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A NEW APPROACH TO THE LENNARD-JONES POTENTIAL AND
A NEW MODEL: PNP-STERIC EQUATIONS*

TAI-CHIA LINt AND BOB EISENBERG?

Abstract. A class of approximate Lennard-Jones (LJ) potentials with a small parameter is
found whose Fourier transforms have a simple asymptotic behavior as the parameter goes to zero.
When the LJ potential is replaced by the approximate LJ potential, the total energy functional
becomes simple and exactly the same as replacing the LJ potential by a delta function. Such a
simple energy functional can be used to derive the Poisson-Nernst-Planck equations with steric effects
(PNP-steric equations), a new mathematical model for the LJ interaction in ionic solutions. Using
formal asymptotic analysis, stability and instability conditions for the 1D PNP-steric equations with
the Dirichlet boundary conditions for one anionic and cationic species are expressed by the valences,
diffusion constants, ionic radii, and coupling constants. This is the first step to study the dynamics
of solutions of the PNP-steric equations.

Key words. Lennard-Jones potentials, Poisson-Nernst-Planck equations, steric effects.

AMS subject classifications. 35B35, 35K57, 92C05.

1. Introduction

The Lennard-Jones (LJ) potential, a well-known mathematical model for the
interaction between a pair of ions, has important applications in many fields of biology,
chemistry and physics (cf. [46]). Such a capable model can be represented by

‘I’(I‘):TE—TT fOI' T':|x|>0, xER,

where C7,C5 are positive constants related to finite ion size, and d <3 is the spatial
dimension (cf. [36]). The inverse twelfth-power term is the repulsive term of ¥ and
the inverse sixth-power term is the attractive term of W. The LJ potential ¥ can be
extended to an [ —m LJ potential given as follows:

\Ill,m(x):ﬁ—@ for r=|z[>0, zeRY

rm ’I"l
where [ and m are any positive constants with m >1>d. All the mathematical argu-
ments of the LJ potential ¥ here can easily be generalized to the [ —m LJ potential
for m>1>d, Cy >0, and Cy >0.
To compute the energy of ions interacting by the LJ potential, the following
energy functional is considered:

Pufeced = [[ | wla=ne@e;wdudy, (1)

for nonnegative functions ¢; and ¢; which denote the distribution (concentration)
functions of the ith and jth ion species (cf. [29]). Similar energy functionals for
Coulomb interactions can be found in [9]. Note that the energy functional Ey s is for
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150 PNP-STERIC EQUATIONS

two ion species if i # j, but for only one ion species if i =j. Because the LJ potential
¥ is singular at the origin, the functional Ey ; is a singular integral defined by

Bufece)=lim [ w @y )y, (1.2

o—0

for ¢;,c; € L% (Rd) = {f cL? (Rd) D f> 0}7 where x, = X, (2) is the characteristic func-
tion of the exterior ball {z€R?%: [z|>0c}. In [16, 17, 18, 28], the energy functional
Er; with Cy =0 is used, but here both C5=0 and C5 >0 are considered.

Conventionally, the system of Poisson-Nernst-Planck (PNP) equations, a model
of ion transport, plays a crucial role in the study of many physical and biological
phenomena (cf. [2, 3, 6, 7, 10, 12, 14, 15, 30, 32, 40, 41, 42, 45, 48, 52, 53, 59, 60]).
However, when ions are crowded in a narrow channel, the PNP equations become
unreliable because the ion-size effect becomes important, but the PNP equations
represent ions as point particles without size (cf. [1, 4, 8, 11, 18, 21, 22, 26, 33, 37, 38,
50, 51, 56, 58, 61]). Hence the PNP equations need to be modified in order to describe
solutions where the ion-size effect is important. Biological solutions are mixtures
containing divalents in which ion size effects are always important (cf. [17, 19, 20]).

To modify the PNP equations, many efforts have been made to combine the
energy functional of the PNP equations with the other exclusion terms which may
come from liquid state theory and density functional theory [5, 23, 34, 38, 40, 47].
Being related to liquid state theory, the Lennard-Jones (LJ) potential is often used
as an approximate model of the van der Waals force (cf. [29, 46]). However, it seems
that no one had ever used the LJ potential to modify the PNP equations before the
pioneering works of Eisenberg and Liu, who derived the PNP equations with size
effects, i.e. equations (2.6)-(2.8), by combining the repulsive term of the LJ potential
and the energy functional of the PNP equations (cf. [16, 28]).

Equations (2.6)-(2.8) importantly generalize the PNP equations and numerically
simulate the selectivity of ion channels which can not be obtained by solving the
PNP equations alone (cf. [62, 63, 64, 65, 66]). Nevertheless, due to imposing the LJ
potential, equations (2.6)-(2.8) become a complicated system of differential-integral
equations having no numerical efficiency (cf. [17, 28]) and allowing no theoretical
result. The goal of this paper is to approximate the LJ potential and simplify equa-
tions (2.6)-(2.8) into the PNP-steric equations, a new mathematical model for the LJ
interaction in ionic solutions. Instead of singular integrals of equations (2.6)-(2.8), the
PNP-steric equations are composed of the PNP equations and nonlinear differential
terms with coupling constants. Numerical simulations of the PNP-steric equations are
presented in [25], which shows the numerical efficiency to simulate the selectivity of
ion channels previously studied in Monte Carlo simulations with results comparable
to a wide range of experiments.

The main difficulty of numerical simulation of the PNP-steric equations is how
to choose coupling constants suitably. This motivates us to study a simple case (one
anion and one cation species) of the PNP-steric equations with the Dirichlet boundary
conditions using suitable asymptotic expansions to see the effect of coupling constants
gi;’s. The formal asymptotic analysis gives the stability and instability conditions
represented by the g;;’s which can be regarded as the first step in a series of analyses.
(see sections 4 and 5). More theoretical results will be done soon which may be useful
for the choice of coupling constants in order to do further numerical simulations on
ion channels.

This paper has two major parts: one is the approximation of the LJ potential
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using band-limited functions and the other is the stability and instability conditions
for the PNP-steric equations with the Dirichlet boundary conditions using asymptotic
expansions. The approximate LJ potentials are introduced in Section 2.1 and the
detailed mathematical arguments are stated in Section 3. The PNP-steric equations
are derived in Section 2.2 and the stability and instability conditions for the PNP-
steric equations are proved in Section 4 and 5, respectively.

2. Preliminaries

2.1. The approach to the Lennard-Jones potential. Because the LJ
potential ¥ does not have a Fourier transform, it is difficult to study the energy
functional £y directly. When the spatial frequency variable £ is bounded, the Fourier
transform Wy, (§) tends to infinity as o goes to zero, but by the Riemann-Lebesgue

Lemma, Ifllim \17;(\0 (§)=0 for all 0 >0. Hence the asymptotic behavior of the Fourier
—00

transform \ITX\[, (€) is dominated at bounded spatial frequencies and negligible at high
spatial frequencies. This gives a reason to cut off high spatial frequencies in order
to see the asymptotic behavior of the Fourier transform ¥y, (). From a physical
and biological point of view, it seems obvious that particularly small spatial features
cannot be used by evolution to produce biological function and so should be absent
in analysis. The high spatial frequency cut-off function ¢, is a band-limited function
defined by

o (2)=(1=X,-(8))", (2.1)
for z,& € R%, where v denotes the inverse Fourier transform. Obviously,
. 1, if [ <o,
el =1-x©={ " §f 50 (2.2

for £ €R?, where the hat denotes the Fourier transform, and 0 <~ <1 is a constant
independent of o and &.

Generically, band-limited functions can handle spatial information locally in fre-
quency domains and play important roles in Fourier analysis of mathematics and have
many applications to engineering, physics, and statistics (cf. [31, 35, 55]). Physically,
it is obvious that the band-limited approximation is reasonable if not inevitable. After
all, derivations of PNP replace Maxwell’s equations with Poisson’s equation, and ne-
glect ‘capacitance to ground’ (capacitive coupling between ionic solutions and nearby
ground planes) always present in experiments. These and many other effects at high
frequencies are better attenuated to zero than approximated irrationally (i.e., without
known error bounds) as they are in treatments with unlimited bandwidth. Here a new
approach to the LJ potential ¥ uses the spatially band-limited function ¢, to define
the approximate potential ¥ as follows:

U, (2)=(Uxo)xps(z) for zeRY, (2.3)

where the asterisk is the standard convolution, ¢, is the spatially band-limited
function defined in (2.1), and y, is the characteristic function of the exterior ball
{z€R%:|z| >0}. Note that x,(2) and 1—x,-~(£) are the characteristic functions
of {z eR?: 2| > J} and {5 eR?: | < cf’”f}, respectively, and both of them extend to
the entire space R? as the small parameter o goes to zero. As o goes to zero, X ~ 1,
1—xs-+~1, and

—~

U, () =Uxo (6)F5 (€)= Uxo () [1— Xor ()] ~ T (€).
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which implies W, ~W. Hence formally,

/ ci(x)(¥ore))(z) dxw/ ci(x)(¥xey)(z) de=FEryle,cjl.
Rd

Rd

This shows how we approximate the energy functional Ep ;.
The approximate energy functional Ey, ;. is defined by

ELJ,U[ci,cj]://RdXRd U, (x—y)ci(x)c (y)da?dy:/ () (Vs * ¢;)(x)dx.

&
Rd

As o goes to zero, the functional Er;, tends to the functional Ep s if the following
hypothesis holds:

(1) tim [ fow Txo (O 1L~ X+ (©)G(OGEE ~ [ T ()G ()] =0
(see Proposition 3.1). Here the meaning of ‘approximate’ is different from that of
conventional approximation theory. Note that the characteristic function 1—y,-~
truncates the high frequencies |£] >o~7, but still preserves the spatial frequencies of
order |{|~o~% (for all 0<@<~) tending to infinity as o goes to zero. By standard
theorems of Fourier analysis (cf. [54]), the functional Ey ., satisfies Epjq[c;,c;]=
Ja G (§) Vo ke (§)dE = [4a G (&) Vs (€)E (€)dE On the other hand, (2.2) and (2.3) im-
ply \fJ; (&) ~Cr 5% 0?12 as o goes to zero, where wy is the surface area of d dimen-

T2—
sional unit ball (see the proof of Proposition 3.2). Hence

W

il Oy jd=12 [ ey _ Wd__d—12 , ‘
Brag e~ Cr g™ [ @06 ©ds =050 [ la)e; (@)

This shows that the functional Er ;. is asymptotically close to another functional
Er o as follows:

ELJ70— [Ci,Cj] NELJ,O— [CZ',Cj] = Cl SU /d C; (l‘)Cj (m)dx, (24)
R

where S, = 1545 0912 Thus the functional Ey, J,o can be regarded as an approximate
energy functional to Fr ;. Note that the constant C; comes from the repulsive term
of the LJ potential, but the constant Cy (for the attractive term of the LJ potential)
does not affect the leading term of the asymptotic behavior of \f; This may support
the work of [16, 17, 18, 28] which only use the repulsive term of the LJ potential
to describe ionic interactions. However, the effects of the attractive terms remain to
be investigated. They may have been selected by evolution to produce qualitative
behavior of importance to biology. Note that the functional E, J,o is much simpler
than the functional Ey,; and it can be expressed as

Epsoleic))= / / C1 S b0 (2 —)es (2) ¢; (y) dady,
R4 x R4

being the same as replacing the LJ potential ¥ by a delta function C1S5,dp in the
energy functional Ey, 7, where do(+) is the standard delta function concentrated at the
origin. Such a simple energy functional Ep J,0 can be used to derive the PNP-steric
equations as a new model of ionic solutions.
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2.2. PNP-steric equations. The Poisson-Nernst-Planck (PNP) equations
consist of the Nernst-Planck equations coupled with the Poisson equation being ex-
pressed as follows:

3ci Dl (SEpnp .
= . . =1.....N
ot kBTv (sz 6Ci > ot ’ T

(eV9) po+Zzzecz,

where E,,, is the energy functional of the PNP equations given by

N N
1
kT E ciloge; + 5 <p0+ E Zieci> ¢] dx
i—1 i—1

Here NNV is the number of ion species, ¢; is the distribution function, D; is the diffusion
constant, and z; is the valence of the ith ion species, respectively. Besides, ¢ is the
electrostatic potential, € is the dielectric constant, pg is the permanent (fixed) charge
density of the system, kp is the Boltzmann constant, 7" is the absolute temperature,
and e is the elementary charge. More precisely, the PNP equations are denoted as

Epnp[cla"' 7CN5¢] ::/
Rd

oc;
ot

DY7<Vq+kZ;qV¢>,iL~UN,
(2.5)
(eVo)=po+ ZZZQCZ

To include the hard sphere repulsion of ions, the energy functional FE,,, is

N
modified by adding the energy functional > FErjlc;,c;] with the constants Ci=
ij=1
1eij(ai+a;)'? and C =0, where ¢; and ¢; are the distribution (concentration) func-
tions of the 7th and jth ion species with the radii a; and a;, respectively. Then the
modified energy functional E,,,,, becomes

Empnp[clv“' aCN7¢] ::/ (kBTZCzIOng (pO"‘ZZzeCz) )
Rd
)12

€ijlai+aj) ™ az—i—a]
ci(z)e; (y)dzdy.
s M e

Using energy variational analysis (cf. [16, 28]), the modified PNP equations are the
equations

Zjl

8@_ DZ‘ (SEmpnp .
5 _k:BTv (czV 5, ), i=1,---,N,

ie.

8 C;
ot

+V-J;=0, i=1,-- N, (2.6)
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coupled with the Poisson equation

(eVo)=po+ Zzlecl, (2.7)
where the flux J; is
D;c; D;c; €;(a; +aj) 12
Ji=—D;Ve; — —"2eVp— —— / LA e ] ————2c.i(y)dy. 2.8
T ieve kBTZ i g ? W 28)

However, equations (2.6)-(2.8) are difficult to investigate theoretically because they
are partial differential-integral equations with singular integrals. Moreover, due to the
effect of high (Fourier) frequencies, the numerical computations of equations (2.6)-
(2.8) may lose accuracy and become inefficient (cf. [28]).
Instead of equations (2.6)-(2.8), a simple model can be derived by replacing the
N

energy functional " Epjle;,c;] (with Cp = E,J(al—l—aj)12 and Cy=0) by the ap-

ij=1
proximate energy functional

N
- 1
> ELJ,U[CiaCj]:ieij(ai‘i‘aj)uso/ﬂ{d ci(x)c; (v)de

ij=1

defined in (2.4). Then the energy functional E.,,,, can be approximated by

EU[Cla""cN’qj)]::/R (kBTZczlogcl—&— <p0+Zzzecz>>

i=1
—|— E €ij(a;+aj) s, / ci(x)ej(x
1] 1

which is much simpler than the energy functional E,,,,,. Using energy variational
analysis (cf. [16, 28]), a new model called the PNP-steric equations is expressed by

(r“)Ci Di (SEU .
ot _kBTv<C’LV(SCZ>’ 2—17 ,N7

ie.

dc;
E—’—V J; =0, (2.9)

coupled with the Poisson equation

-(eVo) p0+Zzlecl, (2.10)

where the flux J; is

D; cl D;c;
Ji=—D;Ve¢;— T Vq/)— T

N
SUZEU (a; +aj) ch. (2.11)
j=1
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Here the symmetry €;; =€;; has been assumed for notation convenience. The PNP-
steric equations are of convection-diffusion type with the following energy dissipation
law:

d

%Ea‘[cla”' 7CN7

p k: A+ zied+ )| da,
R

N N
where p1; = é%i ; ErLjelcjcr] =S, Zleij (ai+aj)12cj is the chemical potential. On
e =

the other hand, the PNP-steric equations have more nonlinear differential terms than
the PNP equations so they can simulate the selectivity of ion channels efficiently
(cf. [25]). Note that the selectivity of ion channels can not be found by using the PNP
equations. This shows that the PNP-steric equations are more capable than the PNP
equations and much simpler than equations (2.6)-(2.8).

For the case of two species ions (i.e. N =2) with one anionic and cationic species,
the index j=1,2 is replaced by j=mn,p for notation convenience and the PNP-steric
equations (2.9)-(2.11) are presented as

den =D, |V- Vcn—&—ﬂchng —l—S'UV-(g,mchcn—anpchcp) , (2.12)

ot kBT

0

%:Dp {V (V —|— cpv¢> +S,V- (gppchcp—i-gnpchcn)}, (2.13)
—V-(eV9) =p0+znecn+zpecp, (2.14)

for x € R?, t >0, where the function ¢, is for anion concentration, ¢p is for cation con-
centration, S, = - r Soy gnp=¢€12(a1+a2)'2, gnn=€11(2a1)2, and gy, = €22(2a2)"?
Due to the spatial dimension d <3, the constant S, ~o% 12 becomes a large quan-
tity tending to infinity as o goes to zero. Let &= kszE, 6=1/S,, 7=t/6, dp(z,7)=
rerd(a,t), and ¢(z,7)=c;(z,t) for j=n,p. Then the equations (2.12)-(2.14) are
transformed into

1 0é, . L~ e S
D or =5V - (Vcn—l—znch(b) +V - (90 Vén + gnpnVé,), (2.15)
1 9¢, - ~ L~ S R
D—p 8—: =V - (ch + zpchqS) +V  (gppCpVep+ gnppVn), (2.16)
—V - (EV) =0+ 2nCn + 2pCp, (2.17)

for z €RY, >0, where gy =£2. Note that acJ =61 ac’ for j =n,p, and 7 ~ 1 is equiv-

alent to t~d=1 / S,,, being a small time scale. For notatlon convenience, removing
the tilde and replacing 7 by ¢, the equations (2.15)-(2.17) become

L Jep
F% =0V - (Ve + 2,0 V) +V - (gnncnVen + gnpen Vep), (2.18)
10
T 3r =0V (Ve +2¢,V0) + V- (g Ve + gy Vn), (2.19)
P
—V*(EV(jﬁ) =po+ 2nCn+ 2pCp, (2.20)

for z€R?, t>0.
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Instead of the entire space R?, here the spatial domain is considered as an one-
dimensional (d=1) interval (—1,1), and then the equations (2.18)-(2.20) are changed
into the following equations:

1 dcn 6 8cn 8([) 0 8 80

1 30,, 0 (0cy oo} 0 oc dey,
D 5t 581‘(8 +pp8> P2 (gppcpa —|—gnpcp8 ),forxe( 1,1), t>0,

2

TEgp PO At 5, forz € (—1,1), t>0.

Setting e=1 and py =0, these equations become

1 dc, 0 (0Ocy, dP dcy, Ocp
= =0— ( +Zncp )+8x (g,mcn + GnpCn 8x> forxze (—1,1), t>0,

D, 0Ot Ox \ Ox ox ox
(2.21)
1 9, 0 (dc 99 de, den
D, ot ‘Sax<a;+ P oy )+8x <g”” @G TGy ) forr€ (=1,1), £>0,
(2.22)
0%
—@:zncn—kzpcp7 fOrJ:E(—l,l), t>0, (2-23)

where ¢ is a small parameter tending to zero. For simplicity, we consider the following
Dirichlet boundary conditions:

B B
cn:f—l, cp:—l, ¢p=D3, as x=1,
n i
(2.24)
B B
cn:——2, cp= 2,¢ By, as z=-1,
Zn Zp
where By, k=1,---,4 are constants. Here we only focus on the equations (2.21)-(2.23)

with the boundary condition (2.24), but not (2.18)-(2.20) on the entire space. Using
the formal asymptotic analysis, we may get the stability and instability conditions of
the equations (2.21)-(2.23) with the boundary condition (2.24), which show the effect
of coupling constants g;;’s.

To see the solution of the equations (2.21)-(2.23), the following asymptotic ex-
pansions are used:

Cn=Cn0+0Cn 1 +52Cn72+"',
Cp=Cp,0+0Cp1 +52Cp,2+"'7
¢=po+0p1+0% o+

Then the zeroth order solution (¢, 0,¢p,0,P0) satisfies

1 (9Cn’0 0 aCn 0 an70

D, ot = 6$ (gnncn (v Oz +gnpcn,0 Oz ) ) (225)
1 8cp 0 _ 0 8Cp dcy, ,0

Fp o or (gpp Cp,0—5 Or +InpCpo—p oz )’ (2.26)
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%90

Ox?

for x€(—1,1) and t>0. As g,, =0, both (2.25) and (2.26) become the standard
porous medium equation (cf. [57]); hence for g,, #0, the equations (2.25) and (2.26)

can be regarded as a coupled system of porous medium equations.
The steady state equations of (2.25) and (2.26) are denoted as

= ZnCn,0+ 2pCp,0, (2.27)

(gnncn,OC{n,O +gnpcn,OC;70)/(x) :05 (228)
1
(gppcp706;70 + gnpcp,OC;z,o) (z)=0, (2.29)

for z € (—1,1), where a prime mark (/) denotes differentiation of the spatial variable x.
Electroneutrality (which means the charge of anions is equal to that of cations) holds
in most biological systems (cf. [67]). A particular assumption called pointwise elec-
troneutrality, which means the charge of anions is everywhere equal to that of cations,
appears in the zeroth order equation [24] as a pleasingly natural physical approxima-
tion. To find solutions of (2.28)-(2.29) with pointwise electroneutrality, it is natural
to assume that ¢, o and ¢, ¢ have the form

cno(x)=2zw(x), cpo(r)=—2pw(z) for ze(-1,1), (2.30)

so the total charge of ¢, o and ¢, ¢ becomes zero, i.e. 2, ¢, 0(x)+ 2pcpo(x) =0 for z €
(—1,1). Note that z, and z, are the associated valences, the charge on an individual
ion. To solve the equations (2.28) and (2.29), the function w=w(x) must satisfy
(wQ)H ()=0 for z € (—1,1), and hence w=w(z) =+ K1z + Koy, where Ky and K are
constants determined by the Dirichlet boundary conditions as follows:

—zZncno(l)=2pcp0(1)=B1, —zncno(—1)=2pcp0(—1)=DBy, (2.31)

and By and By are the positive constants for the Dirichlet boundary conditions
in (2.24). Because w(x) =+/Kjz+ K for x € [-1,1], by (2.30) and (2.31), it is obvious
that VK1 + Ko=w(1)= _E’:lep and Ko — K, =w(—1) = 22— which imply

—2Zn 2p
B} — B3 B2+ B2
Ky=—"-->2 d Ky=-1T72
! 222 22 o 0 222 22
Hence
B2 _ B2 B2+ B2
w(x)z\/( LBt Bt By >0 for ze[-1,1], (2.32)

‘/§|anp‘

being non-constant if By # Bs. Combining (2.27) and (2.30), the electric potential ¢
satisfies the following equation:

—¢p(x)=0 for =ze(-1,1). (2.33)
The equation (2.33) is a standard differential equation solved as follows:
¢po(x)=apx+by for =ze(-1,1), (2.34)

where ag and by are constants determined by the boundary conditions of ¢ given in
(2.24). The first order solution (cp1,¢p.1,01) = (cn1(2,t),cp1(x,t),01(x,t)) satisfies

1 9cnn_ 0 (aC"‘OJrzncn,o%) g {gmia(c”’oc”’l)+gn,,<8Cp’°cn,1+cn,o—aczl)},

D, 0t Oz \ Ox ox ox ox ox
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10 o (0 ) o o de, .
Cp,1 :7< pr0+zpcp70ﬂ) [QPPM‘FQW( eno e o O ,1)}7

D, ot 0z \ o« ox ) "oz o o o
(2.36)
82
- 8‘:)21 = ZnCn,1 +chp,1, (237)
for z € (—1,1),t >0. By (2.30), the equations (2.35) and (2.36) become
1 8071 1 ’ N/ 1o} 8(wcn 1) / an 1
= — = n = nnfp——Fp——— n —Zn n - ; 2.
D o Zp (w 4z w¢0) +8m [g Zp B + Gnp | —2nw'cn1 + 2pw e (2.38)

1 Ocp1 , NG O(wep,1) , B dcn 1
D, ot Zn (w +pr¢0) +8x |: #nfpr 5 +gnp | 2pW Cp1 —2pW O )
(2.39)

for xe(—1,1),t>0.

Let ¢ =2z,cn1+2pCp1 and @ =—2pCn1+2pCp 1, 1.€. Cp1= i(w —¢) and ¢p1 =
7 (¥ +¢). Then after some algebraic calculations, the equations (2.38) and (2.39)
can be transformed into the equations for v and ¢ as follows:

0
8715 =(Dy— Dy) 2n2pw" () + 2n2p (D 20 — Dy 2p) [w($)¢6(x)]l
;o Py 0 N oY
= D4 g190,) 2 0 @01+ - ) w052
(2.40)
and
0
8785 =—(Dn+Dy) anpw”(x) —2n2p (D 2+ Dp 2p) [w($)¢56(x)]/
L QPw()e] o o8 ;o 50 P
+ (gnp +9)T + (dnp _d)% [w (fﬁ)w] - (dnp—l_d)% [w(x)ar:| ’
(2.41)
where gy, an, g, and d are constants defined as follows:
Gnp = %gnp (Dpzp—Dnzn),
an = %gnp (Dpzp+Dnzn),
(2.42)

g= % (Dnngnn - Dpzngpp) )

CZ = % (Dnngnn + Dpzngpp) .

The equations (2.40) and (2.41) depend on valences z;, diffusion constants D;, and
coefficients g;; ~ (a; +a;)*? (i,j=n,p) related to ionic radii. In particular, these equa-
tions can represent the difference between NaCl, KCIl, and CaCls.

For notational convenience, the equations (2.40) and (2.41) can be expressed as

9 (4 bil Ly Lo (0

il = , 2.43

6t<<p) (f2 T\ Lo ) o (2.43)
where f; and fy are external force functions given by

fi(@)=(Dn—Dy) anpw”(x) +2n2p (Dn 2n — Dy 2p) [w(m)(bf)(:c)]/, (2.44)
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f2(z) == (Dn+Dp) znzpw"(x) — 2n2p (D 20+ Dp 2p) [w(ar)gbf)(x)}/, (2.45)

and L;j, ¢,j=1,2 are differential operators defined by

L1t =0+ 9up) 3 [0 201 + 0 30) 5 [0 52 (2.46)
Li2p=(dnp —d’)%, (2.47)
Lot =y~ D g [0 @0~ (G + )5 [0 FE | 29
Lo =gy +9) 120, (2.49)

When g> gnp, the asymptotic stability of system (2.43) (i.e. the equations (2.40)
and (2.41)) is proved in Corollary 4.2 (see Section 4). Thus the equations (2.38)
and (2.39) have asymptotic stability if the condition § > g, holds. However, if g, =
Gpp =gnp =0, then system (2.43) becomes ¢y = f1 and ¢, = fo, which imply (¢,¢)=
(o +tf1,%0 +tf2) for t >0, where 1o = 1|,_, and o = ¢|,_,, are initial conditions of
1 and ¢, respectively. Hence the asymptotic stability of system (2.43) is gone. This
shows that the effect of coupling constants g;;’s changes the asymptotic stability of
system (2.43).

Note that the operator (é; é;z) = (Lél 122) becomes diagonal if a?,np—d:
dnp+d=0,1i.e. d,,=d=0. By (2.42), the condition d,,, = d =0 is equivalent to D, 2, +
Dy 2z, =0 and Dy, 2pgnn + Dpzngpp =0, being fulfilled if D), = D,,, 2z, = —2y, and gnn =
gpp- In Section 5, the case of D, =D, =D >0, 2,=—2,=2>0, and gnn=gpp=9>0
(i.e. symmetry electrolytes) is considered in order to get the instability condition
g < gnp'

3. The approximate LJ potential
In this section, we study the approximation of the functional Ey,; defined in (1.2)
and written as follows:

Erlci,c;]=lim // (U2 —T6) X0 (x—y) i (x) ¢ (y) dedy, (3.1)
o0 JJrd de

for ¢;,c;e LA (RY)={feL?*(R%): f>0}. Here Wi5(2)=C1|z|7*? is the repulsion

term and Wg(z) =C3|2|7% is the attraction term of the LJ potential, and o, = Xo(2)

is the characteristic function of the exterior ball {z eRY: |z] > 0} satisfying

1, if |z|>o0,

Xo(2) =
0, if |z|<o.

The main idea here is to approximate \m(g ) (m=6,12), the Fourier transform

of the kernel ¥,, Y., by mgﬁg (&) in the frequency space, where the hat denotes
Fourier transform and ¢, is a band-limited function satisfying

$o(€)=1—xo-(§) for EeR (3.2)
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Here 1— x,-~ is defined by

Lot [¢f<o77,

]‘7X0'77 (6) -
0,if [¢]>077,

where o >0 is a small parameter tending to zero, and 0 <y <1 is a constant indepen-
dent of £ and 0. Note that 1—yx,-~ denotes the characteristic function of the ball
{€€R?: €] <07}, which expands to the entire space R? as o goes to zero.

By the standard formulas of Fourier analysis, it is obvious that

— —

\IImXU(f)@U(g) = [(\IJmXU)*Qaa](f)’ (33)

for £ € RY, where the asterisk denotes convolution. The approximate kernel of ¥,,, is
given as follows:

Kmo(2)=(UnXo)xpo(2) for 2z€RY m=6,12, (3.4)

and the approximate energy functional Ey,;, is given by
Erjolciscjl 1:// (Ki2,0 — Ko,0) (z —y)ci(z)cj (y)dady, (3.5)
R4 xR

for ¢;,c; € L% (R?). By standard theorems of Fourier analysis (cf. [54]), it is easy
to check that the functions V¥,,x, and ¢, are of L?(R%)NL>(R?), which implies
K o € L*(RY) N L>®(RY). The following proposition is for the approximation of Ey,; ,
to ELJ.

PROPOSITION 3.1. Assume ¢;,cj € L% (R?) satisfy the following hypothesis:

() 1 [ o OXo () [1 = X0 (€G(F (€ — o T (€ (€)F (€)dE] =0,

where 0 <~y <1 is a constant independent of o and £&. Then
Jm Ao leicj] = Erglei¢]} =0. (3.6)

Note that the hypothesis (H) is achievable at least for functions ¢; satisfying
¢i(&)=0 for |{|>077 and i=1,---,N, which means all the high frequencies of ¢;
have been cut off. Due to the strong singularity of W, \17)2,(5) has no asymptotic
behavior like the right side of (3.12) as o goes to zero, especially for |£|~o~! (see
Remark 3.3). This motivates us to replace \17927(5) by \Ij)z,(f) [1—x5-~ ()], which is a
kind of truncation on the ¢ variable and has a simple asymptotic formula (3.12). The
truncation may lose the effect of high frequencies [¢| > o7 (0 <y < 1), but still involve
a large part of the steric effects because it keeps the effect of frequencies like |£] ~ o™
for 0 < <y tending to infinity as o goes to zero. Please note that the main goal of
our work is to simplify the model of Liu and Eisenberg [16, 28]. Here we present a
simplified model which is easy to study and useful to understand the selectivity of ion
channels [25].

For the proof of Proposition 3.1, we use the Fourier transform to calculate the
integral

//Rded Ui Xo (2 —yl)ci(z) c;(y) dedy,
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and get

// \I/mxa(|x—y|)ci(x)cj(y)dxdy:/ (U Xo)*c5] () ci(2)da
RdXRd Rd

- Rdm(@a(o@(&)da
i.e.

// Voo (2 —y) e (@)e; () dedy= | Trxa(©)E(E)E©)de. (3.7)
Rd xR4 R4

On the other hand, (3.2)-(3.4) give

//Rd Rd Kpo(x—y)ci(z)e;(y)dedy =

—~

K oxcj)(z)e;i(z)dx

// Ko (2~ y)ei () () dady = / Toa ()1 Xor ()]G (EO)G()dE. (3.8)
R4 xR R4

Here Parseval’s formula and the convolution theorem for the Fourier transform
(cf. [39]) have been used because c¢;,¢; € L2 (R?). Thus the hypothesis (H), (3.7),
and (3.8) imply that

Jn [ Kusle-pe@amisd- [[we-e@e i) <o
(3.9)

and K, , can be regarded as an approximation of the kernel ¥,, for m=6,12. Com-
bining (3.1), (3.5), and (3.9), it is obvious that

lim (ELJJ — EL(])

o—0+
lim {// Km,o(x—y)ci(z)cj(y)dedy — // m(|z—y|)ci(x)e '(y)dacdy}
o—0+ Re xR Rded

so (3.6) holds and the proof of Proposition 3.1 is complete.

m= 6 12
:()7
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As o goes to zero, the asymptotic behavior of the functional Ey ;. is stated as
follows.

PROPOSITION 3.2. Under the same hypotheses of Proposition 3.1,

w
Erjolci,cj]=C4 _d 12 (140,(1)) / ¢i(x)cj(x)de, (3.10)
12 - d Rd
where wq is the surface area of the d-dimensional unit ball and o, (1) is a small quantity
tending to zero as o goes to zero.
Proof. Using the definition of the Fourier transform, the function

—

U Xo (€) [1—Xo-+(£)] can be expressed by

L —

\I/ng(f) [1_X<7_’Y(£)}:am/> exp{\/jlx-f}|x|_mdx[1—XU_W(f)]

for m=6,12, where a,, =C1 it m=12, a,, =C2 if m=6. Let 5:075 and T=0""x.
Then |(|<o~7 is equivalent to |£| <1, |z| >0 is equivalent to |Z|>o!~7. Besides,
|z| =™ =0"™7|2|7™, dz=0%dZ, and hence

_—

Trova (€)1 — X (€)] = o [1— X (©)] /Wexp{ﬁxf}mmdx
= o™ [1—)(1 (é)} / exp{v/—1%-£}|Z|"™dz.

|| >01—7

Note that 0<y<1, 1—x; (g) —0if [€]>1, and 1—x, (5) =1if |§[<1. Then

La (@] ewlVTIE gl =2 om0 (1o (1)
e (3.11)

ie.

U X o (€)[1=x o (€)] = 5225 0¥ (140 4(1)), (3.12)
where wy is the surface area of the d-dimensional unit ball and o, (1) is a small quantity
tending to zero as o goes to zero. Thus (3.8), (3.12), and Parseval’s formula for the
Fourier transform (cf. [39]) imply

// Koo (2 —y)ci(@)e; (y) dudy = am =24 6™ (11 0,(1)) / GO (©)de
R2 xRd

:amﬂdadm(uog(l))Adci(x)cj(x)dx,

for m=6,12. Therefore, the proof of (3.10) is complete. 0

REMARK 3.3. Suppose v=1. Then the asymptotic behaviors (3.11) may fail. Hence
the condition 0 <y <1 can not be generalized to v=1.

Combining Proposition 3.1, (3.6), and (3.10), we have the following obvious theorem.

THEOREM 3.4. Under the same hypotheses of Proposition 3.1, the energy functional
Ey ; satisfies

ELJ[Ci7cj}:Clﬁad_m(l—i—og(l))/Rdci(:v)cj(x)dm, (3.13)
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as o goes to zero, where wy is the surface area of the d-dimensional unit ball and o, (1)
is a small quantity tending to zero as o goes to zero.
4. Stability conditions

Let (¢,¢) be a smooth solution of the system (2.43) with the zero Dirichlet bound-
ary condition ) =p=0 at x==+1. Note that the function ¢g is a smooth function.

We take the L2-inner product of (2.43) and ( i), and then we may use (2.46)-(2.49)

and integration by parts to get

1

d
o | W) de=T+IT+111, (4.1)
-1

] 4]
where wg;:%7 30:1::67@7 ()‘T:%’ and

x

1
I= / (Frto+ fop) da, (4.2)
-1

1 1 1
II:_(g+gnp)[1 w/(x)¢¢de_(g_gnp)/lwwid'x—(gnp‘f'g)/ ("U(P)g;@wdxv

-1

R !
III:f(dnp—d)[l (wp), Yo dx
1

WP, d.
1

=) [ 11 W @)prdot (dny+d) |

Using integration by parts and the zero Dirichlet boundary conditions ¢ =0 at x ==+1,
it is obvious that

1 1 1
1 1
/ ' (@)pedr= / Sw'(2) (¥?), do=— / w” ()2 da,
-1 1 2 x 2 1
Similarly, due to ¢ =0 at =41,

1 1 1

/ w/(q})@@rdx:**/ w”(l’)302d1',
-1 2)_4

and then

1 1 1
/ (wp), poda= / wlpsPda+ / W (2) iy du
1

-1 - —1

1 1
:/ w|<pz|2d:£77/ w” (z)p? da.
1 2J4

Hence 11 becomes

11=—~(3~Gup) /

~amt)| [ 11 wlodf?dn -1 [ 11 W' (o) o). (43)

By (2.32), the solution w satisfies

1 1
1
wyy dz+ E(g +Gnp) / w' () da
1 -1

B} —B3)z+ B; + B

Bzw(a:)z\/( V3] 2>p>0 for ze[-1,1], (4.4)
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and w”(x) <0 for z€(—1,1), where b:% and B:W are positive
n Zp n Zp

constants. Suppose §> gnp. Then (4.3) and (4.4) imply

1 1
IT<—b(g— gGup) / e 2~ b(Gp + ) / a2, (4.5)
—1 —1

Here we have used the fact that g and g,, are positive constants. By the H”older
inequality, it is obvious that

1/2

I<C, [/1 (¥?+¢?) dac] ; (4.6)

-1

where (1 is a positive constant depending on f; and fs. On the other hand, both v
and ¢ satisfy the Sobolev inequalities

1 1
/degcg/ [, | da (4.7)
-1 -1
and

1 1
/ ©rdr < Cy / |gpx\2dx, (4.8)
-1 —1

where C is a positive constant independent of ¢ and . Hence by (4.4), (4.7), (4.8),
and the Holder inequality, we get

1
1112 (|l +13) o [ (12 +liul?) o (19)

where Cj is a positive constant independent of d, an, 1, and . Suppose both |J|
and |d,,| are sufficiently small such that (|cfnp\ + |CZ|) C3<b(g—gnp)- Then (4.5) and
(4.9) give

1

IT+I11T< ,9/ (|¢02]? + |2 |?) d, (4.10)
—1

where 0=0(§—gnp) — <|an|+|d|) C3 is a positive constant. Consequently, (4.7),
(4.8), and (4.10) imply

1
U+IU§-90/ (¥ +¢?) du, (4.11)

—1

1
where 90:0% is a positive constant. Let M(t):/ (¥? +¢?) dx for t>0. Then

-1
combining (4.1), (4.6), and (4.11), we have

dM —
Notice that as M > (Cy/6)°, the right side of (4.12) becomes negative and 4 <.
This implies that sup,~ M (t) < oo, and the result can be summarized as follows.



T.-C. LIN AND B. EISENBERG 165

THEOREM 4.1. Let (1b,p) be a smooth solution of the system (2.43) with the zero

Dirichlet boundary condition =¢=0 at x==x1. Suppose §>Gnp, where both g

and Gnyp are defined in (2.42). Assume both |d| and |d,,| are sufficiently small such

that <|cznp|+|J|) C5 <b(g—Gnp), where b and Cs are given in (4.4) and (4.9), re-
1

spectively. Then the function M (t) :/ (¢2+Lp2) dx is uniformly bounded in t>0,
-1

i.e. sup,s o M(t) <oo.

Now we want to show that the condition g> gy, gives the asymptotic stability of
the solution of the system (2.43) with the zero Dirichlet boundary condition ¢ =@ =0
at x==+1. Here the asymptotic stability means that sup,q||¢|z2 +|¢[/z2 <oo and
1% =Yool 22 4 Il¢ = Pooll 2 — 0 as t — 0o, whenever (1,¢) is a (weak) solution of the
system (2.43) with the zero Dirichlet boundary condition ¥ =¢=0 at x==+1 and
various initial conditions (¥,¢)|i=0 = (¥0,¢0), where (oo, o) is the steady state of

the system (2.43) satisfying
<L11 L12> <¢oo> _ (—f1>
Loy Loz ) \ o —f2)"

Note that the uniform boundedness of [|¢)||r2 +||¢[/z2 has been obtained by Theo-
rem 4.1. To get the asymptotic stability, it is sufficient to show that [ —1theo |2 +
o —poollLz =0 as t—oco. Let W=1—1)y and &= — s, where (¥,¢) is the so-
lution of the system (2.43) with the zero Dirichlet boundary condition »=¢ =0 at
2 =1 and the initial condition (¢, ¢)|t=0 = (¢00,%0). Then (2.43) implies that (¥, D)

satisfies
o (v Li1 Lio \J
— = 4.1
ot (‘I)> <L21 Ly J\ @)’ (4.13)

with the zero Dirichlet boundary condition ¥ =® =0 at  ==+1 and the initial condi-
tion

(U, @)|t=0=(P0,P0), Yo=%0—Yoo, Po=¥0—Poo-
Then as for (4.12), we may use (4.13), i.e. (2.43) with f; = f2=0, to derive

dM _

. <—6pM for t>0,
where M = f_ll U2+ ®2dx.  Consequently, M(t)<M(0)e % for t>0, and then
M (t) —0 as t — oo. This shows the asymptotic stability of the solution of the system
(2.43) with the zero Dirichlet boundary condition ¥ =¢=0 at 2 ==41. Therefore, we
have proved the following.

COROLLARY 4.2. Suppose §> Gnp, where both § and gy, are defined in (2.42). Assume
both |d| and |dp,| are sufficiently small such that (|dnp|+|d|) C3 <b(g—gnp), where

b and Cs are given in (4.4) and (4.9), respectively. Then the system (2.43) with the
zero Dirichlet boundary condition becomes asymptotically stable.
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5. Instability conditions
Assume 2, =—z, =2>0 (i.e. symmetry electrolytes) D, =D,=D>0, and gnn =
gpp=9>0. Then the coefficients Gy, dnp, g, and d (defined in (2.42)) become

gnp = ngnpv
g=Dzg, (5.1)
dpp=d=0.

Hence the conditions of Corollary 4.2 can be fulfilled and the system (2.43) with
the zero Dirichlet boundary condition becomes asymptotically stable if g > g, holds.
Nevertheless, one may not know whether the opposite condition g < gy, changes the
stability or not. In the rest of the section, it is proved that under the condition g < gy,
the system (2.43) with the zero Dirichlet boundary condition becomes unstable for
some specific initial data. Instability is of great interest because it may be related to
the spontaneous gating phenomena seen whenever currents through single ion channels
are measured [13, 43, 44, 49].
By (2.34), the electric potential ¢y has the following simple form:

po(x)=apx+by for xze(—1,1), (5.2)
where ag and by are constants. By (5.1), the system (2.43) can be transformed into
a <¢> (2z31)2(w¢0 ) ) . (zD (97+ gnw) 5 (W) +2D (9= o) 3% (wzgﬁ)>

1 9
ot 2z Dw 2D (g+ gnp) 2 2z (w<p)

and also may be decomposed into two independent equations as follows:

iaﬂ_ 2 n/ ﬁ / - Q 871/)
Dot =22%(wgo') +(9+gnp) p (W) + (9= gnp) 5 \ Y5y ) (5.3)
and
1 9p d?
Dot =2zw" +(g+gnp)a 5 (we), (5.4)

for x€(—1,1) and t>0. Note that both (5.3) and (5.4) are non-homogeneous
parabolic partial differential equations. To simplify the form of (5.3), let

P(a,t)=e " Op(a,t), de  P(,t)=e"i(t), (5.5)
for z€(—1,1), and t>0, where h(z)=aplnw(z) and ag= g::+g >0 because g, >
g>0. Note that w(xz)>0 for x € (—1,1) so the function h is well-defined. Moreover,

because the function w has positive upper and lower bounds defined in (4.4), the
function e"(®) =w(x)* also has positive upper and lower bounds as follows:

0<B <eMW<B, for xze(-1,1), (5.6)

where By and Bj are positive constants. Thus by (5.5) and ap= % >0, the equa-
np
tion (5.3) can be transformed into

1 ha¢ 2 AV _ ﬁ h% _
D¢ B =2z"(wgy) + (g gnp)aa7 we" = for xze(-1,1),t>0. (5.7
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Note that h=aglnw implies wh' = agw’.
The equation (5.7) also can be written as

1,00 ey .
5 <9226} + (90— 9) L. (58)

where L is a linear differential operator defined by

Lu-—C;i(wehZZ> for wu=u(xr)e H*((—1,1))NH((—1,1)). (5.9)

It is obvious that the operator L is self-adjoint. Because w is a positive function,
integration by parts gives

1 1
d du
L =— —_— hZ
[1u udx /,1udx <we dx)dx

for u#0 and ue H?((—1,1))NH((—1,1)), and hence the operator L is positive. To
solve the equation (5.8), the following weighted eigenvalue problem is considered:

L¢=Xel¢, in (—1,1),
(5.10)
((#+1)=0,

where ) is the eigenvalue and ( is the corresponding eigenfunction. Because the oper-
ator L is self-adjoint and positive, it is well-known that the eigenvalue problem (5.10)
has eigenvalues {);}72, and the associated eigenfunctions {(;}32; such that

O<A <A< A<,

and {(; }j‘;l forms an orthonormal basis of the following weighted L? function space
defined by

1
W= {CELQ((—LI)) :/ @) 2 (z)dx <oo} ,
-1
with inner product given as follows:
1
(fa)= [ @ fa)gl)de for fgeW, (5.11)
-1

The principal eigenvalue \; is defined by the minimization problem

1 1
w=min{ [ )" ¢ @) des e (10, [ O ade=1],
-1 —1
and the other eigenvalues A;, j=2,3,---, are determined by

— [ w(@)eh® (¢'(2))Pde: ¢ € HY((~1,1)), [t a)da=1, }
! CLCk,k’Zl,j—l ’
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where ¢ 1 {x means orthogonality with respect to the inner product (-,-) defined
by (5.11). Consequently, ¢ L ¢ if and only if (¢,(x) f_ el (¢ dr=0. Because w

and e” are positive and smooth functions, these eigenvalues {\;} are positive and the
associated eigenfunctions {(;} are well-defined.

To solve the equation (5.7), being same as the equation (5.8), Galerkin’s method
is used by setting the solution ¢ with the following form:

2.8) =Y 0,06 (@)

where (; is the jth eigenfunction of the operator L with the associated eigenval-
ues {A;}52; satisfying the weighted eigenvalue problem (5.10). Then

1 da]( )
2D ¢
j=1

G (x) =227 e~ h@) (wgf)o) )+ (Gnp — ZaJ Az (5.12)

Fix j €N arbitrarily. Taking the inner product (defined in (5.11)) of (5.12) and (;,
the equation of a; is obtained as follows:

1 da;

D dt()ij-i-(gnp—g))\jaj(t) for t>0, (5.13)

where the f; are constants given by

fi=(22% " (wep)', (). (5.14)

Note that {(;}72, is orthonormal with respect to the inner product (5.11). Moreover,
the Schwartz inequality can be applied to (5.14) and implies

ill= 22’2H€7h/2 (w¢>0/)/

— !/
|fj|§2z2He h(w(bo/) L2EK2, (5.15)
where K5 is a positive constant independent of j, and the norm ||-|| comes from the
inner product (-,-) and is defined by ||v| = (v,0)*/?=||"/?v]||L> for ve L?((—1,1)).
Notice that each (; satisfies ||(;||=1. On the other hand, the equation (5.13) can be
solved and the explicit form of a; is obtained as follows:

a;(t)= |:Clj(0) + f]] e#Pnp=9) At _ ki for t>0,j=1,2,....
(gnp —9) A (gnp —9) A
(5.16)

Consequently, the solution 7 has the following explicit form:

Han=3 { [aj(o>+’f‘gw} D=\t (gfg)} G, Ga7)

(gnp

for € (—1,1) and t>0. Moreover, by (5.16), the assumption g,, >g implies that
la;(t)| may tend to infinity exponentially as ¢ goes to infinity, provided that the initial

data a;(0) satisfies a;(0)+ (gnpffjg)% #0. Precisely speaking,

I

(gnp_g)Aj 7é0

Jim Ja;(t)|=c0 i a;(0)+
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Note that each eigenvalue \; is positive. Because t(z,t) =>721a;(t)¢(x) and
{¢j}32, is orthonormal with respect to the inner product (-,-) defined in (5.11), then
a;(0) = (1o,¢;), where 1y =1)|;— is the initial data of ¢. Thus

1 0o
. = : : ~ [ .
hm/ 2 dx = lim a;(t))>=00 if (1g,()+——L——#0 for somej €N,

o0 . tﬁoojz::l| ]( )‘ < 0 J> (gnp_g)Aj

which implies that
lim / Y2dz = lim 2hz/)2dx>Bl Jim 1/12dx 0, (5.18)
t—o0 t—o0 1

if (4o,C;) + (gnp]iijg),\j #0for some j € N. Here (5.5) and (5.6) have been used to derive
1/}2 :€2h1/;2 > 312,(/;2'

To solve the equation (5.4), let @(x,t)=w(z)p(x,t) and transform the equa-
tion (5.4) into

1 0¢ 9%¢
ZDwa:%w”—f—(g—i—gnp)w for xe(—1,1),¢>0. (5.19)

As for solving the equation (5.7), we may also apply the Galerkin method by setting

@(m,w:é by (t)mi () and get

2z E (ww”ﬂl |: 2Z ’LU’LU 777[) D t
p(x,t)= 2)+ Y b (0) = ==L oy () e ZP ool
( ) g+ Gnp lzzl i Z g+gnp),ul ( )

(5.20)
for z€(—1,1) and ¢ >0, where p; and 7; are the Ith eigenvalue and eigenfunction of
the following weighted eigenvalue problem:

- (x) = g (2), for ze(=1,1),
(5.21)
n(£1) =0,

As for the weighted eigenvalue problem (5.10), the problem (5.21) also has positive
eigenvalues {ul}fil and eigenfunctions {n;}7°, such that 0 <y <po <--- and {m};2,
forms an orthonormal basis of the function space

H= {77€L2(1,1):/11 ﬁnz (x)dx<oo}

with the inner product (-,-) defined by

!
(u,v)/lw(x)u(x)v(:z:)dx for u,veH. (5.22)

Furthermore, each (u;,7;) satisfies

{ 771( ): ,(x)ﬂ( )a fOI‘IE(*l,l),
( ) 0, 1=1,2,3,---.
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(wo” m)

[ee]
For the convergence of the series 3 *—~

7 (x), the Bessel inequality and the fact
=1
that p; >pq1 >0 for [ €N are used to derive the inequalities

D

=1

(ww" ,m)

i

o0

1 2

ﬁZ(ww”,m) < WHWLUNH ;
=1

which imply that the series > Mm is convergent in the space H. Consequently,
l_

2 (ww” ,my) .
hm x,t)= o (T forzxe(—1,1),
n o g+gnp ;:1 M (2) = Poo () (-1,1)
i.e.
lim @ (z,t)= o (@) for xe (—1,1). (5.23)
t—o00 U}((E) ’

Combining (5.18) and (5.23), the instability of the system (2.43) with the zero Dirich-
let boundary condition is proved. On the other hand, z,=—-2,=2>0, D,=D, =
D >0, gnp < Gnn=9gpp =g also satisfies the condition of Corollary 4.2 which gives the
asymptotic stability. Therefore, these results are summarized as follows.

THEOREM 5.1. Suppose z,=—2,=2>0, Dp,=D, =D >0, and gnn=9gpp=g. Then
the system (2.43) with the zero Dzrzchlet boundary condition becomes unstable if g, >
g, but is asymptotically stable if gnp <g.
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