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ANALYSIS OF A DIFFUSE-INTERFACE MODEL FOR THE BINARY
VISCOUS INCOMPRESSIBLE FLUIDS WITH THERMO-INDUCED
MARANGONI EFFECTS*

HAO WU' AND XIANG XU#

Abstract. In this paper we study the well-posedness and long-time dynamics of a diffuse-
interface model for the mixture of two viscous incompressible Newtonian fluids with thermo-induced
Marangoni effects. The governing system consists of the Navier-Stokes equations coupled with
phase-field and energy transport equations. We first derive an energy inequality that illustrates
the dissipative nature of the system under the assumption that the initial temperature variation is
properly small. Then we establish the existence of weak/strong solutions and discuss the long-time
behavior as well as the stability of the system.
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1. Introduction

The study of interface dynamics is of great importance in the hydrodynamic the-
ory of complex fluids. In the classical approaches (e.g., the sharp-interface model),
the interface is usually considered to be an n — 1 dimensional free surface of zero width
that evolves in time with the fluid. The resulting hydrodynamic system describing the
mixture of two immiscible Newtonian fluids with a free interface usually consists of
Navier—Stokes equations in each fluid domain with kinematic and force balance bound-
ary conditions on the interface. On the other hand, the so-called diffuse-interface
model (or phase-field model), recognizes micro-scale mixing of the macroscopically
immiscible fluids and the interface represents a thin region with a steep transition
property between two fluids (cf. Anderson et al. [2]). Within this region, the fluid is
mixed and has to store certain “mixing energy”. The diffuse-interface model can be
viewed as a physically motivated level-set method that describes the interface by a
proper mixing energy. Compared with the sharp-interface model, the diffuse-interface
model can describe topological transitions of interfaces (like pinchoff and reconnec-
tion) in a natural way (cf. Lowengrub et al. [21]) and it has many advantages in
numerical simulations of the interfacial motion (cf. [8,18,33] and references therein).

The Marangoni effect was initially observed by Thomson [30] during the study
of the interesting phenomenon “tears of wine”. Afterwards this phenomenon was
defined in more detail in Marangoni [22] in terms of surface tension gradients and
named after the author. The Marangoni effect is a phenomenon whereby mass transfer
occurs due to differences in surface tension. Such differences can either be attributed
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604 BINARY FLUIDS WITH MARANGONI EFFECTS

to non-uniform distributions of surfactants (cf. Mendes-Tatsis and Agble [23]) or
to the existence of temperature gradient in the neighborhood of the interface (cf.
Sterling and Scriven [26]). The latter is called the thermo-capillary convection or
the Marangoni—Benard convection, which becomes more and more important in the
application of complex fluids, liquid-gas systems, and ocean-geophysical dynamics (cf.
e.g. [3,4,15,16,34]).

The conventional Marangoni—Benard convection for the mixture of two Newtonian
flows can be described by a sharp-interface model involving the Boussinesq approxi-
mation (cf. e.g., Liu et al. [19]):

p(us+ (u-V)u) +Vp —vAu=—pygj, (L.1)
V-u=0,
0, +u-VO=kA,

where u, p, and 6 stand for the fluid velocity, the pressure, and the relative temperature
(with respect to the reference background temperature 6, which is assumed to be a
constant for the sake of simplicity), respectively. p is the density of fluid mixture, v is
the viscosity, g is the gravitational acceleration, j is the upward direction and k>0 is
the thermal diffusion constant. We assume that the temperature-dependent density
po 1s described by the Boussinesq approximation

po=p(1—ab), (1.4)

where « is the coefficient of thermal expansion. The background density p is assumed
to be a constant and the difference between the actual density and p only contributes
to the buoyancy force. Interface conditions are given by

[T]'n=—-cHn+(7-Vo)r, (1.6)

where [ stands for the interface length of the mixture. The kinematic condition (1.5)
indicates that the surface (I=0) evolves with the fluid. Equation (1.6) is the balance
of forces on the interface, where H is the curvature of the interface, [T] is the jump
of the stress across the interface, o is the surface tension, 7 is the tangential direction
on the interface and n is the normal direction.

In this paper, we shall investigate a diffuse-interface model, which was used to
describe the thermo-induced Marangoni effects in the mixture of two incompressible
Newtonian fluids. A phase-field variable ¢ is introduced as the volume fraction to
demarcate the two species and to indicate the location of the interface. The region
{z:¢(x,t) =1} is occupied by fluid 1 while {z: ¢(x,t) = —1} is occupied by fluid 2. The
interface is represented by {x:¢(x,t) =0}, with a (fixed) transition layer of thickness
e. In the diffuse-interface approach, one usually introduces an elastic (mixing) energy
of Ginzburg-Landau type

B@)= [ |519eP+F0)] do (1.7)

which represents the competition between the hydrophobic and hydrophilic effects
of the two different species. The physically relevant energy density function F' that
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represents the two phases of the mixture usually has a double-well structure. A typical
example of F' is the so-called logarithmic potential (cf. Cahn and Hillard [6])

F(¢)=71(1=¢*) +2[1+d)n(1+¢)+(1-¢)In(1-¢), 71,792 >0.

In practice, this (singular) potential is often replaced by a smooth double-well poly-
nomial approximation

_ L
T 4e?

F(6) =5 (62 —1)2.

In this paper, we start with the simple case that the two components of the binary
fluid have matched densities and the same constant viscosity v as well as the same
constant heat conductivity k. As a consequence, we consider the following system (cf.
e.g., [18,19,27]):

plug+ (u-V)u) + Vp—vAu=—V- | A\0)Vo® Ve —A(0) (;|V¢>2+F(¢>)>H} — pedi,

(1.8)

V-u=0, (1.9)
dr+u-Vo=v(Ap—F'(¢)), (1.10)
0; +u-VO=kAD, (1.11)

for (x,t) € 2 x (0,+00). Here, we assume that  is a bounded domain in R™ (n=2,3)
with smooth boundary I'. The usual Kronecker product is denoted by ®, i.e.,
(a®b);; =a;b; for a,b€R™. The system (1.8)—(1.11) contains the Navier—Stokes equa-
tions, an Allen—Cahn type equation for the phase-field function, and an energy trans-
port equation for the temperature. The parameter y represents the microscopic elastic
relaxation time due to the presence of the microstructure of the mixture. As yv— 0,
the internal dissipative mechanism will disappear and the limiting equation is equiv-
alent to the mass transport equation for incompressible fluids (cf. [19,34]). The
temperature-dependent surface tension coefficient A() is supposed to be

A() = Xo(a—b0),

where A\g >0, a >0, b#0 are constants. Usually \g is assumed to be proportional to
the interface length e (cf. Sun et al. [27]). Numerical experiments have been made
in the recent paper Sun et al. [27] to illustrate the role played by thermal energy in
the interfacial dynamics of two-phase flows due to the thermo-induced surface tension
heterogeneity on the interface. Their results suggest that the system (1.8)—(1.11)
(and its generalizations) turns out to be a suitable mathematical representation that
reflects the thermo-induced Marangoni effects in the mixture of fluids.
We suppose that the system (1.8)—(1.11) is subject to the initial conditions

ult=o=wup(z) with V-ug=0, ¢li=o=¢o(x), Oli=o=0o(z), x€N. (1.12)
Moreover, we assume a no-slip boundary condition on the velocity w,

u(z,t)=0, (x,t)el x(0,+00), (1.13)
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nonhomogeneous Dirichlet boundary condition on the phase function ¢,

¢z, t)=-1, (a,t) €l x(0,+0), (1.14)
and homogeneous Dirichlet boundary condition on the temperature 6,

0(z,t)=0, (z,t)el x(0,+00). (1.15)

The goal of this paper is to provide a detailed mathematical theory of existence,
uniqueness, regularity, and long-time behavior of solutions to the non-isothermal
Navier—Stokes—Allen—-Cahn system (1.8)—(1.15). First, we prove the existence of global
weak solutions in two and three spatial dimensions (cf. Theorem 2.2). Next, we ob-
tain the existence and uniqueness of a global strong solution in 2D (cf. Theorem 3.2),
a local strong solution in 3D (cf. Theorem 3.3), and a global strong solutions in 3D
provided that the viscosity v is properly large (cf. Theorem 3.4). The long-time dy-
namics of the system seems to be more complicated than the uncoupled Navier—Stokes
equations. We prove that as t — +oc0, the phase function ¢ converges to a solution
of the stationary Allen—-Cahn equation and the velocity u as well as the temperature
6 converges to zero (cf. Theorem 4.3). Stability for minimizers of the elastic energy
is also discussed (cf. Theorem 4.9). We just remark that our results can be easily
extended to the cases with more general Dirichlet boundary conditions for the phase
function. For instance, (1.14) can be replaced by ¢(x,t)|r =h(x) on I' x (0,400), with
h(z) = po(x)|r and h(z) e H2 (T), |h(z)| <1 (we refer to Lin and Liu [17] for a similar
situation for a simplified nematic liquid crystal system).

It is easy to verify that for the isothermal case of system (1.8)—(1.15) without the
Boussinesq approximation term, there is a dissipative energy law

d (1, 0 A s
& (Gl + 31901 [ Foyas)
_ 2 _ _ /! 2
_ V/Q|w do m/ﬂ| Ap+F'(6)2da. (1.16)

This basic energy law reveals the underlying physics for the isothermal Navier—Stokes—
Allen—Cahn system and it plays an important role in the study of well-posedness as
well as long-time behavior of the system. We refer to the recent work [9,11] for
detailed mathematical analysis on an isothermal NSAC system for the incompressible
two-phase flows, where long-time behavior of global solutions was analyzed within
the theory of infinite-dimensional dissipative dynamical systems (e.g., the existence
of global attractors, exponential attractors, trajectory attractors, and convergence to
single equiblibria).

However, in our present case, the surface tension parameter A in (1.8) depends
on the temperature such that it is no longer a constant. Moreover, the Boussinesq
approximation is also applied. These bring us challenges in mathematical analysis
of the system. We are not able to derive the same dissipative energy equality as
for the isothermal case. In particular, the special cancellation between the induced
stress term in the momentum equation and the transport term in the phase-field
equation is no longer valid (see Remark 2.2 below). This relation is crucial to derive
the dissipative energy law like (1.16) (cf. [9,17,33]). Nevertheless, taking advantage
of proper maximum principles for the phase function and temperature, we show that
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if the initial temperature variation is not large (bounded in terms of coefficients of the
system), we can derive an energy inequality for the system (1.8)—(1.15), which reflects
the dissipative nature of the flow.

We remark that in the phase-field equation (1.10), the dynamics of the phase
function ¢ is assumed to be driven by a gradient flow of Allen—Cahn type. In order
to keep the conservation of overall volume fraction, people usually assume that the
internal dissipation is described through a Cahn-Hillard equation (with convection)
for ¢, which can be viewed as a gradient flow of the elastic energy in the Sobolev
space H~! (cf. [18,21]). The resulting system is nevertheless much more involved
in mathematical analysis, because it contains a fourth-order differential operator and
thus the maximum principle for the phase function ¢ no longer holds (see, for instance,
[1,5,10,35] for the isothermal Navier-Stokes-Cahn-Hilliard system). It seems that
our results cannot be extended to this case in a straightforward way. For instance, in
the derivation of the dissipative energy inequality (2.3), we rely on the L*°-estimate
of ¢, which will no longer be available due to the lack of maximum principle. This
problem will be studied in our future work.

The rest of the paper is organized as follows. In Section 2, we derive an energy
inequality that guarantees the dissipative nature of the system and establish the
existence of global weak solutions. In Section 3, we discuss existence and uniqueness
of strong solutions in both 2D and 3D. In Section 4, we study the long-time dynamics
and stability of the system.

2. Global weak solutions

If X is a real Hilbert space with inner product (-,-) x, then we denote the induced
norm by ||-||x. X’ indicates the dual space of X and (-,-)x/,x will denote the corre-
sponding dual product. We indicate by X the vectorial space X™ endowed with the
product structure. For simplicity, the scalar product in L?() (also L?(Q2)) will be
denoted by (+,-), and the associated norm by ||-||. For two n x n matrices My, M, we
denote M : My =trace(M;M]). Let

V=C5 QR )N{v:V-v=0}.
We denote by H (respectively V) the closure of V in L? (respectively H'):
H={ucl?:V-u=0, un=00onT}, V={ucH}:V-u=0}.

H and V are Hilbert spaces with norms ||| and || -||g:, respectively. We recall the
Stokes operator S: H?(Q)NV — H such that Su=—Au+ V7€ H, for all ue H2(Q2)N
V. S71is a compact linear operator on H and ||S-|| is a norm on D(S) that is
equivalent to the H>-norm. Then there exists a positive constant C'=C/(n,<), for
which (cf. Temam [29])

l[ullezz + (|7l zro\r < O Sull. (2.1)

In the following text, we denote by C, C; the generic constants depending on a, b,
g, k, Ao, «, 7, Q, €, and the initial data. Special dependence will be pointed out
explicitly in the text if necessary.

Without loss of generality, we assume p=1 in the remaining part of this paper.
Now we introduce the weak formulation of the initial boundary value problem (1.8)-
(1.15):
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DEFINITION 2.1. For any T € (0,400), the triple (u,$,0) satisfying

w€ L®(0,T;H)NL?(0,T;V),
peL®(0,T; H' NL>®)NL*(0,T;H?), |6|<1, a.e. in Qx[0,T],
0c L>(0,T;Hy NL>®)NL*(0,T; H?),

is called a weak solution of the problem (1.8)—(1.11) if the initial and boundary con-
ditions (1.12)=(1.15) are satisfied and for a.e. t€(0,T),

(ut,v>vl,v+/(u-V)u-vdw—i—y/ Vu:Vudx
Q Q

:/[)\(Q)V¢®V¢]:Vvdm+ag/Hj-vdx, YveV,
Q Q

b +u-Vo=v(Ap—F'(¢)), a.e. in
0;+u-VO=kEAO, a.e. in S,
uli—o =uo(x), @li=0=¢o(x), Oli=0="00(x), in Q.

REMARK 2.1. In order to derive the variational formulation for u, we use the following
facts due to the incompressibility condition: for any v € V| it holds that

/Vp'vdx:/jwdx:O,
Q Q

/Q[V.</\(9)(;|V¢|2+F(¢)>H>] -vdx:/QV{)\(H)(;V¢|2+F(¢))} wdz=0.

Next, we state the result on the existence of global-in-time weak solutions.

THEOREM 2.2 (Existence of weak solutions). Suppose n=2,3. For any initial
data (ug,¢0,00) € Hx (HY(Q)NL>®(Q)) x (HF(Q)NL>®(Q)) satisfying

1 ayv

— [ — 2.2
1070\ 2x (22)

[dollL= <1, {160l <
where Cy is a constant depending only on n and ), the problem (1.8)—(1.15) admits
at least one global weak solution such that

u€ L*(0,400;H)NLZ (0, 4+00; V),

loc

d€ L=(0,+o0; H' NL®)NLE (0,400, H?), || <1, a.e. in Qx[0,4+00),

loc

6€ L>(0,+00; HiNL>®)NLZ .(0,+00; H?).

loc

2.1. Dissipative energy inequality. An important feature of problem (1.8)—
(1.15) is that ¢ and 6 satisfy the following weak maximum principles, which will be
useful in the derivation of the dissipative energy inequality for the system.

LEMMA 2.3.  Suppose u€ L>¥(0,T;H)NL?>(0,T;V). If ¢€L>(0,T;H'NL>)N
L2(0,T;H?) is the weak solution of the initial boundary value problem

pr+u-Vo=v(Ap—F'(¢)), a.e. inQ,
¢z, t)lr=-1, (z,t)eT x(0,T),
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Bli—o = o (x) € H' NL>®, with |¢o| <1 a.e. in Q,

then |p(x,t)| <1, a.e. in Q for each t€(0,T).

Proof. The proof is similar to that for the liquid crystal system (cf. e.g., [7,17]),
so we omit the details here. 1]

LEMMA 2.4.  Suppose u€ L>®(0,T;H)NL?(0,T;V). If € L0, T;HINL>)N
L2(0,T;H?) is the weak solution of the initial boundary value problem
O +u-VO=kEAO, a.e. in €,
9‘1":07 (Qj,t)GFX((),T%
9‘75:0 :90(9:) S Hg NL,
then [|0(t)]| Lo <||6ol|L for every t€(0,T).
Proof. Multiplying the equation by |0|7710 (¢ > 1), integrating over Q, we get
1 d 1 4(qg—1)
—— [ 8|4 +—/ V0|9 da +
1+th/ﬂ| ey e VIO

which implies that

L2
/k‘vqm%e)’ dz =0,
Q

10(t)]1 e < 180l s <117 [Goll=,  Vg>1, te(0,T).

Taking the limit ¢ — 400, we arrive at our conclusion. 0

In what follows, we derive a dissipative energy inequality, which turns out to be
crucial in the study of well-posedness as well as long-time dynamics of the problem
(1.8)—(1.15).

ProposITION 2.5 (Dissipative energy inequality). For n=2,3, we assume that
the initial phase function ¢g and the initial temperature 6y satisfy the assumption
(2.2). Then there exist constants (,w >0 that depend only on Q and coefficients of the
system such that if (u,$,0) is a smooth solution to the problem (1.8)—(1.15), then the
following energy inequality holds:

d&€ v
<~ IVulP ~adn | As - F (@) kMG <0, Vi>0,  (23)

where

E(t)= IIU(t)||2+a>\o|\V¢(t)||2+2a/\o/ﬂF(¢>(t))dx

+CVO)|*+wl(6)]?
>0. (2.4)

Proof.  Multiplying (1.8) with u, (1.10) with —aXg(A¢—F'(¢)), (1.11) with
—(A0 (>0 is a constant to be determined later), respectively, adding them up, and
integrating over (2, we have

1d

=—(|lull* +aro||V 2+2a)\/F dz+¢||Vo|?
3 i 1l +aXoll VoI +2a% | F(6)dr+¢V6)7)
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|| Vul? +avol|Ad — F'(¢) |2+ k¢[| A8 12
:/()\(H)Vqﬁ@VqS):Vudx—l-a/ 99j~udm+(/(u-V)9A6‘dm
Q Q Q

+ada [ (wV)o(B0—F(¢)) ds
Q
=J1+Jo+ I3+ J4.

In the following we just treat the case n=3, while the case n=2 is similar. Recall
the Gagliardo—Nirenberg inequality

IVellLs < Cr(lAG|IZI¢]1 7+ ll), VoeH,

where C; =C1(n,) depends only on n and Q. Combining it with the Poincaré in-
equality and the Young inequality, we deduce that

J1+J4:—aA0/Qu v<|V2¢’2+F(¢>)) dx—b)\o/QGVu:(ng@ng)dx
< ol [Vl IV
<Y vu+ 2z oo
<Y |vul*+ %nenimumnﬂwnim SCHENG gy,
<Y vu+ BA X e ag - PO+ 1P @I
—801“"”0”9”2

Then by Lemmas 2.3, 2.4, and the assumption (2.2), we obtain that

16C4|b2 A2 aioy
BOCORG 12 a6~ (02617 < D2 20— F(6)]7
1601\b|2)\0 bt 16ClCQ|b|2/\ Q2 s
- Lo LOO—
101311 (@)] o] T
54-16*C10CH |33
§§||A‘9||2 A 16k,3|,(:|3 ol 16]%,
and
41112 \2 4 2\2
SIS gy < SRR gy g
1% 1%
K 54-81CISCH[bIENS
<X agpp BEG T g2,

where C5 depends only on €. As a result,

a/\o’Y

1%
Jit i< 7 Vul®+ |a¢—F/(g)2+ HMII + S116)1%,

with
54-16*C15CH|b|BAS|Q8 +54 - 8% 1601604|b|8)\8
Ac16L3

Cs=
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Next, by the Poincaré inequality

Chlal’lg?
Jo < |allgl[|0l[[lull < Crlellgllof Vull < IIV 1+ ===———1lo11%,

where C'p depends only on 2. For J3, we have

:—C/Qu-V(|v |2>d +g/ (VO©V6)|da

=—( | Vu:(VOV0)dx
Q
<C\\VU\|||V9||i4 <C'2C||VU||||A6’||||9||L°o
HA9H2+ ||90HL°°HV [

<F¢ a0 LVC Vul]?.

Taking

= k\b|2)\0’
ay

we infer from the above estimates that

d
& (1P @l voiP-+2000 [ F@)ao-+c1v0]? )

14
+§||Vu||2+7a/\o||A¢—F’(¢)H2+’€CHA9H2

where
205  2C%|al?|g|?
3 plol®lg] _

Ci="5 -

Multiplying (1.11) by 2wf, w= CP Ga 0, integrating over €2, and using the Poincaré
inequality, we obtain

d 2wkH9||
w1017 = =20k VO||* < === = —Cu|6]]*. (2.6)
P
Adding (2.5) with (2.6), we arrive at our conclusion. |

REMARK 2.2. For the isothermal case of the system (1.8)—(1.15) without the Boussi-
nesq approximation term, there is a special cancellation between the induced stress
term in the Navier—Stokes equations and the convection term in the Allen—Cahn equa-
tion, which yields the dissipative energy equality (1.16). However, for the current
non-isothermal system (1.8)—(1.15), there exists an extra high-order term

—b)\o/HVu:(V¢®V¢)dx
Q
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containing the velocity, phase function, and temperature that cannot be eliminated
(the Boussinesq approximation is a lower-order term and is easier to handle). In order
to overcome this difficulty, we introduce the smallness assumption (2.2) and try to
seek certain energy dissipative inequality instead.

REMARK 2.3. It is worth mentioning that the conditions in (2.2) do not involve the

interfacial parameter .

2.2. Proof of Theorem 2.2. The proof is based on a semi-Galerkin method
(see, for instance, Lin and Liu [17] for a simplified nematic liquid crystal system). Let
{w;} (:€N) be an orthonormal basis of V formed by the eigenvectors of the Stokes
problem

—Aw; + VP, = \w;, inQ, wr=0,

with |Jw;||=1 and 0 <A; <Ag <-+- <A, < -+ with A, =00 as n— +oo.

For every m €N, let V,,, = span{wi,ws, - ,w,, }. We denote by P,,: H—V,, the
orthogonal projection. Given (ug,¢o,0p) € Hx (H*(Q2)NL>(Q)) x (H}(Q)NL>®())
satisfying (2.2), we consider the following approximate problem:

<8tum,vm>v/7v+/(um~V)um~vmdx+l// V, : Vo, dx
Q Q

:/[A(Qm)v¢m®v¢m]:VUmdx+ag/ Omj - vmdx, YU, €V, (2.7
Q Q

)
Ot +Um Vo, =7(Adm — F'(dm)), ae. inQ, (2.8)
0O +upm - VO, =kAB,,, a.e. in Q, (2.9)
Om(z,t)==1, Op(z,t)=0 on T, (2.10)
U |[t=0 =Pmo(2), Pmlt=0o=00(x), Om|t=0="00(x). (2.11)

Indeed, we observe that all of the a priori bounds derived (formally) from the energy
inequality (2.3) still hold for the approximate problem. If we fix @, € C([0,7]; V),
then we can find @, = ¢ U] and 0y, =0, [Uy,] solving (2.8) and (2.9) (with wu,, =
Um ), respectively. Inserting ¢, and 6, into the equation (2.7), we can find a solution
U, =T [Uy,] that defines a mapping @, — T [ty,]. On account of the a priori bounds,
we can easily show that 7 admits a fixed point by means of the classical Schauder’s
argument on (0,7p), with 0<Tp <T'. Finally, applying again the a priori estimates,
we are allowed to conclude that the approximate solutions can be extended to the
whole time interval [0,4+00) (cf. also Ezquerra et al. [7, Appendix]). Since the a
priori estimates of the approximate solution are uniform in parameter m, using a
similar argument as in [17, Section 2] we can pass to the limit m — +o00 and complete
the proof of Theorem 2.2. The details are omitted here.

COROLLARY 2.6. Suppose n=2,3. Under the assumptions of Theorem 2.2, the weak
solution (u,$,0) to the problem (1.8)—(1.15) satisfies
1 ayv

t)||ne <1 Ot)||pe < —5—4/— t>
60l <1 10Ol < g T 20

and the energy inequality

+o00
e+ [ (BIVul+arn|l Ao F(6)*+ k| AIP) de<£0), veo.
0
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which yields the following uniform estimates:
lu@®)1*+ e 17 +10) 7 <M, VE>0,

+oo
/0 (Va1 + 1A6(t) = F'(¢(0))II* + | A0 (£)[|*) dt < M,

where M >0 is a constant depending on ||uoll, ||¢ollar, [|0ollar, 2, and coefficients of
the system.

3. Strong solutions
In this section, we prove the existence and uniqueness of strong solutions to the
problem (1.8)—(1.15).

DEFINITION 3.1. For any T € (0,400, uo €V, ¢og€ H*(2), 6 € H*(Q)NH(Q), we
say that the triple (u,¢,0) is a strong solution to the problem (1.8)—(1.15), if (u,,0)
is a weak solution and

w€ L>®(0,T;V)NL?(0,T;H?), ¢,0€ L>(0,T;H*)NL*(0,T;H?).

Based on the semi-Galerkin scheme in the previous section, in order to prove
the existence of strong solutions, it suffices to derive proper uniform higher-order
estimates for the approximate solutions and then pass to the limit m — +oo. We
observe that the approximate solutions satisfy the same basic energy inequality and
higher-order differential inequalities as smooth solutions of the problem (1.8)—(1.15).
Thus, for the sake of simplicity, all the calculations below will be carried out formally
for smooth solutions.

The main results of this section are as follows.

THEOREM 3.2 (Global strong solution in 2D). Suppose n=2. For any ug€
V., ¢o€ H*(Q), 0o € (HF(QNH?(Q)) satisfying the assumption (2.2), the problem
(1.8)—(1.15) admits a unique global strong solution such that

u€ L(0,+00; V)NLE,.(0,+00; H?),
¢ € L>®(0,4+00; H*)NLE (0,+00; H?),

loc

0 L>(0,+o00; H*NHY)NLE,.(0,+00; H).

loc

THEOREM 3.3 (Local strong solution in 3D). Suppose n=3. For any ug€
V., ¢ H2(Q), O (HF()NH?(Q)) satisfying the assumption (2.2), the problem
(1.8)—(1.15) admits a unique local strong solution.

THEOREM 3.4 (Global strong solution in 3D under large viscosity). Suppose
n=3. For any ug €V, ¢g€ H?(Q), Oy € (H& (Q)QHQ(Q)) satisfying the assumption
(2.2), if in addition, the lower bound of the viscosity, i.e., v is sufficiently large (cf.
(3.12)), then the problem (1.8)—(1.15) admits a unique global strong solution.

3.1. Two dimensional case. First, we are going to derive a specific type of
higher-order energy inequality in the spirit of [17].

LEMMA 3.5. Suppose n=2. Let (u,0,0) be a smooth solution to the problem (1.8)—
(1.15). We introduce the quantity

Ar (1) = Vu(t) [ +aXol|Ag(t) — F'(¢(1)) > +mll A0 @) (3.1)
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Then the following differential inequality holds:

d
A O+ Sul® +adoy[V(Ad— F/ ()P +m k[ VAO|*
SC(AF(t)+Ar(t), VE>0. (3.2)
m and C are two positive constants which may depend on ||ugl|, ||¢oll e, 100l r, Q.
and coefficients of the system.

Proof. We observe that —(Au,u) = (Su,u;), since u; € H. Besides, due to (1.14),

we infer that ¢¢|r =0, so by (1.13) and the equation (1.10) we see that A¢p— F'(¢) |F =

¢+ +u-Vo|r=0. Using equations (1.8) and (1.10), we compute that
1d
2dt(||Vu||2+a>\o||A<l5 F'(9)|I”) +v[Sul* +aroy | V(Ag— F'(¢))|”

—(u-Vu,Su)+ b\ (V- (Vo Ve),Su) +ag(dj,Su)
—aXo(VO(Ap—F'(9)), V) —aroy(F"(¢)(Ap— F'(¢)),Ap— F'(¢))
—Qa/\O/(Ad)—F'(qS))Vjquszqﬁdx

Q
6
= Z K,,. (3.3)

In what follows, we proceed to estimate the right-hand side of (3.3) by using the
uniform estimates obtained in Corollary 2.6 and properties of the Stokes operator.

K< *IISUII +Oulli o | Vulf?
*IISUII +OJull| Al Vul|?
4
< 16IISUII +C[[Vul®.
For the second term K5, we have
b
Ky = b / V06V j6(Su)ida + 5 (6962, Su)+bro(0AGY 6, Su)
Q
= b)\O/ V,;0V¢pV jp(Su); da:——(|V¢\ Vo, S5u)+ b (0ApV @, Su)
Q
=Ko+ Kop + Kac.

Koq+ Koy
<C|VO||Ls [VoZsllSull
v 2 4 4 8
< —IISu||2+C(IIVMII 3(IV0I5 +VOI1°) (IVA[I3 IVolls +[Vel*)

< ZlISull?+C(IvA0)3 |6 +[vel?)

<(IV(Ad—F (@)]F + | F" (&)}~ Voll* +0)

< ZSul>+ 2LV (A6 - F(8) P+ s T A0)?
c<||ve||2+||ve|| )
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where C5 is a constant depending on ||ug|, ||¢ollz, |00l mr, Q, and coefficients of the
system.

Kae <[b| o]l o= [ A [V lLes | Sul
< C10]1 | A1Vl IV ] % S
STVGIISUHQ+CII9H%OO(\|A¢*F’(¢)IIQ+C)
x([IV(Ag—F' (@)l +|1A¢—F'(¢)[+C)
< 22 1Sul?+CllAs— F'(6) |V (As—F'(6)]
+CONIA(IV(A¢—F' ()l + | A¢ — F'(6)]° +C)
< L5l + L9 (a9~ F ()
C(IIA¢—F’( P+ 11Ap—F' (o)1 +1|A01> + [ A0]*).
The remaining terms can be estimated as follows:

14
K3 < |allgloll Sull < 75 I15ull* +CA0]%.

Ky <aXo|| V|Vl || Ad— F' ()| 1
<C|Sull(|a¢—F'(¢)||2 +C) || A —F' ()| 2|V (A — F' ()] 2

A

< sl Sull+ LV (Ag—F(9))]

— 16
C(lag—F' (o)1 +l1A¢—F'(9)[I).
K5 <adov||F"(9) | = | Ad — F'(¢) | < C||Ap— F'(9)]|*.
K6:2a)\0/Vz(A¢—F’(¢))VJu1VJ¢dx
Q

<CIV(Ag—F'(@)lIIVullLa [V s
aAwHV(Acb F/(o)|* +ClIVulllAull(|A¢—F' @)+ [F (#)]) IVl

v a\
< rellsullP + =TIV (20— F'(9)]

C(IIVu||2+ IVull*+[[Ad—F' ()]

It follows from the above estimates and the Sobolev embedding that

1d ) A
5 2 (IVul>+arol| A6 —F/(9) )+ 5 | Sull + =2 [V (A6~ F'(6))|
< C5l|[VAG|2+C ([ Vull* + ]| A6~ F' (&)1 + 1 20] )
+C(I1Aul+ A6~ F' (@) + |1 A0]1). (3.4)

We infer from (1.15) that 6;|r =0, so it follows from (1.13) and the f-equation (1.11)
that Af|r =0. Applying A to both sides of (1.11), and taking the L2-inner product
of the resultant with Af, we obtain

2dt||A9||2+k:||VA9H2 /A u-VO)AQdr:= K, (3.5)
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such that
K7=/V(U-V€)-VA9d:E
Q
k 9 2 2
< SIVAGIP -+ |V (u Vo)
k
SgIIVMIIQ+C(HVUHi4IIWIIi4+IIUH%WIIA9||2)

k 3 1
< gllVA9||2+CHAUH 2 lullz (| AGNIVO]+1IVE]?)
+C||Aull[ull | AG|>

14

<
- 8k’

e~

VAl + |Sul|? +C||Vul|® +C||A0||*. (3.6)
Hence, multiplying (3.5) by 71 =kC5, and adding the result to (3.4), we deduce our
conclusion (3.2) from (3.6). The proof is complete. 0

Proof of Theorem 3.2.

Proof.  Since ug €V, ¢o€ H2(Q), 0 € (H () NH?(Q)), we have A;(0) <+oo.
It follows from Corollary 2.6 that A;(t) € L'(0,400). Then we infer from Lemma 3.5
and [36, Lemma 6.2.1] that A;(¢) is uniformly bounded for all time, which implies
Vt >0, it holds that

lu@ e + 1@l 2 +[10()] 22

t+1
+/t (lu(s) I + 1o ()15 +[10(5) |31 )ds < C, (3.7)

where C is a positive constant depending on |luo|lm1, ||¢olla2, 6ol &2, 2, and coef-
ficients of the system. Then we can prove the existence of a global strong solution,
which is actually unique by Proposition 3.9. The proof is complete. ]

For the weak solution, we still have A;(t) € L*(0,4+0c0). Then by (3.2) and the
uniform Gronwall lemma (cf. Temam [28, Lemma I11.1.1]), we conclude that for any
6>0,

Al(t+6)<0<1+§), vt >0,

where C' is a positive constant depending on ||ugl|, ||Pol| a1, |60l 1, 2, and coefficients
of the system. As a result, we have the following proposition.

PROPOSITION 3.6 (Regularity of weak solutions in 2D). When n=2, under the
assumptions of Theorem 2.2, any weak solution to problem (1.8)—(1.15) becomnes a
strong one for t >0 and the following estimate holds:

t+1
()l + o) 72 + 10() 1 +/t (o) IErz + 6 (3)I[7s +10(5) 175 )ds < D(),

where D is a positive function depending on ||ugl|, ||¢olla1, |00l a1, €, and coefficients
of the system. In particular, lierD(t) =+o00.
t—0
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3.2. Three dimensional case. First, we have the following lemma.

LEMMA 3.7. Suppose n=3. Let (u,$,0) be a smooth solution to problem (1.8)—(1.15).
For the quantity As(t),

Aa(t) = [[Vu(t)|* +aXol| Ad(t) — F' (6 (1)) |I* + [ A0()1%, (3.8)

the following differential inequality holds:

d
&fb(t)+VHSU||2+a/\o’VHV(A¢>*F/(¢))||2+k||VA9||2
<OL(AS(1) +Ax(), V0. (3.9)

C. is a positive constant which may depend on ||uo||, ||dollar, [|0ollsr, 2, and coeffi-
cients of the system.

REMARK 3.1. We note that the coefficient of the third term in Ay(t) is different from
the one in Ay (t) (see (3.1)).

Proof. We re-estimate the right-hand side of (3.3) and (3.5) by using the
3D version of Sobolev embedding theorems. The estimates for K3 and K5 remain
unchanged. Next,

3 14
Ky < fulle | Vul| Sull < C[|Sull? | Vaul|? < SlISul*+C[[Vul®.

Koq+ Koy <C|[VO|Le [V Ls | Sul
v
< lISul*+CllagP|ag]

v
< SlISull* +ClAd*|Ag - F'(9)]* +CllA0] 1.

Koo < [b|2o|0]| o | A Voo || S
<C|A0)Z V6] | Al IVl 5o | A 2 Sl
< SlISull®+ClAd) Vol (|ag—F/(9)]*+1)
<(IV(Ap—F' ()]l +Ap— F'(9)]| +1)
< L lsulP + 29 (ag— F ()
ClAG—F' (@)1 + | Ag—F'(¢)|* + ]| A0]2 + ]| A0]%).

Ky <ao||Va[[[Vells[A¢— F'()] s
<C||Sull(|Aad—F (o)l +1)[Ad—F'()I2[|V(Ap—F' ()2

< Zlsul*+ L v (A6~ F' ()
Cllag- F @) +180- PG

K6 == QGAo/KZVj(A(b— F’((/)))uzvjvmda:
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200 (V(Ap— F'(6)). F'(6)u)
< IV (59— F (@) (e [ s + 176} e )
<C|V(Ap—F (@)]IVul
< (1Ag— F ()} IV(Ag— F)|F + [ Ag— F'(6)] +1)
< P06~ F(6)P

AO(IVull® +[[Vull® +[[Ad = F'(9)|* + ]| Ap — F' () 1*).

Ky < SV A0 4+ |V (- 6)
< DIV AR+ C(IVulia V0 + ull - 12612)
< 21T A1 +-O)Sull [Vl 202
< DIVAO2 + 12 1Sull*+ CITulP a0

Collecting all the estimates above, we arrive at our conclusion (3.9). a

Proof of Theorem 3.3.

Proof. Due to Lemma 3.7, a standard argument of the ordinary differential equa-
tion yields that there is a time Ty =Ty (uo,Po,0p) < +oo such that Ax(t) is bounded
on [0,7p]. This enables us to prove that problem (1.8)—(1.15) admits a local strong
solution. Uniqueness of the strong solution follows from Proposition 3.9. O

Since our problem contains the Navier—Stokes equation as a subsystem, in the 3D
case, we cannot expect the existence of global strong solutions to problem (1.8)—(1.15)
for arbitrary large initial data. However, the global strong solution will exist if we
further assume that the lower bound of the viscosity v* is sufficiently large.

Set

As(t) = Aa(t) +1

Then Theorem 3.4 is a direct consequence of the following higher-order differential
inequality concerning As(%).

LEMMA 3.8. Suppose n=3. We assume that v>1 and (2.2) is fulfilled. Let (u,,6)
be a smooth solution to the problem (1.8)—(1.15). Then the following inequality holds:

d - F
%Ag(t)—i— [v—Myvz Ay ()] Sul?
My Ay(t
+oror = 210 9 (20— DI +HI VA0
< Mo As(t), (3.10)
where My and My are constants depending on ||ugl|, ||Polla:, [|0o]lmr, 2, and coeffi-

cients of the system, but not on v.

Proof. 'We note that the uniform estimates in Corollary 2.6 still hold. Then we
re-estimate the terms K1,..., K7 in an alternative way. The estimates for K3 and K5
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remain unchanged. For the other terms, we have
T 1
Ky <O Sul[ 7 |[ul #[[Vul

v 1 _11
< SlISul? +v2 [Vl Aul? + Cv 2 || Vul?,

Koo+ Koy
<C[VOwallVolIEs | Sul
<C|VAl(VO]3 (|Ag—F'(¢)]+1)
< ([IV(Ag—F'(9))[12 Vo] +1) || Sul
<C|IVAQ| | VO||Z (|| Ap—F'(6)]| +1)||Su]
+C|[VAO|Z VO] (| Ap—F' ()] + DI Sull [V (Ap— F' ()|

3 k
= {Tyz+V§(IIA¢—F’(¢)II+||V9||)] I1Sul®+ 311V A0]*
C
+—(1+[A¢=F'(9)I")[V(A¢—F'(4))II*

+O(L+ 5 ) (VO + 180~ F'(6)]P),

Kae < [b|2o|0]| o | A ||| Vb || Sl
<C[ A2 [VO] A3 ([VAG]|> +]|Ag] 2)] Sull
<C[ A2V (|Ag—F' ()2 +1)(|V(Ap— F'(¢))12 +1)[|Su
<[5 +vEUae—F @I +|20])] Isul®

(1 a6—F(6)P) IV (26— F (@)

c (1+i) (186]2 + 26— F'(B)]P).

1

Ky <C|Sull(|ag - F'(@)l|+1) a6 F/ (@)} [V (A6~ F'(9))]}
< (15 +v 1A= F'(9))) |1 Sull?
aloy

!/ C /!
IV (Ap—F @)+ A= F (@),

+

Ko <C||[Ad—F'(¢)[| 13 ]|Vul s | Ad
<OV (A¢—F'(9))]|Z | Ap—F'(¢)]|% | Sul| (]| Ad— F'(6)]| +1)
< (fg+vEIas—F@))lsul?

(4 Ljao-FOIP) IV @0 P o)I?

+0 (145 ) lao- Fol,

k
Kz < SIIVAOI*+C(IVullLa VOl + ullt | A0]I?)
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[VAG|?+C||Sul| 3| Vul 2 | A6]|2 V6] 2 +C||Sul|? [[ul 2 | 6]

1 C
< ||VA9||2+V2|\A9|\2||SU||2+V§(HVUHQ+HA9H2)-

Combining the above estimates, using the fact v >1 and the definition of Ay(t), we
deduce the inequality (3.10). The proof is complete. 0

Proof of Theorem 3.4.
Proof. It follows from Corollary 2.6 that

t+1 B
/ Ag(r)dr <N, Vi>0, (3.11)
¢
where M >0 may depend on €, |luol|, ||¢ollz1, |60l s, and coefficients of the system

except v. Moreover, if the viscosity v is sufficiently large such that

1 ~ - -
Zmax{l,W}Ml <A2(0)+M2M+2M)+1, (3.12)

Nl=

14

then following the same argument as in [17,31], we can use Lemma 3.8 to obtain the
uniform estimate

~ vz min{aigy,1}

As(t) < 7R , Yt>0, (3.13)
which yields the required conclusion. 0
3.3. Uniqueness of strong solutions. The uniqueness of strong solutions

to the problem (1.8)—(1.15) can be obtained by the energy method.

PROPOSITION 3.9 (Uniqueness of strong solutions). For n=2,3, let (u1,¢1,61)
and (ug,¢q,02) be two strong solutions on [0,T] that start from the same initial
data (ug,d0,00) €V x H*(Q) x (H5 () NH?(Q)) satisfying (2.2). Then (uy,¢1,01) =
(u2,¢2,02).

Proof. 'We provide the proof for 3D case and the proof for 2D is similar. Denote
U=uy—uy, G=¢1—¢a, 0=01—0,.

We can see that (u,¢,0) satisfy

(U, v)vr v +/

[(u1-V)ug — (uz-V)us] -vd;v—i—y/ Va:Vodr
Q Q

= /Q[)‘(el)v¢1 @ Vo1 —A02)Vda @ V| : Vuda

—|—ozg/§j~vdx, YveV, (3.14)
Q

b +ur -V —ug-Voo=v(Ad—F'(¢1)+ F'(¢2)), ae inQ,  (3.15)
0, +uq-VO —ug-VO3=kAD, a.c. in Q. (3.16)
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Taking v=1u in (3.14), testing (3.15) by —a\gA¢ and (3.16) by —Af in L?(Q2), re-
spectively, adding up these three resultants, then performing integration by parts and
using the incompressible condition for the velocity, we get

d . _ _ B _ _
S UlalP +aXol[Vol* + [ VOI%) +[[Val* + adov [ Ad|* + k]| AG|*

—(ﬂ-Vul, ) a)\o(V(bAd)l, )+CL)\0(U1 V(b,A(b) bA0(§V¢1®V¢17Vﬁ)
—bXo 02V @ V1,Va) —bAg(02V o @ Ve, V) +ag (0, a)
+aXoy (F'(¢1) = F'(¢2),Ad) + (- V61, A0) + (uz - VO, AB)

10
=Y In. (3.17)

m=1

N | =

Keeping in mind the uniform estimates obtained in Corollary 2.6, we proceed to
estimate the right hand side of (3.17),

L < [l |V | < OV 2 |al 2 |V |
2 2
_12WuH +C|| Vs |-
Iy <ado||Vllrs||allrs | A | < Cll A || |a]| 2 [|Val| 2 | A
a/\ ’y
2L A2+ Cl Agy || lal>.

< 2
< Z)Ival?+

L < [Jur[les | AG [ Vollee < Cl[Vur |l Agl12 [ V|12

a)\ ’y
2L A2+ Ol Vus |4 Vo2

L+ Iz < o[ Vall|f]| L= IV [z« +elgl16]]]|al]
<CIIWLIIIIWII? 146]]= +Cl[Vall[| Vo]

< L AValP + I8P +C|valP

Is < [b[Ao|02 ]| oo [ Vel [V | | Vbl
<C|val[A¢lz[[Vell=[| A

a)\ 'y
_12HV al)”+ =5 AG]P+C | Agn |14 V.

Is < [b[Aol02 ]| oo [ Vel [V | | Vol
<ClvalAelz[[Vel=[l[| A

a)\ 'y
_12HV al)”+ =5 AG]P+C | Ags |14 V.

<o [ o0+ (- s)oa)as]_I1ad
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SOIF"|[p= 0]l | Ag]
mn3 ni
<ClAg)z[IVel>

arpy . - -
< 200 ad|>+C|V >

Iy <lallLs|| VO [|Ls[|AG] < Cl A6 |l [|all 2 [[Val 2 | Ad
v _ k. o~ _
< EHVUHQJF EHAGHQ+C||A91H4||u|\2-
Lo < luallLs [| VO] Ls | AG]| < C|| Ve[| VO] | A8 2
E _
< X8I +C)Vus VA

Summing up, we obtain that
d _ _ B - _
£(||u||2+a)\0||v¢||2+||V9||2)+1/||Vu||2+a)\0fy||A¢||2+kHA9H2
<QW)(1a]* +aXo [ Vo[> +(IVE[?), (3.18)

where
Q) =C(1+[Vur|[*+ [ Ar[[* + 1401 | + (| Vua | * +[| A ")

with C' being a constant that may depend on M, ), and coefficients of the system.
Since the V x H2 x H?-norm of strong solutions to problem (1.8)—(1.15) are bounded
on its existence time interval, Q(¢) is bounded on [0,7]. Then we can complete the
proof by applying the Gronwall inequality. 1]

REMARK 3.2.
(1) If n=2, it is easy to check that (3.18) holds with

Q) =CA+|Vur | +[[ Ay [* + | A0 +[|Vua|* + ]| Ag2 ).

On the other hand, Corollary 2.6 implies that

t+1
/ Q(s)ds<C, Y t>0.
t

As a consequence, we can actually obtain the uniqueness of weak solutions to the
problem (1.8)—(1.15) for the two dimensional case.

(2) It is interesting to ask whether the problem (1.8)—(1.15) has a weak-strong unique-
ness result in 3D as for the Navier—Stokes equations (c.f. Serrin [24]). The main diffi-
culty here is that due to the temperature-dependence of the surface tension coefficient
A, we lose some dissipation in the derivation of the basic energy inequality (2.3) in
order to control the corresponding higher-order nonlinear stress terms. When A is a
constant, one can obtain the weak-strong uniqueness result as in [17] for a simplified
liquid crystal system.
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4. Long-time dynamics and stability

In this section, we shall discuss the long-time behavior of global weak/strong
solutions and stability properties of the problem (1.8)—(1.15). First, we present an
alternative result that indicates the eventual regularity of weak solutions in 3D and
is helpful to understand the long-time behavior of global solutions.

PROPOSITION 4.1.  Suppose n=3. For any (uq,$o,00) €V x H*(Q)x (Hj ()N
H?(Q)) satisfying (2.2) and

A2(0) = [ Vuo[* +aXo|| Ago — F'(¢0) |* +]| Ao |* < R, (4.1)
where R>0 is a constant, there exists g >0 depending on ||uo||, ||¢olla:, |60l mr, Q.

R, and coefficients of the system such that either

(i) the problem (1.8)—~(1.15) admits a unique global strong solution that is uni-
formly bounded in time in V x H? x (H}NH?), or

(1) there is a Ty € (0,400) such that E(T,) <&(0) —ep.
Proof.  The proof follows from the idea in [17]. For the convenience of the

readers, we sketch it here. Recalling the higher-order differential inequality (3.9), we
consider the following initial value problem of an ordinary differential equation:

%Y(t):c*(y4(t)+ya)), Y(0)= R> A5 (0), (4.2)

We denote by I=[0,Tmae:) the maximal existence interval of Y (¢) such that
lim Y (t)=+o0. It is easy to check that

t—=Thaz
0<A ()<Y (1), Vel

which indicates that A(t) exists on I. We note that Ty,q, is determined by Y (0)=R
and C, such that Tia0 = Taes(R,Cy) is increasing when R is decreasing. Taking
to= %Tmaz(R,C*) >0, then we have

0<A(t)<Y(#) <K, Vte|0,to], (4.3)

where K is a constant that only depends on R, C,, tg. Take
1
EozgRtQmin{V7’y,k}. (4.4)

If (ii) is not true, namely, £(t) >E(0) —gg for all ¢ >0, we infer from (2.3) that
too
| (GIvul+arllao—F/(6)]+ 0] ) de <=
0

Hence, there exists a ¢, € [3to,to] such that

21 1}3’30:1%
to

te) < { T 7
A (t,) <max b
Taking ¢, as the initial time and Y'(¢,)=R in (4.2), then it follows from the above
argument that Y(¢) (and thus A2(t)) is uniformly bounded at least on [0,t. +%o] D
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[0,2¢0]. Its bound remains the same as that on [0,to]. By iteration, it follows that
As(t) is uniformly bounded for ¢ >0. Thus, we can extend the (unique) local strong
solution to infinity to get a global one. 0

PROPOSITION 4.2 (Eventual regularity of weak solutions in 3D). When n=3,
let (u,®,0) be a global weak solution of the problem (1.8)—(1.15). Then there exists a
time Ty € (0,+00) such that (u,¢,0) becomes a strong solution in [Ty,+00).

Proof. We simply take

3 1 (v
R=1, tO:ZTmam(R7C*)7 50:§t0m1n{§,’y,k}

in the proof of Proposition 4.1. It follows from (2.3) that there exist a T} >0 such
that

+o0 v
/ (51Vull? +aroyllAg—F/ (&) + k| A0|1? ) dt < <.
T

Then we can find a time Tp € [Ty, Ty + 5to] such that Az(Tp) <1 and
Et)—E(To) =€) —E(Th) = —e0, V=T

Taking T, as the initial time, we can apply Proposition 4.1. The proof is complete.

4.1. Convergence to equilibrium. We shall show the convergence of global
solutions to single steady states as time tends to infinity. Let (u,¢,0) be a global weak
solution of the problem (1.8)—(1.15). We infer from either Proposition 3.6 (n=2) or
Proposition 4.2 (n=3) that after a certain time 7 >0, the weak solution will be a
strong one that is uniformly bounded in V x H2 x H? for all t >T. Since we are now
considering the long-time behavior as t — 400, we can simply use a shift in time and
reduce our study to the case of bounded strong solutions.

The main result of this subsection is as follows.

THEOREM 4.3. Suppose n=2,3. Any bounded global strong solution (u,®,0) of the
problem (1.8)—(1.15) converges to a steady state (0,¢,0) as time goes to infinity such
that

i (u®)llr +16() — 6uclls + 101 2) =0, (4.5)
where ¢ satisfies the following nonlinear elliptic boundary value problem:
Ao + F'(9o) =0, z2€Q, with ¢oo|r=-1. (4.6)
Moreover, we have the convergence rate
() ezt + 16(8) — oo 2+ [0(®) |2 < CAL+1)T59, ¥ 120, (4.7)

e (0, %) is a constant depending on ¢oo. Furthermore, 0 satisfies an exponential decay
such that there exists a constant Co=Cy(n,2) >0,

1) < ll6olle™ ", ¥ t=0. (4.8)
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REMARK 4.1. Decay properties of the velocity u and temperature 6 as time tends to
infinity can be obtained by the energy method (see Proposition 4.4 below). However,
convergence for the phase function ¢ is usually nontrivial because the structure of the
set of equilibria may be complicated and the solutions to elliptic problem like (4.6) may
form a continuum if the spatial dimension n>2 (cf. e.g., Haraux [12, Remark 2.3.13]).
As we have mentioned in the introduction, our results and their proofs hold for general
Dirichlet boundary data for the phase function such that —1 in (1.14) can be replaced
by a certain generic function h(z). Since our problem enjoys a dissipative energy
inequality (2.3), we can achieve the goal by using the Lojasiewicz—Simon approach
(cf. eg., [9,13,14,25]). One advantage of this approach is that we can obtain the
convergence result without investigating the structure of equilibria.

The w-limit set of (ug,¢o,00) € V x H2(Q) x (H} (Q) N H?(R)) is defined as follows:
w(u0,%0,00) = { (oo (), Poo (), 000 (x)) € V x H? x (H? N Hy):
there exists {t,} oo such that
(u(tn),d(tn),0(tn)) = (Uoo, Poo,bo0) in L2 x H' x H'}.

PROPOSITION 4.4. Let n=2,3. For any global strong solutions to problem (1.8)—
(1.15), there exists Eoo >0 such that

tliglooé'(t) =&, (4.9)
and it holds that
Hm ([lu()][e +[|Ad(t) = F'(¢())[| + [[A0(E)[|) =0. (4.10)

t——+o0

Proof.  The total energy £(t) is nonnegative and decreasing as ¢ increases (cf.
(2.3)). Then (4.9) easily follows. For a global bounded strong solution (u,¢,0), we
have A;(t) <C (n=2) or Ay(t) <C (n=3), so it follows from Lemma 3.5 (n=2) or
Lemma 3.7 (n=3) that %4 < (;=1,2). On the other hand, we know from (2.3)
that A;(t) € L1(0,+00). As a result, we can infer from Zheng [36, Lemma 6.2.1] that

limy 4 o0 A;i(t) =0, which yields (4.10). O

COROLLARY 4.5. w(ug,¢o,0p) is a nonempty bounded subset in V x H?x (H?NHY).
Moreover, w(ug,¢o,00) CS= {(0,¢,0)| —A¢+F'(¢)=0in Q, ¢|r=—1} and E=E
on w(u0a¢0700)‘
It is easy to verify that a critical point of the elastic energy E(¢) given by (1.7)
is equivalent to a solution to the following elliptic boundary value problem:
—Ap+F'(¢)=0, z€Q, ¢r=-1. (4.11)
We recall the following Lojasiewicz—Simon type inequality (cf. [13]).

LEMMA 4.6 (Lojasiewicz—Simon inequality). Let @ be a critical point of E(¢).
Then there exist constants £ € (0,%) and >0 depending on 1 such that for any ¢ €
HY(Q), ¢|r =—1 satisfying ||¢— | g1 () <B, it holds that

| —A¢p+F' ()| -1 > |E(¢) — EW)|**. (4.12)
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For any global bounded strong solution, it follows from Corollary 4.5 that there is an
increasing unbounded sequence {t, },en and a function ¢, €S such that

lim  [|¢(tn) — doc 1 =0. (4.13)

tn—+00

As a result, we infer from Proposition 4.4 and (4.13) that

. 1_1)13_1 E(tn)=aME(po)=Ex and E(t) >aroE(¢p), ¥V t>0. (4.14)
If £(t.) =aroE(¢so) for some t, >0, then £(t) =E for all £>0. Thus, by (2.3), we
have [|u(t)||v =110(t)|| gz =||Ad(t) — F'(#(t))|| =0 for t>ty. Besides, it follows from
equation (1.10) that

@]l < llullesIVllLs + [[Ad = F' ()| < C([Vull +[|Ad = F'(d)]), (4.15)

thus ||¢:(t)]| =0 for ¢t >t., and due to (4.13), we have ¢(t) = poo for t>tg.

Then we only have to consider the case £(t) > Eoo = aMoE(¢dwo), for all t > 0. Based
on the sequential convergence (4.13) and the Lojasiewicz—Simon inequality, by using
the classical argument in Jendoubi [14], we can show that after a certain time, the
trajectory ¢(t) will fall into a certain small neighborhood of ¢, and stay there for all
time.

PROPOSITION 4.7. There is a to>0, such that |¢(t) — dool|lmr < B, for all t>1g.

Thus, for all ¢>ty, ¢(t) fulfills the condition in Lemma 4.6. Since (1—¢)> 1,
then we infer from (4.12) that

_ 1-¢
(E() = aroE(6)) ™ < (Jlull +CIVOI* +wllfl|* +aro| B() ~ E(9c)])
< C(|jull?+ [ V012 +0]12)' ¢ + CIE(6) ~ B(goe)|' ¢
<Cllull+CIIV]| +C Ao~ F'(9)l,

which combined with the energy inequality (2.3) yields that for ¢ >tg, it holds that

d

_d erde
dt

dt

[Vull® +|A¢— F'(¢)|* + 1| A0

[ull + VOl +1|A¢ = F' (&) | -
>C(IVull+[[Ag—F'(¢)]|+]|A0]]). (4.16)

(E(t) —Ex)* == (E(t) —aroE(d0))

> cel

Integrating (4.16) with respect to ¢, using (4.15) and the fact £(t) > €, we have

/too|¢t(t)||dtSC/too(||VUII+|A¢—F’(¢)Il)dt
<O(E(to) —Eo0)* < +00,

which combined with the compactness of ¢ in H! yields that lim; .| é(t)—
¢oo|| g1 =0. Furthermore, since
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<NAg—F'(9)| +116(t) = dooll 1, (4.17)

we conclude from (4.10) that

im |[¢(t) = dooll 2 =0.

t——+oo

It remains to prove the convergence rate (4.7). By Lemma 4.6 and (4.16), we obtain
that

d -
Z(EW—E)+C(EM )" <0, Vi,
which implies the decay rate for the total energy £

0<EWR)—Ee <C(1+1)7 T, Vi>ty.

Integrating (4.16) on (t,+00), where ¢ > g, it follows from (4.15) that
+o00 {
/ l6e(r)ldr < CE(t) =€)t < C(148) T2,
t

Adjusting the constant C properly, we get

£
=

[6(t) = G| <C(142)" 7%, V0. (4.18)

Higher-order estimates on the convergence rate can be achieved by constructing proper
differential inequalities via that energy method. It is clear that for the asymptotic
limit (0,¢w0,0), the system (1.8)—(1.11) is reduced to

1
VPOO+§V(|V¢OO|2) = Voo Ao, (4.19)
—Adoo+ F'(hso) =0, with ¢o|r=—1. (4.20)
Denote p=¢ — ¢oo. Then (u,p,0) satisfies

ur+u-Vu+Vp—rAu

=—a(ApV P+ Ado Vi) +b\ V- (VPR V) + abygj, (4.21)
Vou=0, (4.22)
pr+u-Vo=7Ap—7(F'(¢) = F'(¢0)), (4.23)
0, +u-VO=kAO, (4.24)

where we absorb all those gradient terms into the modified pressure p.
Multiplying (4.21) by u, (4.23) by aXo(—Ap+ (F'(¢) — F'(¢0))) + ¢, and (4.24)
by —A0, respectively, integrating over €2 and adding them together, we have

1d
S VYU +ar0r ]| A6 — F (@) +1] Vel + k| A0]1

= fb)\o/QHViqijqSVjuiderag(Hj,u)+(UoV9,A0)
—(uV,0) = y(F'(¢) = F'(¢0), )
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5
> R, (4.25)

m=1

where
V() = [[ull? +ao|[ Vol +2ao /Q [F(6) — F($oo) — F(bo0)glda
]2+ Vo2, (4.26)

In the derivation of (4.25), we have used (4.19), (4.20), and the following fact
/(A@V¢+A¢OOV@)~udx+/u-V¢ [—Ap+ (F'(¢) = F'(¢o0)) ] da
Q Q

~ [ (86~ F(0))Vrudo+ |

u-VF(¢)dx —/ AdooV oo - udx
Q Q
=0.

Since we are now dealing with global strong solutions that are uniformly bounded in
V x H? x H?, it follows that

Ry < 0]~ [Vl [IVElIEa < CIAGII16] %[Vl 91172
< 2wl + E o+ ooy,
Ry <lallg|ollllull < 51V ul* + 6],
Ry < S 18012+ Cllulls V613, < £ 1017 +Clo] 2 a6
< S0+ cpop,
Ra+ Rs < [Jullus|| Vo] lue lell + C el < 75 1 9ull* + Clll

From the definition of F(¢), we have |[,[F(¢)—F(¢oc) = F'(¢oo)ldz| < Cille|?.
Combined with the definition of Y(¢) in (4.26), it yields that

V(&) +Cullel® = C([lull* +llel7n +1V0]%)- (4.27)

It follows from (4.25), (4.27), and the estimates on R,, (m=1,...,5) that
d .
YOOV +CA@) <C(lel*+10]%), i=1,2 (4.28)
Recalling Lemma 3.5 (n=2) or Lemma 3.7 (n=3), we have

%Ai (t) < Cudi(t). (4.29)

Multiplying (4.29) with n= 2%”’4, and adding the resultant to (4.28), we get from (4.8)
and (4.18) that

%D’(tHnAi(ﬂ] +C' V() +nAi(0)] <C(llel® +110]%),  vt=0.
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Consequently,
Y(t)+nAi(t)

! ! % ’ t !
SC’e*Ct—I—C’e*C%/ eCT(l—FT)_%dT-f—/ 607(14—7)_1379266#)
0 t

2

=Ce Ot 4 0t / eC/T(l —4—7)*%(17

0
=t 20 b, o
7_5+C’(1—29)/0 e T(147) OdT]

(VBN

!
eCT

& (1+7) 7%

+Ce 't

SCe_C/t—l—Ce_C/t(eCTIt /2 (1+T)_%d7'+(1+t)_%eclt)
0
<O(1+t) T, Vt>0. (4.30)

Then our conclusion (4.7) follows from (4.30), the definitions of A;(¢), Y(¢), and
(4.17). The exponential decay of 6 (see (4.8)) easily follows from (2.6). The proof of
Theorem 4.3 is complete.

4.2. Stability of energy minimizers. = We have shown that any global weak
(or strong) solution of problem (1.8)—(1.15) will converge to a steady state as time goes
to infinity (without smallness restrictions on the initial data). However, it is not clear
to which equilibrium it will converge, since the set of equilibria may be a continuum
(for general Dirichlet boundary data of the phase function). This is different from the
classical concept of stability in the literature. Below we shall show that if ug and 6,
are close to zero and ¢q is near a certain local minimizer of the elastic energy E(¢),
problem (1.8)—(1.15) admits a unique global strong solution. Moreover, the energy
minimizer is Lyapunov stable. As in Remark 4.1, the results and their proofs in this
subsection actually hold for general Dirichlet boundary conditions for ¢, not only the
special case (1.14).

DEFINITION 4.8. The function ¢* € K:={p€ H (Q): ¢|r =—1} is called a local min-
imizer of E(@) if there exists o >0, such that for any ¢ € K satisfying ||¢ — ¢*||m <o,
it holds that E(¢) > E(¢*).

REMARK 4.2. Tt is easy to verify that any local minimizer of E(¢) is a critical point
of E(¢) and satisfies the elliptic boundary value problem (4.11).

THEOREM 4.9. Suppose n=3 and (2.2) is satisfied. Let ¢* € H2(Q)NK be a local
minimizer of E(¢). For arbitrary r >0, we consider the set

B, ={(u,$,0) €V x (H*(Q)NK) x (H*(Q)NH(Q)) }:
ulla: <75 |0 =" 2 <7, (|02 <7} (4.31)

Then there exist positive constants o1,09,03 depending on r, Q, o, v*, ¢*, and coef-
ficients of the system, such that for any initial data (ug,o,0p) € B, satisfying

luol| < o1,y |l¢o— @™ | ar < o2, |00l <o, (4.32)

we have
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(i) the problem (1.8)—(1.15) admits a unique global strong solution (u,,0);
(i) the energy minimizer ¢* is Lyapunov stable;

(i) the global strong solution has the same long-time behavior as in Theorem 4.5.
Although the limit function ¢, may differ from the minimizer ¢*, the total energy
E(t) will converge to the same energy level of ¢*;

lm E(t) =arE(¢a) =aroE(4"). (4.33)

t—+4o00

Moreover, if ¢* is an isolated local minimizer, then ¢ =@* and thus ¢* is asymptot-
ically stable.

Proof. By Proposition 4.1, in order to prove the existence of global strong
solutions, we only have to verify that

E()—E(0) > —e9, YV te[0,400), (4.34)

where g¢ is defined as in (4.4). We know from the argument in Proposition 4.1 that
there exists tg = %Tmaw and that As(t) is uniformly bounded on [0,#y] by a constant
depending on r, ¢*, €, and coeflicients of the system. Since As(t) is bounded on
[0,%0], it holds that

E(t)—£(0)
1 1

= 2~ 3 luoll> +ado(B(6(1)) — Bl6o)) + 5 V01
£ 210002~ S1900]12 — < o]

>~ lluoll* +ado(B(6(0)) ~ B(6") + B(6") ~ E(60))
S 19001~ < o ?

1

>~ uoll> ~ S 1980l — & 8ol ~ Call o — 6 1

ado(E(6(1) ~ B(6)),

where ¢ and w are as in Proposition 2.5 and C; depends on r, ¢*, 2, and coeflicients
of the system. We assume that o, (m=1,2,3) are sufficiently small such that

%Jer%max{C,w}angC’lag <ep. (4.35)
If we can ensure that
E(¢(t)) —E(¢7) 20, Vte0,to], (4.36)
then we have
E)—E(0) > —eg, VtE[0,t0]. (4.37)

This enables us to apply the argument in the proof for Proposition 4.1 to extend the

local strong solution from [0,%o] to [0t + 2] =0, 2],



H. WU AND X. XU 631
By Definition 4.8, (4.36) can be reduced to the following condition:
lo(t) — ™ || gy <min{o,S}:=4d, V te(0,to], (4.38)

where 8>0 is the constant depending on ¢* given in Lemma 4.6 (taking ¢ =¢*
therein, we note that ¢* is a critical point of E(¢)). We shall show that one can
choose a smaller o9 satisfying

g9 S (S, (439)

NGRS

such that (4.38) holds. This can be done via the Lojasiewicz—Simon approach by
a contradiction argument (cf. Wu et al. [32]). If (4.38) is not true, then since
» € C([0,to]; HY), there exists a minimal time Ty € (0,%o], such that ||¢(Tp) — ¢* || g2 =4.
We observe that E(t) >alE(¢*) for any t€[0,Tp]. If for some T<Tp, E(T)=
aroE(¢*), then we deduce from the definition of the local minimizer and the ba-
sic energy inequality (2.3) that for ¢t > T, £(t) cannot drop and will remain aAgE(¢*).
Thus, Vu=A¢—F'(¢)=A0=0 for all t>T and the evolution becomes stationary.
The conclusion easily follows. In the following, we just assume E(t) >algE(¢*) for
t€[0,75]. Applying Lemma 4.6 with ) =¢*, we get (similar to (4.16))

d

== [E@®) = aXoB(@"))* = C([Vull +[Ad = F'(¢)| +A0l]),  Vt€(0,Tp).

Then we infer from (4.15) that

[6(T0) — dollzn <Cllé(Th) — boll*[6(Tb) ~ ol
To %

<o( [ lewlar)
< CIE(0) ~arE(6")

£
2

[SI78

< Cs (Jluoll® + 160l 31 + 10— 6"l ) (4.40)

Choosing o,, (m=1,2,3) satisfying (4.35), (4.39), and

g
5 1
Cy (a% +03 +02) ‘< 55, (4.41)

we can see that

3
16(To) = ¢* || mr < é(To) — bollar + l|po — ¢ [| a1 < Z5<§’

which leads to a contradiction with the definition of Tp. Thus, (4.38) is true and
(4.37) holds.

By iteration, we conclude that the local strong solution (u,¢,d) can be extended
by a fixed length 2% in each step and it is indeed a global solution with A3(t) being
uniformly bounded. Then by Theorem 4.3, there exists a critical point ¢, of E(¢),
such that the global solution (u(t),¢(t),0(t)) satisfies the same long-time behavior
(4.5) with convergence rate (4.7). It is easy to see from the above argument that for
any € >0, by choosing sufficiently small o,,, (m=1,2,3), it holds that ||¢(t) — ¢* || g1 <
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€ for all £>0. This implies the Lyapunov stability of the local minimizer ¢*. In
particular, we have

[foc = &" [l < [6(t) = Poollr +[|6(t) = ¢"[| s <min{o, 5}
Applying the Lojasiewicz—Simon inequality once more with 1) = ¢*, we conclude that
| B(¢oc) = E(6")[' ¢ < || = Ados + F'(60) [ =0, (4.42)
which together with (4.5) yields (4.33). The proof is complete. ad
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