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EXACT NONREFLECTING BOUNDARY CONDITIONS FOR
THREE DIMENSIONAL POROELASTIC WAVE EQUATIONS*

WENSHENG ZHANGT , LI TONG', AND ERIC T. CHUNGH#

Abstract. Simulation of waves in complex poroelastic media is crucial in providing important
geophysical information that cannot be obtained via simple elastic or acoustic models. Thus there is
a need to design an artificial boundary condition for simulation using the numerical approximation
of such a problem. In this paper, our aim is to derive an exact nonreflecting boundary condition for
the three dimensional poroelastic wave equations based on the Grote-Keller method. The proposed
boundary condition is nonlocal in space, but local in time and can be coupled easily with standard
numerical approaches for the computation of numerical solutions. Numerical results computed by
the finite difference method demonstrate the effectiveness of our method.
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1. Introduction

Simulation of elastic wave propagation in complex poroelastic media is an impor-
tant research area due to its wide range of applications in reservoir exploration, wave
scattering problems, and structural mechanics. For instance, in order to obtain useful
insight for the exploration of natural resources such as hydrocarbon, the behavior of
elastic waves propagating in fluid-saturated porous media provides the information
required. By using a model based on the poroelastic wave equations, the effects of
fluid, pressure, porosity, and permeability between phases can be systematically taken
into account and produces more accurate solutions that cannot be obtained through
the use of pure elastic or acoustic models [15, 16]. Therefore, there is a need to numer-
ically solve the three dimensional poroelastic wave equations in unbounded regions,
and for this aim an artificial boundary condition is needed. It is thus the aim of this
paper to derive exact nonreflecting boundary conditions for the three dimensional
poroelastic wave equations.

Absorbing boundary conditions (ABCs), also called radiation boundary condi-
tions or nonreflecting boundary conditions, have been widely studied for different
types of wave equations (e.g. [5, 22, 26, 33]). Many effective and important methods
have emerged (see, e.g., the review papers [24, 33]). These methods may be classified
into four types.

The first type of ABCs uses a viscous damping boundary [13, 47], where an
exponential function is constructed to attenuate the wavefield within a damping layer
near the boundary. However, it is generally difficult to find a proper attenuation
function to absorb incident waves perfectly. The second type of ABCs is based on
one-way wave equations which are imposed on the boundary of the computational
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62 EXACT NONREFLECTING BOUNDARY CONDITIONS

domain to make the boundary transparent to outgoing waves [17, 22, 23, 40, 42,
43, 44]. The design of this type of ABCs is related to the approximation of the
square root operator with various techniques such as paraxial approximation, Padé
approximation, Chebyshev approximation, and least squares approximation [17, 21,
23, 40, 45, 49, 56, 57]. Engquist and Majda [22] developed a systematic method
for obtaining a hierarchy of local boundary conditions based on approximating the
symbol of the governing pseudodifferential operator by rational functions. The ABCs
by Higdon [42] annihilate acoustic wave reflections in a finite number of specified
directions and are easily extended to higher dimensions. The most popular forms are
the first-order and the second-order Engquist-Majda or Higdon ABCs, which are easy
to implement but may not be accurate enough. An ABC involving a third-order or a
fourth-order derivative is seldom used, because it requires significant computational
time and may result in numerical instabilities [50, 53]. Many seemingly reasonable
approximations turn out to be ill-posed and hence useless. Well-posedness results
for the one-way wave equations have been given in [21, 22, 40, 56]. Recently high-
order ABCs which are local and involve no higher derivatives are also devised [7, 37].
They are based on a high-order form of Higdon ABCs by using auxiliary variables
[24, 26, 27, 36].

The third type of ABCs is the perfectly matched layer (PML) proposed originally
by Bérenger for the Maxwell’s equations [10]. For this method, the computational
domain is wrapped by an artificial layer to absorb the outgoing waves. This absorbing
layer, called the perfectly matched layer, is constructed so that inside the layer, the
solution decays exponentially. Hence if the layer is sufficiently wide the solution will be
close to zero at the outer boundary. The stability analysis of PML are also investigated
[4, 6, 8, 21]. The PML method has been proved to work very well for a wide range
of incident angles and frequencies. It has been widely used for electromagnetic and
elastic wave equations (e.g. [11, 18, 41, 48]), poroelastic elastic equations [58, 59], and
the mixed hyperbolic-parabolic systems [3]. The comparison of high-order absorbing
boundary conditions and PML can be found in [52].

Many boundary conditions mentioned above such as the well-known Engquist-
Majda ABCs [17] and the Higdon ABCs [42, 45] are local differential operators on
boundaries. In fact, Higdon [44] showed that any local boundary condition involving
a differential operator eliminates boundary reflections at certain angles of incidence
but not the others. It is then necessary to define the artificial boundary far from
the region of interest, or to use a thick absorbing layer, to reduce the amount of
reflection in order to achieve high accuracy, and this procedure will result in a more
computationally expensive method.

The fourth type of ABCs is the exact nonreflecting boundary conditions on a
spherical computational domain. Contrary to other ABCs, this type of method is
nonlocal in space. It was first proposed by Ting and Miksis [55] based on a Kirch-
hoff integral representation of the solution on a sphere, which results in a compu-
tationally expensive method. Extensions have been developed by many researchers
[2, 25, 28, 29, 31, 33, 34, 35, 38, 46]. In particular, Grote and Keller developed the ex-
act nonreflecting boundary conditions for the three-dimensional time dependent wave
equations based on spherical harmonics [28, 29]. They proved that the solution in
the region 2 bounded by a sphere B with exact boundary conditions is the same as
the restriction to 2 of the solution of the original problem in the infinite region [28].
This successful method is then applied to Maxwell’s equations [30] and elastic waves
[31]. Another form of the exact nonreflecting boundary conditions for the scalar wave
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equation was obtained by Sofronov [54] independently. A systematic approach to the
computation of exact conditions has been studied [1].

We have derived the exact nonreflecting boundary conditions for time-dependent
poroelastic wave equations in three space dimensions. We enclose the scatter by spher-
ical artificial boundary 8. The choice of the sphere B will facilitate the derivation of
the boundary conditions. On B we seek a boundary condition which ensures that the
solution of the problem inside *B coincides with the solution of the original problem
in the unbounded region.

The paper is organized as follows. In Section 2, we will present a decomposition
of the displacement field in the poroelastic media into two compressional waves and
a shear wave. Then in sections 3, 4, and 5, we will derive the exact nonreflecting
boundary conditions for the amplitude components of the coefficients appearing in
the spherical harmonic expansion of the displacement field. We also show how to
remove the high-order derivatives which occur in these exact boundary conditions.
This makes the conditions more suitable for numerical computations. In Section 6
we derive three coupled systems of ordinary differential equations, which determine
certain required auxiliary quantities in the exact boundary conditions. This makes the
auxiliary quantities depending only on displacement solutions. In Section 7, we derive
the final form of the exact nonreflecting boundary conditions for the displacement
solutions in 3D poroelastic media. In Section 8, we present numerical results which
demonstrate the effectiveness of our boundary conditions. Finally a conclusion is
given.

2. Decomposition of 3D poroelastic wave equations

In this section, we will present a decomposition of the wave field which solves
the 3D poroelastic wave equations. At low frequency, wave propagation in a 3D
statistically poroelastic medium is described by Biot’s equations [12]:

B 9 0
2§j:%j(uam%(m-am)—@(puﬁpfwi), (2.1)
o B o o na’wi
axi(aMg’—Mf)—@(pful—FMwl)‘FE TR (2.2)

where M:apf/qﬁ, E=-V-w, M= (1%—1-%)_1, and a=1— % The physical
meaning of the parameters appearing in (2.1)-(2.2) are presented as follows. p is the
shear modulus of the dry porous matrix, A is the Lamé constant of the saturated
matrix, ¢ is the porosity, x is the permeability of the matrix, p is the overall density
of the saturated medium given by p=¢ps+(1—¢)ps, ps is the density of the pore
fluid, ps is the density of the solid grains, a is the tortuosity of the matrix, K is the
bulk modulus of the matrix material, Ky is the bulk modulus of the pore fluid, and
K is the bulk modulus of the dry porous frame.

The system (2.1)-(2.2) has six equations. We choose the computational domain
B to be a sphere centered at the origin with radius R. Denote by B¢** the region
outside of B and by B the interior of %B. In region B°**, the medium is assumed
to be linear, homogeneous, and isotropic. In addition, we assume that at t=0 the
scattered field is confined to B".

In Bt the displacements u= (u1,uz,u3)’ and w=(wy,ws,w3)" satisfy the
poroelastic wave equations (2.1) and (2.2) with initial conditions

ou _dw _
ot ot

u=w=0,

0, t=0. (2.3)
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Rewriting (2.1) and (2.2) in vector form, we have
32
o2

2

ﬁ(pfu—ﬁ-Mw):V(aMV-u—i-MV-w). (2.5)
In the above equations, we have neglected the viscous term by assuming that its
influence is small. Taking curl in (2.4) and (2.5) and using the fact that the material
is homogeneous in B¢*, we obtain

(pu+prw)=V(A+p)V-u+aMV-w)+V- (uVu), (2.4)

82
@(pw—i—pr):VXV((A—{—Q;L)V-U—{-@MV%U)—VXVX (WV xu)
=—uVxVxw (2.6)
and
o? .

respectively, where we define curlu:=w and curlw:=Q.
In the case with no viscosity, the rate of expansion of the solid is proportional to
the rate of expansion of the fluid [12]. Therefore from (2.7) we get

0=-21,. (2.8)
M

Based on Helmholtz’s theorem [32], we can decompose v and w into a field with
vanishing curl and a field with vanishing divergence:

UZV1/11+‘I’1, 'LUZVllJQ—i-\IlQ, (29)
where
V'\Illzo, V'\I’QZO, VX’(/):L:O, VX’(/)QZO. (210)

From the physical point of view, the irrotational fields V x 17 and V x 1) describe
compressional waves while thec solenoidal fields ¥; and ¥, describe shear waves.
The combination (2.4) x M —(2.5) x py yields

o o0%u o o
(Mp—p?)ﬁ:(M)x—l—ZMM—apr)VV-u

+(@MM —p; M)VV-w—MuV x V X u, (2.11)
and —(2.4) X py+(2.5) x p yields
. o2
(Mp—p})

w
Bz —(apM —ppA=2p;n)VV -u

+(pM —apsM)VV -w+pruV xV X u. (2.12)

Substituting (2.9)-(2.10) into (2.11)-(2.12) and by using Lemma A.1 in Appendix
A, we obtain

. 92 . . .
(Mpfpfc) a;ﬁl =(MA2Mp—apy M)V -Vip1 +(aMM —ps M)V -Vips, (2.13)
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M—2@——Mvv\p 2.14
(ppf)atQ— (VX VxWy), (2.14)

, 52
(Mp—p3) 3;? = (apM —pA=2p; )V -Vip1 +(pM —aps M)V -Vipa,  (2.15)

o 92w,
(Mp—p}) =5 g = Pri(V x V). (2.16)

Thus we have decomposed the elastic wavefields into the compressional waves satis-
fying (2.13) and (2.15) and the shear waves satisfying (2.14) and (2.16).

Let 7, 9, ¢ be the polar coordinates and 7, 19, ¢ be the corresponding unit vectors.
We let Y,,,, be the mn-th spherical harmonic

_ (2n+1)(n_|m|) [m| imeo
Ynm(ﬁ@)—\/ Tr(nt )] P™(cos?)e™?, n>0, |m|<n, (2.17)

where PI™! is the associated Legendre function. By the orthogonality of {Y,.,}, the
general solutions of (2.13) and (2.15) in B*** are

(r,9,p,t) Z Z hmn VYom(9,0), r>R, (2.18)
n>0|m|<n

Va(r o) =D D b (1) Yam(V0), TR, (2.19)
n>0|m|<n

where hl (r,t) and h2, (r,t) are the Fourier coefficients. Inserting (2.18)-(2.19) into
(2.13) and (2.15) respectively, we see that the Fourier coefficients satisfy
ohl 9% 290 n(n+1)
M MA+2M M S h,
( P pf) 8t2 ( + n—apy )(67'2—’_7'87' r2 ) nm
9% 20 nn+l)

20 2
VM —p M) (o 2 M2 0.00)
and
0?h2, 9% 20 n(n+l)
M M—piA—2 S hl
(Mp—pj) =55 = (apM = pA=2p;1) (5 5+~ = ) L
9% 20 nn+l),,,
M — M (=—+-—=—— h 2.21
+(p aps )(8r2 r or r2 Vi (221)
Next, we let Uy, and V,,,;, be the vector spherical harmonics [19]:
rVYnm 1 8Ynm a 1 aYvnm 7
Unm (VY + - ,n>1, (2.22
(9,9)= \/n (n+1) \/n(n—|—1) oV sind  d¢ ¢ ( )
1 -1 OYm » OYom ~
Vi (0,0) =7 XUy, = . ") "Thl, n>1.  (2.23
(9,¢) =17 x mEEny ErvR 5 ol (2.23)
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Then the general solutions of (2.14) and (2.16) in B*? are

(0,0, = > S [Far ) Vam + VX (gh (Vi) |, T2 R, (2:24)

n>1im|<n
(rdp=>" [ YW +V % (62, () Vi )], r>R, (2.25)
n>1|m|<n
where £} (r,t), f2,.(r,t), gt (r,t), and g2, (r,t) are the Fourier coefficients. Inserting

(2.24)-(2.25) into (2 14) and (2.16) respectively, we find that the Fourier coefficients
satisfy the following four equations:

2 rl
fn

B Y
B G SR
(o) T = —pen(Tl+ 22 2O ) e )
(Mp—p?)azgt’zm - —pfu(azi};m +%agim - n(T;:l)gim), r>R. (2.29)

Therefore, we have
Py 828; +M826; —0, pfa;igmjLMa;gtgm:o. (2.30)

Next we further investigate the relations among the Fourier coefficients f} . gl .

h} and h2

nms nm, gnm, = m- Notice that we have
Q=curlw=V x (Vipo+ Ps)
B Z Z { \/T—H 2. Vot Dy
nz1|m|<n
—%a(%fm)mm + {n(nti)g%m - 82(5f§m) [V} 231)
and

w=curlu=V x (Vi + &)

72 Z{ vn(n+1) fan

n>1 ‘m|<n
1o(rfl.) n(n+1)g} 19%(rgt,.)
A ) gy [ wm 2 & U Inm }Vnm}. 2.32
r Or + 72 r  Or? ( )
Using the relation between  and w in (2.8), we have

M M
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Thus fl., g, [2,, and g2, determine ¥y and ¥, i.e., the shear wave modes.
Moreover, the proportional relation between f! —and gl = and the proportional rela-
tion between f2, and g2, show that only one shear wave mode is yielded.

Finally inserting (2.18)-(2.19) and (2.24)-(2.25) into (2.9), we obtain the displace-
ment vectors:

u(r 9,0, t)=>_ > Unm(rd,o.t), T>R, (2.34)
n>0|m|<n
7" 9 §07 Z Z wnm 7,0 ;P ), r>R, (235)
n>0|m|<n
where
1 19(rg}
r r Or
oh! n(n+1) ,
o — Yom 2.
+< or r "m) nmT (2.36)
and

P nn+l) 5 pr Argpm)

2
+ (ah”m LV "("Tl)pfg; ) p (2.37)
rM

Y, .
or m "

For n=0, both V,,,,, and U,,, vanish. Equations (2.34)-(2.37) show that the exact
solutions of w and w can be obtained by computing f! . gt  hL . f2 . g2 and
h2,.. Although f! and f2, can be calculated by (u, V) and (w, Vy,,,) respectively,

h} and h2,, cannot be calculated by similar inner products.

Inms amo Inmo

3. Exact boundary conditions for (u,V,,,) and (w,V,,)
In this section, we derive exact boundary conditions for coefficients f;, (r,t) and
2 (r,t) by calculating the inner products (u,V,,,) and (w,V,,), n>1. They are
the exact nonreflecting boundary conditions for the modes of amplitude f!,, and f2,,.
Following the analysis of Grote and Keller [28, 31], we introduce the integral
operator G, [u] defined by

ru(r,t), n=0,
Gl (1) = "(s*=r*)" (st 3.1)
T (25)"_1(71—1)' ds, n>1.
oo !
The operator G, [u] has the following four properties [31].
LEMMA 3.1.  Let G,[u](r,t) be defined by (3.1). Then
ru(r,t) = ’yﬂ(— 2)nijG [u](r,t) (3.2)
) . ’]"] a{r’ n ) )
7=0
where (n+j)!
g = et 0<j<n. (3.3)

(R =
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LEMMA 3.2. Let Gy[u](r,t) be defined by (3.1). Then

n+1
ﬁn‘ O \nt+1l-j
Flon) B 5) e o
7=0
where
1, J=0,
B =4 T+ (= Dmgr,  1<j<n, (3:5)
NYnn, j:n+1

A direct consequence of lemmas 3.1 and 3.2 above is the following lemma.

LEMMA 3.3.  Let G,[u](r,t) be defined by (3.1), Yn; by (3.3), Bn; by (3.5), and for
alln>0 set v,,_1=0. Then

g (e

The proof of lemmas 3.1, 3.2, and 3.3 can be found in [31]. Noting that f!  is
proportional to f2,, we only need to consider (2.26) or (2.28).

nm?

LEMMA 3.4. If f}  satisfies (2.26), then
32

82 [ nm] _ [ nm]

n+1 .
Bnj+ n,j 0 \nti-i
=X S () Galln). (36)

(MP— f)

The proof of this lemma can be found in [28].
As at t=0, G,[f},,] and 9,G,,[f},,] vanish outside B. From (3.7) we obtain

(5 - )oien o o
where Cg = MM/(MP—P?)

In order to derive a boundary condition for f} , we multiply (2.36) and (2.37)

by r, take the inner product with V,,,,,, and use Lemma 3.1 to obtain

1 _Zn Ynj (O NI 1
Tfnm(r7t)_j:0 rd ( 87’> G"[ n’m](r’t)? (39)
n . o0 \"—J
2 _ nj(_ O 2
=30 (—5) GalfZalon. (3.10)
Next we apply 0;+Csd, to (3.9), and replace —9,Gy[f},,] with 8;G,[f},.]/Cs by

using (3.8). This yields

(8t+csa)(rf;mw)):—jj_lrjggij(at) "Gulfl)(r), r=R. (311)

Equation (3.11) is an exact nonreflecting boundary condition for f! (r,t) on r=R,

but it involves time derivatives of G,,[f},,] up to order n—1. To compute the time
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derivatives of G, [f!,,] up to order n—1 for r=R, we again use (3.8) and (3.9) to
substitute space derivatives with time derivatives. Thus, for r =R, we have

1 8 - P)/n] 6 n—J
ez g Ol ](r,w:—;rjcg_j(at) Gl f ) () 472, (18), (3.12)

where we have used the fact v,0 =1 by definition. Equation (3.12) is the nth-order
ordinary differential equation for G, [fL ](R,t).

To simplify the expression, we define the n-component vector function 1pj:;n(t) by

f,] L gn_j 1 .: .«
Yt (£) = R%lcg—j(at> Gulfaml(Rt), G=1,-,n. (3.13)

In addition, we let I, ={I7 } be a constant n-component vector defined by

jonrntl)i

= T j=1,---,n. (3.14)
With these new variables, the exact nonreflecting boundary condition (3.11) reduces
to

o 10 1
— 1 .t
(ot can L9, (1): (3.15)

) (ru, Vom) .

Next, we note that by the definition of wj::ﬁj we have

1 d pn (n+7)(n+1-7) ,

——pf I = Jaml— rha-l 2<j<n. 3.16

CaaiVmm = %7]_11# 2 Vi T 25j<n (3.16)
Since f.,, and 9y f,m vanish identically for r > R at t=0, so does G,,[f,,] and all its

time derivatives up to order n—1. This implies that 1/’nm is equal to zero at t=0.
Therefore we rewrite (3.12) and (3.16) as the following linear first-order ordinary
differential equation:

F%“’ ()= Al + (-, Vam)en,  $4,,(0)=0. (3.17)

Here e, ={el}=][1,0,---,0]7 is the constant unit vector with n components, and
A, ={AY} is the constant n x n matrix defined by

B —n(n+1)/(2R%), i=1,
AY =< (n+i)(n+1-14)/(2¢), i=j+1, (3.18)
0, otherwise.

Since (w+2Lw,V,,,,) =0, from (3.15) we have

(6 1 0

o Cs at)(“" Vim)

w Wl (). (3.19)

r=R
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4. Exact boundary conditions for (u,U,,,) and (w,Uy,,)

In this section we will derive the exact boundary conditions for the components
(u,Upm,) and (w,Upp), n>1. To begin, we multiply (2.36) and (2.37) by r, take the
inner product with U,,,, and use lemmas 3.1 and 3.2 to obtain

(ru,Upm)=+vnn+1h,,, —— rgnm)

n+1 8

- O (—f)”“’jan[gm
+mz Dot (=) ) (4.1

and

(rw,Upm)=+vn(n+1)h:, —— rgnm)

n+1 6

z%«wwj%mvﬁwzm<%Ww%1

n+1 8

_ pf Z ﬂnj (_7)n+17jGn[grle]

Dy 2 (-%)””Gn[hfm]. (4.2)

=0

Using an argument similar to that used in Section 3 for G,,[f.,,], we obtain

0 0
(57 +Cs5- ) Galgnnl () =0. (4.3)
Applying the operator 0; + Cs0, to (ru,Uy,y,) and (rw,Uy,, ), and replacing the space
derivative —9,G,[gL,,] with the time derivative 9;G,,[g,,]/Cs, we obtain

0

0 0 _ ]’Yn] 1 ntl=j 1
(8t+CS5' )(Tu7Unm)—_CS\/m ra+1 (_E) Gn[hnm]

VDY 2 (<) (5o )Gl
0

n+1

Bn n+l-j
Z i’Hi (C’S at) GlGnm] (4.4)

and

0 _ J’Yn 1 O \nt1-i 2
(8t+038 )(r'w U,m)=—Cs+/n( n+1 jil ( 5) Grlhim)

+fmzm<wW;%%ma
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CSpf .]/Bn_] n+l—j 1
Z D (o) Galghal (45)

By using the operator 9; + Cg0,., we have annihilated the (n+1)st derivatives of
Gulgl,.], but we have introduced the (n+1)st derivatives of G,,[hL ] and G,[h2,,],
ie., (=0,)"(0;+Cs0,)Gplhl,,] and (—0,)"(0; +Cs, )G [h2,,]-

Since in (4.4) and (4.5), the (n+1)st derivatives of G,,[hL,,] and G,,[h2,,] involve
both time and space derivatives, we cannot substitute space derivatives with time
derivatives directly. We now seek an alternative. To do so, we first solve (9,)*Gy,[h}

nm.]
and (8,)°G,[h2,,] to get a relation between time and space derivatives. Then we

substitute the resulting expression into (4.4) and (4.5) to make the (n+1)st derivatives
only involve time derivatives.

LEMMA 4.1. Let hl, . and h2,, satisfy (2.20) and (2.21). Then

0?G,[hk,)] o o 0?G,[hL,]
M —— M = (MM 2Mp—aps M) ——/—7
(Mp—pj)—755 (MA+2Mp—apsM)—> 5
. 0%G,[h?
+(aMM—pr)% (4.6)
and
0?Gnlh )] 0?Gnllm]
(Mp— p,«)T = (apM —psA=2ppu)—7p 5
0%G,[h2,,
r
The proof of Lemma 4.1 is given in Appendix B.
Denoting H,, = (Gy[h},.],Gn[h2,,])T, we rewrite (4.6) and (4.7) as
Mp—p?c 0 0*H,,
0 Z\olp—p?c ot2
_ ]\04/\+2]\04u—apr aMM—pr 9’H, (4.8)
apM —pgA—=2psp pM—apyM ) Or? " '
For simplicity, we denote
:(]\Zf)\—&—QMM—apr a]\;[M—pr) (4.9)
apM —prA=2psp pM —apsM '

and let A\; and Ao be the eigenvalues of A. For practical problems both A; and A,
are positive. If \; # \o, without loss of generality we assume A; > Ao, and then there

exists an invertible matrix T} satisfying A=T) ()(\)1 )E) )Tll. Thus
2
. O*(Ty'*H,) (M 0\ 0Ty H,)
2 1 n) _ (M 1 n
(Mp—p3) BT ( 0 )\2> 92 . (4.10)

Denoting H,, = (H}, H?)" =T, ' H,,, from (4.10) we have

O*H) . 0°H) O*H? | 0°H?
(Mp pf) o2 *>\1 Or2 ’ (Mp pf) o2 *)\2 or2 . (411)
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From (4.11), we obtain

(;JFC”E)&)IE:O’ (;chmg)ﬂi:(l (4.12)

where Cpy=1/\1/(Mp—p%), Cpa=1/Xo/(Mp—p?). Letting T " ={t;;}, (i,j=

1,2), (4.12) can be written as

<§t+CP18 )(tuG [ nm]-l-tlgG [ ]):0, (413)
(§t+CP28a)(t2lG [ nm}“rtQQG [ ]):0 (414)

Next, we derive a relation between the time and space derivatives of G,,[hl, ] and

Gnlh2,,]. We rewrite (4.13)-(4.14) as
Critnla (A +Cprt 9q [h2 }——Q(t Gulht, ] +t12Gu[R2,)]) (4.15)
P1 1157" nl'nm P1 128?" nl'nml — ot 119 n([tym 12 nm .
and
Cpata1 LG [Ahm] +Cpat 9q [h2,]= 8@ Gulhhm] +t2aGnlh2,]). (4.16)
P2 2187’ n|'nm P2 2287’ n|'nm ot 21 nm 22 .

Solving for 9,G,[hL,,] from (4.15) and 8,G,[h2,,] from (4.16), respectively, yields

9 1 _ 9 1 2

Gl = 5 7 (BGalbh ]l + CG2,,1). (4.17)
9 2 _ 10 1 2
S Gall) =~ (DGl )+ EGalA2,,), (4.18)

where

A=Cp1Cpa(ti1tae —tiotar),
B =Cpitiata1 — Cpatiitas,
C'=(Cp1—Cp2)tiata,
=(Cp1—Cp2)tiita,
E=Cpit11tas — Cpotiata. (4.19)

Now we calculate 95G,,[hL,,] and 903G, [h2,,] (s>1). Let

( % ) Gulih,a) = % ( % ) (@:Galbd] +0:Gal2,0)), (4.20)
(%)SG"[him] = (_}4)5 (%)S (Can[him] +dan[him}). (4.21)

Obviously, for s=1,

alsz blzca CVPl:-Da d1:E7
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so that (4.20) and (4.21) hold. For the general case, since

(5:)" Gnliha

(5 o () S

B ﬁ{ (%) " (0B b.D)Gu b))+ (%)SH(%C— bsE)Gn[him}}

_ Aslﬂ (%)S+1{as+10 (hL 14ber1Galh2 ]}’ (4.22)

we conclude that

asy1=asB—bsD, bsi1=asC—bsE. (4.23)

Rewriting (4.23) in matrix form
ass1\ _(B-D\(as\ (B-D\’[a
G)=(e2)()=(ee) () o
. N N . . B -D
and denoting by A1 and Ay the eigenvalues of the matrix C _p | Wesee that

A =Cpi(tiatar —ti1tan) and Ao =Cpa(tiatar —t11tas). Let (ta1,ta2)” and (t11,t12)7
be the eigenvectors corresponding to A\; and A respectively. Then

B —-D S: t11 t21 S\S p tll t21 -
C —-F t1o tao 0 A; /) \t12 t22
1 —tlgtgljx‘f +t11t225\§ t11t215\‘f — 11121 5\5 (4.25)
(ti1tea —ti2tor) 7t12t225\§ +t12t225\§ t11t225\f 7t12t215\§ . .

Inserting (4.25) into (4.24), we obtain

as = (1) 71O tiatar — Cpotintan)(ti1tas —tiater )1, (4.26)
by = (1) H(Cpy — Cpo)trotan(tr1tan —tiatar)* L. .
Using a similar procedure for (4.21), we get
cs = (Cpy—Cho)tirtar (tr1tae — tr2tar)s 1, (4.27)
ds = (Cpytirtas — Chotiatar)(t11tas —tiater ) ™

Thus we have expressed the space derivatives of G, [hl ] and G,[hZ,,] in terms of

time derivatives. Substituting (4.20)-(4.21) into (4.4)-(4.5), we obtain

(gt +C’s§ )(ru,Unm)

n+1 bl
=053 g A (5) " Gl VG

r]+1cn+l J ot

n+1 n j " 9\ ntl—j
XZ{ rj+1An,yjj (6t) ](a”*JG’ﬂ[h'}Lm]+bn*JGn[h72Lm])
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—_1ic Vi O \n+1-j

+Csy/n(n+1)

n+1 . .
(=D" g1 ( O\
X{ZW(&) (an—}-l—]Gn[h,}lm]+bn+1—]Gn[h121,,n])

- (4.28)

and

(a +csaa )(rw,Unm)

ot
n+1 .
Pf Jﬁn O \nti=d
n+1 Ynj o\ nt+tl-j 1 9
- 2—;3 {ﬁ (1) (comsGalhunl + s Galtivn)
C Ynj o \nt+tl-j
77‘]_‘_127”4_]1_] (a) (Cn,+1—j G" [hnm] + dn+1 ]G [hinz]) }

—Csy/n(n+1)
n+1 ]'Vn i1 o\nt+l-j 1 9
X Z ’I"j+114,"+1_j (&) (Cn+1—jG77«[hnm] +dn+1—jGn[h’nm]) :
Jj=1

(4.29)

The (n+1)st derivatives of Gy, [h),,] and G,,[h2,,] in (4.28) and (4.29) only involve
time derivatives. We now seek a partial differential operator to annihilate these high-
order time derivatives. From Grote and Keller [31], the operator is

17XV X (7 ) 7) = { n(n+1)- n+1)9”m}Unm, (4.30)
17X VX (7 W )7) = [\/ (n+1)5- n+1)g’;’"]Unm. (4.31)

Taking the inner product of (4.30) and (4.31) with U,,,,, and by using the lemmas
3.1 and 3.3, we obtain

(rfx Vx (7-u)f,Unm)
n+1

o D) (B +m,i-1)
nj n,j—1
n+1 Z rJj+1 An+1—j

8 n+l—j
X (§> (ant1—iGnlhhm] +bng1—;Gulh2,,])

n+1 Ynj—1 o\nt+l-j 1
—n(n+1)3 1: TheE ()  Galgi (4.32)
p

and

(re x Vx ((7-w)?),Unm)
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n+1

/ Bn""’}/n,'—l)
’I’L+ Z erjrlAnJr]lfj

PR
X (a> (cng1-iGnlhpm) + dng1-;Gplh2,,])

n(n+1)py Ynj—1 o \n+l—j L
Z TJ+1On+1 7 (E) G’n[gnm] (433)

Through the use of suitable linear combinations of (4.28), (4.29), (4.32), and (4.33),
we can annihilate the (n+1)st derivatives in (4.32) and (4.33). This is illustrated in
the following theorem.

THEOREM 4.2. There exist constants yy, z1, y2, and zo which are independent of n
such that the (n+1)st derivatives in

(gt rogd ) (1, Upyn) + 41 (17 X ¥ X (7 -0)7, Unn) + 21 (17 X ¥ X (7 -0) 7, Uy
(4.34)
and
(gt +0588 )(rw,Unm) (1P XV X (7 w) 7, Unin) + 22 (17 X V X (#-0) 7, Upyn)
(4.35)

are cancelled, i.e., the coefficients of 0P G [l ] and 971G, [h2,,,] vanish.

Proof. We will only give the proof for (4.34). The proof of (4.35) is similar. To
make the (n+1)st derivatives in (4.34) vanish, we need

(=" (Q)"“(anan (AL ] +0,Gn[h2,.])

rAn \0Ot
—-N"C O\ n+1
(Tfl)Tls(a) (a’”JFlG [ nm]+bn+1G [ ])
—1)»*+l 5\ ntl
_yl%(a) (an+1G [ nm]+bn+lG [ ])
1 O\ n+l
1TAn+1 (E) (Cn+1G [ nm]+dn+1G [ DZO (436)

Thus the coefficients of 971G, [hL,,] and 977G, [h2,,] vanish. Solving the resulting
system for y; and z; yields

(an+1bn - anbn+1)A
a7z+1dn+1 - bn+1 Cn+1

(bncn+1 - andn+1)A
an+1dn+1 - bn+10n+1

Y1 = —CS, 21:(—1)n (437)

Since

Uns1dni1 —bni1Cni1 = (—1)"T1Cp1Cpa(tiitan —tarti2) NPT, (4.38)

bpCnt1 —andnt1 =(—1)"Cp1Cpa(ti1tes —t1at21)
X (t11toa NPAS T — 1ot APTEAY), (4.39)
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and
nt1bn — anbpi1 = Cp1Cpatiatan(tiitas — tiatar) NFAS T = NITIAD),  (4.40)

we see that (4.37) can be simplified as

y1 =Cpatiatar —Cpitiitaa —Cs, z1=(Cpa—Cpi)tiate. (4.41)
Using a similar procedure for (4.35), we have

y2=(Cp2—Cp1)ti1ta1, z2=Cpati1tas — Cpitiotar —Cg. (4.42)
Obviously y1, 21, y2, and 2o are independent of n. ]

After cancelling the (n+1)st time derivatives in (4.34)-(4.35), we have

(;)t +Cs ) (1, Upn) +17(7 X V X (7,0) 7, Upin) + 2177 X V X (7,20)7, Upan)

n+1 .
B, w1y
T Z mleJ" J (7) G”[g}””]

n+1

]'Yn o\ nt+tl-j
Fvnntl Z{ rJ+1An A (at) (@03 Gnlm] + b Gl )

= jCS’Ynj ( 9

n+1l-—j
S e E) (ans1-5Gnlhyn] +bus1 5 Gall2,]) |
—J4 n, 8 n+l—j
+Cs YL 7?,+ 1 Z szlj]l (a) (an—&-l—jGn[h'}Lm] +bn+1—jGn [him])

n+1 6

+y1v/n(n+ 1){ —/n(n+1) z_: il (a)nHi]‘Gn[g}m]

T]+1C’g+1 J

n+1 i .

—_1)nt1l=J i Vi o\ nt+l-j

_Z ( ) TjJrlfﬁHj»lf’jy = 1) (at> (an+1*jGn[h’}zm] +bn+1*]Gn[h$LmD}
j:

+Z1\/7W{ @pfrf LYt S (g)nﬂ_jGn[Qim]

-1 7']+1Cg+1 AN
= Bug +mg 1) (0 \mH1— . 2
=S I ()T (s Gl + i Galh3,0]) } (4.43)

Lt Ant =5 \ ot
pm

and

( B +CS§ )(rw,Unm)wzr(f XV % (7,0) 7, Upn ) + 207(# X V % (7,07, Upn)
pf jﬁn] g ntl=j 1
Z ’I"J+1Cn J ( ) Gn[gnm]

n+1 8

n+l—j
I {5 () (sl s Gultn)



W. ZHANG, L. TONG, AND E. T. CHUNG 77

. CS’Ynj (g
rdtlAntl-j 875

n 8 n+l—j
~Cs/n(nt1) Z () (e Gl a5 Glh)

n+1l—j
) ! (CnJrl,jGn [h'}Lm] +dn+17jGn [him]) }

N 9\ nt1—j
/il D] =Vl D Y T () Galgil

7’]+1Og+1 J

n+1

D™ B+ 1) ( 0\
_Z T]+1An—ij-1 —J = (&) (a”+1*jGn[h11’Lm]+bn+1*jGn[himD}

BN e RGLERIS e O AT

— pit1Cgt I\ ot
S (Buj+Yn1) (0 \m+1=d 1 2
- Z ST At =] (a) (cn+1-j Gl +dni1—iGnlhzn]) } (4.44)
j=1

To further simplify the results above, we define vectors 1/Jf:m (1), wz;(tL and @bﬁjn(t)
with n+1 (j=1,---,n+1) components by

1 i o \n+l-j
G0 = s (5) T Gl (1.45)
nlvg
W)= s () (G IR G (R0} (400
and
2 . i O \ntl-j
0= e (5) T (GBI Gl (RN}, (447
n1Cpy

respectively. Since
asGplhmm] +0sGnlh2, ] = (tiator —ti1taz)* {Cfnltm (t21Grlhhmm]

122G lh,0] = Cpatoa (b1 Gl + t12Gn[R2,,]) |
(4.48)

and
csGnlhpm) +dsGnlh?,, ] = (ti1tas — tiatar)* {Czsntu (t21 Gl
122G hu]) = Caton (11 Gullohy] + 12Glh2,]) },
(4.49)

we obtain

(%) k(aSGn [hL, ]+ bsGrlh2,])

Rﬂnl

2
3 . 11205, Chotpltn R — 1y OB Oyl in 1= k} (4.50)
n,n+1—

= (t1oto1 — t117f22)571
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and

(2 (cxGultly) +d,Culh2,))

ot
Rﬂnl

2 1
:(t11t22*t12t21)371ﬁ - [tllcfnczlgzlbﬁyﬁnﬂfk*t2lc]f>1cﬁ>z¢ﬁrﬁn+17k} -(4.51)
n,n+1—

Substituting (4.50)-(4.51) into (4.43)-(4.44) leads to

(% +CS%) (T'UfyUnm) +y171(72 x V x (1’3711,)7';’Unm) +21T(TA XV x (rA7w)TA7UWm)

—AL g8 () +AZ PN L AS g =R, (4.52)

nm nm nm?

and
0 0 R o . N R
(a JrC’ga) (rw,Upm) + yor(# X V X (F,u)P,Upp) + 2207 (F X V X (F,w)7,Upp)
:B'rlz"(pg;n(t)_FBfL' " +B§L¢Z;‘L7 T‘:R, (453)

nm

where AL, A2 A3 Bl B2 and B3 are the vectors with n+1 components defined
by

AL — n(n+1)Bn [zlpf'}’n,j—l
= k

1Y _ ]CS/BYL]:|
RJBHJ 1Vn,j—1 )

M n(n+1) (4:54)

. t11too — t1oto1 )P t . . .
Ai,]zﬁnl( 11122 — 112 21) [_ n(n—|—1) 127Vnj Cgljcg-;l j

BRI A t11t22 —t12t01
t12C nj ~n+l1—j ~n+1—j t125C n,j— n+1—j ~n+1—j
1208 pr-scp1od el G i
t nj + Yn,j— n+1l—j5 ~m+1—j
o n(n+1)wqﬁl ot
t nj n,j— n+l—j5 m+1—j
-2 n(n_i_l)wcp'{'l JCP-ZH J:|7 (4.55)

A3 — _ Bri(ti1taz — tiator)™ 7 [_ n(n+ 1)%C”+1_j0"_j
n anRjAnfj t11t29 —T12t21 P 2

t22C5Vn;j t225CsVn,j—1
A A

t n+ n,j— n —J N —J
o n(n+1) 22(5 JA’Y \J 1)CPJlr1 gCP;A j

—z/n(n+ 1)—t21(ﬂ”j Z”’”“l) 0};#—]‘0;;1—]} : (4.56)

+ Cpi 7 Cps T +/n(n+1) Cpi O

Lj —
B, =

LRSI} S iniCsfy) (s

RI B M Tt mn(n+1)

Br1(t11t22 — ti2tor

B = ==
" BRI AN

n—j t . . .
) [ n(n+ 1)%02?0?517]
t11ta2 —t12t21
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t111C5Vnj ~nt1—j ~mt1—j t115C5Yn,j—1 ~nt1—j ~nt+1—
O i) ST s

+ t E”' n,j— ; .
Y2 n(n+ 1)%6"1}‘1 ]OTL-2|—1_]
— t Cn n,j— n P .
22 n(n+1)11(j— ]IYJI)C Tl jCPQ J:|7 (158)

t21Ynj

5 tr1tos —tiatar )"
Bi’jjfﬁnl( 11t22 —t12t21) {7 n(n+1) Cngrl an j

Brn; RIA"—I t11t22 —t12ta1
_t21(/::%j Crr=iomH=i L 1) 21908%3 b1JCs Mgt pmt1 s omti =
+1o n(n+1)—t”(ﬁ"ﬂ'ZW"*J*I)C;#*JCI’;;H
— 2 n(n+1)—t21(ﬂ"jZ’Y"*j‘l)c,’;fl ioptt= J]. (4.59)

According to the definition of 5, fo1 =0. In (4.45)-(4.47) and (4.54)-(4.59), for j=1
and n=0, the denominator 3,; is equal to zero, but the ratio B,;/8n1 or Bni/Bn; is
equal to 1, so the expressions are still valid.

5. Exact boundary conditions for (#-u,Y,,,,) and (7 -w,Y,,)

To derive exact boundary conditions for (#-w,Y,,) and (#-w,Y,,,), we take dot
products of (2.36) and (2.37) with #, then take the inner products of the resulting
expressions with Y,,;,, and use lemmas 3.1 and 3.3 to get

v n+1 ZZTI (_7)n7jGﬂ[g'r1LmL (51)

(7’ w Ynm Z ’an +7n7] 1 ( %)n+17jGn[hfLm]

ST S (- 2) Gl 2

rit+l nl9nml-

As the matrix Tfl is invertible, either 1 —tlgpf/]\;.f;«éo or tog —tggpf/M#O holds.
If tll 7t12pf/]\047é0, then

tllT(TA U Ynm) +t127‘(’l’; . ’U),Ynm)
n+1 a

ZM( ) (Gl + 112G 1)

,Tﬂzjﬁ(— ) Gala - EtaGalgh)) (53

and

tgﬂ“(f : U,Ynm) +t227’('f’ : w>Ynm)
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n+1 .
6 i+, -1 O \n+l—j

rJ or
=0

\/TZ ?:ZTJLFJI ( )nfj (tzlGn [Gmm] — %tQQGn [grlzm]) (5.4)

Applying the operator (9; +Cp10,) to (5.3), using (4.13) and (4.14), and substituting
space derivatives with time derivatives, we obtain

0 0
(57 +Crrgy ) (a7, Yom) + 127 (70, V)

at or
J ﬁm +Yn,j—1) [ O \"T1-d ,
— 2:: T (at) (t11Gn )+ t12Gn B ])

n+1 n+l1—jg
t11_7t12 \/THZ{ 1_@ L(%) " jGn[nglm]

Cs rJ“C" J

_JCP1 Y1 (0N
,rj+10g+l—j (8t) Gn[gnm]} (55)

Similarly, applying the operator (9; 4+ Cp20,.) to (5.4), we obtain

0 0
< +CP28 )(t217ﬂ(72'uaanrz)+t22T(72'w7Ynm))

ot
n+1
]Bn +Yn,j 1) o \ntl-i
72 ]{ch JJ (Gt) (t21Gn ]+ t22Gn[2,])

n+1
P C Tn n
_(tm_ﬁftm) n(n+1)zo{(1 CI:)TJHCz” Jat+1 JG [971””]
j=
y . n+1—j
~ JCpavn,j—1 (8) 4 g ]}

Tj+1og+l—j oy n gnm (56)

ot

We now seek an operator to annihilate the derivative 9] 'G,,[g},.].
In polar coordinates, we denote u = (u",u”,u?) and u'*" = (0,u”,u?). Since V-
Vo =0, we have

rV-ut’mz(‘/ n(n+1) 8 ol y— n(n:—l)h1 ) - (5.7)

nm r 8r

tan __ \/ n+1 a

"mi( r 87“ (rgm) -

Taking the inner product of (5.7) and (5.8) with Y, respectively, and by using
lemmas 3.1 and 3.3, we obtain

rV.-w 771(71—1—1)
r

him) Yom. (5.8)

n+1 .
tan 6”] 8 nl= 1
(TV u Ynm —\Vvn TL+ Z ]+10n+1 j (5%) Gn[gnm]
n+1 .
Yng-1( _ O\
—n(n+1)y " 15 (_E) Golhl 1 (5.9)

j=1
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and

(TV wien Ynm) Ak n+1 pf Z Bn] (g)nJrlij 1 ]

< pit1on I\ ot " l9nm
n+1 .
Ynyi—1 ( 9 )"“—J 2
— 1 - - — Gplh . 5.10
n(n+ )j:1 s By (Prm) (5.10)

The terms (—3,)"*1=G,[hL,,] and (=8,)" 171G, [h2,,] in (5.9)-(5.10) cannot be
replaced by time derivatives directly. We need to proceed further. Notice that we
have

tn(’l“v . utan,Ynm) +t12(rV . wt‘m,Ynm)

n+1 ;
i a n+l1—
n(nJrl)(%tlz*tn)Z,ﬁij,-(*) JGn[gim]
J

,OrHlC;’“ I\ot

n+1 .

Ynj-1 (0Nt
—n(n+1)) ] — : 111G [k, |+ t12GnlR2,]), (5.11
" )j_lrﬁlcﬁfl](at) (1 Gnllin] + t12Gnllin]), (5:11)

t21 (rV . Utan,Ynm) +t22 (TV . ’U)tan,Ynm)
+1

=D (S -) § i () Gl

n+1
Y, j— o\nt+l—j
,n(n+1)2ﬁn+11_j(a) (ta1 GnlhL,] + 122G [B2,]). (5.12)
j=1 P2

We recall by definition that 7, _1=0 and 7y,0=8,0=1. Comparing the term
MG Ll in (5.5) and (5.11), we see that they are the same up to a factor of
Cgs—Cpi. Multiplying (5.11) with Cp; —Cs and adding the resulting expression to
(5.5) to cancel 87 'G,[gl,], we obtain

0 0 . .
(at +0pig ) (117 (7 -, Yo ) + o7 (7w, Y|
—(Cs—Cp1) [t11 (rV - u'" Yom) +t12(rV - w' ™™, Yy, )|
.7 ﬁn +Yn, O\nt1-J
_Z mi—lc’” JJ i (675) (1 Gl +t12G'n i)

n+1

C i 8 n+1l—j
t11*7t12 vn(n+1) Z{ 1*071: #(a) Grlghm]
JCP1 Y -1 (O NI

i ent <8t> G"[g"m]}
n+1 .
i O\ n+l—j
—(CS_CPI){ (n‘i‘l)(*tl?_tll)Z%(a)
S

j=1

n+1
i o\n+l-j
_n(n“)zﬁ(a) (111G [BL0] + t12Gn B2 ])}. (5.13)
j=1 P1
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Similarly, multiplying (5.12) with Cpy —Cs and adding the resulting expression to
(5.6) to cancel 97 G,,[g}k,,], we obtain

0 0
(8t +C'P2a ) [to1r (P w0, Youm) +toor (F-w, Y|

—(Cs—Cp2) [tar (rV -u'*" Yo ) + b2 (rV -w' Yy )|

A 3 (Brj+Ynj1) { O \+1=d
_Z r]irlcn j] (6t) (t21G [ nm}—’_tQQG [ ])

n+1 CPZ ’Ynj a n+l—j 1
t21_7t22 vn(n+1) Z{ 1—075 W(a) Gul9nml

,M(a)“ﬂ JG L)

vty ot »lonm

_(CS_CPQ){ (N—Fl)(t22—t21)7§,ﬂnj-(a>n+len[Q%m]

= raticg T Not
n+1
Tn,j—1 8 n+l—j
_n(n+1)z;7*j+16‘]?,;rlj(&f) (ta1Glhh] +taa G [h2 ])}. (5.14)
]:

We simplify the expressions (5.13) and (5.14) further:

(gt +Cp1§ ) [pur (7, Vo)
—|—t12r(r-w,Ynm)] —(Cs—Cp1) [tu(rv.uw”ynm)+t12(rv-wta",ynm)
=C ) () + C20,, (1), r=R, (5.15)

(gt Jr(,*pz(;9 ) {tmr(ﬁ-u,Ynm)—&—tggr(f-w,Ynm)}
—(Cs—Cpy) [tgl (FV -t Vi) + oo (1Y - wm”,Ynm)}
=DL " (t)+ D249 (), r=R, (5.16)
where C}, C2, D!, D? are the vectors with the n+1 components defined by

C%,j:%[]Cm(ﬂnéj%,jq) +n(n+1)(cs_0§;)%’jfl], (5.17)
njy
2 _ (Pf Vn(n+1)Bn '
O = (Bt = ) Ve o [(Cs=Crm;
—jCPWn,jq—(CS—Cm)ﬂm}, (5.18)
Di’j:?{]0P2(6néj7n,jl) —i—n(n—i—l)(cs_cgf)%’j*l}, (5.19)
nj
2.5 _ (Pf V1 7’L+1 Bnl )
Dnj (Mt227t ) R]an |:C CP2)77LJ

—jCPﬂn,jq—(Cs—sz)ﬁnj} (5.20)
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6. Ordinary differential equations for 9, (), ¥ (t), and @bnm( )

The boundary equations (4.52)-(4.53) and (5.15)-(5.16) involve I/Jnm( ), 1/;2;(15),
and ¢ (). By the definitions of 19, (t), %" (t), and 4" (t), they involve high-
order time derivatives. So we need multi-step methods to solve them, which results in
large computational costs. This diﬁiculty can be solved by using the following three
ordinary differential equatlons for nm(t) 1/)2,1%(75), and ¢Zjn(t)

By the definitions of 1pnm( ), wf;n( t), and '(/)Zjn(t) in (4.45)-(4.47), the following

expressions hold:

1 d - 1
?% glmj(R t) BBL 79”),1]71, j:2’37""n+15 (6'1)
n,j—1
1 d ;1. B 1 .
Tm%wﬁﬁjm’t):ﬁ nl Tl =23 L (6.2)
n,)—
1 d ~ nj i .
G ) = g s (63
n,j)—

First, we consider the following:

t]lR(U, Unm) +t12R(w, Unm)
n+1 n+1
Bnl

ﬁnl’Yn,] 1 h1 j
11/’;qtmj+\/ n(n+1) Zﬁ R Vi’ (6-4)
Moving the term of (Cisat)"“'lGn [gL,.] on the right hand side in (6.4) to the left yields
1 O\ntl
—— Gnlgl
(05 ) (9]

1 +1
:_nz Br1 gt n(n+1) 5 Bn1¥n,j—1 htj
— B b —pptio /M j=1 BRI ™

Pf
=t —=t
(ti 12)

t t
M RwUnn) +—2 R(w,Upnn). 6.5)
ti—pytia/ M ti—prtia/ M
Thus
**1/1 ni:lﬂ"l n(n+1) - ButVng-1 iy
Cg dt tll—pftlg/szl B R "

t t
+%(U,Unm) + %(w,Unm). (6.6)
tin—pstia/ M tin—pstia/ M

Using (6.1) and (6.6), we obtain the first-order ordinary differential equation for
(1)

- g' #
S (0= S (0)+ o U

t12 hl
e (w,Unin) = 20 Wi (8) | €ns1, (6.7)
ti1—pytia/ M
where S,, ={S%} is the (n+1) x (n+1) constant matrix
—n(n+1)/(2R7), i=1,

0, otherwise,
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and z, ={zJ} is the constant vector with n+ 1 components defined by
1 1 n,j—1Mn .
2= vn(n+1)y 2J 1@ 1 =l nl (6.9)
(ti1—prtia/ M)RI By

Now considering the following linear combination with 7(#-w,Yy.,) and r(7-
w,Y,,) and setting 7= R, we obtain

tllT(f"U Ynm)ﬂ-tlgT(TA'w,Ynm)

S Bt (Bug + 1) ot b
ni\Pnj T In,j—1) ,h'j 12 n1Vn,j—1
ST wnmw( )¢n—+1 > sty

1 O\ntl

Moving the term —(C#Plat)nﬂ(tan[ L t12GRlh2,.]) on the right hand side in
(6.10) to the left yields

(Lﬁ)”“(tncn[hnmwtlﬁ [12,0])

Cp1 Ot
+1 +1
nz:ﬂnl /an +7n7j—1)whl7j+(pft12 ) n+1 TLX:Bnl'Yn,y 1,g%5
anjfl nm m B RJ 1 nm
—tu?"(r-u,Ynm)—tlgr(f-w,Ymn)7 r=R. (6.11)
Therefore
C dtw '(r,t)
1 (‘) n+1
aer () (0 )
n+1 n+1
Br1(Bnj +Ynj—1)  nt prtiz ﬂnl’Yng 1
Z » wnmu( tll)\/n (n+1) Z 9.
—tll(r-u,Ynm)—tlg(f-'w,Ynm), r=R. (6.12)

By (6.2) and (6.12), we obtain the first-order ordinary differential equation for 1/12;(15):

T d w0 & .t ft12 (n T 1)%

—tn(f-u,Ynm)—tlg(ﬁ-w,Ynm)}enH, r=R, (6.13)

where S, ={S5%} is the (n+1) x (n+1) constant matrix

B (Baj +n-1)/ (Bui R),i=1,
W =19 Bni/(Bnj), i=j+1, (6.14)
0, otherwise,

Z,={Z}} is the constant vector with n+ 1 components defined by

~ ﬂnl")/n,'—l .
ZZLZTRJJ" j=1,---,n+1, (6.15)
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and e, .1 =1,0,---,0]7 is the n+1 dimensional constant vector. Using the same pro-
cedure, we obtain the first-order ordinary differential equation for the vector 1/;,””( ):

ot ()= 8t ()4 { (P22 ) 12 4

Cpo dt

—tgl(f-u,ynm)—t22(7”\"w7Ynm)}€n+1, r=R. (616)

7. Exact nonreflecting boundary conditions for v and w

In this section, we will derive the exact nonreflecting boundary conditions for the
displacements u and w based on the results in the previous sections.

For the radial components, we multiply (5.15) and (5.16) with Y},,,, respectively,
and sum over n, m to obtain

0 0

( +Cp18 )(tllrf~u+t12rr”~w)f(C’SfC’pl)(tan~uta"+t12rv"wm")

Y [0 G )] s =R (7.1)
n>0|m|<n

<a 8 “ ~ tan tan
+Cpga )(thTT'u+t22TT"W)—(CS_CPQ)(t21TV'u +toorV -w"™)

-y [Dl R (1) + D2 (t)}Ymm r=R. (7.2)
n>0|m|<n

For the tangential components, we first multiply (3.15) by V,,,,, and (4.52) by
U,.m, and sum over n, m. Then we add the two resulting expressions. Noticing
(ru,?)#0 and (rute" A) 0, and

(Tua Unm) = (Tutan’ Unm)a (Tu7 Vnm) = (,rutan, Vnm)v

and the fact that y; and z; are constants, independent of n by Theorem 4.2, we obtain
the result for u!e™:

(8 +CS§> w' " oy P X VX (7 u) P 2P X VX (F-w) P

ot
=30 S AL (1) ALl (0) AL ()] U
n>1|m|<n
~Cs>0 D [l ¥l ®)] Vi, 7=R. (7.3)
n>1|m|<n

With a similar procedure, we obtain the result for w®"

(8 +Csd, ) W L yor X V X (- w)F + 207F X V X (7 w)F

ot
_Z Z |:B1 glm +B2 w " ()“‘BB ’l/Jnin(t) Unm
n>1|m|<n
prS Z Z [" nm :|Vnm7 r=R. (74)

n>1|m|<n

The vector functions 1/J£m, wflm, @bﬁim and ’lfJan satisfy the following first-order,
linear, ordinary differential equations:

oV O = AL+ (e Vi )en, @, (0) =0 (7.5)
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1 Bl t11
G (= SO+ [~ 2 W )+ () Ur)

ho ('LU IT RaUnm)i| €ntl, 'lbfllm (0) =0. (76)

_1_7
ti1—pptia/ M

1 d ~ 1 - 1
T g Va0 =Sl (0)+ [ (2522 —t02) Vi D2, 88 (1)

7t11(7’A'u7Ynm)7t12('f"w,Ynm):|en+la "/’Z;(O)ZO- (7.7)

Lod w2\ & .n Prta /m

2
_t21("2uaynm)_t22(7’;w7ynm)i| €n+1, ,d":lzm(o) =0. (78>

Finally we combine (7.1) and (7.3), (7.2) and (7.4), respectively, into a single
nonreflecting boundary conditions for w and w at B:

0 0
[( +Cp1 )(qu'qutqu"w) - (CS—CPl)(tn?“V'um"JFtl?rv'wwn)}f

ot or
(;—1—05;) ta"—&—yﬂrXVX(r w)P+ 2177 X V X (F,w)7
n>1|m|<n n>1|m|§n
Sy [Cl M)+ C2 Y (t)}Ynmﬁ, r=R (7.9)
n>0|ml<n

and

0 0
{( —I—sza )(tzlrﬁ-u+t22rf-w)—(Cs—Cpg)(tger~ut“”—|—t22rV-wt“") 7

ot
+(;+CS§ ) W' 4 yor? X V X (7, u)F + 2077 X V X (F,w)F
=> > [Bl )+ B2 4+ B3 wnin:|Unm
n>1|m|<n
psC
P SZ Z {l 1/) }
n>1|m|<n
IDY [Dl (1) D (t):|Ynm'f'a r=R. (7.10)
n>0|m|<n

n (7.9)-(7.10), the vector I, is given by (3.14). The vectors AL, A2 A3 Bl B2
and B2 are defined in (4.55)-(4.59), and the vectors C}, C2, D}, D? are defined in
(5.17)-(5.20). y1, 21, Y2, and 25 are given in (4.41)-(4.42). According to the discussions
in Section 4, it is not difficult to know that ¢;; can be determined by the following
expressions:

1 S9

ty = (7.11)

1—5132,
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S1 1

to] = — too = 7.12
21 1515y’ 2571 4.5, (7.12)
where
M = (MA+2Mpu—aps M) Ao —(pM —apy M)
S1= g , So= 5 (713)
aMM —psM apM —prX—=2psp
and
Q1+ V@2 Q1 — V@
PV LA A LI V. S A 25 (7.14)
2 2
Ql:]\04)\—1—QZ\QJM—i—pZW—?ozpr7 (7.15)
Q2:(]\;.[)\+2]\Z/u+pM—2apr)2—4[(]\;[)\—1-2]\;1;1—04pr)
X (pM —apy M) —(apM —ppA—2ps M)(aMM —ps M)]. (7.16)

8. Numerical computations

In this section we present some numerical results to illustrate the effects of
our boundary conditions derived above. A grid is defined on the computational
domain B with mesh sizes Ar=R/N,, Ad=n/Ny, and Ap=2n/Ny in the direc-
tions 7, 19, and (;3 respectively. The value of the component u"(r,d,¢,t) at a gen-
eral grid point and at a time nAt is denoted by “fi,j,k,n)v where At is the time
step and ¢=0,1,2,---,N,; 7=0,1,---,Ny; k=0,1,---,Ny—1. Similar notations are
also used for the other components u?, u?, w”, w?, and w?. We will use the clas-
sical second-order finite difference scheme to discretize the equations. In the fol-
lowing, we present the finite difference schemes for u”, u?, u?®, w”, w?, and w?®

(j=1,--,Ng—1; k=0,1,---,Ng—1):
U(N, jknt1)

At
=l )+ T {tzz S Y (Ol 2] Yo

t1tes —tiata) 0<n<N|m|<n

—ti2 Z Z [D,ﬁ-@bﬁin—i-DfL- ilm]ynm"i-(CPQ—CPl)tutzz

0<n<N |m|<n
X [w(NT’j,kyn) +i7TwZ‘NT71’j,k-7n)j| + (Cpatiatar —Cpitiitan)

< [uln, jkn) TUN, —15km)] +[(Cs = Cp1)tintar — (Cs — Cpa)tiata ]

9 9
o | B @itk YN -1 km) | COST
209 sing  (Nrdkn)

¢ ¢
L N, gk+1,n) ~ YN, Gk—1n)
sin 2A¢

9 9
w?y, —w?, . 9
(N,,j+1,k,n) (N,,j—1,k,n) COs 9
+(Cp2 — Cp1)t1atas l + W(N, j.kmn)

2AY9 sing ¢

¢ ¢
1 w(Nr,j,k:J,»l,n)7w(N,,‘,j,k'71,n) (8 1)
sind 2A¢ ’ '
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9
“(Nrr,j,k7n+1)
1 B2 Bl
0<n<N\m\<n
1

a o 1 Y
. n(n+1) 0 Sln19 Z Z ”mm o

0<n<N|m|<n

U(N, i1 0em) ~ YN, j—1,kn) . WiN, i+10en) ~ WIN, j—1,kn)
2A9 2A0

9 . )
_CS [U(Nr,j,k,n) +Z(U1(9N7‘7j7k7”) _u(NT—Lj,k,n)jI }7 (82)

—4

¢
YN, jkn+1)

:u?N“j’k’”) zAr{smﬁ Z Z (A g mt AL ¢ +A3 ¢nin)

0<n<N|m\<n
1

OYom
S nm
v n+1 3(;5 0<;Nm|z<n AL n+1 99

T r r
Y1 u(Nr,j,kH,n) YN, jk—1,n) 21 WN, . k+1,n) ~ W(N, jk—1,n)
sin® 2A¢ sind 2A¢

@
~Cs [ufy, oy TN, iy~ (Nr—l,j,k,n)]}’ (8.3)

wE‘ijvk n+1)
- T LTI S DY R
(Nryjk" ZAT(tlthQ—tlgtgl) n nm nm

0<n<N|m|<n

—to1 Z Z (Ch- ¢nm+02 g m) Yom

0<n<N|m|<n

+(Cp1—Cp2)tiita [UfN by TN k) _“fNr—l,j,k,n))]

+(Cpitiatar — Cpatiitas) [w(NmLk n) +i(w( ( odkn) T w(TNr—l,j,k,n))]

9
. ) W o n
+ [(Cs = Cpa)tirtay — (Cs — Cp1)tiata ] [ (NT’]H’k’ ;Aﬁ SALHRENAD

¢ [
cosy o n 1 w(ij,kJrl,n)_w(ij,kflxn)}
sing  (Nrod k) T ging 2A¢

“1(91\1 i+1,k )_“1(91\7 i—1,k,n)
Coi— Croo)tiat [ rdt+1,kn ri—Lkn
+(Cp1 p2)ti1to1 oA

¢ ¢
cost o L u(Nr,»’j,k+1,n)_u(Nv-,j,k*Ln)}}
sing NVrdkn) T ging 2A¢ ’

9
W(N, jkn+1)
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1 Bl
w(NT’Jkn) { Z Z Bl %m+B72L¢ZJn+BS ¢n7n)

0<n<N|m|<n

1 Y, 1 Y,
% Yom . CSPf Z Z nm Ypm
n(n+1) 00 sind 0<n<N |m|<n \/T—H ¢
_ U(N, j+1km) ~ YN, j—1,kn) . W(N, j+1km) ~ (N, j—1,kn)
b2 20 2 N

~Cs[wiy, j ) +ilw ?Nr,]yk,n)_w?NT—l,j,km))}}v (8.5)

¢
W(N,jkn+1)

é 1 9" 2 ,h? 3 . ht
w(Nr,j,k,n) ZAT{SIH’& Z Z B nm,+Bn ¢nm+Bn 17[)nm)

0<n<N|m|<n

w/ n(n+1) 0¢ m OgnsN\m\gn m) \/n n+1 oY

T T
Yo YN, gkt1n) T YN E—1m) 22 WNgkr1n) T YN, ik—1n)
sin® 2A¢ sind 2A¢

[ [
_OS[ (NT]kn)+Z( (Nr,j,k,n)_w(NT—l,j,k,n))]}’ (8.6)

We remark that, for our numerical computations, the sums over n on the right side
of (7.9) and (7.10) need to be truncated so that n varies between 0 and some finite
value N. For the examples shown below, we have used N=3 in (8.1)-(8.6). We
will see that this choice of N is good enough to produce significant absorbing effects.
The computational complexity on the boundary 9 per time step, since we are using
the finite difference method, is O(N?NyNy). For large values of N the amount of
computational work can be reduced by using the fast discrete polynomial transform
[20, 51]. In our computations, we choose N, =40, Ny =20, Ny =40, and At=0.0001.
The source function is defined as

f=8(r—10,0— 9,6 — o) (sin(100¢)e 2% 0,0), (8.7)

where (r9,90,¢0) is the position of the source. For clarity, the source is placed at the
center. Such a source will produce wavefronts of concentric circles which are easy to
identify. The CFL stability condition used in our computations is

AL‘ 1
Ar® VOB +Chy+C2

The above three velocities can be obtained from the physical parameters of the porous
medium. In our simulations, the three velocities Cp1, Cpa, and Cg are 3106m/s,
893m/s, and 1616m/s, respectively. The other physical parameters are listed in table
8.1. The dimension of Ky, Ky, Ky, p1, and X is 10'°Pa. Figure 8.1-8.3 are the snap-
shots of the component u, at times 0.25s, 0.28s, and 0.30s in Cartesian coordinates,
respectively. For the components u, and u, the phenomena are similar, we omit
them to save space. Our analysis shows that the fast compressional wave arrives the
boundary at 0.193s. In the figure 8.1(a), figure 8.2(a), and figure 8.3(a), we present
the solutions computed without using our exact nonreflecting boundary condition,

(8.8)
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and in this case, the Dirichlet boundary condition is used. In the figure 8.1(b), fig-
ure 8.2(b), and figure 8.3(b), we present the solutions computed by using our exact
nonreflecting boundary condition. Notice that all figures in this paper have the same
color scale. We see, from the figure (a), that there are artificial reflections from the
boundary, while from the figure (b), we see almost no artificial reflections. From these
results, we see that the exact nonreflecting boundary condition is a very effective way
to absorb artificial boundary reflections. For this model the runtime of 50 time steps
is about 70s on our PC with a 2.1MHz CPU. Moreover, we have tested our method
for different values of V. In particular, for the use of N =1,3,5, the method produces
almost identical solutions and the numeric values of the Ly norm errors for these cases
are also almost identical. Since these differences are difficult to observe in the figures,
we will only report the results for the case N =3. On the other hand, the ratio of the
computational times for the cases N =1,3,5 is about 1:4:15. In the case of using large
values of N, the technique of the fast transform described in [20, 51] is useful. We
remark that it is an interesting but a difficult problem to give a general theoretical
quantitative analysis of the relationship between the Lo norm errors and the optimal
N.

Ky py (kg/m®) Ks(Pa) ps(kg/m®) Ky p A a ¢
2.4 1040 35 2650 417 1855 1215 2167 0.3

TABLE 8.1. Physical properties of the model used in numerical computations.

(0)

Fic. 8.1. Snapshot of wave propagation of uz at t=0.25s without (a) and with (b) exact
absorbing boundary conditions.

When the position of the source (r,9,¢) is placed at (0,0,0), the wavefronts are
all concentric circles. This source is usually called the ball cavity source. We now
consider numerical simulations with a source function that is not located at the center.
The source is now distributed within a small volume where it’s center is located at a
point half radius away from the sphere center. This source is called the volume source.
We use the volume source instead of the ball cavity source as the later is tedious to
describe in mathematical terms in this case. Figure 8.4 shows the snapshots of the
behavior of u, at t=0.10s computed without (a) and with (b) the exact nonreflecting
boundary condition. We can see that both figure 8.4(a) and figure 8.4(b) are the same
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(a) (0)

Fic. 8.2. Snapshot of wave propagation of uz at t=0.28s without (a) and with (b) ezact
absorbing boundary conditions.

(a) (b)

Fic. 8.3. Snapshot of wave propagation of uz at t=0.30s without (a) and with (b) exact
absorbing boundary conditions.

Fic. 8.4. Snapshot of wave propagation of ug att=0.1s without (a) and with (b) exact absorbing
boundary conditions.
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Fic. 8.5. Snapshot of wave propagation of uz at t=0.16s without (a) and with (b) ezact
absorbing boundary conditions.

N, x Ny x Ny | Lo norm errors
12x12x12 | 7.32914x 1078
18 x18x 18 | 4.48387x 1078
24x24%x24 | 2.04650 x 10~8
30x30x30 | 1.13200x 108
36x36x36 | 9.24206x 10~?

TABLE 8.2. Lo morm errors of the numerical solutions at 1000 extrapolation time steps for
various mesh sizes.

-175

log(L, Errors)

. . .
4 42 44 46 48
log(a 1)

F1c. 8.6. A log-log plot for the La norm errors.

as the waves have not yet reached the boundary. In figure 8.5(a) and figure 8.5(b),
the snapshots of the waves at t=0.16s with and without the use of our boundary
conditions are shown respectively. In figure 8.5(a) the boundary reflections are clearly
seen while most of the boundary reflections are absorbed in figure 8.5(b). This result
shows that our boundary condition is effective in absorbing waves in almost all incident
angles.

In the following, we will numerically test the convergence rate of the proposed
computational scheme applied to the first example discussed above. In these calcula-
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tions, we consider the Lo norm errors after 1000 time steps with various mesh sizes.
To compute the errors, a reference solution is obtained on a fine grid. In table 8.2,
we show the errors with various mesh sizes, and in figure 8.6 we show a log-log plot
of the errors. In figure 8.6, the stars represent the errors and the line represents the
least-square fitted line. We found that the slope of the line is 2.01. Thus we see
that the rate of convergence of our computational scheme is 2. Similar convergence
properties are also observed for the second example, so we omit the results.

9. Conclusions

In this paper, we have constructed a new exact nonreflecting boundary conditions
for 3D poroelastic wave equations. The new exact nonreflecting boundary conditions
given by (7.9) and (7.10) are applied on a spherical artificial surface which surrounds
the computational domain. In the interior of the domain, the media may be inhomo-
geneous and contains complex structures, or may consists of several obstacles which
are well separated from each other. Contrary to other common boundary conditions
such as the one-way wave methods which are local on boundary, the exact conditions
are nonlocal on boundary and are exact which ensures that the solution of the prob-
lem inside 9B coincides with the solution of the original problem in the unbounded
region. Moreover, the exact conditions are local in time and involve only first order
time derivatives of the solutions. So they can be easily combined with standard nu-
merical schemes for the computation of numerical solutions. Numerical experiments
with the finite difference method show the effectiveness of the method derived in this
paper and the ability to eliminate boundary reflections.
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Appendix A.
LEMMA A.1. For any f(r)€C*, we have

VDI, L 1060,

Vo ()W) =YDy g 1O
ﬁxVx(f(r)Vnm):—%WVnm, (A.2)
PXNV X (f(r)Ynm?)= @Unm, (A.3)
V- (f(0) ) = - OV (A4)
VYV = (LD L2000 20D )y, )
VoV (0 Vi) = (20 ) LDy (A.6)
Proof.  To save space, we only prove (A.1). The others are can be proved

similarly. Notice that

VX (f(r)Vam) =V X (f(r)f xUpm)

0. 10 1 0 -
(L2,
or T

550t T 59 @) UM xUnn). (A7)
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Calculating every term on the right side of (A.7), we get

Eﬁ X (f(r)? <X Upm)

or
<[ (g )
- n(711+1) [;"(_sfrf;)ag;m)’fxA+;(f(r)a§$m)fx$}
0

0 (—F() Wum - Woum\ 5

:m[ar( sin;) ?;b )é=5 (1) gﬁ )9]

1 OV 5 1 0V 2\ Of(r)
\/m( 50 5 05 %)

__Of(r)
=5 2 U, (A.8)

9 x (f(r)FxUpm)

B

e I A

[ A (g o+ )]

s 0 =1 Wy 4 D R

:T\/m{ﬂxaﬂ(sinlﬁ 55" 0) 9% 55 (5 9)]
flr) 1 Y 2 %Yo ..

r\/m(*smﬁ 96 *T o0 7)

Q

0
f(r)

1 0 - .
i 50 ® X (F0)7 X U)
0

- rsilnﬁ% p { nf(rjll) (5;1119 8?(;’”I§+ 8)6'/?97” qs)}

LSO (S Yangy g O (Yan
_rsinﬁ\/n(n—i—l) {q&x ng(sim? oler 19>+¢X qu( oY ¢)]
_ f(r) 1 0*Yum oim\ o .
_rsinﬁ\/n(n—i—l)[(smﬂ 02 +cosy oY )r—sm19 oY
Inserting (A.8)-(A.10) into (A.7) yields
VX (f(r)Vam)
B f(r) 1 0 ,. 0Yum 1 0*Yum\. 10(rf)
_r\/n(n—f—l)(smﬁﬁ(smﬁ oV )+sin2?9 0¢? )r—; or

Since Y,,,,, is the eigenvector of Beltrami operator B with eigenvalue —n(n+1),

O¥um qﬂ. (A.10)

Upm.  (A11)

BYm=-—n(n+1)Y,m, (A.12)
where B is defined by

1 0 0 1 o2

7(Sln§7)+m@

B= a5

(A.13)
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Thus

VX (f(r) Vi) = fMYnmﬁ -

Appendix B.
In the following, we give the proof of Lemma 4.1.

Proof.  'We will only give a proof for (4.6). The proof of (4.7) is similar.
For n=0, the conclusion is obvious. For n=1, from (2.20) we have

e . 0?hL 2 0h} 2
LHS::r/OO{(M)\+2Mu—apr)< 52 T a;m—;zhim)

. o2h2,, 20m2, 2 ,
—i—(aMM—pr)( S —S—thm)}ds (B.1)
and
. . on.
RHS::(M>\+2M;L—apr)< a"m+2him)
. on2,, .,
+(04MM7pr)(r = +2hnm). (B.2)

It is then sufficient to show

T 2hi 2 [ 2
,,,/ (6 nm+ ahnm_ihz )ds:rahnm+2hz

=1,2. B.3
87.2 s Or S nm or nm> v ’ ( )

With this, the LHS is equal to the RHS, and the conclusion follows immediately.
By assumption, the initial data k¢, and 8,hf, (i=1,2) have compact support,
so at any fixed time ¢, hi, and 0.k, (i=1,2) vanish for s —oco. Thus

[T = b= (Gt i)

S

T

8h;m 7 o
=r o +2h,,, 1=1,2. (B.4)
This means that the conclusion holds for n=1.
For n=2,
T 0% 290 6
LHS: — [M 20 M( 29 O\
5 T/Oo 2s (MA+2Mp—aps M) 8r2+sar sQ)h"m
9% 20 61\,,
(MM — pr)(a _ +§E—S—2)hnm}ds (B.5)
and

92 (2 _ 2Rl
RHS := (M +2M i — apr)82< / W@)

+ (M — pr)aaz( /T(S—;S)h?md) (B.6)
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Comparison of LHS and RHS shows that if the following equality holds (i =1,2),
0? (s2 —r?)ht s2—r2,0% 20 6
— — 2 N ) (— - )hl ds, B.7
or? (r/oo 2s ° T/oo 25 \or2 sor 2 ° (B7)

then the conclusion will hold. Using the fact that

o (5 -r )h;lwn " h;Lm i .
W(TL Td ) T/ s dS—’I"hnm, Z:1,2, (BS)

o0

and integrating by parts, we annihilate the derivatives 9,,.h%,,, and d,.h¢, on the right
side of (B.7) and obtain

"$2—r2,0%2 28 6 i
53t s g, 5 ) mds=— s —rhl,,, i=1,2. (B.
T/ 2s (87‘2+38r s) 3T/ s s—rhy,,, i=1,2. (B.9)

oo oo

Thus (4.6) holds for n=2.
For n > 3, similar analysis shows that the conclusion is equivalent to the following
equality:

To(s2—p2)nd T (s2—r2)nds?
(4n—2)7° / —(25)" T 2)'h"md8_6r/oc—(2s)"—1(n— )lhnmds

- r (8277"2)’” 1 iZ 22771(”‘%1) i -
71"/00 (25)"~1(n—1)! (8r2 + s O0r 52 )h”mds’ =12 (B.10)
and O,h?

We annihilate the derivatives 9,.,.h! on the right side of (B.10) and get

/7’ (82 7a2)nfl azh;md
o (28) 1 (n—=1)! Or?
" (82 412)(s2—=12)""2 On!

= T @9)n(n—2) ar 98

nm

4

T (s2—r?)n3 .
:’/‘/ (2(8)71_1(11_2)‘(2(n—1)32+2(n—3)7‘2_n(32_82))}11 ds (Bll)

and

N ) 28h§m
T/ 2s)»l(n=1)'s Or ds

_ r (32 )n 3 I — 4 ) A , o r4 Z
- /oo (QS)n_l(n—Q).(n—ls +n_17“ n—1 Q)h ds. (B.12)

Inserting (B.11) and (B.12) into the right side of (B.10), we see that (B.10) holds.
Therefore the conclusion holds for n>3. 0
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