which yield that for any s € (t —d(¢,z,v),t),

1
V(s)—ol < glo—v']
and
* * 1 *
V() -v| < glo—v]
As a consequence, we obtain
3 * * 7 *
g|v—v [<|V(s)—V (s)|§g|v—v | (2.10)

Now considering
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Similar to (1.10), we obtain for any s € (t—0(t,x,v),t)

10(s) —0(t)| <o(t,z,0)t|0(t)] +/ |E(T, X (1))|dr.

Using (2.1) again we have 6(t,z,v) <A(t, +|v—x/t|) and

d(t,x,v) < —t. (2.11)

Hence
X(s)
s

g\v—aﬁ/t\ < ‘V(s)— §g|v—x/t|. (2.12)

Combining (2.10), (2.11), (2.12), and the definition of r, we get the desired result.

0
Then, using Lemma 2.1 we obtain, for any ¢ > 5,
/t 1U(SaX(S)aV(S))dS< 1 _5(t,.13,’U)|U—Jf/t‘2
t—o(taw) [ X(8)=X*(s)* T calv—v*lr(t,a,v) cuR
t 2
X
<csR7! V(s)—ﬂ ds. (2.13)
t—0(t,z,v) S

The last inequality follows from (2.12), where c5 = %

Now we will use a lemma which is introduced in [13] to make an inequality like
(2.13) satisfied for some § > §(t,z,v). It will be used in the similar way in our paper.

LEMMA 2.3. Given T'>0, suppose a,be L*((0,T);R") and deC((0,T);R") satisfy,
for any t€(0,T), the inequalities d(t) <t and

t t
/ a(s)ds S/ b(s)ds. (2.14)
t—d(t) t—d(t)

Assume further that a(s) =0 whenever d(s)=0. Then for anyt € (0,T) and 6 € [d(t),1]
we have

/t_éa(s)ds < Q/t_éb(s)ds. (2.15)
Define functions a and b as
_ lu(s,X(5).V(9)) Y e (O
a(s)— |X(S)*X*(S)|2 18257 b( ) R V( ) s 1524'

Set d(s)=4d(s,X(s),V(s)), s€[5,00), and d(s)=d(5)s/5, s€(0,5). Note that
§(t,z,v) <t/5 and we have t—0(¢t,z,v) >4 for any ¢t >5, which yields that

t t
/ a(s)dsg/ b(s)ds, ¥t>0.
t—d(t) t—d(t)

Furthermore, for s>5, d(s)=0 implies either V(s)=V*(s) or V(s)= @, SO
(s,X(s),V(s))¢U. Note that (z,v) always belongs to the compact support of f(t)
when considering Iyy. So, if

" =2 [t > [o -/t V(z,v) € suppf(t),
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we have A(t, L |v* —a*/t]) > A(t, t|v—z/t]), and then § > d(t) because of (2.1). Thus,

by Lemma 2. 3 we have
t t
/ a(s)dsSQ/ b(s)ds, Vt>0.
t—8 t—8
Observe that 6 <t/5, we could obtain

' (s, X(),V(3)) :
/Hs X(s)—X~(s)2 B =2H /H

2

X(s) ds, ¥ t>7,

S

V(s)—

which yields

/U|X(f)(txv dmdvds—///t 61&8)( (S<)s|>2)dsf(t,x,v)dvdx
<o [ [ [lve- X
:265R1/:5//‘”—irf(s,x,v)dvdxds,

for any ¢t >7. Considering the estimate (1.5) we obtain
Iy <CR™'t716. (2.16)

2
f(t,z,v)dvdzds

At last, we combine the estimates of Ig, Ig, and Iy and choose proper P, R to
get the growth of 1.

PROPOSITION 2.4. If §=comin{it, A(t,t[v* —a* /t])}, |0%(t)|=|v* —a* /t| > |v—z/t|
for any (x,v) Esuppf(t) and |6*(t)|>1, then there exists a positive constant Ce de-
pending on fo and € such that for any t>7

t
I= [ 1BX"(s)lds < Cuofi e,
t—4

Proof. Following from (2.3), (2.8), and (2.16), we have for P <t~2/TIn®/7¢,
1 € —3—¢ 3
EISC[P‘*/%*/%R*%*+Rt*11nt+R%P—%ftﬁlnﬁt
+ Rt nt|0* (t)| 2+ RP~ 't 1 In%t|6* (¢)| 7).
Let

P4/3t71/3 :Rfltfl :R%P_égejft%ln%t,
then we obtain
P — ¢ Dise |paziee t, R—{ 7rtac |n~ 7irw £,

Taking e=3", we have that Rt~ 'Int, Rt—'Int|0*(t)|=2, and RP~'t~ In*t6*(t)| !
are less than

C.R™ Y% 1=C ¢ otm In7ire ¢,

Consequently, for any ¢t >7 and € >0, there exists a constant C >0 such that

%Igcst%“*l.

This completes the proof. 0
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3. The proof of Theorem 1.1
Using Proposition 2.4 we can obtain a uniform estimate on the size of 6*(t).

LEMMA 3.1. For any t>1, there exists a constant C. > 1 depending on fy and € such
that

16%()| < Co(t+1) 7T (3.1)

Proof. We only need to show that

sup 6% ()| < Co(t+1)TTte.
(z*,v*)€suppf(t)

For the sake of simplicity, we still record it as |6*(¢)|. For any fixed t > 7, if |60*(t)| <1,
then (3.1) is proved. Now suppose |6*(t)|>1. Following from Proposition 2.4 and
inequality (1.11), we obtain that

6% ()| < |07 (t—8)| + CotTTte—1s (3.2)

for § =comin{$t, A(t,2|v* —a*/t|)}. Let to=t, tn41 =t, — 5, Where

1 — 1
Sy =comin?d —t,, Atn, 0" t,)]) V.
comin{ S, Blta, 51070

Continue until either ¢, <7 or |0*(t,)| <1. By Lemma 1.3, we know that ¢, >7 and
0% (tn)|>1 imply A(ty,:|0%(tx)])>C, and hence 6, >C. Therefore there exists a
positive integer N such that

t,>7 and 0*(t,)>1, 0<n<N,
tn <7 or 0*(ty)<1.

By (3.2),
* * Z+e—1
07 (tn)| <107 (tng1) |+ Ceti! 0n, 0<n<N.
Then, for any t>7

N
10°()] <107 (tw)| +Ce > 8utar

n=0
<107 (tn)| +Ce(t —ty)tir et
<C.(1+0)1+,

since 0*(ty) is less than 1 or bounded by a positive constant which only depends on
fo- As a consequence, there exists a constant C. >1 depending on fy and ¢ such that

16%(1)] < C(1+1)TT+e

for any t>1. 0

Proof of Theorem 1.1.
Proof. Note that
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Then using Lemma 3.1, we obtain

? <C.(146)TFe, ¢>1.

Combining it with (3.1), we get

| <))+ 2
<C.(1+t)frte

for ¢ >1, and hence for ¢ > 0. Using the inequality (2.2) again, we obtain (1.8) because
of (1.6) and (1.7). o
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